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Abstract. From a large class of diffeomorphisms in the plane, which are known
to produce chaotic dynamics, we explicitly construct their continuous sus-
pension on a three dimensional cylinder. This suspension is smooth (C1) and
can be characterized by the choice of two smooth functions on the unit inter-
val, which have to fulfill certain boundary conditions. For the case of entire
Cremona transformations, we are able to construct the corresponding
autonomous differential equations of the flow explicitly. Thus it is possible to
relate properties of discrete maps to those of ordinary differential equations in
a quantitative manner. Furthermore, our construction makes it possible to
study the exact solutions of chaotic differential-equations directly.

1. Introduction

For the description of dynamical long time behavior of complex systems, two
kinds of models have been studied in the literature. The classical models are based
on ordinary differential equations, which means that a continuous flow of time is
considered. More recently models with discrete time-steps τ have become
popular, especially for the description of erratic or chaotic behavior [1]. In this
way, the frequencies of the dynamical system above a maximal frequency

ωmax = — are neglected. These models are based on ordinary difference equations
τ

and have been successful in modelling different routes to turbulence [2]. In a
general sense it is clear that both of these approaches are equivalent in the
description of the different transitions that occur before chaotic behavior sets in.
However, little is known about how a given property of a discrete model can be
translated into a continuous model and vice versa. For instance it is known for a
unimodal map on the interval that the order of its maximum determines its
universality class in the period-doubling route to chaos [3]. But the corresponding
criterion for differential equations is not clear [4]. The main geometrical argument
used in this work is based on the concept of Poincare-maps [5]. This is a
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geometrical method by which one can construct a discrete dynamical model from a
recurrent continuous flow. Although it is now a standard method for the numerical
analysis of chaotic flows to construct the corresponding Poincare-map, there are
only very few examples [6] in which this Poincare-map can be given explicitly. On
the other hand, similar difficulties are met if a differential equation should be
associated with a given discrete map. Since discrete dynamical systems possess a
natural high-frequency cut-off at ωmax, the construction of a continuous time
suspension is by no means unique [13]. Therefore we will construct a continuous
flow, which should come as close as possible to a damped and driven anharmonic
oscillator. This is the natural analogue of an entire Cremona transformation
because of the position independent damping factor.

In the second section we shall introduce the basic notions, then we shall show
in the third section how a suspension is constructed [see Eq. (3.2)] from a given
family of interpolating diffeomorphisms in the plane. In Sect. 4 we shall construct a
general interpolating family of diffeomorphisms [see Eq. (4.2)]. We shall restrict
ourselves to entire Cremona transformations in Sect. 5 [Eq. (5.5)], where we also
shall select a specific realization [Eq. (5.12)]. Finally we shall write down the
explicit autonomous differential equations for this system in Sect. 6 [Eq. (6.3)].

2. Basic Notions

In this section we relate discrete time dynamics in the plane with continuous
dynamics in the three dimensional space. Thus let T: R2 ->IR2 be a diffeomorphism
in the plane, i.e., T is a smooth, invertible map, with a smooth inverse T"1. A
discrete trajectory (xn9yn) is created by T via:

(xn+ι,yn + ι)=T(xn,yn), (2.1)

where neZ represents the discrete time-variable. Continuous time dynamical
systems, which are defined by differential equations, generate trajectories of a flow
which is defined by:

Definition 2.i. Let M0ClR3 be some smooth manifold, and let Diff(M0) be the
space of all diffeomorphisms on M0. Then a mapping </>:R->Diff(M0), tt-+φt is
called a (continuous) flow on M0 iff:

(i) φ0 = id,
(ii) φs+t = φsoφtϊor s,ίeR.

Here "id" is the identity mapping and "°" denotes composition of maps. In a
physical language φt shifts some initial value x0 e M0 along its trajectory up to the
point 0f(x0) = x(0> which corresponds to a time-interval of length ί. In his
fundamental paper [7], Smale described how a continuous flow can be constructed
as a suspension of some diffeomorphism. To this end we have (cf. [8]):

Definition 2.2. Let M0ClR3 be a smooth manifold with closed subset ScM0. Let
T: S-+S be a diffeomorphism on S and φ a flow on M0. If there exist α, β eR+ such
that:

(i) U
fe(0,α)
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(ii) U φt(S) =:SβcM0 open such that : SβnS = φ ,
te(0,β)

(iϋ) Φβ\s=T,

then φ is called a constant time suspension of T.
The diffeomorphism Γ is then called the Poίncare-map of the flow φ.
Statement (iii) means that for the return time β, which determines the maximal

frequency resolved by T, the restriction of the diffeomorphism φβ eDiff(M0) to the
subsurface S coincides with the diffeomorphism Ton S. The construction of Smale
[7] is based on the manifold MΓ, which is defined by:

(x,y,u+\}~(T(x,y\u}}, (2.1)

where "~" means that the corresponding points are identified. The variable u
corresponds to a "phase angle" and Mτ can be thought of as some "generalized
Mόbius-strip." The suspension $ on Mτ can now be defined as:

$t(x,y,u):=(x,y,u + t). (2.2)

We can see that for a cross-section S C Mτ which is given by

S : = {(χ9y9 u)eMT:u = Q}, (2.4)

the suspension φ reproduces T in the sense that: φί\s=T.> i.e. $ι(x9y,G)
= (T(x, y), 0). From the construction of the suspension described above it becomes
clear that all of the dynamics of the system are built into the structure of the
manifold Mτ such that the explicit structure of φ appears to become trivial.

In the following we will use an approach which is physically more intuitive.
Instead of the manifold Mτ we consider the cylinder M defined by:

M: = {(x,y,u)e^;(x,y,u+l)~(x,y,u)}. (2.5)

That means u is a cyclic variable which can be interpreted as a phase-angle, e.g. of
some periodic driving force. This interpretation conforms to our motivation for
this work, which is to model a periodically driven damped anharmonic oscillator
starting from a discrete two-dimensional map.

3. Construction of the Suspension from a Given Family
of Interpolating Diffeomorphisms

3.1. Continuous Suspension

In this section we suspend the diffeomorphism T of the plane (see Sect. 2). To this
end we introduce a family of interpolating diffeomorphisms Ft e Diff(R2). In
Sects. 4 and 5 we shall construct explicit examples for Ft.

Definition 3.1. Let Ft:R
2->R2 be a diffeomorphism for all f eR such that:

(i) F0 = id,

(ϋ) fi = r,

(iii) Ft = Fε°T
n if t =
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where we have used the abbreviation Tn: = ToTn~1, T°:=id. If Ft depends
smoothly on the time-parameter ί, we call it an interpolating diffeomorphism for T.

The requirement of smooth dependence of t implies that the Jacobian-
determinant of Ft also has to be a smooth function of t. This fact is important
because diffeomorphisms T with negative Jacobian cannot be suspended and
therefore cannot be considered as the Poincare-map of some continuous flow.
Otherwise there had to exist a t* e (0, 1) for which the Jacobian of Ft* would vanish.
This is because of the fact that F0 = id, which implies : det F0 = 1 > 0 > det F^ = det f
and because of the continuity of det Ft as a function off . This means that Ft* is not a
diffeomorphism, which is in contradiction to the Definition 3.1.

We now can construct a class of suspensions for a given diffeomorphism T in
the plane by the following:

Proposition 3.1. Let M be the cylinder defined in (2.5) and let Σ be the cross-section

= 0}. (3.1)

Let Ft be an interpolating diffeomorphism for a given diffeomorphism T defined on Σ,
where ί = n + εeIR, rceZ, εe[0, 1). Then the mapping φ:R-»DiffM, t\->φt defined

(3.2)

is a constant time suspension of T.

Remark. We identify the family of cross sections φt(Σ)cM with the plane R2.

Proof of Proposition 3.1. First we have to show that φ describes a flow. Property (i)
of Definition 2.7 can be easily checked by insertion. For part (ii) we have to
distinguish between different cases.

1) Case. φn+ε = φnoφε. From (3.2) we get

φn+B(x, y, u) = (Fu+ε o Tn o F~ \x,

Now we insert the identity id = F~+B°Fu+ε, and obtain

φn+ε(x,y, u) = (Fu+ε o T" o F~^ε Fu+ε o F~ l(x,

= φn(Fu +εoF~ \x, y\ u + 8) = φn° φe(x, y, u) .

Because of the asymmetrical role of n and ε we show the

2) Case. φn+ε = φεoφn. With the same argument as above we get:

0n+ε(x,j;,ι/MFM+εoΓ«o^

- φε(Fu o Tn o F- \x, y\ u) = φεo φn(χ, y, u) .

Furthermore we have to show the

3) Case. </>n+m = </>n°φm. This is done by:

= φn(Fu o T™ o F - !(*, y), u) = φno φm(χ, y, u) .
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Finally we have to look at the

4) Case. φε+δ = φε°φδ' Here we have:

φδo φε(χ, y, u) .

For the case that one of the above sums, which appear as indices of Fl9 becomes
larger than one, we apply property (iii) of Definition 3.7. The conditions (i) and (ii)
of Definition 2.2 are obviously satisfied by φ9 and property (iii) can be seen by
noting that

F0 = ί fί1=id. D

Thus we have arrived at a prescription which allows us to obtain a system of
trajectories from T which depend continuously on the time-parameter t. In the
next subsection we shall formulate conditions which will guarantee that these
trajectories are also smooth. This smoothness is necessary for the trajectories to
arise from differential equations.

3.2. Differentiable Suspension

The next step in our procedure will be to examine under which conditions the time-
derivative of the flow φt is a continuous function of t. From the definition in (3.2)
and the linearity of the differentiation-operation we can see that besides the trivial
time-dependence of the w-component of φt only the function Fu+ε will be affected.
This means that we only have to require the differentiability of Ft with respect to t.
For t = n + ε we obtain:

at ' \ dε J'

where (X9 Y): = Tno F~ *(x, y).
Thus we have to make sure that dFu+ε/dε is continuous for all (X, Y). To make

this condition explicit, we may choose as initial condition a point which lies in Σ.
Then Eq. (3.3) will be replaced by:

/Λ77 \

(3.4)
dε ̂

Note that this differential equation is not autonomous, since it depends explicitly
on the time variable £ = ε and on the initial conditions (x9y)eΣ. Equation (3.4)
represents a system of trajectories which are smooth in the open interval (0,1) and,
according to Definition (3.2), also are smooth in every open interval (n,n+l). We
now have to formulate the condition that the system passes smoothly through the
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Poincare-sections at t = n. Thus we have to consider the two one-sided limits:

(i) lim ί̂ (x, y, 0) = lim (̂  (x, y\ 1),
ί->i- αί ε-»ι_ V αε /

,, \ (15)

(ii) lim -£(x,y,ΰ)= lim -^(Γ(x,y)), 1 .
f - * ι + αί ε-»o + \ αε /

The requirement that the limits coincide is a continuity condition for the derivative
of the interpolating diffeomorphism Fε.

4. Construction of an Interpolating Family
for Arbitrary Diffeomorphisms in the Plane

In this section we shall state the requirements which a class of maps on the interval
have to fulfill in order to belong to our family of interpolating diffeomorphisms.
We state our result in the following:

Proposition 4.1. Let ^e^fT) be smooth functions on the unit interval for ί, fce{l, 2}.
Let the following set of conditions hold:

(i) 6ι(0) = ξ t 2(l)=l,

(ϋ) ξ ί l(l) = ξ;2(0) = 0,
(4.1)

(iϋ) U0) = <*ί2(l),

(iv) ξ,ι(l) = UO) = 0.

where

*'•*• dt '
Let T=\ * 1 be a diffeomorphism in the plane with components fi9 such that for all

\J2/

fx\
points and all t e /, we have

(4.2)
α family Ft of interpolating diffeomorphisms is given by

Ft
(4.3)

\
induced suspension φt is differentiable.

Proof. Inserting conditions (i) and (ii) into (4.3) yields the interpolating properties
of Ft (see Definition 3.1). The condition (4.2) guarantees that for all ί e J the map Ft
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is a diffeomorphism, since the Jacobian of Ft is given by:

J / x

v. 7 ̂

and therefore, by omitting the arguments we have:

which can be simplified to yield the expression (4.2). In order to show that the
suspension we have obtained is also differentiate, we consider the time derivative
of Ft. It is given by

'since the functions ft are time-independent. The continuity-condition oΐFA ) at
the Poincare-section ί = l is expressed by the equations:

Performing the limits and inserting the conditions (iii) and (iv) shows that this
equation holds. Thus we have shown that the induced diffeomorphism is indeed
differentiable. Π

When we choose the Henon-map as the diffeomorphism to be suspended
according to Eq. (4.2) we observe that the divergence of the induced flow is not
position independent and therefore cannot be interpreted as belonging to a driven
damped oscillator. Therefore we are going to introduce a different class of
suspensions, which conserve the properties of entire Cremona transformations,
namely to possess position-independent dissipation rates.

5. Suspensions of Entire Cremona Transformations

In this section we will consider diffeomorphisms in the plane with a constant
Jacobian. They can be written in the form:
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where j > 0 and fa(x) is a nonlinear function on the real line with a e R as the
relevant parameter. Note that for the case fa(x) = 1— ax2 the diffeomorphism T
corresponds to the Henon-system [9], which is well studied for its chaotic aspects.
It is also among the simplest models which create a "horse-shoe" in the plane (cf.
[8]). The Jacobian of T is simply given by

"j, (5-2)
\y/

where

if(x} J) ^
The interpolating family of diffeomorphisms Ft for a suspension of T is given in the
following proposition:

Proposition 5.1. Let (̂ (̂[O,!]) such that ζ(t)2 + η(t)2>Q for all ίe[0,l].
Assume that the following boundary conditions are satisfied by ζ and η:

(i)

(ii) ξ(l) = η(0) = l , (5.4)

(iii) *KO) = ln/ for ;

2
ζ(t)

diffeomorphisms for the entire Cremona-transformation T of (5.1) given by

Furthermore let ζ(t) = -^7^2 - ττ2> then we have an interpolating family of

,„,
0

 ( ' '

Proof. The Jacobian matrix of Ft is given by:

(χo) ξ(t)\
η(t)J'

We obtain for its determinant the expression:

f>0 for all ίe[0,l]. (5.7)

Thus Ft is indeed a diffeomorphism for each t e [0, 1]. The fact that F0 coincides
with the identity map and that F t is identical to T can be easily checked by
inserting the values of η and ξ at the endpoints into the expression (5.5).

f x \Finally we have to show that Ft I ° I is a continuous function of t e [0, 1] for all
\3>o/

points in the plane. To this end we differentiate Eq. (5.5) with respect to t.

y
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. /x \
Since ξ,η,ζe^([0,1]) we know that F ° 1 is continuous in the interior of the

VJV
interval. According to Eq. (3.5) we still have to show that

^Y \\

Ί). (5-9)
> / /

Performing the limit of the left-hand side of Eq. (5.9) for the expression (5.8) and
taking into account the conditions (5.4) we get:

lim F,
JΌ

0

for the right-hand side of Eq. (5.9) we obtain with Eq. (5.1):

'x0\\ I 0limF, T

(5.10)

(5.11)
O>o// V-j ln/ Xo;

The equality of (5.10) and (5.11) follows from

C(0 =/Pn/(<*(f)2 + η(t)2) - 2(ξ(t)ξ(t) + η(t)ή(t)) ] (ξ(t)2 + η(t)2)~ 2

for t going to 1. Π

For an explicit realization we have chosen:

ξ(t) = (3-2t)t2, η(t) = l+lnj t-(2lnj + 3)t2 + (2 + lnj)t3. (5.12)

2 . 0 5

-2.051

-2.05

Mt)\

2 . 0 5

Fig. 1. Projection of the solution y(t) of Eq. (6.1) for the differential equation (6.3) in a chaotic

parameter regime of the Henon-system (5.1) (α = 2.1, j = 0.3) onto the (x^x^-plane, where: x^ί)
= (x(t) +1) cos2πί, x2(ί) = (x(t) +1) sin2πί. Note the similarity to the simple Rossler-attractor [12].
The lines A,B, ...,F indicate Poincare-sections at successive angles
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Fig. 2. Poincare-cross-sections of the suspension of Fig. 1 at successive angles denoted by
A,B, ...,F. In order to illustrate the folding-, stretching-, and construction-process, we also have
computed the trajectories through an ellipse in a neighborhood of the attractor

The corresponding suspension of the Henon-system can be visualized in Fig. 1. We
have also produced a 16 mm film showing the dynamics of the folding processes
generated by this suspension. In the same way as seen in Fig. 2, we have computed
a series of Poincare-sections of the attractor for subsequent times. The dynamics
are visually equivalent to the dynamics generated by the differential equation of a
driven and damped pendulum like the Duffing-oscillator [10]. In the movie one
can clearly see how the fractal structure of the chaotic attractor arises. (The same
technique has been previously used by Crutchfield et al. [11] to illustrate the
folding process in different chaotic flows.)

6. Autonomous Differential Equations from the Suspension

of the Entire Cremona-Transformations

In the previous section we constructed a smooth suspension for the diffeomor-
phism (5.1). Thus we can consider Eq. (5.5) as a solution of the differential-equation
(5.8). However Eq. (5.8) represents a non-autonomous system since it depends on
the initial values x0, y0 and not on the actual position at time t which is given by:

(6.1)

where in our case ω = l and t0^0. In order to transform Eq. (5.8) into an
autonomous differential equation, we first have to express the initial values x0? y0

as a function of x(t\ y(t). After straightforward but somewhat lengthy calculations
we obtain:

=
(6.2)
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When we now insert the initial conditions of Eq. (6.2) into Eq. (5.8), we can express
x(t), y(t\ and z(t) as a function of x(ί), y(t\ and z(ί), and thus have made the
differential equations autonomous. They are given by:

x(t) = h(ξ(t\ η(t))x(t) + g(ξ(t\ η(t))y(t) + ξ(t)ξ(t)f(x0(x(t),

y(t) = gfa(ί), ξ(t))x(t) + h(η(t\ ξ(t))y(t) + ξ(t)η(t)f(xQ(x(t), y(t))) , (6.3)

where x0(x(t),y(t)) is taken from Eq. (6.2) and the functions g and h are given by:

(6.4)

Here we have omitted the arguments where no confusion was possible. We see that
the only nonlinearity comes indeed from the function / of Eq. (5.1). The main
complexity, however, is contained in the ί- (or z-) dependence of the coefficient
functions g and h. It would be interesting to see whether it is possible to express g
and h as functions of x(t) and y(t) alone. Finally we will show that this autonomous
O.D.E. (6.3) in fact represents a driven and damped oscillator with constant
dissipation. For this purpose we evaluate the divergence of the vector field in
Eq. (6.3). It is given by:

When we now insert the explicit form of h(ξ,η) from Eq. (6.4) we get:

w
This is exactly the "damping constant" which we would expect from Eqs. (5.2) and
(5.7).

7. Conclusion

We have constructed an explicit solution for a class of chaotic autonomous
ordinary differential equations, which is expressed by analytical functions and
iterates of a diffeomorphism. The method we have used is based on the notion of
smooth suspensions. We have also made a concrete connection between dif-
feomorphisms in the plane and continuous flows in three-dimensional space. Our
emphasis was laid on maps with constant Jacobian and, correspondingly flows
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with a position-independent divergence. These cases correspond to a constant
damping term in the equations for a driven and damped oscillator. Thus we have
constructed a way to study chaotic dynamics of continuous systems by calculating
analytical maps instead of numerically integrating the differential equations.
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(G. M-K.) was able to generalize our results to C1-suspensions of diffeomorphisms on the 2-torus
(Mayer-Kress, G.: Autonomous Differential Equations for the Henon Map and other Two-
Dimensional Diffeomorphisms. In: Perspectives in Nonlinear Dynamics. Shlesinger, M.F.,
Cawley, R., Saenz, A. W., Zachary, W. (eds.). Singapore: World Scientific 1986). Furthermore we
have been informed about independent constructions of Lipshitz suspensions by P. Channell (J.
Math. Phys. 24, 823 (1983)) and D. Elliot (forthcoming report).




