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Nearly One Dimensional Singularities of Solutions
to the Navier-Stokes Inequality
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Abstract. There exists a function u satisfying (1) u is a weak solution to the
Navier-Stokes equations of incompressible fluid flow in three-space with an
external force that reduces the speed at every point, (2) the internal singularities
of u have Hausdorff dimension close to 1.

Section 1. Introduction

The theorem below is an improvement on Theorem 1.1 of [4]. The difference
between the two theorems is in the size of the singular set S. This set consisted of
only one point in [4]. In the present paper, the Hausdorff dimension of S is nearly
one. In what follows, the laplacian A and the gradient V of a function defined on
a subset of R3 x R will involve only the R3 variables.

Theorem. Ifζ < 1 then there exists a Cantor setSc^R3 x {1} and there exist functions
u:R3 x [0, oo)->i^3 and p:R3 x [0, oo)-+R satisfying the following properties:

there is a compact set KczR3 such that u(x, ί) = 0 for all xφK, (1.1)

for fixed ί, the function ut:R
3^R3 defined by ut(x)

= iφc, t) is a C00 function, (1.2)

t (1.3)

?(*>0 = ί Σ Σ V»β*i)(y>tWUi/dxjϊiy,t)(4π\x -y])'1 dy9 (1.4)
R3 i=ί j = l

there exists M < oo such that \\ut\\2 < M for all t(ut defined in {1.2)), (1.5)

|Vw|2, |tί |3 and \u\\p\ are integrable, (1.6)
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if φ:R3 x (0, oo)—>R is a C00 function with compact support and φ ^ 0, then

(1.7)
3 O K 3

u is not essentially bounded on any neighborhood of any point in S, (1.8)

the Hausdorff dimension of S is greater than ζ. (1.9)

The introduction of [4] contains a discussion of the heuristics of this type of
theorem. Briefly, we are interested in solutions to

d 3 ρu Q

This says that u is a solution to the Navier-Stokes equations of incompressible
fluid flow with an external force / that is divergence free and pushes against the
flow at every point of space-time. Properties (1.3), (1.4), (1.7) say that (1.10) is
satisfied in a weak sense. The right definition of weak solution is obtained by
multiplying (1.10) by a nonnegative test function φ and integrating.

It can be shown that the theorem in this paper is nearly optimal. The proof of
Theorem 2.1 of [3] implies that the intersection of the singular set with any
hyperplane of the form R3 x {t} cannot have dimension greater than 1. Therefore,
the conditions stated in the theorem (which include S^R3 x {1}) always force
dim(S)^ 1. Furthermore, L. Caffarelli, R. Kohn and L. Nirenberg proved, in a
slightly different context, that it is not possible to increase the dimension of S
beyond 1 by relaxing the requirement S czR3 x {1}. This result appears in [1].

Section 2. Preliminaries

We recall some of the notation of [4]. The set of C00 functions with compact
support from U into Rn will be denoted by C™(U,Rn). The support of a function
/ will be written spt(/). We set P = {{xux2)eR2:x2 >0}. If c = (cuc2)eR2 and
cl + cj = 1, then RC\R3-+R3 is the rotation

about the Xl axis. If feC?(P,R), v = (vuv2)eC?(P,R2\ / ^ 0 and f(x)>\v(x)\
holds for all xespt(ι ), then u[υ,f]eC?(R3

9R
3) is defined by

if (x l J x 2 )εP,

uίv,Ω(Rc(xi,X2,0)) = RMv,Ω(xι,x2,0)) if ceR2,\c\ = l, (xl9x2)eP,

and u[v9f'](x1,090) = 0. Under the same hypotheses, we define p*[y,f~\\R3->R
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and p[v,fy.P-+R by means of

P*D>,/](*)=J Σ
R*i=lj=

and p[ϋ,/](x1,x2) = p*[i;,/](x1,x2,O). If/eCf (P,Λ), we set

If A and 5 are sets then we set A ~ B = {xeA xφB}. If ft is a function defined on
a subset of i^3 x R, then we will write fitt{x) = /f(x, ί) for appropriate (x, ί)ei^3 x K.
This notation is used in Sect. 3 and Sect. 5 for the functions hf, q™'k and ht. However,
this does not apply to the function Fff in Lemma 3.1.

The functions u[y9f],p*[y,f],p[y,f] will only be used when v satisfies

*2^-^l(*l>*2) + *2-^V2(xuX2) + V2(X19X2) = 0.

This equation implies div(w[ι;5/]) = 0.

Lemma 2.1. We have p[y,f~] — p{_ — v,f] if the left side makes sense.

Proof If u:R3-+R3 satisfies u(Rc(xj) = Rc(u(x))9 then the identity

Σ Σ ^ Σ Σ > ^ W
itΊj^ΊdXi δxj i=ij=idxt dxj

follows because we can write the left side in the invariant form
3 3 flυ flu

Σ Σ Γ ~ =i = ij=ιΰxi dXj

lϊ(x1,x2)€P, then we conclude

= Rc{χι>x2>fy f°r some (X 1 SX 2)GP, then all this implies

We get p* [ϋ, / ] = p* [ - ϋ, / ] and, consequently, p[υ, / ] = p[ - υ, / ] .

Lemma. 2.2. 77ze identity p[υ,f] -f p[w,gf] = p[ι; + w,/ + gf] is i αίίd ι/ spt(/)
spt (g) are disjoint and the left side makes sense.



528 V. Scheffer

Proof. This is immediate from the definition.

Section 3. An Oscillatory Process

Lemma 3.1. // M is a positive integer and T is a positive real number, then there
exist C00 functions a?>k:R^>[- 1,1] for ie{l,2},me{l,2,...,M},fce{l,2,3,...}
such that spt(a™'k) c [0, T] and the following property holds: Suppose that Gf:P x
[0, Γ] ->Λ and Fff'.P x [0, JΓ] x [ - 1,1] ->£ are uniformly continuous and
bounded functions for {i, j} c {1,2}, {m, n} c: {1,2,..., M} such that the identity

Fϊf(x9t,l) = F?f{x,t,-l) (3.1)

is satisfied. Suppose, also, that the functions H?>k:P x [0, T] -> R, H™\P x [0, Γ] -» K
are defined by

j=ln=l

H7(x,s) = 0, H?(x,s) = ί2-1(F?,f(^ί,l)-ί'™Tfet,0))ίit. (3.2)
0

Then H™'k converges to Hf uniformly as k approaches oo.

Proof Let b?-k:[0, T] -> [ - 1,1] and cw'fe:[0? Γ] ̂  [0,1] be defined almost every-
where by the identities

br?>k(t)=l if (4p-4)4~mk-

b^(ή=-l if ( 4 p - 3 ) 4 - m ( p ) ,

b^k(t) = O if (4p-2)4-mk-1T<t<(4p)4~mk-1T,

b^k(t) = l and cm'k(ή=l if (4p-4)4" w fc- 1 T<ί<(4p-2)4- m fe" 1 T,

fc«.*(t) = — 1 and cm>k{t) = O if (4p-2)4" m /c- 1 T< t <(4p)4"m/c-1T

(3.3)

for p = 1,2,3,..., 4m~1 k. We choose functions αj"^ satisfying

αΓ * : K - * [ - U ] , f l Γ * is C00, spt (αΓ'fc) c [0, Γ],

the Lebesgue measure of {ίe[0? T~]\af>k(f) φb^k{t)} is less than fc"1. (3.4)

Let Gf1 and F ^ " satisfy the hypotheses of the lemma. For every positive integer fe,
we can define ε(fe) to be the smallest element of the interval [0, oo] satisfying

\Fff(x,t,a)-FTf(x,t\a)\^ε(k) if lί-ίΊ^fc"1^

|GΓ(x,ί)-GΓ(^OI^e(fc) if l ί - ί ' l ^ f e " 1 ^ (3.5)

The uniform continuity hypothesis implies

fi(fc)-+0 as fc-^oo. (3.6)

Our hypotheses also allow us to find N with the properties

N< oo? \FTf(x,t9a)\£N9 \GT(x,t)\^N. (3.7)
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Now we fix fce{l,2,3,...} and se[0, Γ]. We define

tq = qk-γτ if qe{0,1,2,...,k}9 Sq = the interval (tq-l9tq)9

Q is an integer satisfying se[tQ,tQ + ί] and O^Q^k-

The identities in (3.3) imply

f b?>k{t)dt = 0, J b^k(t)^k{t)dt = 0,
Sq Sq

= O if mφn9

= 2-1k~1T for q = i,2,...,k.

Using (3.1) and (3.3) we find

for almost all ίe[0, T]. From (3.9)-(3.1O) we get

2 M

^ , ίβ, 0),

S

ί ft? k

sq

j l l

2 M

Σ Σ Fτj(χ,tq,bf
i i

dt

- 2 - 1 k~' T(F%?(x, tq91) - F?;ϊ(x9 tq9 0)).

Using (3.2), (3.7), (3.8), (3.4), \bf>k\ ^ 1 and (3.5) we find

j=in =

F?f(x,tq9V}>k(t)))dt
)

529

(3.8)

(3.9)

(3.10)

(3.11)

Σ FTf(x9t9V}'k(t)))dt
l /

Σ Σ F?j»(x,ί,6f

2 M

^ (2M + l)N(fc~ * T) + 2(2M + l)Nk'1 + (2M + l)ε(fe)T

= (2M + l ) ^ " 1 T + 2iVfe-1 + ε(fe)T). (3.12)

Similarly, we can use (3.2), (3.7), (3.8), (3.5) to obtain
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(3.13)

Now(3.11)-(3.13)giveus

\H^k{x, 5)| ^ (2M + l)(JVfc-x T + 2JV/T1 + ε(fc) T),

|ff?*(x,s) - HJ(x,s)| ^ ( 2 M + lXJV/c'1 T + 2 M - 1 + ε(/c)T) + N/c"1 T + ε(/c)T.

The conclusion follows from the above, (3.2) and (3.6).

Lemma 3.2 Suppose that v, ξ, T, δ,M, C?9hf, vf,gf satisfy (3Λ4)-{3.24):

v9ξ,T,δ9M are positive, M is an integer, me{l,2,...,M}, ie{l,2}, (3.14)

Cf c P, C^ is compact, the sets Cf are disjoint, (3.15)

hf:P x(-δ,T + δ)-*RisC00, ϋ Γ e C ^ P ^ 2

ifxφCTthenh?(x,t) = O,

(3.16)

(3.17)

(3.18)

(3.19)

where vf = {υfuυf2),

(hm

x{x,s))2 = (Λ7(x,0))2 -2sδflf7(x),

(h*ϊ(x,s))2 = m(x,0))2 -

where hftt{x) = hf(x, t),

= 0, (3.20)

(3.21)

(3.22)

L(hZ)(x)^0 if gT(x)<U (3.23)

] ) ( x ) ^ -δ/4 if \a\£l and t e [ 0 , Γ ] . (3.24)

and C 0 0 functions u:R3 x( — η,T+ η)-+R3 and p:R3 x

( - */, Γ + */)-> K satisfying (3.25)~{330):

u(x1,x2,x3,t) = 0 if (x U U CΓ?
(3.25)

3 33 3 P7, f)υ

p(x, ί) = ί Σ Σ ^ ( ^ Op-1^0(4π|x -ylΓ'dy,

(3.26)

(3.27)
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dt ' =

(3.28)

M

\u(x1,x2,x3,0)\ = £ (Λ7 + AJ)(xi,(xi + xi)1/2,0) if (x2tx3)Φ(0,0) (3.29)
m=ί

M

\u(x1,x2,x3,t)\- ύ ξ (3.30)

ι/ίe[0,T] αnrf(x 2 ?x 3)^(0,0).

Proo/ Assumptions (3.19), (3.18), (3.17), (3.15) imply

spt(ι>D c {x:^ΓW = 1} c sptfeΓ) c spt(ft™f) c= Q 1 . (3.31)

Let β ^ k : P x ( - δ, T + δ) -> ,R be defined for fe = 1,2,3,... by the equation

Q?'k(x, s) - 2 " x {hT(x, 0))2 + sδgT(x)

}
0

2 M

+ Σ Σ P[α7 *(0^.Λ^])(x)Λ, (3.32)
j = ί n = l

where the α^'k are the functions that were found in Lemma 3.1. Observe that the
properties |α" Λ | g l , (3.18), (3.31), (3.15), (3.16) imply that this definition makes
sense. Using Lemma 3.1, Lemma 2.1, (3.15), (3.16), (3.18) and (3.31) with

Gf(x, t) = vf(xy V(2" ι (Λ£)2)(x), F?f(x, t, a) = ί (x )

we discover that, when we restrict (x, s) to P x [0, T], we have

β? k(x,s) - 2-1(/i7(x,0))2 + sδ^(x) converges uniformly to 0,

β^'fc(x,s) - 2~1 (ftj(x,0))2 + sδ^(x) converges uniformly to

- J 2 - ^ ( x ) . V(pK, A7J - p[0,Λ?if])(x)ώ
o

as k goes to oo. Combining this with (3.21), (3.22), we find

β» *->2-1(ΛΓ)2 uniformly on P x [ 0 J ] as £->oo. (3.33)

Using (3.33), (3.18), (3.16), we find ε > 0 and an integer k0 satisfying

Qr>k(x,s)^2-1(\v?(x)\ + s)2 if fe^/c0, xesptfof), sε[0,T]. (3.34)

From (3.32), (3.21), (3.22) we conclude

Q7 k(x9s) = 2-I(h7(x9s))2 if x^spt(t?Γ). (3.35)

We pause for an informal discussion. We will have to deal with the square root
of 2g™'fe for k^k0. This square root will be called q7>k. In order to verify that q7'k

is defined and that it satisfies the right properties, we will use (3.19) to write P in
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the form

and note the following: IfxeP ~ spt (v?\ then (3.35), (3.18) imply q?>k(χ91) = hf(x91).
If xespt{gf\ then (3.34) implies q?>k(x91) ^ \vf{x)\ + ε for ίe[0, Γ] and k ^ k0. In
the first case, properties of g™>fc will follow from corresponding properties of h™.
In the second case, we can use the boundedness of qf>k away from zero (and away
from \υψ\\ the compactness of spt(#J") and properties of Qf'k to obtain results for
q™'k. This type of argument will be used repeatedly. It will be called the Vί — V2

argument.
The precise statement of all this is the following: There exist δk > 0 and q™>k

for k ^ k0 satisfying (3.36)-(3.39):

qm,k.p x(-δkiτ + δk)^R is aC 0 0 function, (3.36)

q?'k^0, Q?'k(x,s) = 2-1(q?'k(x,s))2 if se(-δk,T + δk), (3.37)

qftk{x,s) = hf(x,s) if xφsptty™) and se( — δk, T + δk\ (3.38)

q?'k(x,s)^: It̂ ΓWI + ε if -^^sptteΓ) a n d se( — δk 5 T + δfc). (3.39)

Using (3.17), (3.31), (3.38) we get

q?>k(x9s) = 0 if xφC™. (3.40)

The V1 — V2 argument and (3.33) yield

qm,k _> hm uniformly on P x [0, T] as fe -> oo. (3.41)

The Fx - V2 argument and (3.32), (3.31), (3.15), (3.16), (3.18) yield N < oo satisfying

-q?'k(x,s)

f*(x, s)

if 5e[0,T].

The mean value theorem and (3.41), (3.42), (3.15)—(3.17) give us

d

(3.42)

nm,k _ and -qϊ
,m,k h?

uniformly on P x [0, T] as fc-> oo.

From (3.32) and (3.37) we get

(3.43)

for -

+ .Σ Σ P K ' ^ K Λ Ή H * ) (3 4 4)

k. Using (3.36), (3.37), (3.40), (3.15), (3.16), (3.39), (3.19) and
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\a™'k\ ^ 1, we conclude

p* [a?>k{t)v?, q?/lpla?>k{t)v™, q?fl u[_a?>k{t)v?, q?f] make sense. (3.45)

Now we will show the existence of kι ^ k0 satisfying

2-ι{Tk{))2 ^

+ Σ Σ P C < W #
j = 1 n = 1

if k^kt and (x,ί)eP x [0, T]. (3.46)

If x^spt(ι;^)» t n e n t n e l ° n β terms of (3.44) and (3.46) are zero. Thus, (3.46) follows
in this case from (3.44), (3.45) and (δ/2)g? ^ 0 (see (3.14), (3.19)). If we restrict our
attention to xespφ? 1 ) then (3.45), \a™>k\ ^ 1, (3.41), (3.43), (3.38), (3.39), (3.16), (3.19)
gives us kx ^ fe0 satisfying

2 M

.7=1/1=1

j = l ι i = l

if k ̂  fel5 xespt(z;Π and ίe[0, T]. Consequently, (3.46) follows from (3.44) in this
case also. We use (3.45) to define

2 M

uk(x,ή=Σ Σ «[«Γ*(t)»Γ, #;*](*)>
i = 1 m = 1

2 M

pk(x,t)=Σ Σ P*ίaT'k(t)vT,qT,lkl(x) forfc^fei and xeR3. (3.47)
ί = l m = l

Using (3.47), (3.40), (3.15) and Lemma 2.2, we get

3 3 P,/ ΛMfc

pfc(x,ί)= ί Σ Σ ^(y^iyJKΛπlx-yiy'dy. (3.48)
R*i=lj=l ^Xi OXj

The general identity |w[u,/](xi,X250)| = /(x l 5 x 2 ) , which is valid whenever
(X1,X2)EP and u\υ,f~\ makes sense, and properties (3.47), (3.40), (3.15), (3.31) imply

i t ι k ( x l 9 x 2 , o , ί ) i 2 = Σ Σ («r k(*i>x2,0) 2,
i= 1 m = l

Σ /

if fe ̂  fci and ( X 1 9 X 2 ) G P . If we also have ίe[0, T], then we may apply (3.46), (3.47)
and {dldx2)(2~ι\uk\2 +p f c)(xi,x2,0,ί) = 0 (which follows from the rotational sym-
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metry of \uk\2 and pk about the x1 axis) to obtain the inequality

d 2 M δ

dt u 2 ' ' i = im = i δ ί ι u 2 '

2 M

Σ Σ </Γ(*i.*2)

i = l m = 1

2 M 2 Q

- Σ Σ Σ f l Γ k W^(xi,X2)^-(2-Ί" k l 2 + Pk)(Xi,X2,0,ί)Σ Σ Σ
ί = l m = l r = l

2 M

Σ Σ
ί = l m = l

where the gradient in the last line is taken with respect to all three space variables.
Rotational symmetry yields

2 M

y y q™(x ( x 2 + x 2 w
/ = 1 m = 1

if fc^/c1? x = (x l J x 2 ,x 3 ), (x 2 ? x 3 )^(0,0) and ίe[O,T]. (3.49)

For k ̂  ki and x e # 3 we will use the notation

Using la?'*! g 1, (3.24), (3.41), (3.43), (3.38), (3.39), (3.31), (3.15), (3.16) we can prove
the existence of an integer fc2 ̂  kx satisfying

vfTf{x)^-δ/2 if ίe[0,Γ] and k^k2. (3.51)

If ( X 1 , X 2 ) G P and ^Γ(;)Ci?;)C2)< 1 then the consequence (x 1 ? x 2 )^spt(^) (see (3.19))
and (3.50), (3.38), (3.18), (3.23), (3.14) yield

Combining this with the rotational symmetry of fψf about the x1 axis and (3.14),

(3.19) we obtain

v/S*(*i, x2, ̂ 3 ) ^ 0 ^ - (δ/2)gT(xu(x22 + A)112)

if (x 2,x 3)^(0,0) and fl{xu{xl + xl)ll2)<\. (3.52)

Now (3.51), (3.52), (3.19) give us

v/S*(*i,*2,*3) ^ - (δ/2)gT(xu(x2

2 + xψ2)

if k^/c 2 ,(x 2 ,x 3 )^(0,0) and ίG[0,T]. (3.53)
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Using (3.53), (3.50), (3.47), (3.40), (3.15) we find

2 M

ί = l m = l

if /c^fc2, (x 2 ,x 3 )#(0,0) and ίε[0,T] . (3.54)

Finally, we show that the conclusions of Lemma 3.2 are satisfied when η = δk,u = uk,
p = pk and k is sufficiently large. We have that (3.40), (3.47) imply (3.25); (3.20)
implies (3.26); (3.48) implies (3.27); (3.49), (3.54) and u(x l 90,0,ί) = 0 imply (3.28);
(3.15), (3.40), (3.37), (3.32), (3.18) imply (3.29); (3.15), (3.40), (3.41) imply (3.30).

Section 4. The Geometric Building Blocks

To begin with, we use Lemma 6.2 of [4]. This lemma says that we can construct
U9 K9 /, z, F9 A, B, C, D such that (4.1)-(4.10) are satisfied:

U = {(xl9X2)G,R2:|X1 I < 1,1/8 <x2< 7/8}, (4.1)

feC?(P9R)9 z = {zl9z2)eC?{P9R
2)9 F = (Fl9F2)eC°>(R2

9R
2)9 (4.2)

K is compact, spt (z) cz K a U, (4.3)

/ ^ 0 , /(x) = 0 if xφU, /(x)>|z(x)| if xeU, (4.4)

if xφK, L(/)(x)>0 if xeU~K9 (4.5)

d x J x

V(p[0,/]-p[z,/])(x) = F(x) if xeP, (4.7)

A, B9 C, D are real numbers, B > 0, C > 0, D > 0, (4.8)

F1(A,0) = B, if xe.R, then \Fί(x,0)\^B and F2(x,0) = 0, (4.9)

limx4

JF1(x,0) = A if xeR2, then |F(x)| ^ C\x\~4 and

| ^ C | x Γ 5 . (4.10)

We will use the following definitions:

F^""{xux2) = (σ2/p)F((Xί -a)/p,x2/p),

f" " '(x1,x2) = σf((x1-a)/p,x2/p))

za'" β(xί,x2) = az{{%, -«)/p,x2/p),

I!*-" = {xeR2:((Xl - a)/p,x2/p)eU},

K^ = {xeR2:((xι-a)/p,x2/p)eK} (4.11)

if aeR, p > 0, σ > 0. With the aid of (4.4), (4.7), we conclude:

spt(/) = closure([/), spt(/a'"><T) = closure (t/α "), (4.12)

V(p[0,/ot " ' 7 ] - p [ z α '' σ , / α ') 'I])(x) = F01 ' ! <'(x) if xeP. (4.13)
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Properties (4.2), (4.8), (4.9), (4.10) say that all of the hypotheses of Sect. 4 of [4]
are satisfied. In what follows, we will use some results of that section (where, of
course, the definition of/

α>p'σ is the same as in (4.11)).

Lemma. 4.1. There exist real numbers a\a",r\r"',s\s"\ E such that conditions

(4J4)-(4J7) hold:

0<E<r"β9 r"<r '/8, r' < 1/8, a' = A-r'A, a" = A-r"A, (4.14)

if xλeR and \x2\ S E, then

(Fa^',s' + Fa^,r",s" + Fl)(xl9X2) > _ (1.01)^, (4.15)

if\xί-A\^(104C/D)E and \x2\^E, then

(F*-'''*' + Ff-r"'8" + F1)(xux2) ^ (6.99)5, (4.16)

ifxeR2 and | x |>2 |v4 | , then

|(jr«v,s' + Fa">'">*" + F){x)\ ^ 2C\x\~4. (4.17)

Proof. This is the initial step of the construction carried out in Sect. 4 of [4]. We
use (4.8), (4.10), (4.11), (4.12), (4.13) and Lemma 4.4 of that paper.

Lemma 4.2. There exists M < GO with the following property: Ifm ^ M, \x1 — m\ rg

104C/D and | x 2 | ^ l , then \F1(xux2)- m~4D\ g 1 0 - 3 m " 4 D .

Proof This is done in (4.14)-(4.17) of [4].
Now we introduce a constant X that was not used in [4]. Let X satisfy

X>2, X>4\A\, X>4(104C/i))£, ICX
\n=-co )

(4.18)

In (4.18)—(4.21) of [4] we choose ε small enough to satisfy

l, 2C(ε~1(l +ε 2 ) 1 / 2 E/10)~ 4 < 10~3ε2B, (4.19)

0 < ε < .01, ε ' 1 10 3 C/D > M, ε" 110 2C/D > 104C/D, (.99)(1 + ε 2 ) 1 / 2 < 1,
(4.20)

and we defined a, r, s, d as follows:

a= - φ " 1 ^
d = r(104C/D), s = [((1.02)5/(.999))(ε~1103C/D)4(r/D)]1/2. (4.21)

At this point, we come to a sharpening of the construction of [4]. Recalling that
ζ < 1 is the given number of Sect. 1, we see that ε can be chosen so that (4.22)-(4.24)
are also satisfied:

ε- χ ( l + ε2)1/2£(103C/D)/(4Z) is a positive integer, (4.22)

( ( ^ ε H ε - ^ l + ε2)1/2E(103C/D)/(4X) + 1) > 1, (4.23)

1 ( l +ε2)1/2£(103C/D)/(4X) + l K e ' ^ l + ε 2) 1 / 2£/10)~ 4 ^ 10- 3 ε 2 5.

(4.24)
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Lemma. 4.3. If — d^x1^d and 0 ^ x2 ^ r,

|F5' r ' s(x 1 ?x 2) | ^ (.002)£ε and (1.02)5 ^ Fa

1>
r>s(xl9x2) S (1.03)5.

Proo/ This is Lemma 4.5 of [4].

Lemma 4.4. There exists v2 = (^2i^22) e Q α ) (Λ^ 2 ) ίΊ#ί satisfies the six properties
listed below:

spt(y2)

spφ2)

d

OX i

V2(X)\

if\x \-

c(-d,d)x{ίθ~3εr,r),

and [r — d,d — r] x

δ

ζd — r and (.02)εr ^

[£,r/10] are

<l9x2) + υ22(x1

v22(x)\Ss/2,

x2 g (.98)εr, t

disjoint,

,χ 2 ) = o,

hen v2(x1,x2) = (l,ί

(4.25)

(4.26)

(4.27)

(4.28)

0. (4-29)

Xι\^d — r andO <x2 < E, then 1̂ 21 ( x i 9^2) = ^

andϋ 2 2 (x l J x 2 ) = 0. (4.30)

/ This is Lemma 4.8 and (4.40)-(4.43) of [4], where v2 is called w. Note that
the (vl9υ2) in (4.40) of [4] has nothing to do with the υ2 here.

Now we make the definition

τ = (.48)ε, Y = r(103 C/D)/(4X). (4.31)

From (4.19)-(4.24) and (4.31) we obtain

YX = rf/40, Y is a positive integer, τζ( Y + 1) > 1, 0 < τ < 1, (4.32)

r/10 > 2 μ | + 1, 20C(7 + l)(r/10)"4 ^ 10~ 3ε 25. (4.33)

Using (4.20), (4.21), (4.31) we find

(.99)rε < E < r/100, hence τ d ^ (104C/D)£. (4.34)

Also, (4.8), (4.10) and (4.21) yield

C/D^l hence d ^ 104r. (4.35)

Lemma 4.5. The 2 ( 7 + 1) closed intervals

lτ(a-r) + A + nX, τ(μ + r) + 4 + nX\ n = 0,l,...,Y <md (4.36)

l-τd + A + n'X, τd + A + n'X^, n ' ^ 0 , 1 , . , . , 7 (4.37)

are pairwise disjoint. Furthermore, all of these intervals are contained in the open
interval (r — d,d — r).

Proof All we have to show is

2τr < X, 2τd < X, (4.38)

r-d<τ{a-r) + A, (4.39)
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τ{a + r) + A+YX<-τd + A9 (4.40)

τd + A+YX<d-r. (4.41)

Inequality (4.40) says that the rightmost interval in (4.36) is to the left of the leftmost
interval in (4.37). From (4.31), (4.21), (4.20), (4.18) we get

2τd = 2(.48)ε(ε"1(l + ε2)1 / 2£)(104C/D) < (104 C/D)£ < X.

This fact and (4.35) imply (4.38). Now (4.33), (4.31), (4.20), (4.35), (4.21) imply

- A 4- (1 + τ)r - d < r/20 + r + (,48)r/100 - d < - (.999)d

= - (.999)r(104 C/D) < (.48)ε( - r(ε~1103C/D)) = τa,

which gives (4.39). Using (4.32), (4.21), (4.31), (4.20), (4.35) we get

YX = (l/4)r(103C/D) = τr((1.92)~1ε"1103C/D) < τrίe" 110 3C/D - 1 - 104C/D).

The above and (4.21) imply (4.40). Finally, (4.32), (4.35), (4.20), (4.31), (4.33) yield

YX = d/40<d-r-r/10-(AZ)εd<d-r-A-τd,

which gives (4.41).

Lemma 4.6. The 3 ( 7 + 1 ) closed rectangles

[ - 1 + nX9 1 + nX~\ x [1/8,7/8], (4.42)

[α' - r' + n'X, a' + r' + n'XT] x [r'/8,7r'/8], (4.43)

la" - r" + n"X, a" + r" + n"X\ x [r"β, 7r"/8], (4.44)

where n,n\n"e{0,1,..., Y}, are disjoint. In addition, all of these rectangles are
contained in the open rectangle (r — d, d — r) x (£, r/10). Finally, the intervals
la — r,a + f] and [ — d, d~\ are disjoint.

Proof. From 2r" < 2r' < 2 < X (see (4.14), (4.18)) we conclude that each of (4.42)-
(4.44) consists of Y + 1 disjoint rectangles. The inequalities 7r"/8 < r'/8, Ίr'β < 1/8
(see (4.14)) imply that rectangles from different lines in (4.42)-(4.44) are disjoint.
In order to prove the second assertion of the lemma, we observe that (4.14), (4.33),
(4.35) imply

\af\ + r'<\A\ + l |α" | + r " < μ | + l,

1 + rf/40 ̂  IAI + 1 + d/40 < r/10 + d/40 <d-r.

These facts and (4.32) imply

1 + YX < d - r, \af\+rf+YX<d-r, \a"\+r" + YX <d-r.

Therefore, the projections of the rectangles in (4.42)-(4.44) on the xί axis are
contained in (r — d,d — r). The second assertion follows from this fact, (4.14) and
(4.33). Since (4.20), (4.21), (4.35) imply

a + r = - r(ε"x 103C/D) + r < - 10r(104C/D) + r=-10d + r<-d,

we obtain the third assertion of the lemma.
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We set
77^ Tja',r',s' _j_ jja",r",s" _ι_ r1 (Λ Λ C\

Lemma 4.7. lf(xx,x2)eR2 and je{0,1,..., 7} satisfies the condition

\xt - jX\ = min {|Xi - nX\:n = 0,1,..., 7}, (4.46)

y

then we have Σ \F*{xx - nX9x2)\ ^ (.005)5.

Proof. If n ^ 7 , then |xx — nX\ ϊ>(\n — j \ — lβ)X. The conclusion follows from
(4.45), (4.17) and the second and fourth inequalities of (4.18).

y

Lemma 4.8. // {xux2)eR2 and \x2\^E9 then Σ Pf(xx - nX,x2)> -(1.015)5.

Proof. Let ;e{0,1,..., 7} satisfy (4.46). Lemma 4.7, (4.45) and (4.15) give us the
conclusion.

Lemma 4.9. // (χ l 9 x2)eR2, je{0,1,..., 7}, \xx - jX - A| ^ {104C/D)E and \x2\ ̂

y

n = 0 ~

Proo/ From (4.18) we obtain \xx - jX\ ^ |χ x - jX - A\ + \A\ ̂ (104C/D)£ +
X/4 < X/4 + X/4 = Xβ9 which implies (4.46). Now Lemma 4.7, (4.45) and (4.16)
yield the desired conclusion.

Lemma 4.10. If(xux2)eR2 and \(xx - nX9x2)\ > r/10 holds for all ne{0,1,..., 7},

y

then X \F*(xί-nX9x2)\^ί0-3ε2B.

Proof. Since (4.33) implies \(x1-nX9x2)\>r/l0>2\A\9 we can use (4.17), (4.45),
and the second part of (4.33) to conclude

y y y

\Γ \Xχ — rZA, X2)\ ^ £^s 2_t \\Λ1 — njv , X2)\ ^ Z L ^ Γ̂/ 1UJ ^ 1U 8 JD.
n=0 n=0 n=0

Lemma 4.11. // h:P-+R is defined by

Y

h(xux2) = v2(xux2) (Fa>r>s(x1,x2)+ Σ F*(x1-nX,x2)l

where v2 is the function in Lemma 4.4, then
(a) ifjε{0,1, ., 7}, \xx - jX - A\ ̂  τd and (.02)εr ^ x 2 ^ (.98)εr, ίftβn h(xux2) ^

(8.005)5,
(b) // | x i l ^ d - r and{.02)εr^x2S{.9%)εr, then h(xux2)^{.005)B,
(c) Ϊ/ X G P ίήew Λ(x)^ -ε2(1.032)5.

Proof. Using (4.34) we find that the hypotheses of (a) imply

, 0 < x2 < E < r.
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Also, the last part of Lemma 4.5 gives us xx e(r - d, d - r). All this, Lemma 4.3 and
Lemma 4.9 give us

Fΐr s(xl9x2)+ Σ F?(xi-nX,x 2 )^(1.02)B +(6.985)5 = (8.005)5.
n = 0

The conclusion of (a) follows from the above and (4.29).
Suppose that the hypotheses of (b) hold. As in (a), we get 0 < x2 < E < r. Now

Lemma 4.3 and Lemma 4.8 yield

Fΐr s(xu*2)+ Σ FUxx-nX9x2)^(im)B-(im5)B = (.005)5.
n = 0

As before, the conclusion of (b) follows from (4.29).
Now we prove (c). Since 5, ε are positive (see (4.8), (4.20)), we may assume

(x1,x2)espt(v2). We will distinguish two cases:

Case I. \(x1 - jX9x2)\ >r/10 for all je{0, l , . . . J } .
In this case, we use (4.25), (4.28), Lemma 4.3, Lemma 4.10 and the positivity of 5, ε
to conclude

^ -ε 2 (1 .03)5-(ε/2)( .002)5ε-KΓ 3 ε 2 5= -ε2(1.032)ΰ.

Case II. \(xx - jX9x2)\ gr/10 for some je{0,1,..., 7}.
From (4.32), (4.35) we get

^ \jχ\ + r / 1 0 ^ γ x + r / 1 0 = d/ 4 0 + r/10 < d - r.

Now, the assumption ( c^Λ^esptO^) a n d (4.26) imply x2φ[E,r/10]. From this fact
and \x2\ ^ |(Xj_ — 7'Z,x2)l ^ r /10 we get x 2 < ̂  The assumption (x1,x2)^^> gives
x 2 > 0 . All this and (4.30) imply t ; 2 1 ( x l 5 x 2 ) ^ 0 , v22{x1,x2) = 0. The above, (4.8),
(4.25), Lemma 4.3 and Lemma 4.8 give us

rta(xl9x2)+ Σ Fΐ(Xl-nX9x2)
n = 0

^v 2 l (x l 9 x 2 )(( im)B-(1 .015)5) = 0 > -ε2(1.032)5.

This concludes the proof of Lemma 4.11.
We recall (4.11) and set

Y
f = f α ' r ' s 4- V ( fα'+nX,r',s' _j_ p " + nX,r",s"j_ rnX.l.lA

0

Y

ί = Uα'ru \J (uα'+nX>r'uUα"+nX>r"uUnX>1),
n = 0
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Y

K1=Ka>rv (J (Ka'+nX>r'vKa"+nX>r"uKnX>1). (4.47)
« = o

Lemma 4.12. The sets ua>\Ua'+n'x>r\Ua"+n"xy\UnXΛ (where n9ri9n" range over
{0,1,..., Y}) have disjoint closures.

Proof. This follows from (4.1), (4.11) and all three assertions of Lemma 4.6.
With the aid of Lemma 4.12, (4.12) and (4.1)-(4.6) we conclude:

K1aUίcz P,Kί is compact, Uί is open, closure (UJ a P, (4.48)

fcCΠPtR), υ^CΠPtR2), spφjczl^, (4.49)

/ i ^ O , /1(x) = 0 if xφUl9 /1(x)>|i;1(x)| if xsUl9 (4.50)

^2^-^ll(^1^2) + ̂ l^^ll^U^l) + ̂ l2θl> * 2 ) = 0, (4.51)

L(/J(x)^0 if xφKl9 L(fί)(x)>0 if xeUί^K1. (4.52)

Lemma 4.13. // (xux2)sP, then

V(p[0,/1]-p[t?1,/1])(x1,x2) = F w (x 1 ,x 2 )+ t F*(Xl-nX9x2).
n = 0

Proof. This follows from (4.11)-(4.13), (4.45), (4.47), Lemma 2.2 and Lemma 4.12.
Now we adopt the construction in (6.42)-(6.45) of [4]. Recall that the function

w of [4] is called v2 here. This gives us U2,K2,k satisfying (4.53)-(4.56):

(4.53)

s p φ 2 ) c K2 c U2,K2 is compact, fceCc°°(P,R), 0 ̂  k ̂  1, (4.54)

fc(x) = 0 if x^C/2,fc(x)>0 if xGt/2,fc(x)=l if xGspt(ι?2), (4.55)

L(fc)(x)^0 if x<£K2,L(fc)(x)>0 if xeU2~K2. (4.56)

We choose a constant μ satisfying

μ 2 >10(| |z; 2 | | 2

Λ + l), μ > 1 0 0 | | / 1 | | o o , (4.57)

and we set

f2 =μk, T = (μ2 -\\v2\\l- l)/(s2(1.032)B). (4.58)

Lemma 4.14. We have the following four properties:

spt (Λ) c ([a - r, fl + r] x [r/8,7r/8])u((r -d9d-r)x (E9 r/10)), (4.59)

spt(/2) = ( [-^ f lx [10- 3 βr , r ] )^( ( r-d ,d-r )x(£, r/10)) , (4.60)

spt(/x) αnrf spt(/2) αr^ disjoint, (4.61)

IIΛIloo^^ fi(x) = μ tf xespt(ϋ2). (4.62)

Proof Inclusion (4.59) follows from the second part of Lemma 4.6, (4.1), (4.12) and
(4.47). Identity (4.60) is a consequence of (4.53), (4.55), (4.58). The last part of
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Lemma 4.6 and (4.59), (4.60) give us (4.61). Finally, (4.54), (4.55), (4.58) yield (4.62).

Lemma 4.15. There exists θ>0 such that (4.63), (4.64) hold:

(μ2 + T(.005)B)1'2-θ> τ-'-Wf, | L , (4.63)

(μ2 + Tβ.005)BY'2 - β> τ-^H/i |L + \\f2 \\J. (4.64)

Proof. Using (4.58), (4.57) we find

TB = (μ2 - || v2 \\i - l)/(ε2(1.032)) > (.9)μ2/(ε2(1.032)).

This inequality and (4.31), (4.57), (4.62) yield

Γ(.005)β > 10- V / ( ( 48)V) > τ - 2 \\fl 1)2,

Lemma 4.16. If xeU2, then

(f2(x))2 - Tv2(xyV(p[VlJJ -p[0,Λ])(x) > |t;2(x)|2.

Proof. If xφspt(v2), then the inequality reduces to ( / 2 ( Λ ; ) ) 2 > 0 , which is a
consequence of xeU2 and (4.55), (4.57), (4.58). If xespt (v2), then Lemma 4.13, (4.62),
part (c) of Lemma 4.11 and (4.58) give us

(/2(x))2 - TvΛx

Lemma 4.17. // ()^i,3 ;2)espt(/1)uspt(/2), z = (z 1 ? z 2 )eP, Zl=xyx+A + jX for
some je{0,1,..., 7}, (.02)εr ^ z2 ^ (.98)er and

Q = (AW)2 - Tv2(

Proof. Parts (4.59), (4.60) of Lemma 4.14 and the last part of Lemma 4.5 give us

yι^\_a — r,α + r ] u [ — d,d], hence z1e(r — d,d — r). (4.65)

Hence (4.29), (4.62) yield

ze(r-d,d-r)x [(.02)εr, (.98)εr] c spt (ι;2), hence /2(z) = μ. (4.66)

Now (4.66) and Lemma 4.13 imply

Q = μ2 + TΌ2{zl9z2y(Fa-r-8{zl9z2)+ Σ F*(z1-nX,z2)\ (4.67)

From (4.65) we get two cases: yx s\_a — r, a + r] and ^i e [ — d, d]. Using (4.67), (4.66),
part (b) of Lemma 4.11 and (4.63), we get

The conclusion follows in the case y1E[a — r,a + r'] because (4.60) and the third
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part of Lemma 4.6 imply CVi, ̂ 2 ) ί spt (/2). If J Ί e [ - d, d] then (4.67), the hypothesis

Zί=zτyί-\-Λ + jX, part (a) of Lemma 4.11 and (4.64) yield

The conclusion also follows in this case.

L e m m a 4.18. If{xux2,x3)eR\(xl9(x2

2 + x i ) 1 / 2 ) e s p t ( / 1 ) u s p t ( / 2 ) , ; e { 0 , 1 , . . . , 7 }

z = (z1? z2) = (τ*! + A + jX, ((τx2 -!- εr/2)2 + (τx3)ψ2)9

then (zί9z2)eP (i.e. z2 > 0)

((/2(*))2 -

Proo/ In view of Lemma 4.17, all we have to show is (.02)εr ^z2^ (.98)εr. Since
Lemma 4.14 implies (x2 + xj)1/2 ^ r , we can use (4.31) to obtain that (τx2 +
εr/2, τx3) = ((.48)εx2 + εr/2, (.48)εx3) is contained in the circular disc with center
(εr/2,0) and radius (.48) εr. This disc is contained in the annulus with center (0,0)
and radii εr/2 - (.48)εr = (.02)εr and εr/2 + (.48)εr = (.98)εr.

Section 5. The Cantor Set

We will use the construction in Sect. 4. In order to apply a result from ref. [4],
we will first establish (5.1)-(5.7) for ί = 1,2. Using (4.48), (4.53), (4.54), ε > 0 and
r > 0 (see (4.20), (4.33)), we get

KiCiUiCzF, Kι is compact, Ut is open, closure (l/J c P . (5.1)

From (4.49), (4.54), (4.57), (4.58) and Lemma 4.4 we obtain

iP.R2). (5.2)

The identity spt(/ f) = closure (t/J follows from (4.50), (4.55), (4.57) and (4.58).
Therefore, we can use (4.61), (5.2), (4.49), (4.54) to write

closure(l/J and closure(U2) are disjoint compact sets, spt(t;t ) czK{. (5.3)

If xespt(ϋ2), then (4.58), (4.55), (4.57) imply f2(χ) = μk{x) = μ>\v2{x)\. If xeU2

and x^spt(z;2), then (4.58), (4.57), (4.55) give us / 2(χ) > 0 = |t;2(x)|. These computa-
tions and (4.50), (4.54), (4.55), (4.58) yield

/iέO, ft(x) = 0 if χφUi9 fi(x)>\vi(x)\ if xeUt. (5.4)

Identities (4.27) and (4.51) imply

x2-^~ vn(xl9x2) + x2 ^—vi2{xux2) + vi2(xux2) = 0. (5.5)
OX X

Finally, Lemma 4.16, (4.52) and (4.56)-(4.58) give

(f2(x))2-Tv2(xyV(PlvufΛ-p[_0JΛ)(x)>\v2(x)\2 if xeU2, (5.6)
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L(/£)(x)£O if xφKi9 L(fi)(x)>0 if xeUi-Kt. (5.7)

Lemma (4.15), (4.57), (4.58) and (4.8) give us T>0 and θ>0. These facts and
(5.1)—(5.7) are the hypotheses of Sect. 3 of [4]. Therefore, we may use Lemma 3.1
of [4] to obtain δ9gί9g2,hί9h2 satisfying (5.8)—(5.15):

<S>0, g^CfiP.RX hi:Px(-δ,T + δ)-+R is a C00 function, (5.8)

spt(gi)czUb spt(ι?i)c:{χ:flf j(χ)=l}, O g & M ^ l if xeP, (5.9)

hi^O, if xespt(0f) then hi(x,t)>\υi(x)\9 (5.10)

Λf(x,ί) = /i(x) if x^sptfo), (5.11)

(M*,*))2 = (Λ(x))2 - 2s^1(%), (5.12)

(h2(x,s))2 = (/2(x))2 - j

where ft/fί(x) = ftf(x, ί), (5.13)

/z2(x,T) + ^ > ( ( / 2 ( x ) ) 2 - Γ ι ; 2 W V(p[t;1,/1]-p[O,/1])(x))1/2 if xeP, (5.14)

L(hifί)(x) ̂  0 if 0f(x) < 1 (where ftίfί(x) = ftf(x, ί) as in (5.13)). (5.15)

Properties (5.4), (5.9), (5.11) imply

hi(x,t) = 0 if x^closure(l/i) = spt(/ i). (5.16)

Also, (5.9) and (5.10) yield

hi(x,t)>\υi(x)\ if xespt(^). (5.17)

In view of (5.2), (5.3), (5.8), (5.10), (5.16), (5.17), we may fix v > 0 such that the
following inequality holds:

vulaυi9hitt-](x) Δ{ulaΌi9ftifί])(x)^ - δ / 4

iϊ{x,t)ePx [0,T], « G [ - 1 , 1 ] and ie{l,2}. (5.18)

We recall (4.8), (4.18), (4.21), (4.31) and make the following definitions:

βn:R->R is given by βn(x) = τx +A + nX for ne{0,1,..., 7}, (5.19)

M ( Z ) = { m = (m 1 ,m 2 , . . . ,m z ) :m i 6{0 , l , . . . , r } } for Z = l , 2 , 3 , . . . , (5.20)

πm = βmί°βm2°-°βmz if m = (m 1 ,m 2 , . . . ,m z )6M(Z), (5.21)

β = [α-r,fl + r]u[-d,d]. (5.22)

If(x l 5 x 2 )eP, ί e ( - ^ , T + (5), /G{1,2}, m = (mum29...9mz)eM(Z)9

we set

/Γ(^i^2) = /i fc 1 (τ z x 1 ),x 2 ), t?Γ(^i^2)=^fc 1 (τ z x 1 ),x 2 ),

Lemma 5.1. // Ze{l,2,3,...}, {m9rri} <=-M{Z) and mφm'9 then πm(Q) and πm\Q)
are disjoint sets.
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Proof. Since (4.33) implies d-r<d,v/z can use (5.22) and Lemma4.5 to obtain

βj(Q) = Q, (5.24)

βj(Q) and βr (Q) are disjoint if j Φ f. (5.25)

Let / be the smallest integer i such that m-^wi-,. Inclusion (5.24) gives

( V A n / + 1

o - ° / U ( 0 c βmi(Q),(βm>°βm'I+1°

Therefore, (5.25) implies that the sets

βί., " o M δ ) a n d (^°-°
are disjoint. We obtain the conclusion by applying the one-to-one function

βmί

o'"oβmI_ί = βm'1
o'"oβm'I_1 to both sets in (5.26).

Lemma 5.2. // Ze{l,2,3,...}, ίfeen ίfte sets sp t (/Π {where ie{l,2}, m6M(Z)) are
disjoint.

Proof. From Lemma 4.14, d — r < d and (5.22) we get

(x 1 : (x 1 ,x 2 ) e s pt(/ i) f° r some x 2

 a n ( i some i} c Q.

Now (5.23) yields

{x 1 :(x 1,x 2)esρt(/Π for some x 2 and i} c (x 1 :τ z x 1 6π m (β)} .

The above and Lemma 5.1 imply that spt(f™) and s p t ( / ^ ) are disjoint \ίmΦm'.
Finally, (4.61) and (5.23) imply that spt(/7) and s p t ( / 2 ) are disjoint for every
meM(Z).

Lemma 5.3. // Z is a positive integer, meM(Z\neM(Z + 1), m^riifor i^Z,

(x1,x2,x3)eR3 and

(*!,(*!+ xi)1/2)espt(/ΐ)uspt(/"2), (5.27)

then ((τx2 + εr/2)2 + (τx3)
2)1/2 > 0 and

Proof. We set j = nz + 1 and

z = (z1,z2) = (βj(π;1(τz+1x1))Λ(τx2 + cr/2)2

Since (5.27) and (5.23) imply

we can use Lemma 4.18 and (5.19), (5.14), (5.23) to conclude (z1,z2)eP (which means
{(τx2 + εr/2)2 + (τx 3) 2) 1 / 2 = z2 > 0) and

h2(z, T) > ((/2(z))2 - Tv2(z)

We also have %„ = βni° °βnz°βj = βmί°---°βmz°βj = πm°βj, which implies π " 1 =
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βjloπml a n d βf^ΰ1 =πmί- Hence we can use (5.23) and say

h^(τxuz2ίT) = h2(π-Hτzτx1lz2,T) = h2(βj(π;\τz+1x1)lz2,T) = h2(zin

The conclusion follows from this identity and the previous inequality.

Lemma 5.4. There exists ξz>0 such that

Σ (A? + A?)(τx1,((τx2 + εr/2)2 + (τx3)ψ\ T)
tneM(Z)

^ξz+ Σ
πeM(Z+l)

holds if (xu(x2

2 + xiy'2)e U
m=M(Z+l)

Proof. This follows from Lemma 5.2 (applied to M(Z + 1)), Lemma 5.3, the
compactness of spt(/?) and hf ^ 0 (see (5.2), (5.10), (5.23)).

Lemma 5.5. For every positive integer Z, there exist ηz>0 cmά C00 functions
uz:R3 x( — ηz, T + ηz)^R3 andpz:R x( — ηz, T + η z) -* R satisfying the following:

« z(x 1,x 2,x 3,ί) = 0 if (x1?(x^ + x^)1 / 2)^ U ( s p t ( / T ) u s p t ( / m (5.28)
meM(Z)

^ ^ du 3u
pz(x^t)= j £ Σ — " C M ) — L ( y 5 0 ( 4 π | x — y l ) " 1 * ^ , (5.30)

— 2 " 1 |w z (x, ί) | 2 ^ - uz(x, t) V(2~ x \u z \ 2 + p z )(x, ί) + vuz(x, t) Λuz(x, t)
dt

*/ίe[0,T], (5.31)

meM(Z)

— 2 J ( / T + /2)(:X1>(:X:2 + X3) ) (5.32)

meM(Z)

i/(x2,x3)^(0,0),

H
11 ( ~v ~v~ ~v* i~\\ \ i / i 1_ l/i "^ 11 -v" i Λ/"^ L_ "v^'i-'-/^ ^ 11 •̂ * J"

v 1' Λ 2> Λ 3 ? /I / j v^l i ^̂ 2 / v*Ί 5 \ ̂ 2 •" "^3/ , t j | —̂  C,z

meM(Z)

if ίe[0, T] ami (x2,x3) ^(0,0). (5.33)
Proo/ We set (T = spt(/•?). If x^Cf1, then the identity h^(x9t) = 0 follows from
(5.16) and (5.23). In addition, (5.19), (5.21), (5.23) imply that f?,vf,g™,hf are
translations of fi9 vi9 gi9 ht. The property h™(x90) = /f(x) is a consequence of (5.12),
(5.13), (5.4), (5.10) and (5.23). Using these properties, (5.1)-(5.23) and Lemma 5.2,
we find that the hypotheses of Lemma 3.2 are satisfied when the set M{Z) is placed
in one-to-one correspondence with the set {1,2,...,M} for some M, and the
obvious identification is made. The conclusions follow from Lemma 3.2.
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Lemma 5.6. If Z is a positive integer then every (X1,X2,X3)GR3 satisfies

\uz(τxuτx2 + εr/2,τx3,T)\^τ~1\uz+1(xux2,x3,0)\.

Proof lί(xί9(xl + x2

3)
1/2)e (J (sρt(/ϊ)uspt(/5)), then the inequality follows

m=M(Z+l)

from Lemma 5.4 and (5.32), (5.33). Otherwise, we can use (5.28) to conclude
w z + 1 (x l 5 x 2 ,x 3 5 0) = 0.

Using the notation

az = τ~z(τ° + τ 1 + τ 2 + ••• + τ z ~ V A

bz = (τ° + τ 2 + τ 4 + ••• + τ 2 Z~ 2)T, (5.34)

we recall Lemma 5.5 and set

if Ze{l, 2,3,...}, (xl9x2, x3)^R3 and bz - τ2Zηz <t<bz + ί+ τ2Zηz.

(5.35)

This definition supersedes the earlier definitions of vf and q™. From (5.29)—(5.31),
(5.35) we obtain

3 3 βv υ

(5.37)
βv υ

= ί Σ Σ -ϊr(ht)^{

^-l-^vPipM2 ύ - vz(x,tyV(2~1\vz\2 + qz)(x,t) + vvz(xj)'Δvz(x,ή
ct

if bz£t£bz+1.

(5.38)

L e m m a 5.7. // Z is a positive integer, then \vz(x, bz + ί)\ * ^ \ v z + ί ( x 9 b z + 1 ) \ .

Proof We use (5.34), (5.35) and Lemma 5.6 to derive

\vz(xux2,x3,bz + 1)\

Lemma 5.8. // vz(x,t)Φθ for some Z,x,t then xxe(r — d,d — r\ \x2\ ^ τr +
(l-τ)-ί{sr/2)and\x?>\^τr.

Proof If ί;z(x1,x2,x3,ί) ^ 0 , then (5.35) and (5.28) imply
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for some meM(Z). Then (5.23) yields

Therefore, Lemma 4.14 and d — r<d (see (4.33)) give us

πm

 1 (xi)e[α - r, α + r] u [ - d, d], | τ " z x 2 - α z | g r, |τ~ zx 31 ^ r.

The above, (5.21), (5.22), (5.24), the last part of Lemma 4.5, (5.19), 0 < τ < 1 (see
(4.32)) and (5.34) yield

Xie(j8Ml — o j 8 m z ) ( [ α - r , α + r ] u [ - d , d ] )

<= βmλίa - r,α + r ] u [ - d,d]) c= (r - d,d - r),

Lemma 5.9. If Z is a positive integer, φ:R3 x R^Ris a C00 function with compact

support and φ^O, then

bz+1

+ ί i

bz K3

+ 2 r x , ί π ——hvZl<ί> ){xΛ)dxdt.

\8t J
Proof. The inequality follows when we multiply (5.38) by φ(x,t\ integrate over

^ 3 x [^z^z+i] a n ( i u s e (5.36).
Recalling 0 < τ < 1 (see (4.32)) and (5.34)-(5.35), we define u:R3 x [Γ, oo)-+R3

and p:R3 x [T, oo)-*^ using the following formulas:

u(x, t) = υz(x, ί), p(χ, t) = qz(x, t) if bz^t<bz+u

u(x,t) = 0, p(x,ί) = 0 if ί^ ^ l - τ 2 ) " 1 = lim fcz. (5.39)

From (5.37) we conclude

fez.
Z->oo

3 3 ^ ^ _ 3u

p(x,t)=§ Σ ^—~{y>t)—ι~(y>t)(4π\x — y\)~ίdy. (5.40)
R3i=l j=lUXi OXj

Lemma 5.10. // Z, φ satisfy the hypotheses of Lemma 5.9 and spt(φ) c R3 x (T, oo),

bz+1

$ 2~1\u{x,bz+1)\2φ{x,bz + 1)dx+ j J v|Vφ,ί)l 2Φ(^0dxdί
i?3 T K3

fez+1

b z + i . . . J

, τ^γ ](x,ί)dxdί.
Γ P3 V <7ί
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Proof We use Lemma 5.9 with Z replaced by W, add the resulting inequalities
for W = 1,2,...,Z, and apply φ(x,bx) = φ(x, T) — 0 and Lemma 5.7, which implies

£ ί2-1\vw(x,bw+1)\2φ(xίbw+1)dx
W=ί R3

Z+l

Lemma 5.11. The function Vu is square integrable and J \u(x9 i)\2 dx is a non-

increasing real-valued function of t.

Proof Properties (5.36), (5.38) and Lemma 5.8 imply the usual energy inequality
for vz on the set R3 x [bz,bz+ί']. The conclusion is pieced together from this fact,
(5.39) and Lemma 5.7.

Lemma 5.12. // T = Γ(l - τ 2 ) " 1 , then f J \u(x,t)\3 dxdt and J J \u(x,t)\\p(x,t)\
T R3 T R3

dx dt are finite.

Proof This follows from Lemma 5.11, Lemma 5.8 and (5.40) in a standard way.
See, for example, Lemma 3.2 and Lemma 3.6 of [3].

Lemma 5.13. // φ:R3 x R^>R is a C00 function with compact support, 0 ^ 0 and
spt(φ)aR3 x(T,oo), then

j j v\Vu(x,t)\2φ(x,t)dxdt^ j j (2~1 |w|2 + p)(x,t)u(x,t)-Vφ(x,t)dxdt
T R3 T R3

Proof. This is a consequence of the three previous lemmas and the identity
u(x, t) = 0 for t ^ Γ(l -τ2)~1= lim bz (see (5.39)).

We set

Sz= U ^ m [ - d , d ] , 5 - f]SZ9 (5.41)
meAί(Z) Z = 1

S' = {(s, (1 - τ)~' εr/2,0, (1 - τ 2 Γ ' Γ):seS}. (5.42)
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Lemma 5.14. The Hausdorff dimension of Sf is greater than ζ.

Proof. Lemma 4.5, (5.19) and (4.33) give us βk[ - d, d] c (r - d, d - r) c [ - d, d],
which implies (π m ° j8 f c )[-d,d]aπ m [ - d,d]. This fact and (5.20), (5.21) yield

Sz + 1 c 5Z c= [ — d, d], Sz is compact. (5.43)

Using (5.21) we also get

Sz+i= \Jβj(Sz). (5.44)
j = o

Y

Let V be an open set containing (J βj(S). There is an open set W containing S
J = 0

such that jS/W) c= V holds for all j . From (5.41), (5.43) we obtain the existence of
Y

Z satisfying Sz a W. For this Z, we can use (5.41), (5.44) to conclude S cz Sz+ x = [J
j=o

Y Y

βj($z) ^ U βj(W) c= V. Since V is an arbitrary open set about (J j8/(S), we conclude
j=o j=o

Y

S cz (J /̂ -(S). The opposite inclusion is immediate from (5.41), (5.43) and (5.44).

These properties, (5.41) and (5.43) give us
Y

S = U β.(S), S is compact. (5.45)
j = o

Since (5.22) and (5.25) imply that the sets βj[ — d,d] are disjoint, we can use (5.41),
(5.43) to conclude

{βj(S):j = 0,1,..., Y} is a family of disjoint sets. (5.46)

A theorem of Moran [2, Theorem II] says that (5.45), (5.46) and (5.19) imply
(Y + l ) τ

d i m ( S ) = 1, where dim is the Hausdorff dimension. This identity, (4.32) and
(5.42) yield ζ < dim (S) = dim (S')

Lemma 5.15. // s'eS' and V is an open neighborhood of s' in R3 x (T, oo), then u
is not essentially bounded on V.

Proof Definition (5.42) implies sf = (s,(1 - τ)~xεr/2,0,(1 - τ 2 ) " 1 T ) for some seS.
Let N be a given positive number. Using (4.32), (5.34), (4.57), (4.62), we conclude
0 < τ < l , lim τzaz = {l-τy1εr/2, lim bz = (l -τ2)'1 T, \\f2\\Oΰ=μ>0. Also,

(5.19), (5.21) yield length (πΛ[ - d9d]) = τz(2d) if neM(Z). All this and (5.41) imply
the existence of some Ze{l, 2,3,...} and some neM(Z) satisfying

πnί-d9d] x [ τ z α z , τ z α z + τ z r ] x {0} x {bz} c V (5.47)

and τ " z | | / 2 lloo > iV. This last part, (5.4) and (4.60) enables us to write

τ~zf2(xux2)>N, hence x ^ C —d,d], 0 < x 2 ^ r (5.48)
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for some (x1,x2)espt(f2). From (5.47), (5.48) we get

(πn(Xl), τzaz + τzx2,0, bz)e V. (5.49)

In addition, (5.35), (5.32), x2 > 0, (5.4), (5.23), (5.48) imply

= Σ
meM(Z)

Since vz is C00, we find that \υz\ ̂  N holds on a neighborhood of (π^ q), τ z α z +
τ z x 2 ,0,b z ). Combining this with (5.39) and (5.49), we obtain that \u\ ̂  N holds on
a set W c F, where VK has positive Lebesgue measure.

Using Lemma 5.5, (5.35), (5.39), Lemma 5.8, (5.36), (5.40), Lemma 5.11, Lem-
ma 5.12, Lemma 5.13, Lemma 5.14 and Lemma 5.15, we find that all of the
properties listed in the theorem of Sect. 1 are satisfied when we make the following
changes: S is replaced by S', [0, oo) is replaced by [T, OO),JR3 x {1} is replaced by
R3 x {(1 — T 2 ) " 1 ! 1 } , and (1.7) is replaced by Lemma 5.13. The proof is completed
with a change of scale.
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