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Abstract. In this paper the high-temperature phase of general mean-field spin
glass models, including the Sherrington-Kirkpatrick (SK) model, is analyzed.
The free energy in zero magnetic field is calculated explicitly for the SK model,
and uniform bounds on quenched susceptibilities are established. It is also
shown that, at high temperatures, mean-field spin glasses are limits of short-
range spin glasses, as the range of the interactions tends to infinity.

1. Introduction

In this note we comment on the high-temperature properties of a class of mean-
field spin glass models, including the Sherrington-Kirkpatrick (SK) model. Our
method of analysis is the one developed in [1]. In [2], Aizenman et al. present a
detailed analysis of the high-temperature behaviour of the SK model in zero
magnetic field . They also prove some results on the behaviour of the free energy at
low temperatures and give bounds on the ground state energy density. While their
results prove that the SK model exhibits a phase transition in zero magnetic field,
as the temperature is lowered, a lot of work remains to be done to show that the
Parisi replica symmetry breaking solution [3] of the SK model is exact or, at least,
qualitatively correct. There is, however, a simpler mean-field type model, the Ising
spin glass on a Bethe tree [4] for which Chayes, Chayes, Sethna and Thouless have
been able to perform a rather complete analysis [ 5]. Their conclusions which are
mathematically rigorous are qualitatively similar to those obtained in the Parisi
solution. Heuristic analyses of the short-range Edwards-Anderson spin glass [6]
have been carried out in [7-9]. The picture that emerges is still somewhat
controversial, but some of the main features of the low-temperature phase of the
short-range Ising spin glass on a sufficiently high-dimensional lattice appear to be
reminiscent of the Parisi solution [7, 8]. (For example, the space of equilibrium
states, at small T and h=0, appears to exhibit an ultrametric structure [8].)
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The point of our note is to show that the simple and rather generally applicable
methods developed in [1] suffice to understand the main properties of a class of
mean-field spin glass models of general n-vector spins (n=1,2,3,...; n=1
corresponds to Ising spins) in an arbitrary magnetic field 4, including the SK
model, provided the temperature is large enough. The analytic expression for the
free energy of the SK model at high temperature and in zero magnetic field,
obtained in [10] and rigorously established in [2] and in this paper, cannot be
correct at sufficiently low temperature, since it would violate the positivity of the
entropy. Therefore, in zero magnetic field, the SK model exhibits a phase
transition, as the temperature is lowered. This point is discussed in more detail in
[2].

For simplicity, we shall prove our results for Ising spins only, but the extension
to general n-vector spins is straightforward; see the second ref. quoted in [1].

2. Notations and Main Results

We consider an array of N points, j=1, ..., N, carrying a spin S;, Sj=(S}, <S89,
with |S;|=1. The energy of a configuration {S;} is given by a Hamilton function

J
H,= Y h .
. 1<1<J<N[W+ N} S)=h 3 . 2.1)
where g(S;,S;) is a bounded continuous function on the product space S, _; x S, _;
of configurations of S; and S;. The precise choice of g is not important, but in our
proofs we shall, for simplicity, set

g(S,8)=S-§".

(Different choices of g are significant at low temperatures, but are quite immaterial
at high temperatures.) The exchange coupling J° is fixed, while the J,s are
independent, identically distributed random variables. Expectations in {J;;} are
denoted by E, and it is assumed that

EJ;=0, EJ};=J*>>0, EJ¥?=(cJ)**Q2p)!, p>1, (2.2)

for some finite constant c. For simplicity, we also assume that E is even, but this is
unimportant. When E is the é-distribution concentrated at J;;=0, for all (ij)
(= unordered pairs of sites, with i + j) the Hamiltonian is denoted by HY. This is the
usual ferromagnetic (J°>0) or anti-ferromagnetic (J°<0) mean-field Hamil-
tonian. The standard spin glass Hamiltonian corresponds to the choice J° =0, but
spin glass behaviour may be observed at low temperatures even when [J° >0 is
sufficiently small.
The free energy density, f, of the system is defined by

B (BHy) =~ Togye™™), 03

where u° is the product measure on (S, _ ;)" coinciding with the uniform measure
on each factor. In particular, for Ising spins, u°=2"" x counting measure.
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Let uy be the equilibrium state given by

pl( ) =[uo(e™ PHN)] ™1 e PN ). (2.4)
We introduce the susceptibilities
AN(B,h)=N"" e ; . |Eun(S;- Sy, 2.5
A(B, =N~ - ; . E(un(S;-S))?, (2.6)
where
IN(S; - S ) = un(S; - S ) — un(Sy) - un(S)).- 2.7

Let f(BHY) be the usual mean-field free energy for the deterministic model,
[J;;=0, for all (ij)]. We are now prepared to state our main result.

Theorem A. (1) For all n=1,2,3, ... and arbitrary  and h,

f(BHS)Z Ef (BHy) = f(BHY)— ﬁi

(2) For all n=1,2,3, ..., arbitrary h and [ small enough,
WP H<CP<o0, i=1,2,
uniformly in N.
(3) For Ising spins (n=1), with h=0 and f small enough,

Ef (BH ) = f (BHS )—’iw( )

BB~ B )P =0 (45 ). O
Itis natural to ask whether the SK model may be obtained as the infinite range
limit of short range spin glasses on a finite-dimensional lattice. That such a result
ought to be true must have been part of the original motivation to introduce the
SK model. Thus we consider a spin glass on the d-dimensional hypercubic lattice
Z* with Hamilton function

Hy=— Y JiS;-S;—=h Yy S}, (2.8)
(ijyc4 ied
where
Ty=(Ii"* + Ty exp[—yli—jl], (2.9)

the ;s are independent, identically distributed random variables with expec-
tation E satisfying (2.2), for some constants J and &. Let JA(B, h, y) be the free energy
and p; the finite-volume equilibrium state of the model. In (1] we have shown that,
for f small enough, the thermodynamic limits of these quantities exist and are
unique, for all y>0; (for precise statements see [1]).

Our second main result is the following theorem.
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Theorem B. For Ising spins (n=1), and for h=0, B small enough, and for a suitable
choice of J° and E (given J° and E),
BI~ 2

4

(The limits A #Z*, N— o0 are understood in the sense of L,, with respect to E, E,
respectively, 1 <p<0.)

lim < lim_ f4(B, O,V)>- lim f(BHy)= lim f(BHY)—

Remark. This result is a special case of more general results relating thermody-
namic and correlation functions for the short-range models to the corresponding
quantities for the mean-field model, in the limit when y \0; see [11].

3. Proofs of Main Results

The proofs of Theorems A and B are straightforward adaptations of the arguments

in [1]. (While we feel the first paper quoted in [1] shows how simple and general

our techniques are, that simplicity was somewhat obscured in the second paper of

[1], because of a certain overemphasis of generality. In order not to fall into the

same trap, we here prove our main results in the simplest cases. The reader familiar

with [1] will easily understand how to recover the general case, but see also [11].)
Let

O(BH) = y; logr(e™"™). 61

By Jensen’s inequality o(BHy)=0. Let uY be the equilibrium state associated with
HY, and define 6H by

SHy= — Ty g S;. (3.2)

1<1<]<N |/

By Jensen’s inequality

PBHVZOBHY ~ b S JlSS).

J=

Hence, by (2.2)
E@(BHy)z ¢(BHY). (3.3)
Since

@(BHy)=—pf (BHy), (34)
this proves the upper bound in Theorem A, (1). [We shall see that, as N— o0, the

expectation E may be omitted, by the self-averaging property of 131}130 f(BHy),for B
small enough.

In order to prove the lower bound in Theorem A, (1) we apply a Taylor
expansion in dH, with second order remainder. We order the pairs (ij)
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lexicographically and first expand in Sz S, -S,. This yields

VN

P(BHN)=@(BHNI;,,=0 + lj/z J120n(S1-Sols =0
N

[32 !
Nz [dsi, f dleJ%LuN(Sl S2:8:1-So)lsis (3.5
where
un(A; B)= pn(A - B)— un(A) un(B), Sijzﬂsij‘]ija S;’jzﬂs/ij‘]ijaw-a (3.6)
and

H’N(F)pLIA B=0,S¢,p

indicates the p™ power of the expectation of a function F of {S;}N.  in the state py
defined in (2.4), but with J;; replaced by zero, for all i€ 4, je B, and with BJ;;
replaced by §;;, forallie C and allje D. This notatlon is extended to arbitrary sums
and products of expectations in uy.

We now iterate (3.5) by expanding ¢(BHy)|;,,-o in J;3 to second order, etc.
This yields

OB = p(BH)+ s 3 (S S,

2
f]z Z jdsu f dSuJuluN(Si'Sj; Si‘Sj)|c;ja (3.7)

where C;; is the constraint J;,;, =0, for all (i7')<(ij), < indicates the lexicographic
order relation, and Cj;is the constraint J;.;; =0, for all (i’j")<(ij), and J;; is replaced
by séj‘]ij'

Taking expectations in E on both sides of (3.7), we obtain by using (2.2)

2

Eq(BHy)=o(BHy) + N Z f ds; I dsi; EJ5un(Si S5 S+ S)lcy, - (3:3)

Since
un((S; - Sj)z)_—<_ 1, (3.9)
we obtain from (3.8) by simple calculations
,82J 2 1
Ep(BHy)= o(BHy) + 1-%) (3.10)

which completes the proof of Theorem A, (1).

The methods in [1] can be used to derive more detailed information on the
right-hand side of (3.8). [For this purpose one continues the expansion of the
second term on the right-hand side of (3.8) in {J,;}.] Here we just note that, for Ising
spins (n=1),

(Si'sj)zzl’ (3.11)
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and we obtain from (3.8),

272
Eo(BHy) = o(BHY + 77

1 2 2
(1 — T\f) Nz (%:) (j; ds;; j ds;EJH(un(Si - S)ley,)? -
(3.12)
In order to prove Theorem A, (3) and a part of Theorem A, (2) (h=0and i=2),itis
enough to prove a uniform upper bound on
N7t (Z) Elij(J) (1n(S; - Sj)|él,)2 s (3.13)
13

where, for all (ij), 4;(J) is an even, positive function of {J,;} with the properties
EAfJ)S L, EA(J)J =0 and EJ,(J)Jif <(c'J)*?(2p)!, for all p=1, with L and ¢’
independent of (ij) and (ki). If the exchange couplings compatible with the
constraint C are denoted by J,,,, then
Jmn = a(mn7 ij)‘]mn >

with a(mn, ij)e [0,1], for each (mn). We set

IPG, )= (un(Si - S)¥le.,)?,
and

E(-)=E, (- )=EZJ)-).
We propose to prove now that, for f small enough,

N=' 3 B, I¥(.)SCP <o, (3.14)
@)

uniformly in N. For simplicity, we present a proof for Ising spins (n=1) and h=0
only, but the general case is handled by combining the present arguments with the

techniques of Sect. 3 of the second paper quoted in [1].
AR

Jii . .
LetK;;= N + —X] be the total exchange coupling constant between spins S;

and S;, and let S;;= Bs;;K;;, Si;= fsi;;K K Let us denote a derivative with respect to

N7 by 0;;- By a Taylor expans10n in K;; with remainder we obtain
JO
N 1/7
Jo Ty >

OEI P, ). . (3.15)
N l/_ PN \BJ)E, 0
where %;; denotes the constraint which replaces K;; by s;;K;;. Since E J; =0, we
conclude that

E, I, j)= EAI(Z)(laJ)lK,J“O+ﬁEA < ) aijlﬁ)(i,j)lx,,:o

+ p? j ds;; j dsUEl(

N N N2

with |a,| S2E,1, |a,| £2J 7 2E,J},. In passing from (3.15) to (3.16) one calculates
OHIP0, ), » «=1,2, explicitly, using S} =1; (for Ising spins; in general n-vector
models, one still gets a uniform upper bound on |a], i=1,2).

JO J)? 1
Exlﬁvz)(i,j)éElI}&)(i,]’)lKu_o+B— (B7) 2+o< ) (3.16)
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Next, we Taylor-expand the first term on the right-hand side of (3.16) in K, to
second order, where k is the smallest site =1, j, then we expand the constant term in
K., with k'>k, k' +1,j, etc. (This is the method of [1].) This yields

JO
N 1/7
2 JO ‘Tzk 2 1(2)

+B° X 5d51k j dsyEy | = Fad N (), (3.17)

k*i,j O ‘/7
where C;j sets K;;=0 and K, =0, for all k' <k, and € sets K;;=0 and K, =0,
for all k' <k, and replaces SK ;;, by S. The constant term, I{)(i, ])I Ku=0,vk+i O the

right-hand side of (3.17) vanishes, since u°(S;) =0. We also use that E,J;, =0. Hence
(3.17) yields the bound

E).I(Z)(l>])iK.J_O B Z < > 1kIN (l’J)lcuk

2)(; 7 <_BJ0 2)(; 1
E,I§ (l>J)|K._,-=0= N ; ,EaaikIN (l,])lc”k
ﬁz 212 20 Bz
Y jds,k j sy E, T3 03 R )l + E,1. (3.18)
N k*i,j O N

Carrying out differentiations in Sj, explicitly and using such sophisticated
inequalities as |a- b| < 1(a®+b?), one shows that

051G el = KL e+ I (K. ] s (3.19)
for a=1,2. The condition C is arbitrary and K <12. Inequalities (3.18) and (3.19)

give o
. KJ
ERT P

2B2K (2) (2)
T X Idslk I dsy B TRIRG ) + 1Pk D, 5, +
N k*i,j O

) ; E,(IR() + Ik, )c,

98 (g,

(3.20)
The bound (3.20) can now be iterated by replacing the terms proportional to
I, ))\c,, and to I, j)lg,, on the right-hand side of (3.20) by upper bounds
similar to (3.20), and so on. In order to estimate the resulting expansion, we
combine property (2.2) of E with the trivial fact that

s(n=1)

1 s a
(1) )y —

(j)ds(j)ds (j) ds™a TR

More specifically, we define
IP(k, )= sup IP(k,1; C, p), (3.21)
C.p
where
kg = 11
IP(k1;Cp)= 1] { fdsib... dsﬁ,‘,’,ﬁ'”"”}
mn) 0

xXE, ( I1 (ﬁJ PO (S - Sl)clc,slpl)- (3.22)

(mn)
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Here p(mn)=0,2,4, ..., for all (mn), C is an arbitrary constraint replacing K,,, by

=a(mn, C)K,,,, with a(mn, C)e [0, 1], for all (mn), and S™!indicates that K¢, is
replaced by Stpmml— gslpmmIgC  The steps from (3.15) to (3.20) can be repeated for
every IP(k, I; C, p), and (3.20) can then be iterated, as announced above. This yields
the bound

2y JK (BJ)*K T BI°K (BJ¥K
I(z) < ﬁ 1,4 2,4 (2), . 3,2 4,2
N (laJ)_ ( N + N k#;,jIN (k’.})+ N + N
1
+0<N2> (3.23)

for some constants K; ,, i=1,2,3,4, which are finite, for f small enough. This
inequality may obviously be iterated indefinitely, and we get

[P0, )< BNLOAl At (ﬁ]‘\lj)z A, ,I—I—O( ! > (3.24)

for some constants A; ; and 4, , which are finite, for f small enough. This clearly
provides the uniform upper bound claimed in (3.13) and proves that

JO J)? 1
1< ﬁ—Al 1+(ﬂ2) A2'1+O<N>‘ (3.25)

This inequality proves half of Theorem A, (2) (set i = 2), for h=0. To prove (3.25) for
h=0 one must derive uniform bounds on

N
N™' ¥ Euy(S)* andon N7' ¥ E(unS;-S))*.

i=1 1Zi<j=N
This involves a straightforward extension of the method discussed above which is
described in very much detail for related models in the second paper quoted in [1].

There is no point in repeating those arguments here.

From (3.24), (3.12), and (3.4) we derive that
J? 1

Brpm)= -1 +o (L), (.26

in particular,

g pg= - 10 ( ! ) (.27

for the usual SK model, provided f=0 is small enough. This is the first half of
Theorem A, (3). In order to complete the proof of Theorem A, (3) we return to
Eq. (3.7) for @(fHy). That equation reads

o(BH) = o(BHY) + N’i,z z S8 S,

ﬁ (Z:) JZ_ AT2 Z jdslj j dSUJu:uN(Si'Sj)ZIC;Ja (328)
ij
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for Ising spins. In analyzing E@(BH y)?, the only terms that cannot be calculated
1\; by using (3.24) are terms proportional to
EJ{}Tun(S; - S )a leqiptn(Sk - 1)62|C(kl)a (3.29)

where C(ij)=C;;,or =Cj;,a,=10r2,and §,=1or2,for p=1, 2. Such terms arise in
squaring the second or the fourth term on the right-hand side of (3.28), or as cross
terms between the second and the fourth term and then taking the expectation.
These terms can be analyzed with the help of expansions similar to that in

(3.15)~3.24). The most dangerous terms are
EJ T abindS; - Syl xSk Shlc,, » (3.30)

explicitly or shown to be O

with (ij) % (k). [The terms with (ij)=(kl) can be estimated by using (3.24) and make
1
a total contribution O N ] We now expand piy(S; - S))l,, to first order in J;; and

pn(Sk - S))lc,, to first order in J;;. We then observe by using the Schwarz inequality
that what remains to estimate is

’NEJZJMHN(S -Sj Sk S)’le (3.31)

for some constraint €. The analysis in the second paper quoted in [1] applies to
(3.31) and yields the bound
const

(331 =5,

(3.32)

for p sufficiently small.

Remark. If h=+0 (3.31)< stt’ and we shall only be able to prove that
1
E(p(fHy)—E@(fHy))* =0 (ﬁ) .

By (3.32) and (3.28), the terms in E@(H )* proportional to (3.30) are bounded by

B?  const < B? const

N°  N* jtwy ~  4N?

(3.33)

for f small enough.

Other terms of the form (3.29) contributing to E@(SH y)* —(Eq(BH y))? are dealt
with in a similar way. The method of analysis is the one in the second paper quoted
in [1];see also [11]. The proof of (3.32) and of other related estimates is not entirely
a trivial matter. However, it follows closely arguments in [1] which we need not
reproduce here.

Remark. By using the methods of [1] one can prove estimates

(g~ Eolpr7=0 ().

p=1,2,... for general n-vector models with 7 =0, provided f is small enough.
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In order to complete the proof of Theorem A, we must finally prove an upper
bound on %, for f small enough. We shall again only consider the simplest case,
Ising spins and h=0, but the general case can be studied by applying the methods
developed in the second paper quoted in [1]; see also [11].

Let

Iﬁ)(iaj)zuN(Si : Sj)l‘g- (3.34)
: : : s T T
The couplings compatible with ¢ are denoted by K,,,, with K,,,= N + l/ﬁ’
where JO,=ay(mn, 6) J° and J,,=a(mn, %) J,,, a.(mn, %), a(mn, €)e[0,1]. We
shall establish an upper bound on

[EIVG),

which is uniform in i, j, N and in the condition % imposed on the exchange
couplings. To this end we apply a Taylor expansion with second order remainder
in K;; to I{(i,j). This yields

J° (BJ)? 1
()(; + < (1)(; + ﬂ
(LG, S Ik, o + - @+ - 0,40 (53] (339)

Thus it is enough to show that, for § small enough,
1
|EIN(, Dk, =ol S const (3.36)

for a constant independent of i, j, N, and . For symmetric distributions u°(h=0)
and E, we have

T .
lEI(z\})(i’j)lk,»j=o|= lﬁ Z .FkEaikI%j(l:J)lci,k

k*i,j

+5* ¥ jdslk j dsy E (J T ) GER ()| PR (3.37)

k*i,j O N V[_

with C;y, €, defined as in (3.17). One verifies easily that, for Ising spins,

Ould (1, )) =1k, ) — IV ) IN(K, 1), (3.38)
and, by definition of I'?,
UGN Ik, 1) < 3P ) + Ik, 1) - (3:39)
Hence
Th [ B
ﬁk; ‘”NEEaikI%)(hJ)lc,jk = ‘ Z EI(I)(k J)|cuk
L,J
pI° @) i @) i
+ | L BV EDle, + EIY (k, Dl - (3.40)
k¥1i,j
. . . B? const
The second term on the right-hand side of (3.40) is bounded above by ; see

(3.24).
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Next, we study the second term on the right-hand side of (3.37). For Ising spins,

we have
ORIV, j) = =21k, j) IV, k) + 219G, j) A, k) (3.41)

The right-hand side of (3.41) is bounded from above in terms of I¥) by using
inequalities like (3.39). The resulting upper bound is further estimated by using
(3.24). By (3.35) and (3.40), this yields the bound

I +(BJ)c, LB °

EIVG,j)| <
LGS = 4

Z NELP(k,fle,, » (3.42)
where the constants ¢, and ¢, are finite and 1ndependent ofi,j, N,and %, for f small
enough. Inequality (3.42) can be iterated, and we obtain

pI°ci +(BI)c,

‘I_(l) P <
N (l>])_ N >

(3.43)

where
IVG, )= sup [Eun(S; - S))lgl,

and ¢}, ¢, are finite constants independent of i, j, and N, for p small enough.

Inequality (3.43) proves Theorem A, (2), for i=1. This completes our proof of
Theorem A, for Ising spins and with #=0. The extension of Theorem A, (1) and (2)
to general n-vector spins and h 0 is quite straightforward, given the techniques in
Sect. 3 of the second paper quoted in [1]; see also [11].

Next, we turn to a sketch of the proof of Theorem B. Our starting point is the
Taylor expansion of the free energy with second order remainder given in (3.7), but
for the models introduced in (2.8), (2.9).

Let H? be as in (2.8), (2.9), and define

Hy=— Y JISS,—hY S,
@ij)ca ieA
where S;= +1 are Ising spins, and
Th=T"exp[—yli—jll,
see (2.9). We define ¢(fH ,) by

Q(BH )= —logu(e™ 1)

|/1|
As in (3.7), successive Taylor expansions in

Jlj Ejijyd/z exp[—’))Il_]I] s
see (2.9), with second order remainders yield the identity

o(BHY) = p(BIT) + Mﬁl S TS,
+ ﬁ 3 j'dsu j ds ~)2u31(SiSj;SiSj)[C;,, (3.44)
|4} @jca o J

with C;; and Cj; as in (3.7).
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Equation (3.44) and the result of [1] yield an analogue of the last part of
Theorem A, (3). More precisely, one can show that, for all y>0,

lim o(BHY)= lim E@(BH?), (3.45)
ArZ4 A7Z4
in the sense that o(BH ,)— Eo(BH )0, as A #Z*,in L, with respect to E, forallp
with 1 <p < o0. It is therefore enough to study the behav10ur of hm Eo(BH ), as

YN0, in order to prove Theorem B.
In taking the expectation E of both sides of Eq. (3.44) we use the fact that

ET34,(S:S e, =0,

since }TE'Jy 0and p%(S;S))lc,, is independent of J};
obtain

by the definition of C;;. We then

ij

LB/IZI (U)ZCA } ds;; j ds;EJ7)*[1 —14(S:S)%le;, 1. (3.46)
We have used that (S;5;)°=1, i.e.

.uﬂ(sisj)z =1,
but our analysis could be extended to general n-vector spins. Next, we note that

E@)? =Ty exp[—2yli—jl]. (3.47)

Ep(BHY) = o(BH?) +

Moreover, the results in [ 1] show that if — f, < < f,, for some f,> 0 independent
of y,

E(3 ui(Ss; S)*lc SKT*y* exp[ —4yli—Jl], (3.48)

for some finite constant K. The point is that f, and K are independent of y. This may
not be obvious to the reader, but follows readily from [1] and the bound

Y. y'exp[—2y|i]<b< o, (3.49)
j¥o
uniformly in y > 0. In fact, the bound (3.48) holds for general n-vector spins and an
arbitrary magnetic field h. [Of course,
HA(Ss; S)=pu(S;Sy), for h=0.]

Hence
o BT g o
Eo(BH?)=(BH?)+ Y viexpl—2yli—jll
24 afta
B KJ* Y y*exp[—4yli—jl]. (3.50)
2|A| @ipnca
Clearly

1 ..
lim — > ylexp[—2yli—jll=3 ¥ y'lexp—2ylil=3b,S3b<c0,
A~za |A] Gfca 0+ jezd

for all y>0. Moreover,

lim b,= [e™*Mdix=b,,
y>0
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and

1 .. .
— ¥ yMexp[—Hli—jl=3 X yexp[-2yli—j1=hy".
!AI (ijca 0% jeZd

Hence
~ . J?
lim Eo(BH%)= lim @(BH})+ ——b,—0(%).
A-zd A-Zd 4
It is easy to show, using the techniques developed above (see also [1, 11]), that
lim @(H?)= lim ¢(BHR)+0G),
A~74 — 00
for a suitable choice of J°. Hence

) . J? . BJ?
1 = = 0 —_——_— = 0 _—
lim (Jﬂnzl S4B, h=0, v)) Jlim f(BHY)— =~ bo= lim f(BHR)— =,
if J is chosen such that J2b,=J2.

This completes our proof of Theorem B.

Remark. It should be emphasized that the techniques developed in this paper and
in [1] enable us to prove much more general results relating the short-range
models to the mean-field models, as y \« 0. We can prove an analogue of Theorem B
for general n-vector models with h40 and have results concerning the suscepti-
bilities ¥V, ¥, etc.

4. Conclusions

In this paper we have given a fairly detailed analysis of the high-temperature
behaviour of general mean-field spin glass models, including the SK-model. The
spins can be n-vectors, n=1,2,3, ..., and the magnetic field 4 need not vanish for
our techniques to be applicable. Furthermore, we have related the mean-field
models to short-range spin glasses in the limit where the range of the exchange
couplings tends to oo, in a way specified in (2.9).

For the SK-model with #=0, our results suffice to conclude the existence of a
phase transition as the temperature is lowered, as pointed out already in [10, 2]. In
situations where the techniques of [2] apply they give more precise information
and better bounds on the transition temperature than ours, but their scope appears
to be considerably more limited.
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