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Abstract. There exists a function u satisfying (1) u is a weak solution to the
Navier—Stokes equations of incompressible fluid flow in three-space with an
external force that reduces the speed at every point, (2) the internal singularities
of u have Hausdorff dimension close to 1.

Section 1. Introduction

The theorem below is an improvement on Theorem 1.1 of [4]. The difference
between the two theorems is in the size of the singular set S. This set consisted of
only one point in [4]. In the present paper, the Hausdorff dimension of S is nearly
one. In what follows, the laplacian A and the gradient V of a function defined on
a subset of R® x R will involve only the R® variables.

Theorem. If{ < 1thenthere exists a Cantor set S = R* x {1} and there exist functions
u:R3 x [0, 0)— R3 and p:R? x [0, c0)— R satisfying the following properties:

there is a compact set K < R® such that u(x,t) =0 for all x¢K, (1.1)
for fixed t, the function u,: R®— R? defined by u,(x)
=u(x,t) is a C* function, (1.2)
3
Y. (Ouy/0x)(x,1) =0, (1.3)
i=1

3 3
P(x,t)—Rf Z Z (Ou;/0x;)(y, )(Ou;/0x ;) (v, ) (4| x — y|) " dy, (1.4)

there exists M < oo such that ||u,||, < M for all t(u, defined in (1.2)), (1.5)

IVu|?,|ul® and |u||p| are integrable, (1.6)
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if ¢:R3® x (0, 0)—> R is a C* function with compact support and ¢ =0, then

VU< | [ @ ul+puVe+ | | 2‘1|u|2<%+A¢>, (17)
0 R3 0 R3 ot

o8

R3
u is not essentially bounded on any neighborhood of any point in S,  (1.8)
the Hausdorff dimension of S is greater than (. (1.9

The introduction of [4] contains a discussion of the heuristics of this type of
theorem. Briefly, we are interested in solutions to

0 3 Ou; Op

aui— —jglujaxj—g);;-i-élui-}—ﬁ’
3 Ou; 3 0f, 3

___L=0’ i_ , <0, '
&4 0x; &4 0x, 0 i;f,ul =0 (1.10)

This says that u is a solution to the Navier—Stokes equations of incompressible
fluid flow with an external force f that is divergence free and pushes against the
flow at every point of space-time. Properties (1.3), (1.4), (1.7) say that (1.10) is
satisfied in a weak sense. The right definition of weak solution is obtained by
multiplying (1.10) by a nonnegative test function ¢ and integrating.

It can be shown that the theorem in this paper is nearly optimal. The proof of
Theorem 2.1 of [3] implies that the intersection of the singular set with any
hyperplane of the form R® x {t} cannot have dimension greater than 1. Therefore,
the conditions stated in the theorem (which include S = R?® x {1}) always force
dim (S) £ 1. Furthermore, L. Caffarelli, R. Kohn and L. Nirenberg proved, in a
slightly different context, that it is not possible to increase the dimension of S
beyond 1 by relaxing the requirement S « R* x {1}. This result appears in [1].

Section 2. Preliminaries

We recall some of the notation of [4]. The set of C* functions with compact
support from U into R" will be denoted by C? (U, R"). The support of a function
f will be written spt(f). We set P = {(x;,x;)eR*:x, >0}. If ¢ =(c,,¢,)eR? and
c? + ¢ =1, then R.:R*— R3 is the rotation

R(x1,%5,%3) =(X1,01X5 — C3X3,C1 X3 + C2X35)

about the x; axis. If feC?(P,R), v=(vy,v,)eCP(P,R?), f=0 and f(x)> |v(x)|
holds for all xespt (v), then u[v, f1eCF (R, R?) is defined by

ulw, (x5, %5, 0) = (01 ey, X2), v2 (31, X5), ((f (X1, X)) — [0(x1, x5)2)1?)
if (xq,x,)€P,
ulv, [IR:(x1,%,,0) = Re(ulv, f1(x1,%2,0)) if ceR%Jel=1, (x1,x,)eP,
and u[v, f](x;,0,0)=0. Under the same hypotheses, we define p*[v, f]:R3>— R
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and p[v, f1:P - R by means of
* 3 3 0 6 A
p*lo 1) = [ ¥ ¥ | aulo f1 )0 mwlv, £1)0)@érlx —y)~" dy,
R3i=1j=1 6xi X
and plv, f1(xy, x2) = p*[v, f 1(x1, %2, 0). If feCF(P,R), we set
L(f)(x1,%5) = A f(x1,%2) + x5 10 f /0%3)(x 1, %)
— x5 2f(xq,x,) if  (x;,x,)€P.
If A and B are sets then we set A ~ B={xeA:x¢B}. If f; is a function defined on
a subset of R® x R, then we will write f; ,(x) = fi(x,t) for appropriate (x,)eR® x R.
This notation is used in Sect. 3 and Sect. 5 for the functions A7, g™* and h;. However,
this does not apply to the function F}" in Lemma 3.1.
The functions ulwv, f], p*[v, f1, plv, f 1 will only be used when v satisfies

0 0
Xy 701 (X1, X2) + Xo5—0s (X1, X5) + 05(%1,X,) = 0.
0x, 0x,

This equation implies div(u[v, f])=0.
Lemma 2.1. We have plv, f]=p[ —v, f] if the left side makes sense.
Proof. If u:R® — R3 satisfies u(R (x)) = R (u(x)) then the identity

3 3 3 3
> Z L )—() X }; CRG R ()
follows because we can write the left side in the invariant form
3 3 Ou; Ou; ) .
Z Z . o, = div (uVu) — u- V(div (w)).

=1

If (x;,x,)eP, then we conclude

i i ( U; [U f])(x17x290)< u; [U f])(xhxbo)

i=1j=1

3 3
=3 ;<~u[ vf])(xl,x2,0)< [ — vf])(xl,xz,ox

Ify=01,y2,¥3) = R(x1,x,,0) for some (xy, x,)eP, then all this implies

3 % (suto1)o)utos1 o
-3 % (wt- uf])(y)( ul=0f1)0)

We get p*[U,f] =p [_— U’f] and, Consequently, p[v,f] :p[_'v’f]

Lemma. 2.2. The identity p[v, f1+ plw,g] =plv+w, f + g] is valid if spt(f) and
spt(g) are disjoint and the left side makes sense.
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Proof. This is immediate from the definition.

Section 3. An Oscillatory Process

Lemma 3.1. If M is a positive integer and T is a positive real number, then there
exist C* functions a*:R—[—1,1] for ie{1,2},me{1,2,...,M},ke{1,2,3,...}
such that spt(a*) = [0, T] and the following property holds: Suppose that GI":P x
[0, T]->R and FI":Px[0,T]x[—1,1]>R are uniformly continuous and
bounded functions for {i, j} = {1,2},{m,n} = {1,2,..., M} such that the identity

Fit(x,t,1) = F5"(x,t, — 1) (3.1)

is satisfied. Suppose, also, that the functions H™*:P x [0, T]— R, H™:P x [0,T]—R
are defined by

(s = farto G + i}Af o) i

Hp(x,8)=0, H%(x,s)= §2 T(x,t,1) = F3'(x,t,0))dt. (3.2)

Then H™* converges to HY uniformly as k approaches .
Proof. Let b™*:[0,T]—[ —1,1] and ¢™*:[0, T]— [0, 1] be defined almost every-
where by the identities
brk()y=1 if (dp—4H4d ™k 'T<t<(@p—3)4""k 'T,
bPE(t)= —1 if @dp—34 "k 'T<t<(dp—24""k T,
brk@)=0 if dp—24 "k 'T<t<(@pd ™k 'T,
br¥(t)=1 and ™ (@t)=1 if dp—44 "k 'T<t<@p—24 "k 'T,
bpk(t)= —1 and ™ ()=0 if @4p—24 "k 'T<t<@pd "k 'T
(3.3)
for p=1,2,3,...,4™ *k. We choose functions a™* satisfying
art:R-[—1,1],a™* is C=, spt(a™*)<[0,T],
the Lebesgue measure of {te[0, T]:a™*(t) # b (t)} is less than k1. (3.4)

Let GI" and F7"" satisfy the hypotheses of the lemma. For every positive integer k,
we can define g(k) to be the smallest element of the interval [0, o] satisfying

[FiM(x, t,a) = FI5"(x, t,a) S e(k) if [t—t|<k™'T,
|G (x,t) — GM(x, )| Se(k) if |t—¢|<k™'T (3.5)
The uniform continuity hypothesis implies
gk)—>0 as k- o0. (3.6)
Our hypotheses also allow us to find N with the properties
N<oo, |FP'(x,t,a)l €N, |GP(x,t)|<N. (3.7)
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Now we fix ke{1,2,3,...} and se[0, T]. We define
ty=qk'T if qe{0,1,2,...,k}, S, =the interval (1, ,,1,),
Q is an integer satisfying se[ty,tp,.,]and 0SQ <k—1.

The identities in (3.3) imply
[ bk de =0, [ bk etk (e)de =0,
$a

Sg

| bRE@) ™ () dt =0 if m#n,

S

| bk (pydt =27k T for g=1,2,...,k
Sq

Using (3.1) and (3.3) we find
FI(x, b4, DY) = " F (O FI (%, 1y, 1) 4+ (1 = ¢ (0) F7{(x, £, 0),
FU5(x, g, by%(1)) = F'3'(x, 1, 1)

for almost all te[0, T]. From (3.9)—(3.10) we get

jb'""(t)(G"‘ x,t,) + Z Z Fr(x, t,, b;"‘(z)))dtz

j=1n=1

IR0 (G’" X,t,) + Zl Z Frn(x, tq,byk(z))>

=27 kT TR (x, 1, 1) — F3T(x,1,, 0)).
Using (3.2), (3.7), (3.8), (3.4), |b™*| <1 and (3.5) we find

H™(x,s) — z jb’""(t)(G"‘ (x, 1) + Z Z F75(x.tg, b;?”‘(t)))«it

q=184 j=1n=1

SHM(x,5) = H" (x, 1)

j=1n=1

fb'"k t)(G'”(x 0+ Z Z Fro(at, b""(t)))dt

j=1n=1

- Z ok <G"’(x )+ Z Z Frn(x, cq,b;k(t))>dt

<M+ )Nk T) +22M + DNk~ + (M + De(k) T
=M + 1)(Nk™ 1T + 2Nk~ + e(k)T).

Similarly, we can use (3.2), (3.7), (3.8), (3.5) to obtain

H%(x,s) — Z 27T TR (x, by, 1) — F3T(x,2,,0))

+ [H™(x, tQ)—jb""‘(t)(G"' X, 1) + Z Z Fn(x, g, b”'k(t))>dt

529

(3.8)

(3.10)

(3.11)

(3.12)

é |HZI(X,S)—‘ H'Z'l(xr tQ)'
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Q
+ [HZ(x,ty) — 212_1k_1T(F'2”;1 (x,tg 1) = F31'(x,£,,0))
q=

SNk 'T+ek)T. (3.13)
Now (3.11)—(3.13) give us
|HP (x, )| S 2M + 1)(Nk™' T + 2Nk~ ! + ¢(k) T),
|HS*(x,s) — H3(x,5)| S (2M + )(Nk ' T+ 2Nk~ ' + &(k) T) + Nk~ ' T + (k) T.
The conclusion follows from the above, (3.2) and (3.6).
Lemma 3.2 Suppose that v, &, T,0, M, CT', i, v, g satisfy (3.14)—(3.24):
v,&,T,6,M are positive, M is an integer, me{1,2,...,M}, ie{1,2}, (3.14)

C" < P,CY is compact, the sets C!" are disjoint, (3.15)
WP x(—6T+d8—-»RisC®, vreC*(P,R?), greC®(P,R), (3.16)
if x¢C! then hf'(x,t) =0, (3.17)
h'=0, if xespt(g]"), then hP(x,t)>|v]'(x)], (3.18)
0=g/"=<1, spt@}) = {x:gi"(x)=1}, (3.19)

0 0
xza—xlvﬁ (x4, %,) + xza—xzvg(xu X2) + v (xy, X5) =0, (3.20)

where of' = (v, v3),
(B (x, 9))* = (h7(x, 0)* — 25047 (%), (3.21)
(A5 (x, 5))* = (h5(x,0))* — 253475 (x) — :f) v3(x) V(p[T, by T — p[0, AT 1)(x)dt,
(3.22)
where 1 (x) = h'(x, 1),
Lh)(x)20 if gi'(x) <1, (3.23)
yulav?, K] (x)- A@lav™, i 1)(x) = — /4 if |a|<1 and te[0,T]. (3.24)

Then there exist n>0 and C® functions u:R?> x (—n, T +n)—>R> and p:R> x
(—=n, T +#n)— R satisfying (3.25)—(3.30):

2 M
u(xy, %5, x3,0) =0 if (xy,(x3+x3))¢ ) U CF, (3.25)
i=1m=1
.i%ﬂ, (3.26)
3 3
P(X,t)—f z ; ( t) (y,t)(47f|x yh)~tdy, (3.27)

R3i=
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—t2—1|u(x,t)|2§——u(x,t)*V(2'1lul2+p)(x,t)+vu(x,t)-Au(x,t) if te[0,T],

(3.28)
[u(xy, X5, X3,0)| = %_l: (B7 + 1) 0y, (63 + x3)V%,0) if (x2,x3) #(0,0) (3.29)

M
1M(X1,x2,X3, t)' - Z (hrln + h’z")(xl, (X% + x%)llz’ t) g 6 (330)
m=1
if tE[O, T] and (x2> X3) # (0’ 0)
Proof. Assumptions (3.19), (3.18), (3.17), (3.15) imply
spt(vf) = {x:g"(x) = 1} = spt(g}]") = spt(h) = CT. (3.31)
Let Q™ :P x (— 6, T + 8)— R be defined for k =1,2,3,... by the equation

Q1 (x,8) — 27 (' (x,0))* + sdg7"(x)
= —[ar (o (x)- V2T ()

0 2 M
+ .Zl Zlp[a?”‘(t)v?,hjit])(X)dt, (3.32)

j=1n=
where the a™* are the functions that were found in Lemma 3.1. Observe that the
properties |af*| <1, (3.18), (3.31), (3.15), (3.16) imply that this definition makes

sense. Using Lemma 3.1, Lemma 2.1, (3.15), (3.16), (3.18) and (3.31) with
G'x, t) = o' (x)- V™ (H'))(x),  FIy'(x, 1, a) = v} (x)-V(pLav}, b} 1) (),

we discover that, when we restrict (x,s) to P x [0, T], we have

Ok (x, s) — 27 L (W(x, 0))® + sdg™(x) converges uniformly to 0,
Ok (x,s) — 27 L (2(x,0))? + s6g%(x) converges uniformly to

- §2 L) VpLoT ] — pLO, K2 1) (o) de

as k goes to co. Combining this with (3.21), (3.22), we find
Qr*—27Y(h")? uniformly on P x[0,T] as k- co. (3.33)
Using (3.33), (3.18), (3.16), we find ¢ >0 and an integer k, satisfying

O (x,8) Z 27 1|0} (x)] + &)

if k=k,
From (3.32), (3.21), (3.22) we conclude

xespt(g!"), se[0,T]. (3.34)

Q¥ (x,5) =271 (R (x,s))* if  xéspt(v]). (3.35)
We pause for an informal discussion. We will have to deal with the square root
of 2Q™* for k = k. This square root will be called g™*. In order to verify that g™*

is defined and that it satisfies the right properties, we will use (3.19) to write P in
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the form
P=(P~spt@f)u{xgx)>0}=V,0V,,

and note the following: If xe P ~ spt (v"), then (3.35), (3.18) imply ¢™*(x, t) = h(x, 1).
If xespt(g?), then (3.34) implies q™*(x, 1) = |v"*(x)| + ¢ for te[0, T] and k = k,. In
the first case, properties of gi* will follow from corresponding properties of h!.
In the second case, we can use the boundedness of ¢™* away from zero (and away
from |v7]), the compactness of spt(g™) and properties of Q7* to obtain results for
q™*. This type of argument will be used repeatedly. It will be called the V, — V,
argument.

The precise statement of all this is the following: There exist §, >0 and ¢™*
for k = k, satisfying (3.36)—(3.39):

g P x(—6,, T+d,)—R is aC* function, (3.36)
@20, OPHxs) =27 g I i se(— 0, T+8) (337
qrk(x, ) =h(x,s) if x¢spt(®!) and se(—J, T+ 5)), (3.38)

qrE(x, s) = |vt(x)| +& if xespt(g?) and se(—95,T+36,). (3.39)
Using (3.17), (3.31), (3.38) we get

qri(x,s)=0 if x¢Cr. (3.40)
The V; — V, argument and (3.33) yield
qr*— k" uniformly on P x[0,T] as k- oo. (3.41)

The V; — V, argument and (3.32), (3.31), (3.15), (3.16), (3.18) yield N < oo satisfying

2

a m,k
ox axn q; (X, S)

j

=N,

0
l—qf"’k(x,s) §N> l
0x;

63
0x;0x,0x,

The mean value theorem and (3.41), (3.42), (3.15)—(3.17) give us

62 m,k 62 m
4 = h;
0x; 0x; 0x;0x, 0x;0x,

uniformly on P x[0,T] as k— co. (3.43)
From (3.32) and (3.37) we get

g (x, )| SN if se[0,T]. (3.42)

0
—a—q?‘"‘ ——h" and

D27k 0 = — g7 () — R )V )

+2, Y plai v} hy, 1)) (3.44)

j=1n=1

for —d,<t<T+3,. Using (3.36), (3.37), (3.40), (3.15), (3.16), (3.39), (3.19) and
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|a™*| <1, we conclude
p*La*(e)vf, i 1, pLar* () v, g 1, ulal (), g% ] make sense. (3.45)

Now we will show the existence of k; = k, satisfying

0
2 Hg(x,0)? = = (0/2)g1(x) — @ (vl (x) V2 (git)

+ Z Z plaj* (v}, 45 D)

j=1n=1

if k=zk, and (x,t)eP x[0,T]. (3.46)
If x¢spt (v"), then the long terms of (3.44) and (3.46) are zero. Thus, (3.46) follows
in this case from (3.44), (3.45) and (/2)g?" = 0 (see (3.14), (3.19)). If we restrict our

attention to xespt (v}") then (3.45), |a*| < 1, (3.41), (3.43), (3.38), (3.39), (3.16), (3.19)
gives us k, = k, satisfying

2
aH PV ) + Y Z pLa; (O, 45 1))

— i (vl () VT (RE)? + Z Z pla}*(t)v}, 7 3)(x)
£96/2=(0/2)97"(x)

if k= k,, xespt(v!") and t€[0, T]. Consequently, (3.46) follows from (3.44) in this
case also. We use (3.45) to define

2 M

ui(x, 1) = Zl Zlu[ag””‘(t) T an1(x),
2 M

prx,0)=Y Y p*[a™*()vl,q7*](x) for k=k, and xeR3  (3.47)
i=tm=1

Using (3.47), (3.40), (3.15) and Lemma 2.2, we get

3 3 k uk

0 0
Pen=[3% 3 a“ 005, sl =)y (3.48)

R3i=1j=1

The general identity [|u[v, f1(x{,X,,0)| = f (x1,x,), which is valid whenever
(x1,x,)eP and u[v, f ] makes sense, and properties (3.47), (3.40), (3.15), (3.31) imply

lu (x1>x2’0 t | - Z Z (qz xl’x29t))

i=1lm=1

2 0
v;"(xl)xz)-V( (q”k) )xlaxl Z ir xlaXZ) (2—1Iuk]2)(x13x2>0’t)

ox

if k= k, and (x,,x,)eP. If we also have te[0, T, then we may apply (3.46), (3.47)
and (8/0x3)2 7 u* |2 + p)(x,, x,,0,1) = 0 (which follows from the rotational sym-

r
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metry of [u*|* and p* about the x, axis) to obtain the inequality

2
% 27U (x,%,,0,0) 7 = ; Z —2 g (xe, X2, 1))

<—en( g, ¥ o))

2

sy
=_(5/2)(2 g xl,x2)>

- uk(xhxz’oa t)'v(z—l luklz + pk)(xbeaOa t)a

where the gradient in the last line is taken with respect to all three space variables.
Rotational symmetry yields

Mz

2 0
2 a0 x) 7 QIR 4+ P, x5, 0,0)

2 M
Z Z (x1,(x3 +x2)1/2)>

%2"1|uk(x,t)|2§—(6/2)<1 .
—uk(x, 1) V2™ uk)? + p¥)(x, 1)
if k=ky, x=(x1,%3,%3), (X2,%3)%#(0,0) and te[0,T]. (3.49)
For k = k, and xeR? we will use the notation
ST = ula ()0}, g1 1 (x)- Aula (O vf, ¢ D (). (3.50)

Using |a*| £ 1, (3.24), (3.41), (3.43), (3.38), (3.39), (3.31), (3.15), (3.16) we can prove
the existence of an integer k, = k, satisfying

vimEx)= —6/2 if te[0,T] and k=k,. (3.51)

If (x,,x,)eP and g"(x,,x,) <1 then the consequence (x,,x,)¢spt (v}) (see (3.19))
and (3.50), (3.38), (3.18), (3.23), (3.14) yield

v f 1, X2, 0) = vu[0, AT ] (x4, X2, 0) A (uf0, B 1) (x4, %2, 0)
= VA7, (x 1, o) L3, )(xuxZ) z0.

Combining this with the rotational symmetry of f7;* about the x, axis and (3.14),
(3.19) we obtain

an (x1,%2,%3) 20= —(6/2)g7" (xla(x2+x3)1/2)
if  (x5,%x3)#(0,0) and  gP(x;,(x3 + x3)MYH) < 1. (3.52)

Now (3.51), (3.52), (3.19) give us

vflt (xl)x2:x3) - (5/2 (xla(x% + x§)1/2)
if k= ky,(Xyx5) #(0,0) and  te[0, TT. (3.53)
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Using (3.53), (3.50), (3.47), (3.40), (3.15) we find

vuk(x, 1) Au¥(x, 1) = —(5/2) < D Z gr(x,,(x3 +x§)1/2)>

i=1m=1
if k>ky, (x5,%3)%(0,0) and te[0,T]. (3.54)

Finally, we show that the conclusions of Lemma 3.2 are satisfied when # = ,, u = ¥,
p=p* and k is sufficiently large. We have that (3.40), (3.47) imply (3.25); (3.20)
implies (3.26); (3.48) implies (3.27); (3.49), (3.54) and u(x,,0,0,t) =0 imply (3.28);
(3.15), (3.40), (3.37), (3.32), (3.18) imply (3.29); (3.15), (3.40), (3.41) imply (3.30).

Section 4. The Geometric Building Blocks

To begin with, we use Lemma 6.2 of [4]. This lemma says that we can construct
U, K, f, z, F, A, B, C, D such that (4.1)-(4.10) are satisfied:

U={(x;,x;)eR%|x;] < 1,18 <x, < 7/8}, 4.1)
feC®(P,R), z=(zy,2,)eCP(P,R?), F=(F,,F,)eC®(R?R?), 4.2)
K is compact, spt(z) c K < U, 4.3)
fz0, f(x)=0 if x¢U, f(x)>|z(x)] if xeU, 4.4)
L(f)(x)=0 if x¢K, L(f)(x)>0 if xeU~K, 4.5)
ng)zc—ll(xl,xz)—i—ng—Z(xl,xz)—f-Zz(xl,xz):O. (4.6)
V(plO, f1—plz, fDx)=F(x) if xeP, (4.7)
A, B, C, D are real numbers, B>0, C>0, D>0, (4.8)

F,(4,00=B, if xeR, then |F,(x,0)|<B and F,(x,00=0, (4.9)
lim x*F,(x,0)=D, if xeR? then |F(x)|<C|x|"* and

IVF()| < Clx| > (410
We will use the following definitions:
F*07(x1,x3) = (0%/p) F((x; — )/ p, xa/p)
faz,p,o'(xl xz) B o-f((xl - )/P»xz/p)

apa(xlaxl)_o-z( xl O‘)/Paxz/P),
U*? = {xeR*:((x; — a)/p, x,/p)e U},

K*? = {xeR*:((x; —a)/p, x,/p)eK} 4.11)
if aeR, p >0, ¢ > 0. With the aid of (4.4), (4.7), we conclude:
spt(f) = closure (U), spt(f*”?)= closure(U*?), 4.12)

V(p[O, f*P°] — p[z*#°, f*P7])(x) = F**°(x) if xeP. (4.13)
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Properties (4.2), (4.8), (4.9), (4.10) say that all of the hypotheses of Sect. 4 of [4]
are satisfied. In what follows, we will use some results of that section (where, of
course, the definition of f*# is the same as in (4.11)).

Y/ /AN AN )

Lemma. 4.1. There exist real numbers o',a",v',v",s',s", E such that conditions
(4.14)—(4.17) hold:

O<E<r"/8, r'<rf8, ¥<l1/8, d=A—rAd, d=A—r"4, (414

if x,€R and |x,| £ E, then

(F4r s 4 F&"" 4 F ) (x,,x,) > — (1.01)B, (4.15)
if |x, — A| < (10*C/D)E and |x,| £ E, then
(F9rs + F&"" 4+ F ) (xq, x,) = (6.99)B, (4.16)
if xeR? and |x|>2|A|, then
|(F«' 4 F7"" 4 F)(x)] <2C]x| ™%, @.17)

Proof. This is the initial step of the construction carried out in Sect. 4 of [4]. We
use (4.8), (4.10), (4.11), (4.12), (4.13) and Lemma 4.4 of that paper.

Lemma 4.2. There exists M < oo with the following property: I[f m = M, |x; —m| <
10*C/D and |x,| £ 1, then |F,(x1,x,)—m~*D| £107*m™*D.

Proof. This is done in (4.14)—(4.17) of [4].
Now we introduce a constant X that was not used in [4]. Let X satisfy
X>2, X>4|A|, X >4(10*C/D)E, 2CX’4< i ||n|— 1/2|‘4><(.005)B.
o (4.18)
In (4.18)—(4.21) of [4] we choose ¢ small enough to satisfy
e (1 +e)E/N0>2|A]+1, 2C(e™ (1 +6)?E/10)"* <107 3B, (4.19)

0<e<01, & '10°C/D>M, & '10°C/D>10*C/D, (99)(1+¢*)'? <1,
(4.20)

and we defined a,r,s,d as follows:
r=¢ '(1+&*)"E, a= —re 1103C/D),
d=r(10*C/D), s=[((1.02)B/(.999))(c~*10°C/D)*(r/D)]**. (4.21)

At this point, we come to a sharpening of the construction of [4]. Recalling that
{ < 1isthe given number of Sect. 1, we see that ¢ can be chosen so that (4.22)(4.24)
are also satisfied:

¢ (1 +&»)V2E(103C/D)/(4X) is a positive integer, (4.22)
((48)e)*(e~1(1 + e*)?E(103C/D)/(4X) + 1) > 1, (4.23)

20C(e~ (1 + €22 E(10° C/D)/(4X) + 1)(e " 1(1 + ¢2) /2 E/10)"* < 10~ 32 B.
(4.24)
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Lemma.4.3. If —d<x;<dand 0<x, <, then
[F%™%(xq,%,)| = (.002)Be and (1.02)B < F{"*(xy,x,) < (1.03)B.
Proof. This is Lemma 4.5 of [4].

Lemma 4.4, There exists vy = (U1, ,,)€CZ (P, R?) that satisfies the six properties
listed below:

spt (v,) = (—d,d) x (107 3er,7), (4.25)
spt(v,) and [r—d,d—r] x [E,r/10] are disjoint, (4.26)
0 0
Xp 2021 (X1, X3) + X2 025(%1, X5) + 025(x1,X;) =0, (4.27)
0x, 0x,
[, ST, vy (0) 2 — € p(x) S 8/2, (4.28)

if x| Sd—r and (02)er <x, =(98)er, then v,(xy,x,)=(1,0), (4.29)
ifix;|£d—r and0<x,<E, thenv, (x;,x,)=0

and v,,(x,, ;) =0. (4.30)

Proof. This is Lemma 4.8 and (4.40)—(4.43) of [4], where v, is called w. Note that
the (v;,v,) in (4.40) of [4] has nothing to do with the v, here.
Now we make the definition

T=(48)s, Y =r(10>C/D)/(4X). 4.31)
From (4.19)—(4.24) and (4.31) we obtain
YX =d/40, Y is a positive integer, (Y +1)>1, O0<zt<1, (432

1/10>2|A]+1, 20C(Y + 1)(r/10)"* <107 3&*B. (4.33)

Using (4.20), (4.21), (4.31) we find
(99)re < E <r/100, hence td <(10*C/D)E. (4.34)

Also, (4.8), (4.10) and (4.21) yield
C/D=1, hence dz=10%r. (4.35)

Lemma 4.5. The 2(Y + 1) closed intervals
[tla—r)+A+nX, tla+r)+A+nX], n=0,1,....,Y and (4.36)
[—td+A+nX, td+A+nX], n=01,..,Y (4.37)

are pairwise disjoint. Furthermore, all of these intervals are contained in the open
interval (r — d,d —r).

Proof. All we have to show is
2r< X, 2td< X, (4.38)
r—d<tla—r)+ A, (4.39)
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@+ +A+YX<—td+ A, (4.40)
d+A+YX<d—r. (4.41)

Inequality (4.40) says that the rightmost interval in (4.36) is to the left of the leftmost
interval in (4.37). From (4.31), (4.21), (4.20), (4.18) we get

21d = 2(48)e(e ™ 1(1 + £2)2 E)(10*C/D) < (10*C/D)E < X.
This fact and (4.35) imply (4.38). Now (4.33), (4.31), (4.20), (4.35), (4.21) imply

— A+ A+ —d<r/20 + 7+ (48)r/100 — d < — (.999)d
= —(.999)(10*C/D) < (48)e( — (e~ 1 103C/D)) = 1a,

which gives (4.39). Using (4.32), (4.21), (4.31), (4.20), (4.35) we get

YX = (1/4)r(103C/D) = tr((1.92) " '¢~'10°C/D) < tr(¢ "1 10°C/D — 1 — 10*C/D).

The above and (4.21) imply (4.40). Finally, (4.32), (4.35), (4.20), (4.31), (4.33) yield
YX=d/40<d—r—r/10—(48)ed <d—r— A —1d,

which gives (4.41).

Lemma 4.6. The 3(Y + 1) closed rectangles

[—1+nX, 1+nX]x[1/8,7/8], (4.42)
[ —¥+nX, o+r+nX]x[/87/8], (4.43)
[a"—r+n"X, a"+1r"+n"X]x[r/87r"/8], (4.44)

where n,w',n"€{0,1,...,Y}, are disjoint. In addition, all of these rectangles are
contained in the open rectangle (r—d,d—r)x (E,r/10). Finally, the intervals
[a—r,a+7] and [ —d,d] are disjoint.

Proof. From 2r" < 2r' <2 < X (see (4.14), (4.18)) we conclude that each of (4.42)—
(4.44) consists of Y + 1 disjoint rectangles. The inequalities 7r"/8 <1'/8, 7¥'/8 < 1/8
(see (4.14)) imply that rectangles from different lines in (4.42)—(4.44) are disjoint.
In order to prove the second assertion of the lemma, we observe that (4.14), (4.33),
(4.35) imply
ld|+7 <|Al+1, |ad"|+r <|A|+1,
14+d/40<|Al+1+d/40<r/10+d/40<d —r.
These facts and (4.32) imply

1+YX<d—r, |d|+F+YX<d—r, |d'|+r"+YX<d—r.

Therefore, the projections of the rectangles in (4.42)—(4.44) on the x; axis are
contained in (r — d,d —r). The second assertion follows from this fact, (4.14) and
(4.33). Since (4.20), (4.21), (4.35) imply

a+r=—rle"1103C/D)+r < — 10r(10*C/D) +r= —10d + r < — d,

we obtain the third assertion of the lemma.



Nearly 1D Singularities of Solutions to Navier—Stokes Inequality 539

We set
F* = s 4 Fors' 4 (4.45)
Lemma 4.7. If (x,,x,)eR? and je{0,1,...,Y} satisfies the condition
|x; — jX|=min{|x;, —nX|:n=0,1,..., Y}, (4.46)

Y
then we have ) |F*(x, —nX,x,)| <(.005)B.
n=0
n¥j

Proof. If n+# j, then |x; —nX|=(|n— j| —1/2)X. The conclusion follows from
(4.45), (4.17) and the second and fourth inequalities of (4.18).

Y
Lemma 48. If (x,,x,)eR? and |x,| < E, then Y. F¥(x; —nX,x,)> —(1.015)B.

n=0

Proof. Let je{0,1,...,Y} satisfy (4.46). Lemma 4.7, (4.45) and (4.15) give us the
conclusion.

Lemma 4.9. If (x;,x,)eR? je{0,1,..., Y}, |x; — jX — 4| £(10*C/D)E and |x,| £
Y
E, then 3 Fi(x; —nX,x,) = (6.985)B.
n=0

Proof. From (4.18) we obtain |x; — jX|<|x; — jX — A| +|4| < (10*C/D)E +
X/4 < X/4 4+ X/4 = X/2, which implies (4.46). Now Lemma 4.7, (4.45) and (4.16)
yield the desired conclusion.

Lemma 4.10. If (x;,x,)eR? and |(x; — nX, x,)| > r/10 holds for allne{0,1,..., Y},
Y
then Y, |F*(x; —nX,x,)| <107 3¢*B.
n=0

Proof. Since (4.33) implies |(x; —nX,x,)| >r/10 > 2| A|, we can use (4.17), (4.45),
and the second part of (4.33) to conclude

Y Y Y
Z |[F¥(x; —nX,x,)| £2C Z [(x; —nX,x,)|"*<2C Z (r/10)"* <107 3¢2B.
n=0 n=0 n=0
Lemma 4.11. If h:P— R is defined by
Y
h(x 1, X5) = v5(x1, X5) (F*"(x 1, X5) + Zo F*(x; —nX, x,)),

where v, is the function in Lemma 4.4, then

(@) if je{0,1,..., Y}, |x; — jX — Al < 1d and (02)er < x, < (98)er, then h(xy,x,) =
(8.005)B,

®) if |x,] =d—r and (02)er < x, < (98)er, then h(x,x,) = (.005)B,

(c) if xeP then h(x) > —&*(1.032)B.

Proof. Using (4.34) we find that the hypotheses of (a) imply

[x; —jX —A|<td<(10*C/D)E, 0<x,<E<r.
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Also, the last part of Lemma 4.5 gives us x;&(r — d,d — r). All this, Lemma 4.3 and
Lemma 4.9 give us

Y
FEmS(xq,%x5) + Z:()F’l"()c1 —nX,x,) =(1.02)B + (6.985)B = (8.005)B.

The conclusion of (a) follows from the above and (4.29).
Suppose that the hypotheses of (b) hold. As in (a), we get 0 < x, < E <r. Now
Lemma 4.3 and Lemma 4.8 yield

Y
F§™S(xy,x,) + Z:OF’{‘(X1 —nX,x,)=(1.02)B — (1.015)B = (.005)B.

As before, the conclusion of (b) follows from (4.29).
Now we prove (c). Since B, ¢ are positive (see (4.8), (4.20)), we may assume
(1, x,)espt (v,). We will distinguish two cases:

Case 1. |(xy — jX,x,)|>r/10 for all je{0,1,...,Y}.
In this case, we use (4.25), (4.28), Lemma 4.3, Lemma 4.10 and the positivity of B, ¢
to conclude

h(x1,%5) =051 (X1, X2) F™5 (X1, X5) 4 055(x 1, X5) F3™(x 1, x5)

+02(x1,x2)'< i F*(x, _nX,X2)>

> — £2(1.03)B — (¢/2)(.002)Be — 107362 B = — ¢2(1.032)B.

Case II. |(x, — jX,x,)| £r/10 for some je{0,1,...,Y}.
From (4.32), (4.35) we get

1%, ] < (g, %) S X |+ /10 < YX + #/10 = d/40 + /10 < d — 7.

Now, the assumption (x,, X,)€spt (v,) and (4.26) imply x,¢[E, r/10]. From this fact
and |x,| =|(x; — jX, x,)| £7/10 we get x, < E. The assumption (x,x,)eP gives
X, > 0. All this and (4.30) imply v, (x;,%;) =0, v,,(x{,%,)=0. The above, (4.8),
(4.25), Lemma 4.3 and Lemma 4.8 give us

Y
h(x,x,) = 1)21(x1,x2)<F‘}"’s(x1,x2) + Z‘o F¥(x; —nX, x2)>

> 0,5, (%1, %,)((1.02)B — (1.015)B) = 0 > — £2(1.032)B.

This concludes the proof of Lemma 4.11.
We recall (4.11) and set

Y
fl =fa,r,s+ Z (fa’+nX,r',s’ +fa”+nX,r”,s" +an,1,1)’
n=0

Y
. g " s 1.1
vy =z 4 Z (Za +nX,r's +z° +nX,r",s +ZnX ),
n=0

Y
U1 = l]a,ru U (Ua’-)-nX,r’U Ua”+nX,r”U UnX,l)’

n=0
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Y
I<1 __:Ka,ru U (Ka’+nX,r’UKa”+nX,r”UKnX,l)‘ (447)

n=0
Lemma 4.12. The sets U®", U* %7 g« *+m % yrXl (where n,n',n" range over
{0,1,...,Y}) have disjoint closures.

Proof. This follows from (4.1), (4.11) and all three assertions of Lemma 4.6.
With the aid of Lemma 4.12, (4.12) and (4.1)-(4.6) we conclude:

K, = U, cP,K, is compact, U, is open, closure (U,) = P, (4.48)
f1eC2(P,R), v,eCP(P,R*), spt(v;)c=K,, (4.49)
f120, fi(x)=0 if x¢U,, fi(x)>v;(x)] if xeU,, (4.50)
xzaixlv“(xl,xz)+xzai;zvlz(x1,x2)+v12(x1,x2)20, 4.51)
L(fy))x)=20 if x¢K;, L(f))(x)>0 if xeU,~K;. (4.52)

Lemma 4.13. If (x,,x,)eP, then

V(p[0, f11 = plvs, f11) (x4, x5) = F@75(xq, x5) + ZO F*(x; —nX,x,).

Proof. This follows from (4.11)—(4.13), (4.45), (4.47), Lemma 2.2 and Lemma 4.12.
Now we adopt the construction in (6.42)—(6.45) of [4]. Recall that the function
w of [4] is called v, here. This gives us U,, K,, k satisfying (4.53)—(4.56):

U,=((—d,d)yx (10 3er,r)) ~([r —d,d —r] x [E,r/10]), (4.53)
spt(v,) @ K, cU,,K, iscompact, keCP(P,R), 0=k<=1, (4.54)
k(x)=0 if x¢U,k(x)>0 if xeU,k(x)=1 if xespt(v,), (4.55)
Lk)(x)20 if x¢K,,L(k)(x)>0 if xeU,~K,. (4.56)

We choose a constant p satisfying
#2>10(]0, 12 + 1), p> 1001 1 0 (4.57)
and we set
fa=pk, T=(u*~ |ov,ll% —1)/((1.032)B). (4.58)
Lemma 4.14. We have the following four properties:
spt(fy)<=(la—r,a+r] x[1/8,7r/8])u((r —d,d —r) x (E,r/10)),  (4.59)
spt(f5)=([—d,d] x [107%er,]) ~((r — d,d —r) x (E, #/10)), (4.60)
spt(f,) and spt(f,) are disjoint, (4.61)
[follo =t falx)=p if xespt(vy). (4.62)

Proof. Inclusion (4.59) follows from the second part of Lemma 4.6, (4.1), (4.12) and
(4.47). Identity (4.60) is a consequence of (4.53), (4.55), (4.58). The last part of
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Lemma 4.6 and (4.59), (4.60) give us (4.61). Finally, (4.54), (4.55), (4.58) yield (4.62).
Lemma 4.15. There exists 0 > 0 such that (4.63), (4.64) hold:
(1% + T(005)B)? — 0> 171 f |l s (4.63)
(4> + T(8.005)B)"> — 0>t~ (|| f1 oo + I 2]l 0)- (4.64)
Proof. Using (4.58), (4.57) we find
TB = — vy |1 — D/(e*(1.032)) > (9)p* (¢ (1.032)).
This inequality and (4.31), (4.57), (4.62) yield
T(005)B > 107 u?/((48)%2) > ¢~ 2| f1|Z,
T(8.005)B > (1.01)* 4?/((48)%&?) =t~ (/100 + 1) > 77 2(|| f1 oo + Il f2 ]l o)™
Lemma 4.16. If xeU,, then
(f200)* = Tvy (x)-V(p[vy, f11 = P[0, f11)(x) > [0, (x) |

Proof. If x¢spt(v,), then the inequality reduces to (f,(x))*>>0, which is a
consequence of xe U, and (4.55), (4.57), (4.58). If xespt (v,), then Lemma 4.13, (4.62),
part (c) of Lemma 4.11 and (4.58) give us

(f2())? = To2() Viplo, /11 = L0, /1))
=+ Tv2<x)-(F“'*’S(x) Y Py, xz)>

2 2 — Te2(1.032)B = |0, |12 + 1> [0, (x)|2.

Lemma 4.17. If (yy,y,)espt(f1)uspt(f,), z=(21,2,)€P, zy =1y, + A+ jX for
some je{0,1,...,Y}, (02)er < z, < (98)er and

Q= (f2(2))* = Tv,(2)-V(pLvy, f11—PLO, f11)(2),
then Q> (1™ (fy + f2)(y1,y2) + 0)*
Proof. Parts (4.59), (4.60) of Lemma 4.14 and the last part of Lemma 4.5 give us
yi€ela—r,a+rJu[ —d,d], hence z,e(r—d,d—r). (4.65)
Hence (4.29), (4.62) yield
ze(r —d,d —r) x [(.02)er, (98)er] =spt(v,), hence f,(z2)=pn  (4.66)
Now (4.66) and Lemma 4.13 imply

Y
Q=u*+ Tvz(zl,zz)~<F“”’s(zl,zz) + Y F*(z, —nX, 22)). (4.67)
n=0

From (4.65) we get two cases: y,e[a—r,a+r] and y, €[ — d,d]. Using (4.67), (4.66),
part (b) of Lemma 4.11 and (4.63), we get

Q2 1+ T(005)B >t fill, +0)* = (™1 f1(p1,y2) + O)%

The conclusion follows in the case y,e[a —r,a + r] because (4.60) and the third
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part of Lemma 4.6 imply (yy, y,)éspt(f,). If y; €[ — d, d] then (4.67), the hypothesis
z; =1y, + A + jX, part (a) of Lemma 4.11 and (4.64) yield

Qz 2+ TB005)B >t (|| fillw + 1 f2ll0) + 0> Z (7 (f1 + f2)(¥1,¥2) + 0)*.
The conclusion also follows in this case.
Le;nma 4.18. If (xq, X5, x3)€R3, (x 1, (x3 + x3)?)espt (f1)Uspt(f3), je{0,1,..., Y}
an
z2=(21,2,) = (tx; + A + jX, ((1x5 4-€r/2)* + (1x3)*)'/?),
then (z,,2,)eP (le. z, > 0) and
((f2(2)* = T, (2)-V(pLvy, f11 = pL0, f11) ()2
>t M [y + )0, (63 + x3)12) + 0.

Proof. In view of Lemma 4.17, all we have to show is (.02)er < z, < (.98)er. Since
Lemma 4.14 implies (x3 4+ x3)12 <r, we can use (4.31) to obtain that (tx, +
er/2,7x5) = ((48)ex, + er/2, (48)ex,) is contained in the circular disc with center
(er/2,0) and radius (.48)er. This disc is contained in the annulus with center (0,0)
and radii er/2 — (48)er = (.02)er and er/2 + (.48)er = (.98)er.

Section 5. The Cantor Set

We will use the construction in Sect. 4. In order to apply a result from ref. [4],
we will first establish (5.1)—(5.7) for i = 1,2. Using (4.48), (4.53), (4.54), ¢ >0 and
r> 0 (see (4.20), (4.33)), we get

K; < U,c P, K, is compact, U, is open, closure (U;) = P. (5.1)
From (4.49), (4.54), (4.57), (4.58) and Lemma 4.4 we obtain
Ji€CZ(P,R), v;=(v;1,0;2)eCE (P, R?). (52)

The identity spt(f;) = closure(U;) follows from (4.50), (4.55), (4.57) and (4.58).
Therefore, we can use (4.61), (5.2), (4.49), (4.54) to write

closure (U;) and closure(U,) are disjoint compact sets, spt(v;) = K;. (5.3)

If xespt(v,), then (4.58), (4.55), (4.57) imply f,(x)= pk(x)=p>|v,(x)|. If xeU,
and x¢spt(v,), then (4.58), (4.57), (4.55) give us f,(x) >0 =|v,(x)|. These computa-
tions and (4.50), (4.54), (4.55), (4.58) yield

fiz0, filx)=0 if x¢U, filx)>[vx)| if xeU,. (54)
Identities (4.27) and (4.51) imply

0 0
X7 0;1 (X1, Xp) + X5 5= 0;5(X 1, X5) + 035(x4,%,) = 0. (5.5)
0x4 0x,

Finally, Lemma 4.16, (4.52) and (4.56)—(4.58) give

(f2(3))* = Tvy () V(ploy, /11— P[0, f1 1) > [0,(x)1* if xeU,,  (56)
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L(f)x)=0 if x¢K;, L(f))(x)>0 if xeU,~K,. (5.7

Lemma (4.15), (4.57), (4.58) and (4.8) give us T >0 and 0 > 0. These facts and
(5.1)—(5.7) are the hypotheses of Sect. 3 of [4]. Therefore, we may use Lemma 3.1
of [4] to obtain 6,9,,9,, hy, h, satisfying (5.8)—(5.15):

0>0, g,€C*(P,R), h;:Px(—03,T+9)—Risa C* function, (5.8)
spt(g;)) < U;, spt(v) < {x:ig;(x)=1}, 0=g;(x)<1 if xeP, (5.9
h; =20, if xespt(g) then hy(x,t)>|vi(x)|, (5.10)
hi(x,t) = fi(x) if xéspt(g,), (5.11)
(hy (x,9))* = (f1(x))* — 2509 (x), (5.12)
(h5(x,8)* = (f2(x))* — 2509, (x) — i v2(x)-V(pLvy, by J— p[0, by )x) dt,
where h; ,(x) = h;(x, 1), (5.13)
hy(x, T) + 60> ((f2(x))* = Toy(x)-V(ploy, f11—p[0, /i DEx)'? if xeP, (5.14)
L(h;)(x)=20 if g (x)<1 (where h;,(x)=h(x,t) as in (5.13)). (5.15)
Properties (5.4), (5.9), (5.11) imply
hi(x,t)=0 if xéclosure(U;)=spt(f;). (5.16)
Also, (5.9) and (5.10) yield
hi(x, ) > |vi(x)] if xespt(vy). (5.17)

In view of (5.2), (5.3), (5.8), (5.10), (5.16), (5.17), we may fix v >0 such that the
following inequality holds:

vulav, hy, ] (x) A(ulav, hi, J)(x) =2 — 0/4

if (x,t)eP x [0, T], ae[—1,1] and ie{l,2}. (5.18)

We recall (4.8), (4.18), (4.21), (4.31) and make the following definitions:
B.:R— R is given by f,(x)=tx+ A+nX for ne{0,1,...,Y}, (5.19)
M(Z)={m=(my,m,,...,mz)me{0,1,...,Y}} for Z=1,23,..., (520)
Ton = B, By ® --~oBmZ if m=(my,m,,...,myeM(Z), (5.21)
O=[a—r,a+r]lu[—d,d] (5.22)

If (x,x,)eP, te(—90,T+96), ie{l,2}, m=(my,m,,...,mz)eM(Z),

we set
fi(x1,x2) = fi(my, 1(‘CZX1)’ X,), UP(xy, %)= v, I(szl)a X5),
(%1, %,) = gi(my L (12 %), X5), AP (xq, Xo, 1) = hy(m,, P (1% x), X5, 1)

Lemma 5.1. If Ze{1,2,3,...}, {m,m'} = M(Z) and m # ', then n,(Q) and m,,(Q)
are disjoint sets.

(5.23)
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Proof. Since (4.33) implies d — r < d, we can use (5.22) and Lemma 4.5 to obtain

Bi(Q) = 0, (5.24)
B;(Q) and f;(Q) are disjoint if j # j. (5.25)
Let I be the smallest integer i such that m; # m]. Inclusion (5.24) gives
BBy B Q) = B (@), (B B2+ B, Q) < B (Q)-
Therefore, (5.25) implies that the sets
(Byyo 2B, Q) and (B, 0B, Q) (5.26)

are disjoint. We obtain the conclusion by applying the one-to-one function
By B, = By, 2 B, _, to both sets in (5.26).

Lemma 5.2. If Ze{1,2,3,...}, then the sets spt(f7') (where ie{1,2}, me M(Z)) are
disjoint.
Proof. From Lemma 4.14, d —r < d and (5.22) we get
{x1:(xy,x,)espt(f;) for some x, and some i} = Q.
Now (5.23) yields
{x1:(x1,x,)espt(f7) for some x, and i} = {x,:7%x,€n,,(0)}.

The above and Lemma 5.1 imply that spt (/") and spt (/™) are disjoint if m # m'.
Finally, (4.61) and (5.23) imply that spt(f7) and spt(f%) are disjoint for every
meM(Z).

Lemma 5.3. If Z is a positive integer, me M(Z),neM(Z + 1), m,=n; for i< Z,
(31, %5,x3)eR® and

(1, (63 + x3)"2)espt (f) Uspt(f3), (5.27)
then ((tx, + &r/2)* + (tx3)?)/? > 0 and
h3 (exy, (x5 + er/2)% + (ex3)) 2, T) > o7 1 (f + f3) (e, (33 + x3)12).
Proof. We set j=n,,, and
z=(z1,25) = (B(m, 1 (71 xp)), (v, + €1/2) + (1x3)7)1/2).
Since (5.27) and (5.23) imply
(my 1T xy), (63 + x3)12)espt (f1) Uspt(f2),

we can use Lemma 4.18 and (5.19), (5.14), (5.23) to conclude (z,, z,)e P (which means
((tx4 + &r/2)? + (1x3)?)Y? = z, > 0) and

hy(z, T) > ((f2(2))* — Tv,(2)-V(plvy, f11— plO, f11)(2)/* — 6
>t My + )y NP ), (x5 + x3)1?)
=1 T+ f5)xq, (x3 + x3)'?).

We also have n, = f,,°---°f, ;= py,°--°p, °f;=m,°p;, which implies =, ' =
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Bj tem, ' and B;om, ' =, '. Hence we can use (5.23) and say
h3(tx1, 25, T) = hy(m,, I(TZTXOaZz» T)= hz(ﬁj(ﬁ; Y@ x ), 20, T) = hy(z, T).
The conclusion follows from this identity and the previous inequality.

Lemma 5.4. There exists &, > 0 such that
Y (B + hE) (e, (v, + er/2)? + (1x3)%) 2, T)

meM(Z)

Z&+ Y T 0L (x5 4+ x3)YP)

neM(Z+1)

holds if (x1,(x3 +x3)"*)e ) (spt(f})uUspt(f3)).

neM(Z+1)

Proof. This follows from Lemma 5.2 (applied to M(Z + 1)), Lemma 5.3, the
compactness of spt (f¥) and k" = 0 (see (5.2), (5.10), (5.23)).

Lemma 5.5. For every positive integer Z, there exist n; >0 and C* functions
u?:R3 x (—1n,, T+ny)—R3and p*:R x (—n,, T + n,)— R satisfying the following:

UA(xy,X5,%3,0) =0 if  (xy,(x3 + x3)"/%)¢ U (spt(ST)uspt(f3)), (5.28)

meM(Z)
3 ou?
- = 529
i=z1 6xi 0’ ( )
3 3 Z a Z
Peen)=1 % Z ’. a (. £)(dm|x — y|) "t dy, (5.30)

e Hu? (6,0 £ —u?(x,0) VR HU? P + p?)(x, £) + v’ (x, 1) Au? (x, 1)

if te[0,T], (5.31)
(31, %0, %3, 00 = Y (B + hg)(xy, (63 + x3)112,0)

meM(Z)
= 2 (fT+ D) (x5 +x3)?) (5.32)
meM(Z)
if (x5,x3) #(0,0),
N (X1, X0, X3, 0) = . (7 4+ H5)(xq, (63 + x3)Y%,0)| < &,
meM(Z)
if te[0, T] and (x,,x3) #(0,0). (5.33)

Proof. We set C*=spt(f7). If x¢C, then the identity A"(x,t) =0 follows from
(5.16) and (5.23). In addition, (5.19), (5.21), (5.23) imply that f7, 0", g7, h"* are
translations of f;,v;,9;,h;. The property h*(x,0) = f(x) is a consequence of (5.12),
(5.13), (5.4), (5.10) and (5.23). Using these properties, (5.1)-(5.23) and Lemma 5.2,
we find that the hypotheses of Lemma 3.2 are satisfied when the set M(Z) is placed
in one-to-one correspondence with the set {1,2,...,M} for some M, and the
obvious identification is made. The conclusions follow from Lemma 3.2.
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Lemma 5.6. If Z is a positive integer then every (x,X,,x3)€R? satisfies
[u? (txy, T, + er/2, 15, T) Z T 1 u? T (xy, X2, X3, 0)1.

Proof. If (x,,(x3 4+ x3)"*)e () (spt(f%)uspt(f4)), then the inequality follows

neM(Z+1)

from Lemma 5.4 and (5.32), (5.33). Otherwise, we can use (5.28) to conclude
w?*(x,,x,,%5,0)=0.
Using the notation
az=1" 2+t + 2+ o +TE Yer/2,
b=+ +1*+ -+ 12T, (5.34)
we recall Lemma 5.5 and set
V2 (X1, X0, X3, 0) =T Zub (v x, 1 Exy — az,1 2 X5, (t — by)TT 2%,
47 (X1, %5, X3, 1) =T~ 2 pP (™7
if Ze{1,2,3,...}, (x1,X%,,x3)eR® and b, — 120, <t <by,,+1%n,.
(5.35)

This definition supersedes the earlier definitions of v/* and ¢}". From (5.29)—(5.31),
(5.35) we obtain

X1,T %X, —az, T % x5, (t — byt ?%)

3 vt
2% (5.36)

3 3
0= % ¥ .0

t)(dn|x —y))~ " dy, (5.37)
5;2_1 [P (x, )12 < — 0%(x, 1) V27 0?4+ ¢%)(x, 1) + vo*(x, 1) Av*(x, 1)
ifb,<t<b,,,.
(5.38)
Lemma 5.7. If Z is a positive integer, then |v*(x,b,, )| 2 |v* 1 (x,bz4 ).
Proof. We use (5.34), (5.35) and Lemma 5.6 to derive

(%1, X2, X3, b741)]
=t At (e T xy), 10 E T xg — agaa) /2,7 V), T))
> .E—-Z.L.—lIuZ-&-1(.1'.—(Z+1)361,,1:—(Z+1)x2 _ az+1,r—(z+1)x3,o)|

= lvz+1(x1,x2,x3,bz+1)|.

Lemma 5.8. If v%(x,t)#0 for some Z,x,t then x,e(r—d,d—r), |x,|<tr+
(1 —1)" Yer/2) and |x5| L 1r.

Proof. 1f v%(x,,x,,X3,t) #0, then (5.35) and (5.28) imply

(t7%x1, (77 %x, — az)* + (17 %x3)%) )espt (f ) Uspt (f75)
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for some meM(Z). Then (5.23) yields
(T (x0), (77 x5 — az)* + (177 x3)%) ) espt (f1) Uspt (f).
Therefore, Lemma 4.14 and d —r < d (see (4.33)) give us
n,t(x)ela—r,a+r]ul—d,d], |t7%x;—ag| v, [t x5 =7

The above, (5.21), (5.22), (5.24), the last part of Lemma 4.5, (5.19), 0 <t <1 (see
(4.32)) and (5.34) yield

xle(ﬂmlo“'oﬁmz)([a_raa_*— r]u[~d,d])
c B (fa—ra+r]u[ —d,d])=(r—d,d—r),
Ix,| 127+ |t%ay| Str+ (1 — 1) ter/2, [ x5 SPr S

Lemma 5.9. If Z is a positive integer, ¢p:R> x R— R is a C* function with compact
support and ¢ =0, then

I 270 (%, by )P x, by g ) dx — f 27" (x,bz))? P(x, by)dx
R3 R3

bz+

+ fl [ vIVOA(x, )12 P(x, t) dx dt
bz41 ’
= f(z—llvzlz+qz)(x,t)vz(x,t)-VqS(x,t)dxdt

+ f f2 He (x, f)lz< ¢+VA¢>(X t)dx dt.

bz

Proof. The inequality follows when we multiply (5.38) by ¢(x,t), integrate over
R®* % [by,b, ] and use (5.36).

Recalling 0 <t < 1 (see (4.32)) and (5.34)—(5.35), we define u:R> x [T, c0)— R
and p:R? x [T, c0) - R using the following formulas:

u(-x7 t): Uz(x, t)9 p(X, t)=qz(x’ [) if blé [<bZ+15

ux,0)=0, pl,t)=0 if t=T(1—12)"'= lim b,. (5.39)

Z~ 0

From (5.37) we conclude

pen= 3y 2

R3i=1j=16xi

ou; _
v, )5, )@z x = y[) tdy. (5.40)
Xj
Lemma 5.10. If Z, ¢ satisfy the hypotheses of Lemma 5.9 and spt (¢) = R® x (T, ),

then
bz+1
j2“llu(x,bz+1)|2¢(x,bz+1)dx+ [ [ vIVulx, o) ¢ (x, t)dx dt
T R3

“Yul? + p)(x, tulx, 1) Vo (x, ) dx dt

= je
ff 27 u(x,1)] <aa(f+vA¢>(x,t)dxdt.
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Proof. We use Lemma 5.9 with Z replaced by W, add the resulting inequalities
for W=1,2,...,Z,and apply ¢(x,b,) = ¢(x, T) =0 and Lemma 5.7, which implies

Z
> 270 by )P P, by q) dx

W=1R3

> S [ 27 by ) P by 1) di

W=1R3
Z+1

= Y 270" (x, by )P d(x, by ) dx

W=2R3
Z

= 3 [ 270" (o by) P9, by ) dx

W=1R
+ f 27 u(x, by )P P(x, by 1) dx.
R3
|2

Lemma 5.11. The function Vu is square integrable and [ |u(x,t)|*dx is a non-

R3
increasing real-valued function of t.

Proof. Properties (5.36), (5.38) and Lemma 5.8 imply the usual energy inequality
for v? on the set R x [b,, b, ,]. The conclusion is pieced together from this fact,
(5.39) and Lemma 5.7.

Lemma 5.12. If T'=T({1 —1%)"1, then f [ lu(x,t)]> dx dt and f jlu(x )llp(x, 1)
T R3

dx dt are finite.
Proof. This follows from Lemma 5.11, Lemma 5.8 and (5.40) in a standard way.
See, for example, Lemma 3.2 and Lemma 3.6 of [3].

Lemma 5.13. If ¢:R® x R—R is a C* function with compact support, ¢ =0 and
spt(¢) = R® x (T, o0), then

°j°jv[Vu(x,t)[2¢(x,t)dxdt§°§°j 271wl + p) e, )ulx, 1)V (x, £) dx di

T R3

+ ofo [ 27 u(x, t)|2<%%+ vA ¢>(x, t)dx dt.

T R3

Proof. This is a consequence of the three previous lemmas and the identity
u(x,t)=0 for t = T(1 — %)~ ! = lim b, (see (5.39)).
Z— o
We set
S;= U m[—ddl, S=1{)5, (5.41)
zZ=1

meM(Z)

S ={(s,(1 — 1)~ ter/2,0,(1 — 1)~ T):seS}. (5.42)
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Lemma 5.14. The Hausdorff dimension of S’ is greater than (.

Proof. Lemma 4.5, (5.19) and (4.33) give us [ —d,d]=(r—d,d—r)<=[—d,d],

which implies (n,,°B)[ —d,d] = =n,,[ —d, d]. This fact and (5.20), (5.21) yield
S;i1=8,<[—d,d],S, is compact. (5.43)

Using (5.21) we also get

Sz+ 1= .!0 ﬂj(sl)- (5-44)

Y
Let V be an open set containing | ) §;(S). There is an open set W containing S

j=0
such that §;(W) < V holds for all j. From (5.41), (5.43) we obtain the existence of

Y
Z satisfying S, = W. For this Z, we can use (5.41), (5.44) to conclude S= S, ; = {

j=0

Y Y
Bi(Sz) = U B;j(W) < V.Since V is an arbitrary open set about | J B;(S), we conclude
j= i=

0 j=0

Y
S < (J B;(S). The opposite inclusion is immediate from (5.41), (5.43) and (5.44).
=0

J

These properties, (5.41) and (5.43) give us

Y
S={J B;(S), S is compact. (5.45)
j=o0
Since (5.22) and (5.25) imply that the sets ;[ —d, d] are disjoint, we can use (5.41),
(5.43) to conclude

{B;(S):j=0,1,...,Y} is a family of disjoint sets. (5.46)

A theorem of Moran [2, Theorem II] says that (5.45), (5.46) and (5.19) imply
(Y + 1)74m® = 1, where dim is the Hausdorff dimension. This identity, (4.32) and
(5.42) yield { < dim(S) =dim(S’).

Lemma 5.15. If s’eS’ and V is an open neighborhood of s’ in R® x (T, o), then u
is not essentially bounded on V.

Proof. Definition (5.42) implies s' = (s,(1 — t) " '&r/2,0,(1 — t2)~ 1 T) for some seS.

Let N be a given positive number. Using (4.32), (5.34), (4.57), (4.62), we conclude

O<t<l,limt%a,=(1—1)"ter/2, lim b,=(1 —1t2)"'T, || f, ] =u>0.  Also,
Z- oo Z—- w0

(5.19), (5.21) yield length (m,[ — d,d]) = t%(2d) if ne M(Z). All this and (5.41) imply

the existence of some Ze{1,2,3,...} and some ne M(Z) satisfying

[ —d,d] x [t*agz,t?a; + ?¥] x {0} x {b,} =V (5.47)
and 1% f, ||, > N. This last part, (5.4) and (4.60) enables us to write

17 %f,(x1,x,) > N, hence x,e[ —d,d], 0<x,<r (5.48)
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for some (x;,x,)espt(f,). From (5.47), (5.48) we get
(m,(xq), t2a, + 1%x,,0,b,)eV. (5.49)
In addition, (5.35), (5.32), x, > 0, (5.4), (5.23), (5.48) imply
(0% (7, (%), T2 az + 1%%,,0,b,)| = 1~ Z|u (1% m,(x,), X5, 0, 0)]

= 2 T ASTH DA (x0), x,) Z 1A G (e m,(x0), x5)
meM(Z)

=1 %f5(x1, %) > N.

Since v* is C*®, we find that |v*| = N holds on a neighborhood of (n,(x,), t%a,+
1%x,,0,b;). Combining this with (5.39) and (5.49), we obtain that |u| = N holds on
a set WV, where W has positive Lebesgue measure.

Using Lemma 5.5, (5.35), (5.39), Lemma 5.8, (5.36), (5.40), Lemma 5.11, Lem-
ma 5.12, Lemma 5.13, Lemma 5.14 and Lemma 5.15, we find that all of the
properties listed in the theorem of Sect. 1 are satisfied when we make the following
changes: S is replaced by S, [0, c) is replaced by [T, o0), R* x {1} is replaced by
R3 x {(1—=1*)71T}, and (1.7) is replaced by Lemma 5.13. The proof is completed
with a change of scale.
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