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Abstract. We assume the existence of sufficiently localised states, near the
edges of each Landau band. We then prove that the Hall conductivity is
quantised and the parallel conductivity vanishes, when the filling factor stays
close to an integer. The Hall integer is a topological invariant, given by the
Landau band index.

We also prove that at weak disorder, the localisation length diverges in
each Landau band.

0. Introduction

Since the experimental discovery of the integer quantum Hall effect, by von
Klitzing [1] in a system of electrons confined to move in a plane, there have been
many theoretical attempts to explain it on a microscopical basis.

The most famous one has been that of Laughlin [2], who, on the basis of a
model independent argument, concluded that the quantisation should hold quite
generally, when the electronic chemical potential lies in a gap or in the region of
localised states. Later on, Halperin [3] showed that Laughlin’s argument leads to
the conclusion that the localisation length should diverge at least for some
energies, when a strong magnetic field is present, in contrast to what is presently
believed to occur in the absence of a magnetic field, for a two-dimensional system.

The first proof of Laughlin’s conjecture in a model was made by Thouless et al.
[4], (TKNN), who considered a system of non-interacting electrons in a periodic
potential and a “rational” magnetic field, the electronic chemical potential lying in
a gap. Avron et al. [5] soon proved that the TKNN integers associated to the Hall
conductivity had a topological interpretation. (To a certain extent the topological
aspect of the problem was anticipated in the not so well-known work of Dubrovin
and Novikov [6], and Novikov [7] who considered mostly the case of a periodic
magnetic field.) Later on it was realised by a number of authors: Niu and Thouless
[8, 9], Avron and Seiler [10, 11], Tao and Haldane [12], Griimm et al. [13] that
the analysis of TKNN did not really need the consideration of non-interacting
electrons, but could be applied to any finite system of electrons, confined to move
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on a torus. The Hall conductivity is quantised as long as the ground state is non-
degenerate, and separated by a gap (in a strong sense), from the excited states.
Working with such a generality, it has not been possible however, either to show
that the integers correspond to the values actually observed, nor to prove that they
do not change when one varies a little the magnetic field or the density (this is
needed to explain the observed plateaux). Concerning this last point, however,
there has always been qualitative arguments suggesting that the plateaux owe their
existence to the presence of localised states due to disorder in the system.

In this work, we reconsider this problem in the case of an infinite system of non-
interacting electrons, under the influence of a random potential and a magnetic
field.

If the potential is weak enough, the spectrum is made of bands, called Landau

bands. Assuming that all states are sufficiently localised near the edge of each of
2

these Landau bands, we prove that the Hall conductivity o, = %n n=0,1,2,...)

and the parallel conductivity o,,=0, when the electronic density ¢ stays close to
B o . . .

the value o= 2 . The conductivities here considered, are those of an infinite
c

system (where the distinction between localised and extended states can be neatly
made), and are defined by means of appropriate Kubo formulas. It may be worth
noting that in order to set such formulas, the electric field has been applied
adiabatically on the system. It has been shown by G. Zumbach and the author
[14], that at least for some models, a static electric field does not give a quantised
Hall conductivity.

Finally, our proofs also lead to the conclusion that in each Landau band, the
localisation length must diverge at some energies, in agreement with Halperin’s
argument.

The general strategy of our proof is quite simple. Taking first the chemical
potential in a gap, we show that it is possible to approximate the conductivity by
that of a system in a periodic potential, with sufficiently large period. For such a
system, the Hall conductivity is proved to be quantised, in essentially the same way
asin the TKNN case. (We just need an extension to degenerate bands.) The integer
then corresponds to a topological invariant. The actual value of the integer is
computed, by using the continuity with respect to the potential.

Finally, the contribution to the Hall conductivity coming from localised states
is carefully analysed. It appears that localised states may contribute to the Hall
conductivity if they are degenerate, but not to the parallel conductivity. This is due
to the absence of time reversal symmetry in the hamiltonian. Assuming therefore
the non-degeneracy of localised states, we show that the conductivity is the same as
in the case of a chemical potential in a gap. This is the expected mechanism for the
existence of plateaux for the Hall conductivity as a function of the density.

We finally comment on the possible extension of these results to larger values of
the potential.

1. The Model and the Main Result

We consider a system made of an infinite number of independent electrons of
charge e, mass m, moving in the (x, y) plane under the influence of a magnetic field B
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applied in the z direction and a random potential, due to impurities. The chemical
potential, u, of the electrons is fixed, and the temperature taken to be zero.

. B . 172 .
Choosing the cyclotronic energy fn_c and the magnetic length <£> , as units of
energy and length respectively, the one electron hamiltonian reads:
H=3v2+3v2+V(x,), (1.1)

where the velocity operator v is given by

1 1
V= 76x+y’ Uy=?5y (1'2)

in the Landau gauge.
Concerning the random potential ¥, we will simply assume that its probability
distribution is translation invariant and that it is bounded:

[Vl = sup|V(x,y)| < oo. (1.3)
X,y
Suppose we apply adiabatically an electric field in the y direction on the system. A

current in the x and y direction is generated. The corresponding conductivities can
be defined by an extension of the usual Kubo formulas, to infinite systems,

o= lime | e M(fTonv,(—0)]/)dt, (1.4)
el0lE 0
oy = lim = | e *M(f [0y, v,(—1)1f)di +- M(F), (1.5)
tl0lE O &

2
. . e” . . . o . .
in units of " ¢ is the adiabatic switching parameter and f, the Fermi projector

f(H)={g Lf. z;z (1.6)
or f=Ey(— oo, u). The notation M(A) for an operator A of kernel A(r, ') means
M(A)=A(r,7), .7
the bar denoting an average over the disorder. The electronic density g is given by
o(p)=M(f). (1.8)

It is well known [15] that the spectrum of the hamiltonian
Ho=3vi+ 305 (1.9)

is made of eigenvalues only {n+%,n=0,1,2,...}, infinitely degenerate called
Landau levels. When the disorder is small enough, i.e. | V| <3, it can be proved
[23] that the spectrum of the hamiltonian H is contained in the intervals A4,
=[n+3—||V|, n+%+|V|]. Moreover under rather general conditions on the
probability distribution of the potential, we expect that these intervals will be filled

by the spectrum of H, with probability one. Therefore we will have o(H)= ) A4,.
n=0
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We expect also, and this will be our main assumption, that states close to the edges
of these bands will be localised, probably exponentially.

Let us formulate more precisely this hypothesis.

Let

AL =M+ 3+ V] =dun+ 1 +[VI1,

(1.10)
Ay =[n+3—V],n+35—-V]+6,],

with
0<o,<|IV].

The hypothesis H is that, with probability one,

H,) The spectrum of H in A7 is pure point for all =0 and simple.

H,) The localisation length is finite.

More precisely, if ¢,(r) is the unique eigenvector corresponding to the
eigenvalue 4, the following quantity is finite, for all n=0,

K(Ay)= jdzrrzlgﬁ 0,01 lo,(]* - (1.11)

These assumptions correspond to the current physical expectation, and have been
proven rigorously in some lattice models without a magnetic field, [16-18], using
basic results of Frohlich and Spencer [19], and we may expect them to be
rigorously proven for some continuous model with a magnetic field, like that
discussed in [20], with similar techniques.

Using these assumptions, it is then possible to prove the quantisation of the
Hall conductivity o, and the existence of plateaux, when this quantity is plotted as
a function of the electronic density ¢. Moreover, the result leads to the conclusion
already reached by Halperin [3] on the basis of Laughlin’s argument, that the
localisation length must diverge in each Landau band. Whether this corresponds
to truly extended states (continuous spectrum) or simply a divergence of the
localisation length in the middle of the band, i.e. when e =n+ 4, remains open. The
results are summarised in the following

Theorem. a) Let hypothesis H, and H, hold, then for each integer n=0, there exist

densities
Q- =0+ +|VI-=46,,

, (1.12)
Q+,n:Q(n+ 2 “V“ +5n+1)a
such that if the electronic density ¢ is in the interval 9€[o_ ,, 0, ], then
1
axyzﬂ(n+1), 0,,=0, (1.13)

n is the Landau band index. It is also a topological invariant. Moreover

n+1
_27€[Q—,nag+,n]'

b) K(A4,)= o0 (1.14)

for all n=0.
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The result (1.14) has the following interpretation. It is expected that when the
energy e is, in the region of exponentially localised states,

Yole—) |90 |o,(r)I?

decreases as exp — E,(—r—e'-), (e) being the localisation length. Equation (1.14) says that
in each Landau band 4,, there must exist at least one energy e(n) such that
&(e(n)) = co0. If we imagine a power law divergence &(e) ~ |e,—e| ™, then (1.14) says
v> 1. Present numerical work [21] suggest that e (n)=n+3 and v~1.

Finally, we note that a condition of weak disorder or strong enough magnetic
field is needed for the quantisation to hold, since otherwise all states would be
exponentially localised and as our results show, we would have ¢,,=0. The
condition || V|| <4 maintaining gaps in the system is too strong, and we expect the
result to hold even when this condition is violated and the chemical potential lays
in a region of localised states. In the conclusion, we present plausible arguments in
support of this behaviour.

2. Definitions and Technical Tools

In the formal expression we have given for the conductivity, operators like the
velocities which are unbounded appear. Our first task is to give proper meaning to
such formulas, but in the process of doing this, we will introduce technical tools
which will prove useful in the sequel.

Let Ay be an operator, possibly dependent on the random potential V. A, will
be said translation invariant, if

T(@) Ay T(@)™ ' = Ay, (2.1)
where
Vix,y)=V(x+a,,y+a,) (2.2)
and
T(a)=expia,x -expi(a,p.+a,p,) (2.3)

is the magnetic translation operator, in the Landau gauge. Examples of such
operators are the velocities v,, v, and the hamiltonian H,.

An operator will be said to be averageable, 4, € M if:

1) Ay is translation invariant.

2) A, possesses a kernel A,(r,r'), continuous in (r,7') on R* x R2.

3) |4,(0,0)] < c0.
For such operators, we can define an average

M(A)=A4,(0,0)= A, r,r), Vr (2.4)

because, their translation invariance implies that their kernel satisfies

Ay (r,r) =" 4 (r+a,r +a). (2.5)
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Such operators are self-averaging, in the sense that, for an ergodic probability
distribution of the potential

lim N [ dr Ay{r,r)=M(A) (2.6)
at1r2)A4] 4
with probability one.
It is useful to consider the following class of operators A, €%, if
1) Ay is translation invariant;
2) Ay possesses a kernel Ay (r,r’), such that

|Al=sup ([lAy(r,r)?dr)"? <co; 2.7
V,r
|1V || fixed
3) limlAVIr,s':O)
where
|4yl s = ([ 1Ay {r, ) — Ay (s, 1)|* di)V/2. (2.8)

These operators are essentially operators of the Carleman type, except for the
supplementary continuities property 3). We recall [22] that an operator T is
Carleman if ¥ fe D(T), 3k(r), such that

(TH@N=IS k() ae.
Thisis equivalent [22] to the fact that T possesses a measurable kernel T(r, ') such
that
IT|(r)=(f|T(r, ) dr)'*<oo. (2.9

Moreover, if S is bounded, TS is Carleman and
ITB|(r)=|IBI| T (r). (2.10)
Let us design by B the class of bounded translation invariant operators By, with

IBll= ~sup [By|<oo. 2.11)

V,||V] fixed
Then we have
Proposition 1. If A%, BeB, then ABe%.

It is clear that property 1) and 2) are satisfied for 4B, since
|AB|<|A|||B] .
On the other hand
|4BI7 ;= sup I [A(r, 1) — A(s, 1)] (Bo*) (1) dt],
llell=1

hence
|AB|, (<|Al, s B].
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The following property shows the usefulness of the introduction of the class € of
operators.

Proposition 2. If Ac% and B* €%, then ABeIN.

The result follows simply, from Schwartz inequality which gives |AB| < |A||B*|
and

(AB)(r,s)—(AB)(r',s)| <|Al, , IB*|+|B" |, ¢ |4].
We now have to prove that a number of operators which will appear later on

belong to the various classes we have introduced.
Consider first the hamiltonian

Ho=41v2+ %02, (2.12)

Defining the creation and annihilation operators

a=%(0x+ivy), a+=—1‘/~§—(vx——ivy), (2.13)
satisfying the commutation relation
la,a*]=1, (2.14)
we see that
Hy=a%a+1, (2.15)
so that the spectrum of H,, o(H,) is that of an harmonic oscillator
o(Ho)={n+3,n=0,1,...}. (2.16)

The corresponding projectors P,, are given in the Landau gauge, where v, =p, +y,
v,=p,, by operators of kernel

1 + B ,
P(xy;x'y)=5— [ dke™™ "o, (y+k) o,y +k), (2.17)
where
_2
uy)= W H,(y)e ?*, (2.18)

H,(y) being the hermite polynomial of order n.
We have

Proposition 3. G?=(z—H,) 'e¥ if z¢a(H,).

Proof. G? is translation invariant and a Carleman operator. Indeed, its kernel
G(r,r') is such that
P,(r,r)

0120, 0 N2 dy — (GO 0* — - .
|Gz| (r)_ .”Gz(r’r)] dr (Gsz)(ra r) n;() |Z—n—%|2
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1
From (2.17) it follows that P ,(r,r)= o and we have |G°| < co. On the other hand
1G22 s =(GIG2) (r,1) +(G2G2) (5, 5) = (GIGL) (5,1) — (G2 GR) (1, 5)

so that

© 1
|Gg|r2s= Z 12[Pn(rar)+Pn(sss)—Pn(Sar)_Pn(r>S)]a
" wSolz—n—4

. . 1 .
and since from (2.17) and (2.18) it follows that |P,(r,s)|< ~— and P,(r,s) is
continuous on R? x R%, we have by dominated convergence

lim|GY), ,=0.

r—s

We have also

Proposition 4. v G2 B if z¢o(H,).

y

Proof. We have
a*aP,=nP,,
therefore
jaGl’= sup ¥ (g, Pyp)<co.
p:lloll =1 n=0|z—n—73]
Similarly

® n+1

la*G7|*=sup l|2(<p,Pnso)<00~
2

oillel=1 n=0|z—n—
On the other hand we have
Proposition 5. G,=(z—H) 'e4¢nB, v,G,eB, if
y
inf  {dist(z, o(H)), dist(z, o(H,))} >0.
V|| V]| fixed
Proof. The second resolvent equation gives

G.=G°+GVG.,

v,G,=v,G2+v.GVG,.

y y y

Hence from Proposition 1, it follows that
GA<IG2+IG2H VI G,
and therefore
G,e6nB.

Similarly, the second equation gives v G,e®B. Let f be the spectral projector
E(— oo, p). Then we have y
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Proposition 6. fe ¥nB, fv (1)e€nB, VteR.
y

Proof. Writing f=G(i—H)f, we see from Propositions 1 and 5, that fe €nB.
Writing fv,(t)=e" (i— H) fG.e "™, we see that fv(t)eB. Finally writing
Sfo.(t)= ffv.(t), we see from Proposition 1, that fv.(t)e €nB.
Finally, we note that the operation M(A) has all the properties of a trace. We
have, indeed

Proposition 7.
1) M¥A)=M(A") if A,A"eM
2) M(AA™)=0 if Ae®.
3) IM(AB)|SM(AA)Y2 M(B*B)''? if (A,B")e%.
4) M(AB)=M(BA) if (A,A",B,B%)e%.

Proof. 1) and 2) are evident from Proposition 2.
3) is simply Schwartz inequality following from 2).
4) is proved as follows:

M(AB)= [dr A, (0,r) B,(r,0),

b
v J driAy(0, 1) 1By(r,0)| < |4] B,

hence, by Fubini
M(AB)= [dr Ay(0,r) By(r,0)= [dr Ay(r,0) By(0,r)

by translation invariance. Since [dr|Ay(r,0)||By(0,r)<|A"||B|, we can apply
Fubini’s theorem again, to conclude.
We can now define the conductivities, from the Kubo formula, in the infinite
system, as given by
+ 0

oy lim- [ e M(f Lo, 0,(— 01 f)dt, (219)

X
Y el0lE 0

+

0,y= Iim,l— [ e *M(f[v,v(—0)]1f)+ 1M(f). (2.20)

elole 0 &
For fixed ¢ at least, these formulas make sense. Indeed, from Proposition 6, fv,. €%,
and fv(—t)e%, so that by Proposition 2: f[v,,v,(—1)]f€ M. Similarly feIN,
since f=f-f, and we can apply Proposition 2.

We may also note that with probability one, the expression we give for the
conductivity corresponds to the physical definition in terms of the space average of
the local current induced by the adiabatic switching of the electric field. It might
have been more natural however to define o, , for example, by

Goy=limL | e M(fTogvy(—0)]). 2.21)
el0lE 0O

But owing to the cyclicity property of M and the fact that f* = f this is the same as
the definition we give, to the extent that expression (2.21) makes sense. We have not
proven this, in full generality however, and this is the reason why we take
expressions (2.19) and (2.20) as the definitions of the conductivity.
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3. The Gap Case

We will first consider the case where the chemical potential y lies in a gap. This is
possible when || V|| < 3. Indeed, it follows immediately from the second resolvent
equation and the explicit determination of the spectrum of H, (2.16), that

a(H)C L_)O A,. Let us define

+ o
A= [ e " (—t)dt. (3.1)
0
Using the spectral decomposition of H, we can write
_ ’ .f)v' —fl
[4,f]= éfz E(d}) UyE(d/l)C—l—i(/l—;f)’ (3.2)
E(dA) being the spectral measure of H, and
1 <u

Taking for I', a contour (counterclockwise oriented) in the complex plane, crossing
the real axis at + u, and encircling the points +i¢, we have the representation
,— dz 1 1
fl fl . (3'4)

etiG—7) Somiz—d =ik’

so that we can rewrite
o dz
[A’f]zliTmGzUsz—is' (3'5)
On the other hand
Oy= lim¥ M(fv Af)= limz—IEE M(fv.[A,f1f),
el 0 ¢l 0

since ImM(fv, fAf)=0, because A=A". We can rewrite, from (3.5),

d
(A, f1=if,~&§ 5 G.0,G.G. (3.6)
T 27
where
dz
f)yc— iﬁsziGz. 3.7
Using the fact that
y
v§=z|iH—z,xJ, (3.8)

we see that

fy:i[f,){]. (39)
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Hence

Josly+ S f =ilfvefoy]. (3.10)

From Propositions 5 and 1, we see from the expression (3.7) that f, e €nB.

Moreover, Propositions 1, 2, and 6 allow us to conclude that fv, f,e M, f,v, feIN,
and [ fv, f, y]e M. Using the cyclicity property of M, we can conclude that

2ReM(fv,f,f)=2ReM(fv.f,)=0, (3.11)

and therefore that

el 0

) . dz
O'xy:llm—21mM<fo§12—mszszGz—iaf>’
which gives
0,.,=—2ImM| fov —diG Gif (3.12)
e xi?dm' =T ) .

since the remainder is bounded by:

eM(foi ) Suplfl IG.-GZ0,G. (3.13)

by Schwartz inequality and (2.10). It follows from Proposition 5, that each term in
(3.13) is bounded. Similarly

JMﬂRQ?MmWJH%Mﬁ~MmM@v% GvG@mQ.

Using the equation

fvy.f}l+f;yvyf:i[fvyf7y]_fa (314)
derived from (3.9), we see that
—2ImM<fv§d GvG2f> (3.15)
From Propositions 5 and 6 and the cyclicity of M, we can rewrite
dz
=—2ImM<fvyiTmszszvszf), (3.16)

and this can be expressed in the more transparent form, which will be the final one

5= T MU £ G.17)

This can be seen as follows:

’

=15 Gquj 0,G,., (3.18)
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I'" being a contour encircling I', but such that it still cuts the real axis in the
resolvent set of H.
Using the second resolvent equation, we can rewrite this as
dz' G, dz G, . d7
z ~—§—0,G,0,G, (3.19)

r2miz—z  i2mi 7 —z}2ni

dz
fxfy=}i% 2Ux zy{>

but
§ =G0, (320
§ Z,Cizz % =fG., (3.21)
so that
fefyf= f§ G 0,6.0,G. f. (3.22)

This identity allows us to express g, both in the form (3.16) and (3.17). The same
procedure gives

s,,=0, (3.23)

as expected.

In order to prove that o, as expressed in (3.17) is quantised, we would like to
introduce an approximation scheme. Let A be the square of side L centered at the
origin. Define as VX(r) a periodic potential equal to V(r) in 4, of period L, i..
Vix+L,y)=Vx,y+L)=V™x,y).Since | V|| = V| <3, when uisin a gap of H,
it is in a gap of H-. For the system with the potential V*, we can define the Hall
conductivity as given by

1
= YM(fL[f;;L’ fo]) > (324)
where
dz
L=§—GE 2
Sr=4556 (3.25)
fl= §d—z Glv Gk (3.26)
; r27l'i z ;,C = '
and M(AY) means
1 -
M(A" = F£ d*r AL(r, 1), (3.27)

which is well defined for all operators A% with a kernel continuous on R* x R?, and
such that |A%(r, )| < c0. We call M the class of such operators. We will see that

IR £ eme,
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We can expect that
0,,= lim 0% (3.28)

Xy
L—- o
and we are going to prove this.

First of all, it is clear that if we drop the condition of translation invariance on
the operators, we still have the analogue of Properties 1 and 2: A* € %, B“ € B, then
A'Bte %, and AXe ¥, BL* € ¥, then A*BLeM*.

Moreover, if we call

m(AY)=M(A A+ 512 (3.29)

then
IM(ABY)| < m(A) m(B"*), (3.30)

and
m(A"B") <m(A") ” Vs”ug; y B3I, (3.31)

as a consequence of (2.10).
We first prove the following technical:

Proposition 8. a) f“[f}, fF]1eM".
b) The following quantity is finite

a= Sl;pL {IGENL IGED L 1L 1L£N, mOf5), m(GE)}
nlzleu fixed Y Y Y

Proof. Since

1
Gl < — s
I6:1= dist(u, a(Ho)+ ||V )
and
GEo, = v, +GEV G,
y y y
we see that

sup (IGE], [GLo I, [ £ ) <0,
zel',L y y
|V ] fixed

since sup |G} || < oo. The same properties hold for G,, G,v, f.. On the other hand,
zel y oy
since sup|G2|<oo and GE= G2+ GOV GE, we have
zel
sup |Gl <oo.
zel',L
| V|| fixed

From these properties it follows that f*[f%, f&]eM*, and
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and finally
m(f 1) <m(G2)(1+p) < oo
Consider now o,,—o%,. We can write

M1, =M AL =M(f = O L£)+ M= £ 1)
+M(fE L= £ (3.32)

We will prove that each of these terms tends to zero, when L tends to infinity. We
will use repeatedly the following:

Proposition 9. If A,€%,Vzel and supm(A4,)< oo, then

zel'

lim §|§ 2

L-ow I’

m(A, V") =0,

where 6Vi=V—-VE,
Proof. Since m(A, V) <2| V|| supm(A,), it suffices, by dominated convergence to
show that !

lim m(A4,6V"=0 Vzel.

L—
But
l| ll2

ar— -
m*(A,6VH) = ﬁfzjdr’mz(r, )2 8VHr)? < jd 2[ dr'|A4,00,r —r))?
and the right-hand side of this inequality tends to zero, by dominated convergence,
since [dr|A4,(0,r)|* < 0.
Consider the first term of (3.32)

M((f - fL)ff)—§— M(GZ 0V G. [, £

we have

IM((f—fL)fyfx)léa—@m(fxfsz*éVL)

and this tends to zero, from Proposition 9, since

Su? m(fxfsz*) é azm(fx) .
Similarly, the second term of (3.32) can be written as
M(f L(f —fyL 1)
= § M(f*GL OV G 0,6, f)+M(f*GLv,GL oV G, f)].
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Therefore
MU, £ 1 S0 § 9 I, G.,Go V1) (.G V],

and this tends to zero, from Proposition 9, since each term satisfies the condition.
Finally, the last term of (3.32) can be written as

d
MU e )= by DM GE 6V 6,6
+ MG, GE V6],

y

therefore

IM(fELHf— fOSa® i% [m(G.v, G 0V") +m(G,. 0V )a],

which tends also to zero, from Proposition 9. Treating in the same way

M(ffxfy)—M(fofo;;L)s

we conclude that
0,,= lim 0%, .
Lo

Finally note that we also have:

M(f)= lim M(f"). (3.33)

We would like to express now the periodic Hall conductivity, in a more
2

. ) I, . .
transparent way. Choosing L, in such a way that o is an integer, the magnetic
T

translation operators T(nL) form an abelian group, which commutes with H*. We
can therefore apply Bloch theorem. H" is unitarily equivalent to

1 K K L
F(j)dkx (f) dk, H'(k), (3.34)
where HY(k) is the operator
1 2 1 2
H(k)= %(7 ax+y+kx> + %<7 6y+ky> + Vi(x, y) (3.35)
defined on L*(A), with the boundary conditions
o(L.y)=0(0,y), ox,L)=e " ¢(x,0), (3.36a)
and
X L’ y = X O’ )’ (LS = (0’ b
@(L, y) co(v N, oLy)=0, y). (336D)
@u(x, L) +ilo(x, L)=e " p.(x,0),  @,(x,L)=e " ¢(x,0),
and
K= 2—” (3.37)

L
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One can see that GL(k)=(z — H"(k))~ ' is compact for all k. Since [ f, f,] commute
with T(nL), we can write the Hall conductivity in the periodic system as

1 K K
0= oz | ke [ dky Te ST LR, LR, (3.38)
where f*(k) is the projector
Ly 42
- FHR)= 552 GHR), (3.39)
FH0= 422 G100, +k,) GER. (340
y r y y

Equation (3.38) is valid, because f“(k) [ f,"(k), f(k)] € M" and f*(k) is trace class.
Since

b +k, =0k H"(k), (3.41)

y y y

and GX(k) is ¢’ in k, we can write (3.40) more simply as

fik)y=a,, fHk). (3.42)

y

Introducing the operator
. 1 2 1.2
Hk)= ~§—<; 0.+ y) + %(7 6y> +VHx,y) (3.43)
defined on I*(A), with the boundary conditions
P(L,y)=e*Lp(0,y),  @(x,L)=e™"""¢(x,0), (3.44a)
and

oL y)=e "0, (0,y), ¢, L y)=e*"0(0,y), (344b)
@(x, L) +iLp(x, L)=e* "¢ (x,0),  @,(x,L)=e*""1%p (x,0), '

we see that the projector

dz N
L £ gL -1
PYk)= ;‘i2ni (z— H*™(k)) (3.45)
is related to the old one f*“(k), by
PH(k) =™ fi{k)e *r. (3.46)

But PX(k) is periodic in k:
P4k, + K, k,)= Pk, k,+ K)=P"(k,,k,). (3.47)
Using (3.46), a simple computation shows that
Te 40, /% 0 f*1=Tr P8, P*, 0, P"]
+i(0,, TrPty— O, TrPtx). (3.48)
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Therefore, since PX(k) is periodic in k, we can rewrite the Hall conductivity as:

1 K K

0% = == [ dk, [ dk, Tr P*(k) [0, P", 0, P"]. (3.49)
1(27'6) 0 0 y

Once we have put the conductivity in this form, it is possible to show that it is

quantised, i.e.

L
xy

Q

L x integer, (3.50)
2n

the integer being a topological invariant. This is possible by recognising in it the
first Chern number of a complex vector bundle [induced by P*(k), on the 2-torus].
But it is also possible to give a direct and simple proof of this quantisation, and this
is what we do in the next paragraph.
. T .
Note that since 0%, converges to g, (3.50) tells us that o, = 7 X integer. The
T

remaining task is to compute this integer. The expression (3.17) for ¢, shows that
this quantity is continuous in 4, if we replace the potential V by AV, as long as
Ae[0,1]. Taking 1=0, we are back to the free case, for computing this integer.
When there is no potential, the equations of motion give

v(t)=v,cost+u,sint, vt)= —v,sint+v,cost. (3.51)

Putting back this result, in the expression (2.19) for ¢,,, and using the fact that
[v,,v,]=1(3.52), one finds
1

=M(f)=— . 3.52
ny (fO) 271: ninfi<p ( )
On the other hand, the electronic density g is given in a gap by:
1
e=M(f)= 5 -4dz M(G,). (3.53)
mr
Replacing the potential V by AV, we get from (3.53),
do 1 1
= MG VG,)=—M G2V\ =0
0" i MGV CI= 5 (?dz : )
from the cyclicity property of M. Therefore
1
=M(f))= — ) 3.54
e=M(fo)=~_ n < (3.54)
In other words, we have proven that
1
=—N 3.5
oy=5-N, (355)
when 1
o==—N, (3.56)
2n

N being the Landau band index.
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4. The Topological Invariant

We give here a simple proof of the quantisation. We consider now the
m-dimensional projectors P*(k), as operators defined for all values of ke IR? such
that

PY(k+K,)=PHk), 4.1)

where
K,=(K,0), K,=(0,K). (4.2)
Since PL(k)is C?in k, a theorem of Kato [24] ensures us that there exist m functions
{wi(k)}7,, c* in k, forming an orthonormal basis of the subspace projected on by

P%(k). The periodicity property of PX(k), induces the following transformation of
this basis:

wilk+K)=% welk) S,(k) (4.3)
S*(k) being a unitary m x m matrix given by
Seik)=(pe(k), w (k+ K,)). (4.4)
Let us now introduce the following “gauge field” m x m matrix: A,(k),
AJ(R)=(p k), 0, wi(k)). (4.5)
In a translation of the k’s by K,, they transform as:
Aglk 4 K,)=(5%" 0y, 8+ (8% " Aylk)S* (4.6)

as a consequence of the transformation law (4.3), (4.4), of the (k).
The usefulness of these matrices comes from the fact that we can write

Tr P [o,, P",0,, P 1=0, trA,— 0, tr 4, 4.7
therefore the transformation law (4.6) for the A’s implies that if
I= Ij(dkl I[(dkz TrP*[0,, P*, 0., P"], (4.8)
then ’ ’
I= I(jjdkz{tr(Sl)’r 0r, 8} (0,ky)— Igdkl{tr(Sz)Jr O, 57} (ky,0). 4.9

Defining ¢*(k) by S*(k)=expi¢*(k), the cyclicity of the trace implies that
I=itr¢'(K;)—¢'(0)—¢*(K )+ $*(0). (4.10)

On the other hand, expressing y(k+ K + K,) either as the result of a translation
by K, followed by one by K ,, or the converse, we get the following compatibility
condition for the matrices S:

(5% (k) SP(k) S*(k+ K ;) (S*(k + K,)) " =1. (@.11)
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Equating the determinant of both sides of this equation and using the fact that
detS*(k)=expitr¢*(k), we see that

tr — (k) + ¢P(k) + ¢p*(k + K 5) — pP(k + K,) =27 x integer, (4.12)
and this leads to the desired result,
I=2ni x integer . (4.13)

5. The Localised States Case

We would like to consider now the case where the chemical potential y lies in a
region of localised states. To fix ideas let us take

pe A, =[n+3+|VI—0d, n+3+[VI]. (5.1)
We will first decompose the conductivity o, into two contributions:
0y=0l b, (52)

where ¢}, would be the conductivity if x was in a gap (of index n) and o4, is a
contribution coming essentially from localised states. The same decomposition
holds for ;.

Let u, be any point in the gap of index n, i.c.

tEm+z +IVint+3—1V1). (5.3)
Then we can write:
f=5h=tn> (5.4)
where f,=E(— o0, u,),
In=E(, )= E(u,n+ 3 +|V]). (5.5)

Now, it follows from the fact that f,y, =y, and the cyclicity property of M, that if A
is any translation invariant observable, that:

M(fAf)=M(f,Afn)—M(xnA2n)- (5.6)

This proves the decomposition (5.2) for the conductivities. o}, and ¢}, being given
by the expressions we have discussed previously (u, being in a gap) and the
remaining ones being given by

—2Im *»
ol =lim == [ e M(z0,0,(—0)7,), (57)
el 0 € 0
_ —2Im*e |
Ui’ly:lllné & E‘.) e eM(XnUyUy(_t)Xn)_;M(Xn)‘ (58)

Since we assume that the spectrum of H in the interval B=[u,n+% + ||V |] is pure
point only with probability one, we have

In= 2 E;, (5.9)

A€eB
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E, being the spectral projector of H corresponding to the eigenvalue 4. It is easily
seen, that if 4 €%, then

M( Y EXAE,1> =M(A Y El>. (5.10)
A€eB AeB
Therefore, using Proposition 6, we can write
M(Xnvxvy(_t)Xn)=M<lZB Elvxvy(_t)El> . (511)
On the other hand, using the relationships
vxzi[H—l,x], (5.12)
y y

we can write

+ oo
E, | e*vw(—t)dtE,= —E;xv ,E;+¢E,;xyE,
0

1
X i = B

—&%E

(5.13)

To the extent that all terms are finite, we have therefore

21
6" = lim {mM< 5 ElxvyE,1> —2ImM< 5 ElxyEl)}
£l0 & AeB JleB

+lim2.91mM< Y E;x (5.14)

1
E—; o
£l 0 ieB 8+i(H—/1)y l>
and

1
oy, = lim— {2 ImM( Y E,lyvyE,1> —M( Y El>}
el0€& ieB ieB

1
+ lim2eIm M E,y———yE, |, 5.15
lim2eIm <1§B ey oy 04 A) (5.15)
and since [x,v,]=[x, y]=0and [y,v,] =i, we can rewrite these expressions in the
form
u =listImM< ES———JE ) 5.16
ofy el o ,1;3 Ay8+i(H—/1)y * (5:16)
It remains, however, to check the finiteness of all the expressions appearing in a%,
(5.14) and oV, (5.15), for fixed &.
This can be seen as a consequence of the following inequalities:
}M( y EAACE,1>

AeB

<M'? <AZB EAAA+E,1)M”2 (233 EAC+CE,1>, (5.17)

which is a version of Schwartz inequality and

0<M @B EAAE1> <M (gﬂ EACEO (5.18)
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which holds if
0<A=A"<C=C". (5.19)

By assumption, the localised states in B have a finite localisation length, so that
K(B)= [d?*rr* ¥ |E,0, r)|2=M( ¥ EerEl) <o0. (5.20)
A€B A€B
Hence

1/2
lM (A;B Elx%El)‘ =M ( 2 E272E1> M2 ( )Y EAXn”anEA> <
AeB AeB

by (5.20) and the fact that x,v2x, €%, by Propositions 1 and 6. Similarly

JM @B E,lxyEl> <K(B)<w,
and
'M< ¥ Elx—,s—yEl>
e~ e+i(H—1)
<M'? @B ElrzEl) M2 (gB Ely—gt(;;_—l)j yE,1> <0,
since

2
M( 2 EAYMT/{);J’EO §M<EB Ezy2E1> <K(B)

AeB

by (5.18). The corresponding terms in o}, are treated in the same way.

On the other hand, there exist a 6 >0, such that the domain |A— H| <6 (in the
operator sense) corresponds to a neighborhood B, of B, such that the spectrum of
H is pure point in B, and the localisation length is finite. We can therefore further
decompose the conductivities as follows:

ot =ah!+ ol a3, (5.21)
yy yy yy yy
where
GE;I:ZImM< 3 E,le,lyEl>, (5.22)
by leB Y
0% =1im2ImM Y Elel,yEl—_g—~ , (5.23)
Y elo e Y e+i(A—4)
A'eBs
AFA
3= 1im21mM< v E,leAyE,l), (5.24)
»y £l0 reB Y
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where
&
=———— if |A-H|=9,
2 e+i(H—2) | | (5.25)
0,=0 otherwise .
1,2

We now prove that o,;” and o" * vanish.

From (5.17) and (5.18) it follows that

o3 < 11m2K”2(B)M1/2< Y Ey0;Q,VE, >

Ty
» el o

but
M (gB E;yQ; Q,VE, ) <% K(B)

by (5.18) and (5.20).
On the other hand, Schwartz inequality gives

2
1,2 . 172 €
o2 < lim2MY E,xE, xE
l xy I—le /1;3 A A A 2 ( /1)2
2 eB
¥y

A'€Bg
A FEA

) EAYEA/J’E).) .
A€EB

But by (5.18)

M lZB EAyE/l’yEA) éM(ﬁZB EAJ’(1“E,1),VE,1>,
A'eBs

A EA

and

M(Z Ey(1—E,)yE, ) = [dr'dr" T EOEN T ED 0)<y'—2y”>2
AeB

KB
=i T B0 =5 <oo

We can therefore conclude from the dominated convergence theorem that

02;2 =0.
»y
We have thus proven that
O'Ey=21mM<l§B EAxEAyEl) (5.26)
and
o—;‘y=2ImM< Y EAyEAyEO. (5.27)

Equation (5.27) gives the expected result o}, =0. Sufficiently localised states do not
contribute to the parallel conductivity. But (5.26), without further assumption does
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not lead to o, =0. For a time reversal hamiltonian, the eigenfunctions can be
taken real and in this case oy, =0. But when a magnetic field is present, the
eigenfunctions will be complex and o}, can be non-vanishing in general. That it can
be 50, can be seen by considering the free case: E, . , is of infinite dimension, and
K(B)< o0, for any B containing only n+4, and in this case it can be checked
explicitly that o¥, = % if we take (5.26) for it.

A simple condition which guarantees that the contribution to the Hall
conductivity coming from localised states is vanishing, is to assume that the
eigenvalues are simple with probability one, besides the finiteness of the
localisation length. In this case, we have indeed

0%y =2ImM (gB I%(O)V) (Fl@x)*x dr) (d*r|93(r)] ) =0.

We think that this careful discussion of the Hall conductivity in the case of
localised states shows the essential difference between this quantity and the more
familiar parallel conductivity. In any case, the assumption of a non-degenerate
point spectrum is a very natural one and can be expected to be always satisfied, as
could be proven to be the case in all the situations where localised states were
proven to exist.

We have thus proven that when the chemical potential p lies in a gap or in a
region of localised states, the Hall conductivity is quantised whereas the parallel
one vanishes. Finally, if we describe the results in terms of the electronic density
o(w)=M(f), we will have the announced result.

If all states in A,7 and A, are localised in the sense of H, and H,, then if

0 n=0n+3+[V[I—=d,),
Q+,n=Q(n+ % VI +6,4+1)

n+1
Q~,n:’:Q+,n and 7{:9("+%+%“V”)€(Q—,n’g+,n)‘

Moreover, when ge(o_ ,,0+.,), then

1
Ory= E(n-!— 1, o,=0.

Finally, let us assume that all states are localised in each Landau band, with a
finite localisation length, i.e. K(A4,) < co. Then our proof shows that we would have
0 (s 1) = 0, (1t,), Where p, is any point in the gap of index n, and p, . ; a point in
the gap of index n+ 1. This contradicts the results established previously (1, + )

1
—0(1,)= o Consequently K(A4,)= oo for all n=0.

Conclusion

Our proof of the quantisation relies on the condition ||V|| <. In a certain sense
this condition is natural, since this means either weak disorder and strong
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magnetic field, and at strong disorder we could expect complete localisation with a
finite localisation length and therefore a vanishing Hall conductivity. On the other

1 . .
hand, we could expect that we always have o,,= 5 integer when p is in the
T

region of localised states, with a finite localisation length. A first step in the
understanding of this situation would be to consider our model when ||V >1.
There are no more gaps, but if u is in the point spectrum, with probability one, it is
not an eigenvalue. Therefore, if we approximate the hamiltonian, as we did, by a
periodic one with a sufficiently large period L, then with probability one, 1 will be
in a gap of the periodic hamiltonian. But then the Hall conductivity of the periodic

hamiltonian is of the form o%, = %n", n® being an integer. If one could show that
ok, converges to g, when L tends to infinity, we would get the desired
quantisation. Finally, we might expect again that when p is in point spectrum, o,
is continuous in the potential (as long as changing the potential doesn’t change the
nature of the spectrum). If it is so, we would prove that the integer is the same as the
one we have computed. All these arguments make the conjecture very plausible,
but we failed to turn them into a rigorous proof.
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