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Abstract. A vertex operator construction is given for the level one repre-
sentations of the affine Kac-Moody algebras associated with non-simply-laced
finite-dimensional Lie algebras, using free boson and interacting fermion fields.
The fermion fields are constructed explicitly and a detailed discussion is given of
the theory of the cocycles necessary for this and other vertex operator
constructions. The construction is related in detail to the folding of Dynkin
diagrams and a generalisation of it yields Freudenthal’s magic square.

1. Introduction

Since Frenkel and Kac [1] and, independently, Segal [2] constructed level one
represenations of untwisted affine Kac-Moody algebras g, associated with simple
Lie algebras g which are simply-laced, using the vertex operators of string theory, a
corresponding construction for the non-simply-laced case has been sought. The
cases where g is simply laced, i.e. all roots have a common length, are g =su(r + 1),
so(2r), E¢, E;, and Eg, and the non-simply laced cases are g=so(2r + 1), sp(7),
eachif r =22, G, and F,. (For a review of terminology and results on Kac-Moody
and Virasoro algebras, developed in relation to their applications in quantum
physics; see [3].) In this paper we provide a vertex operator construction for the
non-simply laced case.

There are a number of reasons for wanting such a construction. For example, it
gives us a more uniform approach to the most basic representations of all the
untwisted algebras g. It involves the introduction of fermion operators associated
with the short roots. The Frenkel-Kac-Segal (FKS) construction enables one to
build non-abelian internal symmetries into string theories in an intrinsic way by
compactifying some of the dimensions in which the string moves to form the
maximal torus of a simply-laced group [4]. This has been exploited to construct
potentially realistic unified string theories of particle interactions [5]. These theories
involve fermions and the present generalisation of the FKS construction by the
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introduction of fermions produces a greater resemblance with string theories of
physical interest. It may lead to new physical possibilities and it may be relevant to
understanding further the structure of existing theories.

If g has totally antisymmetric structure constants /¢, the corresponding
untwisted affine Kac-Moody algebra ¢ is defined by the commutation relations

[Tn‘:9 T;nb]zifabc Trcn+n+km5ab6m,—n> (11)

where m, n € Z, the set of integers, and a, b, ¢ run over the values 1 to dimg; kisa
central term taking a numerical value in any irreducible unitary representation of g.
In such a representation x = 2k/y?, where y is the long root of g, is a positive integer
called the level of the representation. Information about possible vertex operator
representations of ¢ can be obtained by considering the Virasoro algebra

[$M9$N]=(M_N)$M+N+%M(MZ—1)5M,—N’ (1.2)
associated with g, given by the Sugawara construction,
Fy=p T L5 TunTen
where the sum is over meZ, 1 <a<dimg, f=2k+ Q, Q being the value of
quadratic Casimir operator for g in the adjoint representation, and the crosses

denote normal ordering with respect to the 7,7 (see e.g. [3] for further details).
In (1.2) c takes the value

xdimg
= 1.4
%= T @)’ (1.4)
where /1(g) = Q/w? is the dual Coxeter number. This can be written in the form
~ n, ng [(S\?
=—=4+=— 1.5
i(®) ,.+V(L), (1.5)

where r is the rank of g and n, , ng are the number of long roots (length L) and short
roots (length ) of g, respectively. Thus, since dim g = n; + ng+ r,
ny, [x — 1]+ ng [x = (S/L)*]

Cg= x+h +r. (16)

If we have a vertex operator representation of ¢ in a Fock space generated by np
(independent) boson fields and #n, (independent) fermi fields, we have a Virasoro
algebra Ly satisfying (1.2) with ¢ equal to

' =ng+ing. 1.7
Further [6], since
(Ly, TN]= [Lr, TNl = = NIy ins (1.8)

Ky = Ly — &), defines a Virasoro algebra, commuting with #,,, with c= ¢’ —¢,.
It can be shown that this must not be negative. Hence

'z, (1.9)
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The FKS construction provides a level 1 representation of a simply-laced g with
r =rank g boson fields. It follows from (1.6) and (1.9) that if either x> 1 or g is
not simply laced, so that S?/L? < 1, we need more boson or fermion fields.

A non-simply laced algebra g contains a simply laced subalgebra g; , of the same
rank r, generated by the Cartan subalgebra of g together with step operators
corresponding to the long roots of g. The level 1 representation of g splits up into
level 1 representations of g, , which can be constructed, using the KFS construction,
with r independent boson fields. If we wish to extend this representation of g, , by
the addition of #n, independent fermion fields we shall need

n

anm, (110)
2n(n+1)

where n=1 for so(2r+ 1), n=r+1), n=r—1 for sp(r), n=2 for F,. (n is the
number of short simple roots of g.) To get an irreducible (or finitely reducible)
representation in the whole Fock space generated by r boson fields and n, fermion
fields we would need (1.10) to be an equality; but typically (1.11) is not an integer,
the exceptions being n=1, 3 and 9. This shows that vertex operators for a non-
simply laced g cannot in general be constructed from independent fermions, or
rather, that, if this can be done, there must be some parts of the fields which are not
used.

In our construction we shall find that we need 47 (n + 1) real fermion fields, but
that these are fermions which interact with each other in some sense. We construct
them using # independent boson fields, but the fermion fields operate in a subspace
of the corresponding bosonic Hilbert space. We can construct a Virasoro algebra,
L%, out of these fermions and this has ¢ given by n(n+ 1)/(n + 3). The Virasoro
algebra, L2, for all the bosons out of which the fermions are made, has ¢ =# and
so the difference, #y= L% — L%, which commutes with the fermion fields, has
¢=2n/(n+ 3). The subspace in which the fermions act can be defined by conditions

Ay ¢y =0, N>0; A |y =1l (1.12)

Forn=1,2, wehave ¢ < 1 and so, using the results of Friedan, Qiu and Shenker
(FQS) [7], and an argument in [6], in these cases there are only finitely many states
satisfying (1.12). It follows that the whole representation space is finitely-reducible
under the action of the Kac-Moody algebra and the Virasoro algebra, .

Our construction is described in the next five sections of this paper whose plan is
as follows. In Sect. 2 we review the vertex operator construction for simply-laced
groups, partly for the purpose of establishing notation. In Sect. 3 we review
properties of the fermionic operators associated with points of unit length and we
show how, with one extra fermion field, we can extend the FKS construction for
so(2r) to obtain a vertex operator construction for so(2r + 1). Next, in Sect. 4,
restricting our attention to algebras for which L?/S? =2, we consider the general
structure of the extra fermion fields that we need to introduce to multiply the vertex
operators associated with short roots, taken to have unit length. We find we need a
different real fermion for each orbit of the short roots of g under the Weyl group of
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g.- Having established the general requirements for these new fermi fields, it is
necessary to consider more carefully the functions of momentum (cocycles) needed
to correct for the anomalous signs in commutators; Secttion 5 is devoted to an
account of the theory of their construction [1]. Our construction involves in an
essential way cocycles taking the values + i as well as + 1, and, for convenience,
other roots of unity. In Sect. 6, we explain how to construct the interacting
fermions, showing that the necessary cocycles can be found consistently.

The remaining sections of the paper deal with other aspects of the construction
and its generalisations. A non-simply laced g can be embedded in a larger simply
laced g, in such a way that the common root length of g, is that of the long roots of
g. This implies that we can obtain a level one representation of ¢ from a level one of
representation of g,. We show how our construction can be obtained from this
embedding in Sect. 7. In Sect. 8, we show how the construction works for the special
case of G,. We generalise the construction in Sect. 9 in a way that leads to the magic
square of Freudenthal. The main guide in our discussion was the Sugawara
construction of the Virasoro algebra, and this is considered further in Sect. 10,
where we show that we do indeed obtain the appropriate c-numbers. In Sect. 11 we
conclude with speculations on the connection of this work with fermionic string
theory and a comment on the bosonic realisation of the discrete series of unitary
representations of the Virasoro algebra.

2. Vertex Operator Construction for Simply-Laced Algebras

In this section we shall review briefly the construction of the vertex operator
representation for simply-laced algebras.

The root system of a compact Lie algebra g of rank r consists of a set @ of real
r-dimensional vectors with the properties:

1) if wed, then Aaed if and only if A=+ 1, (2.1a)
(ii) if o, e @, then 20 Bla* € Z; (2.1b)
(iii) if o, fe®, then o, (B)=p— Qu-fla*)aed. (2.1¢)

The linear transformation ¢, is called a Weyl transformation and the o,, a€®,
generate a finite group, W(g), the Weyl group of g. The root lattice of g, Ax(g), is
the lattice generated by the ae®; and the weight lattice

Ay (@)= {p: 20 ufa*eZ forall oed}. 2.2)

Clearly Ay (g) o Ax(g). If g is simply-laced, i.e. o? is the same for all xe®, we can
choose the normalisation of our scalar product so that o = 2 for each «. In this case
Aw (8) = A (2)*, the lattice reciprocal to Ax(g).

The vertex operator representation of a simply-laced g is defined in a Hilbert
space #, generated by operators o}, ne€Z, 1 <i<r, satisfying the commutation
relations

m, —n> 23)

1<, j<r, m, neZ, and the hermiticity conditions

O(;I = 0(i (24)

—m>

(s 3] = mo¥5
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from states |1, 1 €/, obeying

P =215, (2.52)
0l |4 =0, m>0, (2.5b)
CANAY =0y (2.5¢)

where p* = af. Here A is an r-dimensional lattice with Ay, (g) >4 > Az (g). In this
context, we cannot define a position operator ¢', but we can define e* ¢ for A € A by

et aAy =12+4", (2:6)

together with the condition it commutes with the a/, n= 0. The whole of # is
generated from the vacuum vector |0) by o}, 1<i<r, neZ and e, Ae A.
We introduce vertex operators, defined by

U(a, z) =z exp {ia- Q(2)}:, 2.7
where
: . . o
Qi(z)=q’ —ipilogz+i ), —n'—'z’", (2.8)
n£0

and the colons denote normal ordering with respect to the «; that is a, n> 0, is
moved to the right of of,, m <0, and p’ to the right of ¢'. Thus

Ule, 2) =exp {ia* Q. (2)} exp {ior* Qo (2)} exp {ioc* Q.. (2}, 2.9)

where
. ot . ol
QL(ny=i) —z" QL»=i) =z " (2.10)
n>0 n n<0 n
and
Ql(z)=¢q’—ip’logz, (2.11)
so that
e Q) = 72: g% Q@ ;= 72 gl 472 P (2.12)

The vertex operator U(e, z) is a single-valued function of z if xe® and pe.
Thus we can define

1 dz
=5 $U@2) —, (2.13)

where the integration contour encircles the origin once positively. To attempt to
calculate the algebra of the 4, we use

exp {ia* Q. (2)} exp {if - Q- (D)}
== Pexplif- Q. (O} explic- Q. (2)} if [{I<|z], (2.14)

which follows from

[0% (2), QL ()] = 6" log(1 - {/2). (2.15)
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This enables us to normal order

Ul,2) U, )=~ Ul,2) U, for  [{]<|z],
=U, 4(z,0). (2.16)

In the case we are considering, «> = f? = 2. The right-hand side of Eq. (2.16) is a
regular function of z, { except for z=0, { = 0 and z = {. If we calculate the product
in the other order we obtain the same expression as a function of z and {, apart from
a factor of (—1)*"#, which could be either +1 or —1, this time valid if |{|> |z].
Thus what we can easily evaluate is

: 1 d . dz d¢ . dz
A A, — (-1 P4, 4 =— as .az ag . dz
a ‘i p ( ) B (27[1)2 {|§|<\z| C - N C § = } Ua’B(Z, C)
1 at . dz
~@r $T § = Unn =0, 2.17)

where the z contour encircles { positively once and the { contour encircles the origin
positively once.

If o, f€®, the possible values of o are +2, +1, 0, since - f€Z and
o?=p2=2.1f «- f =0, the right-hand side of (2.17) vanishes because in this case
U, s(z,{)isregularat z={. If o - f= —1, o« + fis a root and this is the only case in
which this happens. Then U, ;(z, {) has a simple pole at z = { and we obtain 4, .
If - f= —2, then « = —ff and we have a double pole at z={; in this case we
obtain o - p. Thus we have obtained the following results:

A Ay — (=1 F4,4,=0 if «-$=0, (2.18a)
=A,., if o f=—1, (2.18D)
=op if a=—. (2.18¢)

Additionally we have that
[P, 4,]=0c'4,. (2.19)

To remove the annoying factor of (—1)* ' #, and obtain a representation of g, we
introduce, following Frenkel and Kac [1], a function ¢, of the momentum operator
p for each « € Ay with properties such that, if ¢, =€ *¢,, then

&ty = (=118, (2.20)
&b =1, (2.20b)
éaéﬁ=8(aaﬁ)éa+[}s (220C)

where the cocycle (o, ) takes the values + 1. Our problem is then solved because
E*=A4,¢,,0e®, H'=p 1<i<r, (2.21)

satisfy the algebra g. The construction of ¢, and ¢(x, f) is considered in detail in
Sect. 5.
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To get the corresponding untwisted affine Kac-Moody algebra ¢ we take the
Laurent coefficients of

Ue,z)c,= Y Erz™" (2.22)

neZ
and
Pl(z)=Y ojz7", (2.23)
neZ

writing H} = o} for this purpose. These then satisfy

[H},H]]=mdY5,, _,, (2.24a)
(H,, Ex]l =o' By, (2.24b)
[EL, EPl=¢(a, B) EXLE, if a+fed, (2.24¢)
=0 H, ,+mMb,4, 0, if o=-§, (2.244d)
=0, otherwise. (2.24¢)

This provides a level one of representation of g.

3. Vertex Operators Associated with Points of Unit Length

If we consider a simple Lie algebra g with roots of two different lengths, the ratio of
their squares being 2, we can normalise these so that the long roots @; have squared
length 2 and the short roots &g have unit length. (We shall discuss G, in Sect. 8.) Itis
easy to check that the long roots form the root system of a simply-laced Lie algebra
g1 < g, and we can represent g; , and g, , by vertex operators as described in Sect. 2.
Constructing a vertex operator associated with points A € @ is not so straightfor-
ward and in this section we review results on vertex operators for points of squared
length 1.

Consider again the space 5 defined in Sect. 2, built up from momentum states
|A>, 4 € A, where now, as well as a set of points @; of squared length 2, A contains a
set of points @ of squared length 1. If we associate to points e € @ operators 4,
defined by (2.13), and use (2.16) to try to calculate the algebra of such operators,
we have

Ule, ) U(f,)=explie- Q. () +if Q- (D)}
(=) SRR gl age py
explier Q. (2)+if+ Q. ()} for |{|<|z]
=U, ;(z0). (3.1)

To be able to proceed as before we need this to be single valued about z = {. Since
le: fI£1, as e =f? =1, this forces either f= + ¢ or e f=0. Further we need

exp {ie- Qo (2)} 1) = 242+ e 4 1) (3.2)

to be single-valued. Clearly this cannot be true for the whole of the lattice A,
because it fails for 4 = 0, so we restrict our attention for the moment to momenta A
in some subset M < A for which this is true.
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With these assumptions on single-valuedness we find

A2=0, (3.3a)
[4,,4,1=0, e f=0, (3.3b)
(A, A_}=1. (3.3¢)

These equations, especially (3.3a) and (3.3¢), imply that 4, is fermionic in
character. If we require e-feZ for all e, fedg, we are effectively restricted to
so(2n+1). If wealsoassume e - o € Z if e € D, o € @, we can also show, by a similar
calculation, that

A4, —(—1)*°4,4,=0, oe=0 or 1, (3.4a)
A, A,+4,4,=4,,,, o e=—1. (3.4b)

[Since |o-e| = ]/ 2, this exhausts all the possibilities given that e-aeZ.] If 4,
o€ @, ,isbosonicand 4,, e € g, is fermionic, we need to correct some signs again to
obtain the standard set of commutation or anticommutation relations. This can be
done by introducing functions ¢, of the momentum for xeAz(g), the lattice
generated by @; and @g, such that ¢, =¢'9 *c_ has the properties (2.20b) and
(2.20¢) but with (2.20d) generalised to

8.8, =(—1)r+are e, (3.5)

which is different only when x? and y* are both odd integers. Then, defining
Ye=A,c,, E*= A, c,, we correct for these signs. We can define an affinisation of
this algebra by

U, z)c,= Y, Exz™" (3.6a)
neZ
and
Ue,2)co= ) Piz™", (3.6b)
neZ

and then Egs. (2.24) are supplemented by

[Er,Wel=¢(a,€) P25, a+eedy, (3.7a)
=0, otherwise. (3.6b)

{(Pe, Wl =46, _, if e=—f, (3.8a)
=0, otherwise. (3.8b)

(Hy, Pil=e"P5 4. (3.9)

Since the vectors e, f€ @ satisfy e= + for e f= 0, they generate a cubic lattice

Z" and we might as well take @ to be the set of points of unit length on this lattice

and @; to be the points of squared length 2. Then @ = &y U &, is the root system of
g=s0(2r+1) and, if

do= G553, (3.10)

Ar(®)=7Z"and M =7Z"+ ,. The weight lattice Ay (g)=Z"UM.
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The operators ¥¢ are only defined on states with momentum in M, whilst the E%
are defined on all states with momentum in Ay (g). We can define operators
associated with vectors e € &g, acting on states with momentum in Ag (g) =Z" by
using the fact that Uf(e, z) c, has an expansion in half-integral powers of z when
acting on such states. Thus we write

Ye(ry=Ul(e,z)c,= » Wez™* (3.11)

SEZ+1/2
on states with momentum in Ag (g). Then
{qj.?’ lIItf}::és,—ta if e= —fs (3123)
=0, otherwise. (3.12b)

The ¥¢, V¢ are like Ramond and Neveu-Schwarz oscillators, respectively. To
make this clearer, let e; € &5, 1 £ i< r, be an orthonormal basis for Z", and define

Pi(z)=2"12[Wa(z)+¥-u(z)], 1Zj<r, (3.13a)
Prii(y=2"12i[Pu(z) —¥-4(z)], 1Zj<r. (3.13b)
Then expanding
Pi)= Y bz or Y dzh 1<js2r, (3.14)
seZ+1/2 nezZ

depending on whether it is acting on states with momentum in Z" or M, we have

{bL, i}y =695, _,, (3.15)
{di,di} =696, _,, (3.16)
bit=b, and di=d.,. (3.17)

The operators E%, o e ®;, H., 1 < i< r, provide a level 1 representation of the
(untwisted) affine version of g; =so(2r). This cannot be extended to a level 1
representation of the affine algebra associated with g=so(2r + 1) because the
central term for the Sugawara construction of the Virasoro algebra for this
representation of ¢ is 7 + 4, indicating that we need at least » bosons and one fermion
field, independent of one another; thus, since we already have r boson fields, we
need an extra fermion. We can see how to introcuce this if we consider the way we
can rewrite our representation of so (2r) in terms of bilinears in fermions:

Eete(z)=Pa) Po(z), i+J, (3.18)
e, H(z)=3Wa(z) ¥ a(2) 3, (3.19)

where the open dots denote normal ordering with respect to the fermionic
oscillators bl or dJ.. [Thisis not necessary in (3.18) because ¥ %, ¥4, anticommute for
i#j.] The ¥«(z) are Ramond fields (R) acting on states with momentum in M and
Neveu-Schwarz fields (NS) acting on states with momentum in Z". The product is
always of fields of the same, R or NS, type, agreeing with the fact that it has an
expansion in integral powers of z. Equivalently we can write the generators in terms
of

Ei(z)= —E'(z2)=Y'(2) ¥/ (z), 1=Zi+j<2r. (3.20)



188 P. Goddard, W. Nahm, D. Olive, and A.Schwimmer

If we consider so (2r + 2), instead of so (2r), we see we can obtain the so (2r + 1)
subalgebra by using ¥/ (z), 1 <i < 2r + 1. So we need to add to our construction of
s0 (27), one real fermi field ¥ (z) = ¥*""'(z), and to work in an enlarged space
generated by the o}, n € Z; e*'%, A € A; and the one fermi field. More precisely, if #,,
is the subspace of # with momentum in Z" and #, the subspace with momentum in
M, we work in a space

”I=(%0®WR)®(%1®%NS)> (3.21)
where 5y is the space generated by a single Ramond field
Y(z)= Y d,z7", inH#y, (3.22)
neZ

and ' by a single Neveu-Schwarz field
Y(z)= Y biz™® in Hys. (3.21)

seZ+1/2
The field ¥ is real in that

bi=b_, and di=d_,. (3.22)

-s

Then we can define a representation of s6 (27 + 1) by adjoining to Ej,, «e¥,; and
H, 1Zisr,

E¢(2)=YP(20)¥(2)= ) Eiz7", (3.23)
nelZ
eedg. Then

(H,, E;]=¢€Ey ., (3.24)

[EX, Ef]=¢(a, ) EXLC, o+ eedg, (3.25a)

=0, otherwise, (3.25b)

[E¢,ES]=c¢(e, f)EST, e+fed,, (3.26a)

=e H,,,+mb, _,, e=—f, (3.26b)

=0, otherwise. (3.26¢)

This construction has been known for some years [8].

We have seen that the requirement that the calculation progress without too
much modification of the methods of Sect. 2 implies that @4 consists of orthogonal
unit vectors, so restricting us to so (27 + 1). The other simple non-simply laced
algebras have short roots which are not either parallel or orthogonal. So to consider
sp(n) or F,, we must consider the possibility that e f= +3. In this case the
fermionic operators corresponding to e € @ will not be independent, and nor will
the additional ones we introduce.

4. General Structure of the Vertex Representation for Non-Simply-Laced Algebras

In this section we shall discuss an algebra g, with root system &, involving roots of
two lengths, the long roots @; being of squared length 2 and the short roots @4 being



Vertex Operators 189

of squared length 1, thus excluding G, , which will be considered in Sect. 8. Consider
the consequences of the conditions (2.1) for the root system &.

(1) Ifa,fed,, theno- feZand |- | £2. If o+ f = 0then o + S ¢ P, whereas
ifa-f=—-1a+pf=0,(f)ed,and if a- f= —2, o = — . This shows that @, is
the root of a simply-laced algebra g; = g of the same rank.

(ii) Ifced,andeePg, theno-ecZ and |a-e|<1.Ifou-e=0theno+e¢ P,
whereas if o-e=—1, a+e=0,(e) edg. This shows that the step operators
corresponding to roots e € @ form a representation of g; .

(iii) Ife,fedg, then2e-feZandle  f|S1.Ife-f>0thene+féd;ife- f=0
either e+ fe®, or e+ f¢d; if e-f= -3, e+f=0,(f)edy; if e-f= —1 then
e=—/.

The algebra ¢ has a basis consisting of Hi, E%, E¢, 1<j<r, ae®d;, ec Dy,
m e Z and, for a level one representation, the algebra is given by Egs. (2.24) for HJ,,
E%, o ed,, together with, for a e ®,, e, f€ Dy,

[H,,E;]=¢€Ey ., 4.1)
(B2, ES] =e(a, e) EXL8, o+ eedg, (4.2a)
=0, otherwise. (4.2b)
[Ey. El1=¢(e./) EqLh, e+fedy, (4.3a)
=L_s(e,f)E§,1£, e+fedy, (4.3b)
V2
=e¢ H, ,,+M0yi, 0, if e=—f, (4.3¢)
=0, otherwise . (4.3d)

In these commutation relations each ¢ (4, u), 4, u € @, is £ 1. The factor 1/ 1/ 2is due
to the fact that we are using a Cartan-Weyl basis rather than a Chevalley basis. In
the latter basis E* would be replaced by F*=(2/a*)'/* E* and the structure
constants would all be integral.

For the simply-laced algebra g, we can use the usual vertex operator
representation of Sect. 2,

E*(2)=U(z2)c,=Y B2z ", (4.4)
and
Hi(z)=Y oz "= Hiz " 4.5)

Following Sect. 3, we assume that the £°(z), e € &g, are given by an expression of
the form

E¢(z)=U(e,2)c, Yo (2), (4.6)
where ¢, is a function of momentum and ¥, (z) is a real fermion field commuting
with o and e+ 9. It is clear from Sect. 3 that we do not need a different fermion field

for each e e @g; there we only needed one real fermion altogether.
The fermionic nature of ¥, (z) is recognised from the property

Vo@ W)=V, Yoo =40,  lz|>IL], 4.7
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where 4 (z,{) = 1/z{/(z = {) or (z+ {)/2(z = {), according as ¥, is of NS or R type.
Thus the Laurent coefficients of ¥, satisfy (3.15) or (3.16) as appropriate, with the
reality property (3.17). Equation (4.3¢) can then be verified in the same way as Eq.
(3.25b), provided that
é,_,=¢_,¢,=1. (4.8)

e

Considering the calculation of [E}, Ey], we see that (4.6) will produce Egs. (4.2)
provided that
éatéyZS(O()y)éa-l-y:(_l)a.yéyéa’ (49)

oweAr(gL), y€Ar(g), so that o -y eZ, and we use the same fermion field ¥, for e
and g,(¢e) =a+ e if o - e = —%. This implies that we should use the same fermion
field for short roots e € @4 related by the Weyl reflections o, o € @;. These Weyl
reflections generate W (g;), the Weyl group of g;.

We use the Weyl group W (g,) to divide &y into disjoint orbits Q and we
introduce distinct fermion fields ¥, (z) for each orbit. These fields will not all be
independent, in the sense of anticommutating with each other for distinct Q. If g is
simple these orbits are all isomorphic, that is they contain the same number of roots
and different orbits are related by othogonal transformations. To see this note that,
because

00,0 ' =0, (4.10)

o

for any o € @ and orthogonal transformation o, and so in particular for « € @, and
ceW(g),
oW(g)o '=W(g) for oceW(g), (4.11)

i.e. W(g,) is a normal subgroup of W(g). If g is simple, any two e, f€ ®g can be
related by a 0 € W (g),

f=0(e) forsome oeW(g). (4.12)

From (4.11) it follows that, if e, f/ belong to orbits Q,, Q,, of &5 under W(g,),
respectively,
Q,=0(Q,). (4.13)

The elements of a given orbit Q of &g under W (g,) differ by vectorsin Ag (g;).
The converse is also true provided that @; spans the root space, which is the case
in particular if g is simple: if e, fe @g differ by an element of Ay (g, ) then they are
in the same orbit of &g under W (g,). The proof of this is a little more involved.
If e—fedAg(gr), (e—f)*€2Z. So e-f=+1,0, i.e. either e= +for e f=0. If
e f=0,0=e—fisapoint of Ag(g;) of squared length 2 and so is a long root. But
then o,(e) =f. Thus it remains to show that —e is on the same orbit as e. If ¢,
spans the root space, we can find f € @, with f - e+ 0. Then - e = + 1 and we may
reverse the sign of § if necessary to obtain - e = + 1. We now construct short roots
in the same orbit as e by a sequence of reflections, ending up with —e. Firstly,

o=o4(e)=e—PeQ,,
has 0= —1and 6-e=0. Then
o,(f)=P—20 P)o=p+20=e+6eP,,
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and if we reflect 0 using the corresponding o,, ;€ W (gy.),
Oors(0)=0—(e+0)  d(e+)=—ecQ,,

establishing the desired result.

So, at least when g is simple, we can identify an orbit Q of &g under W (g,) with
the points of unit length in a coset A, of Ag (g)/Ag (g1)- Not all such cosets will have
points of unit length, in particular A, = Ag (g) has none. To exemplify this, let us
enumerate the various cases for g simple. These are so 2r+ 1), r = 2; sp(r), r = 2;
and F,. For g=so(2r+1).

Ar(9)=17"; (4.14a)
Ao={(s,..,m):m €Z, ) m €27}, (4.14b)

Thus there are two cosets A, and A, only the latter having points of unit
length. This corresponds to the single real fermi field we introduced in Sect. 3. For

g=sp(r).
A (@) ={2""*(ny,...,n):neZ, Y n,€2Z}, (4.152)
Ag={2""2(ny,...,n):ne2Z}. (4.15b)

Thus there are 2"~ ! cosets of A, in Ag (sp (r)) and 37 (r — 1) of them have points of
unit length. For g=F,. '

Ap(@)={(ny,ny,n5,n,): either neZ, 1<i<4,
or meZ+% 15i<4), (4.16a)
Aog={(ny,ny,ny,ny):m €2,y n,e2Z}. (4.16b)

In this case, there are 4 cosets of A in A and 3 of them, all except A, have points of
unit length.

Note that it follows from the facts that if fe Q then —feQ and that if e,
feQ, e+ t fthene- f=0and e+ fe Ag(g.), thatan orbit Q consists of points + f;,
1=i<dimQ, where f- f;=6;;, and with + fi+ fie Ag(g) il i+ If &, 1Sisr,
is an orthogonal basis for r-dimensional space, the single orbit for so(2r+ 1)
consists of the 2r vectors {+¢;: 1 <i<r}; the 3r(r — 1) orbits for sp(r) can be
labelled by integers 7,/, 1 < i <j < r and consist of the 4 vectors (£ &, + &;)/ ]/2; the
3 orbits for F, each consist of 8 vectors and are

(& 1sis4y,
3&, + 55+ 3¢&,: even number of + signs},
3¢ +5E5+ 3¢, odd number of + signs}.

We see that in each case, the orbits can belabelled by Q;;= Q;;, 1 Si<j=n+1,
where n=1 for so(2r+ 1), n=r —1 for sp (r) and n =2 for F,, i.e. the number of

short simple roots. Since 2y € Ax(g,) if y € Ax (g), we have that
AR (8)/Ar(gL) = (Z,)", (4.17)

and the orbits Q;; correspond to the 37 (n + 1) of these cosets with points of unit
length. Further, if e€ Q; and fe @, and Q; + Q,, either {i,j} and {k, [} have no
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common value, in which case

e f=0 and “fetféAr(gL), (4.18a)
or they have one common value, i = k, say, in which case
le-fl=3 and eFfeQ, (4.18b)

the sign depending on whether e - f= +1.

Having analysed the structure of these orbits Q we are in a position to consider
what properties the fermi fields ¥, (z) should have in order that Egs. (4.3) will hold.
Take e, f€ @y in orbits Q,, Q,, respectively. If e - = 0, E¢and E/ should commute.
Which of the other possibilities obtains depends on the relationship of the orbits
Q, Q,. Since a-eeZ if o eA,, whether e-feZ or Z +4 depends only on the
relation of Q; to Q,; in the former case we shall write Q, - Q, € Z and in the latter
case Q- Q,€Z ++. In this latter case |e- f| =% and either e+ fe®g, and so in
some third orbit Q;, whilst in the former case + e+ fe ¥, if and only if Q; = Q,.
Because the coset of Ag(g)/A, which e+ f is in depends only on the cosests
of +te, +f, and so on Q;, Q,, the coset Q5 depends only on the Q;, Q, with
Q, - Q, €Z ++, and not on the points e, f chosen in them, and is given by the coset
multiplication rule (4.17).

Looking at Eq. (3.1), we see that we need the following form for the operator
product of two fermi fields in order to stand any chance of getting the desired
commutation relations:

Vo, (2) ¥o,(0) = 2(2,,92;) ¥,(0) ¥,(2),

(4.19)
regular at z={, ifQ, - Q,€Z, Q +Q,,

where 2 takes the values +1;

Yo Vo) =Ro(2,0,  [lI<lzl, (4.20)

where R, (z, {)is an antisymmetric function of z, {, having a simple pole of residue z
at { [see Eq. (4.7)];

,PQ, (2) ng O=0cz-0" 2 {'1+ (24,Q,) R51,91(Z, 0
+(E=On-(Q1,2) Ra 0,20}, {I<lzl, if Q-Q,eZ+3, (4.21)

where Rj, o,(z, () are symmetric under the simultaneous interchange of Q, with Q,
and z with {, and
Zl/Z
Rﬂ.,ﬂz (z,2)= ﬁ Yo, (2). (4.22)
The c-number functions 2, #, must have appropriate symmetry properties to
ensure that we actually get commutation relations. To see what these should be,
suppose that

6, C65=20(7,6)C, s (4.23)

for vy, 6 € Ag (). Notice that, comparing with what we have said before in Egs. (4.8)
and (4.9), g, (y, ) must coincide with &(y, ) when both gamma and delta are in
AguA,, where A, is one of the 2" — 1 cosets in (4.17) distinct from A, but may, as
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we shall see, differ if y and 0 are in cosets A, and A,, respectively, distinct from each
other and A,. Then we need

gg(er,e)ne(Q, Q) =(—1)2F12¢,(ey,e)Ns (25, Q1) (4.24)
ife,eQ,, with Q, - Q, eZ + %, and

gole,e)=(—1) " ¢g5(ey,e.)2(02,Q,), if Q- Q,=0, (4.25)
goley,2,) = —(—1)"2¢q(e,, ), if Q,=0,. (4.26)

If conditions (4.17) to (4.23) hold we obtain the algebra (4.1)—(4.3) with
e(V1,Y2) =280 (V1572), if either y, or y, e P, (4.27a)
=eo (71,72 N4+ (1, ), iy = -7, (4.27b)

where ¢; € Q;, and ¢(y,y) = 1. To complete the construction we need to find fermi
fields ¥, (z) with the correct properties, and suitable cocycle functions &q, ., , 1 -,
and 2. The former depends on the latter, so we discuss this first in Sect. 5,
constructing the fermi fields in Sect. 6.

5. Construction of Cocycles

In order to construct the cocycles needed for Sect. 4 we have to consider the theory
of such objects in some detail; much of what we say is based on ref. [1]. We consider
operators ¢, defined on momentum states |y» for y € 4, a certain lattice, by

Elyy=e(x ) Ix+y), (5.1
where ¢(x, y) € C. Such an ¢ will satisfy
éxéyzg(x’y)éx+ya (52)
provided that
e(X,y+2) ez =¢(xp) e(x+y2). (5.3)

Usually ¢(x,y) = + 1, but we shall need to consider the more general case where
e(x,y))eZ, some finite subgroup of the group of complex numbers of unit
modulus. Given any set of operators ¢, x € A, satisfying (5.2) we obtain a function ¢
satisfying (5.3) and, conversely, given an ¢ satisfying (5.3), we can use (5.1) to define
operators satisfying (5.2).

The purpose of introducing the ¢, and &(x, y) is to obtain a certain specified
symmetry factor S(x,y) by the interchange of certain operators, defined by

e(x,»)=S8(x,y) e, x), (5.4)
or
¢.6,=S(x,3)¢,¢,. (5.9

For example, in the case of the simply-laced algebras of Sect.2, A= Ag(g)
and S(x,y)=(—1)""?, whilst in the case of the cubic lattice 4 =2Z" in Sect. 3,
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S(x,y)=(—1)*»*+¥»_ Again, we shall be looking at more general cases where

S(x,y) e Z < C. The symmetry factor, as a result of (5.4), also satisfies (5.3),
S(X,y+2)S1,2)=S(x,»)S(x+,2). (5.6)

However, by commuting ¢, through (5.2), we see that it has the more restrictive
additivity property

S(x+y,2)=5x2)80,2), (5.7a)

which implies (5.6). Further, (5.5) implies
Sx»Sy,x)=1, (5.70b)
and S(x,x)=1. (5.7¢)

Properties (5.7) are the definitive ones for a symmetry factor. Ife;, 1 < i < r,isa
basis for A, properties (5.7) mean that S(x,y) is determined in terms of

Sijzs(eiaej)a (5.9)
where
S;=S;' and S;=1, (5.9)
by
S,y =[]y (5.10)

ij
where x=13 x;¢; and y=) y;e;. Conversely given S;;€Z, satisfying (5.9), Eq.
(5.10) defines a symmetry factor satisfying conditions (5.7).
Given an ¢(x, y) satisfying (5.3) and (5.4) for a given symmetry factor S (x, y), we
can obtain another one satisfying these equations with the same symmetry factor by
the “gauge transformation”

iy HO0HO)

= 2t y) (x, ), (5.11)

where u(x) € Z for x € A. This transformation corresponds to changing from ¢, to
o =u(x)é,. (5.12)

A central result is that S (x, y) determines ¢ (x, y) up to gauge transformations of this
type, and, for any S(x, y) satisfying conditions (5.7) [or equivalently any set of S;;
satisfying (5.9)], we can construct an ¢(x, y) satisfying (5.3) and (5.4).

To prove the existence of an &(x,y) for given S;;, we introduce operators ;

satisfying
9:9;= 877 (5.13)
This can be done with matrices of finite dimension. We can then introduce
D=9 9R. P (5.14)

It follows from (5.13) that
?x?yzao(x’y)j;x+yv (515)
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with &,(x,y)eZ, and then ¢,(x,y) automatically satisfies (5.3), and (5.4) with
S (x, ) satistying (5.8), which determines it uniquely. To show that this ¢, (x, y) is
unique up to gauge transformation, suppose ¢(x, y) satisfies (5.3) and (5.4) and
define ¢, by (5.1). Then j; = ¢, satisfies (5.13) and the operators ., defined by
(5.14), must satisfy

Eo=u(x)7p,, (5.16)

for some u(x) € Z. Then it follows that

u(x)u@y)

WG+ y) & (%, ), (5.17)

e(x,y) =

as required.
We need to exploit the ability to make gauge transformations to ensure that

fh=¢_, (5.18)
and
o=1. (5.19)

To do this note that if we put y=0 in (5.3) showing that
€(0,2) =¢(x,0) (5.20)

all have some common value, which can be set to 1 by a choice of «(0). This ensures
(5.19). Since ¢, is clearly unitary, provided that |¢(x, y)| =1, because it maps one
orthonormal unit basis into another, (5.18) will follow from

6.6 =1. (5.21)

This condition is equivalent to
e(x,—x)=1, (5.22)

which can be arranged by a gauge transformation by sultably choosing u (x) u(— x),
fixing half the u(x) relative to the rest.

Having arranged, by gauge choice, that (5.20) and (5.22) hold, we are still free to
make further gauge transformations u(x) subject to

u()u(—x)=u0)=1. (5.23)

However, it is not usually necessary to specify the gauge choice further.

Now let us consider the application of these results to the construction of a
suitable cocycle ¢, as in Eq. (4.23), for the lattice A (g) of Sect. 4. From what we
have said, ¢, is determined by specifying its symmetry factor S,. From Egs. (4.8),
(4.9), and (4.26), we see that we need

So(x,y) = (= 1y v+ (5.24)

ifx,yeA, ud,, where A, = Ax(g;)and A,isa coset of Ag(g) with respect to A,. It
is not so clear what happens if x,y € Ax(g;) with x-yeZ +1. In fact we must
choose S, (x,y)= +i in such cases because, since + e are in the same orbit Q if
eedg,2ecAg(g;) foreache e @y, and hence 2 A5 (g) = Ax(g.). This implies that if
x € Ag(g), 2x € Agx(g,) so that

So(x,)? =8, (2x,y) = (—1)>* . (5.25)
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If x-yeZ +1 this equals —1, showing that
So(x,)=+i if x-yeZ+1i. (5.26)

It is straightforward to construct an S (x, y) with these properties. Take a basis
%, .., o, of simple roots for g; this provides a basis for A (g). It is straightforward
to check, for g=so(2r+1), sp(r) and F,, that a basis for Ax(g.) is provided
by Bi,...,B., where f;=0; if ¢;e P, and f;=2q; if o;€ d5. [More generally, if
A/Ag=(Z,)" and {0} is a basis for A, the number of basis elements o; € A, is n and
{B;}, defined by ;= a; unless ;€ A,, in which case ;= 2«;, generates A, since
it generates a sublattice of 4, whose fundamental domain has the same volume
as A,.] We define S, (x, y) by specifying that

So (o, 0) = (=== if  o-o0,€Z, iF], (5.27a)
and

So (e, 0) = —So(oj,0) =+ if oy o= -3, (5.27b)

J

and we are free to choose either sign in (5.27b) for each pair i <j. For example, a
particular choice would be

So (o, o) = e, i<, (5.28)
It follows from (5.28) that
SO(aiaﬁj):SO( ja(xi)z(_:l)a"ﬂ'a (529)

and this implies (5.24).

Now we consider whether the conditions (4.24) and (4.25) on the functions
2(Q,,2,), 1. (Q,,Q,) of Egs. (4.19) and (4.21) are self-consistent. If we introduce
symmetry functions X, for 5, by

N:(Q1, Q) =2.(Q1, Q) (22, 21), (5.30)
the conditions (4.24) to (4.26) are equivalent to
Soler,e) Zu(Q, Q) =(=Dveti2, if Q-Q,eZ+%, (531a)
Soler,e) 2(9,2,)=1, if e -e,=0, (5.31b)
and
Soleg,e)=—(—1)a = if e,e,eQ. (5.31¢)

To show that these conditions are consistent we need to show that, for given Q,, Q,,
Sq(eq,e,) (—1)~¢ eisindependent of the choices of ¢; € Q;. This follows from Eqs.
(5.24), (5.7a) and the fact that elements of Q differ by vectors in A (g.). Thus,
lff; =€ + ﬁi’

So(f1:/2)=So(e,ey) (— 1) barehithif= S, (e, e,) (—1)/fmara, (5.32)
establishing the desired result. [Condition (5.31¢) hence holds because
So(eq,e,)=1.] We will construct 1, with these properties in Sect. 6.

Finally, note that, if we have constructed functions ¢,, associated with the
points x € A, acting on momentum states |y for y € A, we can extend ¢, so that it
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acts on states with momentum in some larger lattice A’ > A, by dividing A" into
cosets A; with respect to A and, choosing a vector 4; € 4}, then replacing ¢, by

itk ¢ e, (5.33)
J

It is straightforward to check that this generalised ¢, has the property (5.2).

6. Construction of the Fermions

In Sect. 4, we saw that to construct the level 1 representation for a simple algebra g,
we need to introduce a fermion field ¥, (z) for each orbit Q of &g under the Weyl
group of g;, and that these orbits could be labelled by Q,;, 1 £i<j=<n+1, where
n=1for so(2r+1), r—1, for sp(r), and 2 for F,, i.e. the number of short roots
of g. To do this we use fermions associated with the points of unit length on

A= Ay sutnt1)), (6.1)

V2

the root lattice of su(n + 1) rescaled by a factor of 1/}/’ 2.
Taking an orthonormal basis ¢, 1 £i<i<n+ 1), for R"*!, we may take 4, to
consist of the points

1
V2

A basis for A, is provided by

(mEy+myé,+. o+ m &r ) 2m;=0. (6.2)

“gzL—(éi_le)a I=sisn. (6.3)

V2
The points of &g unit length on A, are

1
Vij=%

We shall write ;>0 if i > j and y; <0 if i <j. These divide into $n(n+ 1) pairs
Q={xvy, vu=—vy:i<j}, (6.5)

which correspond to different cosets of A,/2A4, which, like Ag(g)/Ar(gL), 18
isomorphic to (Z,)". We associate to each orbit Q one of these pairs Q', by
associating Q; to Q;;.

To write down a fermion vertex operator for each y e @ we need to define
suitable functions ¢ of momentum, x e 4,.

These will be specified up to gauge equivalence by specifying a symmetry factor
S5 (x,»), x,yeA,. We shall see that it is crucial to do this in a way correlated with
the cocycle to be used for A (g) or, more particularly, its symmetry factor S,. To do

(&i—=¢&p,  iF]. (6.4)
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this note that, since # is the number of short simple roots of g, we may order the
basis of simple roots ay, ..., «, for g so that it has the following properties:

1) 0, €lg, 1=5iZsn; o;€d,, n<izr; (6.6a)

(ii) the lattice generated by o,,..., o, contains points in all the orbits Q of @
with respect to the Weyl group W (g;);

(iii) ot o= ot oL, 154, j<n, (6.6b)

equalling —% if |i—j|=1, 1 if i=j and 0 otherwise. We derine S (x, y) by

So(atf, o) = So (04, ;) - 6.7)
Then S; has similar properties to S,; in particular
So(x, ) =(=1*", (6.8)
if either x or y €24, and, if ¢, f/ €Q;,
So (f{,17) = Sp (e, e3) (—1yi e, (6.9)

In consequence of this and Eq. (5.32), if ¢; € Q;, the orbit in A (g) corresponding to
Qiin A,
So(ey,e5)=Sy(eq,e,), (6.10)

provided that e, - e, = ¢} - €;,. We suppose that we define from this S}, ¢, and ¢
using the procedures of Sect. 5.
We are now in a position to write down fermion fields ¥, (z) for y € &g, acting in
a bosonic Fock space 7, generated by annihilation and creation operators o/ from
states [x), x€A,,
Y,(2)=U'(y,2)¢ (6.11)

[with U’ defined in terms of o)/, 7" ¢, p’ in an analogous way to Uin Eq. (2.7)]. From
(3.1), the product of such fields has the structure,

Y, @V, (D)= (r1,72) =¥, L (2,0, 1K<zl (6.12)
where ¥, . has the properties:
v,.,,c0=Y,,C2, (6.13a)
and is regular at z={ with

Y, (z0=z+0(z—-0) at z=C (6.13b)

¥, @GO =Ve W, @0+ 0E=0, if y9,=-1  (6.13¢)

This provides one complex field for each orbit because
Y, (2 =%_,1/z%). (6.14)

To get a single real field associated with the orbits Q of &g we set

%(z>=v1—§{%<z)+ v o), (6.15)
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where y € Q' the orbit of A, corresponding to y. In considering the products of such
fields, we need to consider the relationship between g (y,, 7,) and eg (— 7y, —7,). If
we set

&' (71,72) =0 (71, 72)/80 (=71, —72) (6.16)

the corresponding symmetry factor S’ (y,, 7,) is given by

S (1572) = S0 (715 72)/So (=71, =72), =1 (6.17)

by (6.9). But since, by the results of Sect.5, ¢ is determined up to gauge
transformation by S’, it must be gauge equivalent to unity, i.e.

& (72 =y vV G1+72) (6.18)

for some function v(y). If we make a gauge transformation u(y) on &, satisfying
(5.23), it induces a gauge transformation given by v(y) =u(y)>. Thus we may
arrange that

&0 (11> 72) = &0 (=71, —72) (6.19)

by a suitable gauge choice, and henceforth we shall assume that this has been done.
[Alternatively but equivalently we could replace (6.15) by

1
V2

effectively fixing the relative phases of ¥, and ¥ __.] This choice of cocycle takes
values amongst the eighth roots of unity, the powers of e/,
It is now straightforward to check that Egs. (4.17)-(4.20) hold with

2(Q1,2)=S(1,72),  for yy-y,=0, (6.21)

Po(@)=—7={u®¥,@+u(=n¥_,)}, (6.20)

and
N(Q1,2,) =¢0(71,72), for ;9= i%, (6.22)

where y; € Q,. [The consistency of these equations is guaranteed by Egs. (6.9) and
(6.19).] The necessary properties (5.31) follow from (6.10), because, if e, - e, =0,

2(Qy,2,)=Sy(e;, ) (6.23)
and

So(er,e2)* =50 (2e;, €)= (— 1y = (—1ya=1, (6.24)

whilst, if e, - e, =1,
2:(Q1,2) =S, (e1, L ey),
so that
So(e1,e,) 2. (Q,2,)=S,(e;,e; tey),
(1o re) = (=) a2, (6.25)

and similarly for e; e, = —3.
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To complete the construction it remains to define more carefully the space in
which the vertex operators (4.4) to (4.6) act. It can not be simply # ® # ', where #
is the bosonic Fock space defined in Sect. 2 for the vertex operator construction for
g, and S’ the space defined in this section for the fermions ¥, because the vertex
operators (4.6) would not have expansions in integral powers when acting on all the
states in this space. The problem is that Ul(e,z), e € @g, acting on a state with
momentum x, behaves like a Ramond field if e, x € Z + %, and a Neveu-Schwartz
fieldife - x € Z. Similarly ¥, isanR field on states with momentum yify - y € Z + 3,
yeQ’, whilst it is an NS field if y-yeZ. We correct for this by arranging the
momentum in the # and #' factors to be correlated so that we always have a
product of R fields or a product of NS fields, thus giving an expansion in integral
powers of z.

To correlate the momenta in this way, we divide & into a direct sum of
subspaces #,, each consisting of states with momenta in a coset A, of
Ar(8)/Ag(gr), 0=a=<2"—1 and similarly divide # ' into subspaces S, with
momenta in A/, the cosets of 4,/2 A,. The labelling is to be arranged so that sending
A, A, defines an isomorphism

Ar(&)/Ar (g1) = A,/24, = (Z,)" (6.26)

[thatis,if A, + A, = A, then A, + A, = A.], and so that if an orbit Q, = A, then the
corresponding orbit Q, = A;. Then we use as our space of states

@A, =), (6.27)

and this ensures that all the vertex operators are single valued.
There are other ways of assigning momenta. Suppose uy,...,u, are
fundamental weights of g corresponding to the basis of simple roots of (6.6), so that
2ai'ﬂj/ai2=5ija Isij=sr, (6.28)

and u,..., 4, correspond in a similar way to o} e that is
O(;/'t;=% ij> 1§iaj§n’ (629)

Then for each j, 1 <j<r, we may use a space (6.27) where the momenta of 5, are
taken from A, + u; and the momenta of #, are taken from A, + u;.

7. Derivation of the Construction Using Diagram Foldings

Each non-simply laced algebra g occurs as the subalgebra of a simply-laced algebra
go In such a way that a level 1 representation of g, provides a level 1 of
representation of g, because the root length of g, is that of the long roots of g. We
can define g as the subalgebra of g left invariant by an outer automorphism of g,
which thus corresponds to a symmetry t of its Dynkin diagram. These symmetries
are illustrated in Fig. 1. Let us postpone the discussion of the special case of G, until
Sect. 8. In the other cases T2 = 1. The number of simple roots of S, left invariant by t
is n, so that rank g=r+ n. We have labelled them f;,, 1 <i<r,and ;, 1 <j=<n,
with

(B =pi, 1sj=n;  (f)=Pf,n<is==r. (7.1)
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It follows from the fact, for each simple root, either =(;) = f8; or t(f;) - ;=0 that
this property holds for all the roots e ®(g,), the root system of g,, i.e.

either t(f)=p or () - f=0. (7.2)

In any case it is straightforward to check this directly.
Let us now consider how t is extended from the roots to the algebra g, which we
suppose is written in the form

[H',H']=0, (7.3a)
[H' EF]=B'E*, (7.3b)
(B, EP ] =e(B,BYEFTF, if B+Pp'ed(g0), (7.3¢)
=p-H, if pf=-p, (7.3d)
=0, otherwise. (7.3¢e)

We can choose the cocycle ¢ so that it is invariant under t

e(t(B), t(B))=¢(B,B"). (7.4)

[To see this, we use the construction of (5.15) with the operators §; and 7},

corresponding to §; and ], respectively, in (5.14) written in the order 7, 91,..., 7,,
Prs DustseresPp-] It then follows that

t(ER=E®,  t(x)-H=x1(H) (1.5)

defines an automorphism of g,. The Cartan Subalgebra of g is spanned by y - H,
where y =1(y), and in this case

Ly H B4 E )=y (3p+37(B)} (B + EX7). (7.6)
This g, has long and short roots given by
o, ={p: B=1(B)} (7.72)
and
Ps={3p+31(f): B-1(B)=0}. (7.7%)

. 1 1
These corresponding to step operators E* for long roots and 5 Ef 4+ — E* for

V2
short roots.
We now wish to reobtain the construction of Sect. 4 and 6 from this embedding.
To do this we must be able to rewrite

EP )+ E*P(2)=U(B,2) cy+ U(t(f), 2) ¢,y (7.8)

as a product of functions of 3§ +4t(B) and 1 —17(p), if f-1(B)=0. This is
straightforward for the vertex operators:

UB,2)=UGB+31(B),2) UGH—37(P),2) (7.9)

as3f+37(f) and 3§ — 37 (f) are orthogonal, but we must also be able to factor &,
in this way. For this, we must extend the definition of ¢, from y € Az (g,) to the
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(1)

2 3 r-1 r
.. —0—0 g,=s0(2r+2)
v
1 2 3 r-1 r
o=£0—0— -+ —0—0 g=so(2r+1)
(i)
1 2 r-1 r r-1 2"
OO + + + OO« + + —O——O gozsu(2r)

1 2 r-1 r
o0—o0—--- —a=x£0 g=splr)
(in) .
1 2 3 2 1
< ~ 7 7 9=E
1 2 3 4
O——C=E0—0 g=F,
(iv)
2
( \' g =so(8)
1074 o3 0
1 A
== g=0,

Fig. 1. Definition of non-simply-laced algebras by symmetries of simply-laced algebras

lattice spanned by 3y + 21(p), y € Az (g,)- This lattice is isomorphic to the direct
sum Ay (g;) ® 4, and we can construct a cocycle for it by taking the product of the

cocycles ¢, for Ax(g;) and ¢; for 4, used in Sects. 4-6.

e(ri,72) =01, 377) €0 Gri 372,
where 77 =3y, % $1(y;). It is then the case that
Cp=Cp- 8y
b U e +
—E (z)+—]/—§Et Dy=UB*,2)cp Py,

where

W= UGB et U(=p D),

V2

(7.10)

(7.11)

(7.12)

(7.13)
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To complete the connection with the construction of Sect. 4—6 we need to show
that ¥ ;- depends only on the orbit of 1B+ %1 (B) under the Weyl group generated
by 6,, where a e ®;. If B* =77, with B-t(f)=71(y) =0, then

B—t(B)=y—1(),
so that
2=B-y=B-(,

and thus either (i) f-y=2, f-1(y)=0, in which case f=y and f~=y7; or
(i) p-y=1, B-1t(y)= —1, in which case f=o0,(y) for a=7—f and ae®;; or
(iii) p-y=0, B-1(y)= —2, in which case f= —1(y) so that 7 =v". Now, if
wedy, g,(f)=p— (x-B)a so that ¢,(f~)= ", which shows that ¥;-(z) does
indeed only depend on its orbit under W (g).

8. The Construction for G,

The algebra G, is the only simple algebra with roots of squared lengths in the ratio
3:1. Wetake thelong roots @, to be of g squared length 2, as usual, so that the short
roots &g are of squared length two thirds. The root diagram of G, is shown in Fig. 2.
We see that @, is the root system of g; =su(3), that

A () A (g) =23,

replacing (4.15), and that the elements of &g correspond to the 3 and 3
representation of su (3). These correspond to the two orbits of @5 under W (g;) and
we shall label them Q, and Q,, respectively, so that Q = {y;,7,,73}, in the notation
of Fig. 2, and Q= {—7;, —7,, —73}. .

The algebra G, has a basis consisting of H},, EX, E}, j=1,2, ae®,, y €Dy,
meZ; and, for a level 1 representation, the algebra is given by Egs. (2.24) together
with

[Hritsz]zyiEr}r;+n’ (81)
[En, Efl=¢ (o) Eni, a+yeds (8.2a)
=0, otherwise, (8.2b)
[E%’E§]=3(%é) E;);xtcna ’y-l_éeéL (833)
2
=17§6(%§)E£ﬂ§.’ 7+ Eeds (8.3b)
=e.}1m+n_5m+n,o’ ’Y=—‘f (836)
=0, otherwise. (8.3d)

Here again each ¢(4, 1), A, u € @, is + 1. [In a Chevalley basis related to this Cartan-
Weyl basis by F? = (2/y?)!/? E?, the structure constants would be integral.]

Asin Egs. (4.4) and (4.5), we use the usual vertex operator construction for H,
E*i=1,2, ae®;, neZ, and for the short roots we introduce

E'(2)=U(y,z)c,¥,(2), (8.4a)
E7(2)=U(=7,2)¢,¥,(2), (8.4b)
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Fig. 2. The root of diagram for G,

for yeQ, so that —yeQ,. We further need, to obtain the correct hermiticity
properties,

Y, =¥,1/z%). (8.5)
This time the definition of the cocycle is easier because,
(=) P=(=1)>7, (8.6)

if either ¢ or ff € @, and the latter expression has values + 1 on the whole of A4, (G,).
Thus, following the general construction of Sect. 5, we introduce a cocycle ¢,,
defined on this root lattice with symmetry factor S(o, ) given by (8.6). The
properties we demand of the fields ¥, (z), ¥ ,(2), which are not really fermions, are
consequently simpler than Egs. (4.17)—(4.19). In view of Eq. (3.1), for e* = /> = 2/3,
we need

Y, P,O=E-0"P K0, <]z, (8.7a)
P, P,O=0E-0)""PKuz0), [L<lzl, (8.7b)
with analogous equations for K,,, and
K, (2 C)=%22/3 P.(2) {1+0(z—0)}, (8.82)
K(z,0) = K ({,2) =27 {1+ 0 (z = )?}, (8.8b)
K, (2, g):l% 2R (2) {(1+0(z—-0)7%). (8.8¢)

To construct ¥, (z), ¥,(z), we use vertex operators acting in a Fock space ’,
generated by annihilation and creation operators o/ from states |x», xeA’

= /2 Ax(G,). We define

1
V3
and ¥ ,(z) is defined by Eq. (8.5) or, equivalently, by changing y; to —7,in Eq. (8.9).
It is then straightforward to check that Egs. (8.8) hold.

It remains to place restrictions on the momenta so that E7(z), as defined by Eqgs.
(8.4), have expansions in terms of integral powers of z. We divide the space 5, in

Y, (2)=—= U297, )+ U(V2y2,2)+ U(Y/275,2)}, (8.9)
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which the H,} act, into cosets #,, #,, and #,. With a similar division of # into
Hy, H,, and #, the space we should use is

(Ao @ H) @ (H,@H)) ® (H,@H)). (8.10)

We can obtain this construction from the embedding of G, in D, =50 (8)
illustrated in Fig. 1 (iv). We denote the simple roots of g, =D, by

=6 =&, =83+ C8, a3=C3—Cy, wu=¢—&5, (8.11)

where &, 1<i<4, is an orthonormal basis for R* and define an outer
automorphism t of D, of order 3 by

(o) =0, T(a)=03, t(a3)=0y, T(0)=o04. (8.12)
Note that 7 has the property that
B+1(B)€2Ay(8o), (8.13)

for f=u;, 1 £i<4, and so for any € Az (go)-
The root system of g = G, is obtained from that of g, = D, by taking the vectors

a=%a+3t(@+3it% (@), aed(g,). (8.14)

It can be again shown that, foreach o € @ (g,), either o« = 7 (&) or o * 7 () = 0, and the
vectors & have squared lengths 2 or 2/3, respectively. Then, for o, ff € Ax(go),

3a-f=a-{f+t(B)+7*(B)} =« P, mod2, (8.15)
because, by (8.13), T(B) +12(B) €24, (g,)- The importance of this is that, since
(=13 B=(=1)"5, (8.16)

we can construct a suitable cocycle for D, by using a function ¢, of &, invariant
under 1, because 1 (&) = & Then, with this cocycle,

T(E)=E%, " '(x)-H=x"t(H) (8.17)
defines an automorphism of D, and this extends to D, with t mapping
E*(z2)=U(o,z)c;— U(t (), 2) c;- (8.18)

G, is obtained as the subalgebra left invariant by 7. We take as basis the components
of
o H(z); E*(2), o =1t(), (8.19a)

and

7% (E*(2) + E*9(2) + E°®(2)}, o 1(2)=0, (8.19b)

where o € @ (g,). The latter operator can be rewritten as
U@, z)c; P(2), (8.20)

where
Y()=¥,(z2) or Y2, (8.21)
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with
w,() = % (Ui, 2+ Ui, 2)+ U, 20 (8.22)
}“1=%‘(é1 — &= &), Ay =1(Ay), /13=12(/11), (8.23)

and ¥, similarly defined replacing 4; by —A;. Thus we have regained our previous
construction.

9. Generalisations of the Construction, Triality, and the Magic Square

In this section we generalise the construction of Sects. 4-6 and make a remarkable
connection with Freudenthal’s magic square. In Sect. 4 we saw that if A= Az (g)
and A, = Ag(gy), for g=so(2r+1), sp(¥) or F,, then

(a) A, is an even integral lattice;
(b) A/Ay={A,0=5a=s2"—1} =(Z,)"
(c) Ay, U4, is an integral lattice;

nbeing 1, r — 1 and 2 respectively, that is the number of short simple roots of g. It
follows from these properties that 24 = A, = A and A, = A*, (the lattice dual to A).

Hence ﬂ/l is an integral lattice. Conversely given lattices 4, < A with these
properties (), (b), and (c), it can easily be checked that AP U AY) satisfies (2.1) and
hence constitutes the root system for a Lie algebra g, where I'™ denotes the set of
points of squared length m on the lattice I'. Another example of such a system,
satisfying (a), (b), and (¢), is provided by A = 1/]/2 Ag(su(n+1)) and A,=241,
though in this case A% is empty so that g, = su (n + 1) is simply-laced but with the
root lengths set equal to 1 rather than }/2.

These four examples have another common feature; they can be understood in
terms of the folding procedure of Sect. 7. Let A’ be an even integral lattice with an
automorphism t of order 2, so that t(A")=A’, t* =1, and define

A={Ex+4r(x): xea'}, (9.12)
Ag={x:xed’, 1(x)=x}. (9.1b)

Then properties (a) and (b) follow for some value of n, while (¢) is an extra property,
which is valid if A'=Ag(g’) or if A'=Ag(su(n+1)) D Ag(su(n+1)) and ¢
interchanges the two pieces.

The cosets A, have a property of being either even or odd, that is, if x € A4, x* is
either an even or an odd integer, irrespective of the choice of x. It is this property
which determines whether x-yeZ or Z + %;if xe 4,, y € A, x y is an integer if and
only if either none or two of A,, A,, A,+ A, are odd, and otherwise x - y € Z + 3.

We say that two systems satisfying (a), (b), and (c) match if they have the same
value of n (though possibly different dimensions) and we can establish an
isomorphism between the (Z,)" groups which preserves the oddness and evenness
properties.
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We now define a way of combining two matching systems A and A, satisfying
(a), (b), and (c), to obtain an even integral lattice, which we denote by A - A, whose
dimension is the sum of that of its components.

A A= 4,® 4, 9.2)

Since it is even and integral, (A - 4)® constitutes the root system of a simply-laced
Lie algebra g,. ;. We shall now present the corresponding multiplication rules for

the lattices Ag (B,), Ax(C,), Ag(Fy), Ag(4,)/1/2, which match when 7 does. The
valuesn = 1 and 2 are special. [t is easy to check that if n = 1 the only possibilities are

A (B,) [noting that A (B,) = Ag(4,)/}/2] and that
AR (Br) ' AR (Bs)=AR (Dr+s)' (93)

If n= 2 the multiplication table giving g,.; is

L Ap4y) Ax(C) Ar(Ey)

V2
1
— Ar(4,) A4,® 4, As Eg
V2
AR(C3) As Dy E,
Ag(Fy) E6 E, Eg
For n=N-—12=3, we have

—1~A (An_-1) Ar(Cy)

]/5 R N—-1 R N
]%AR(AN—I) su(N) @ su(N) su(2N)
Ar(Cy) su(2N) so(4N)

The table for n = 2 bears a striking resemblence to Freudenthal’s magic square and
this will be enhanced when we consider the relation to our vertex operator
construction.

Associated with any one of the systems A, < A, satisfying (a), (b), and (c), we
can define bosonic fields H'(z), 1 £i < n; E*(z2), w € A'®, and fermionic fields ¥? (z),
y €AW, acting in a space # = @ #,. We shall denote by €, , ; the system given by

g=su(n+1), by H,., the system given by g=sp(n+ 1), by O; the system given
by g = F,, and henceforth omit from consideration g = B, which is only relevant for
n=1. Corresponding to the combination of lattices (9.2), we can define a bosonic
combination of these fields, given two matching systems A and A, which will yield a
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level 1 representation of the affinised version of the simply-laced algebra g,. ;,
defined by (9.2). This representation is generated by the bose fields:

Hi(z), 1<i<dimA; Hi(z), 1<j<dimA;
E*(z), E¥(2), aedA, o« eAf); 9.4

V()P (2), y€Q, Y ERQ; 15i<js<n+1.

jo ij>
The main construction of this paper resembles this but consists instead of
multiplying the system associated with A by yet another system that we shall denote

R,, say, consisting of 3n(n+ 1) real fermi fields, to obtain
Hi(z), 1£i<dimA; E*(z), aeAy;
V() Vo, (2), 7€Qy;, 1=Si<jsn+1.

ij>

©9.5)

Reinterpreting the tables in terms of (9.4), we can augment them by an extra row
and column to take account of (9.5). The resultant tables are:

Ry Cy Hy
Ry so(N) su(N) sp(N)
Cy su(N) su(N) @ su(N) su(2N)
Hy sp(N) su(2N) s0(4N)

where, as before, N =n + 1 = 4. In the special case of n = 2, in which we can also use
O ;, we now obtain precisely the magic square of Freudenthal:

R; G H, O,
R, A4, 4, c, F,
C, 4, A4,®4, A Eg
H, C, A Dy E,
O, F, E E;, Eg

All of the corresponding representations of Kac-Moody algebras are at level 1
except for the su (V) obtained from IRy x €y and so (V) obtained from Ry x Ry,
which are level 2. The Eg entry in this last table was already constructed in this
fashion in [9] and the other entries in these tables constitute the promised
generalisation of that work.

The notation R, €, IH, © that we have used is of course suggestive of the real,
complex, quaternionic and octonionic division algebras, respectively, and is
justified because the real dimensions of these algebras, 1, 2, 4, and 8, respectively,
coincide with the number of fermi fields associated with each coset 4/4, in the
corresponding system. These fermi fields can be used to define the appropriate
multiplication law [10].
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10. The Virasoro Algebra

In this section we verify directly that the Sugawara construction of the Virasoro
algebra yields the anticipated values (1.6) of ¢ in (1.2). This argument generalises
one due to Frenkel [10]; see [3] for a review. We shall calculate

1
3(2)=E i T (T () %, (10.1)
using the vertex operator representation of Sects. 4—6, where
2
ﬂ:; [r + ny, + (S/L)* ng] (10.2)

with r = rank g. The part of the sum corresponding to the Cartan subalgebra of g.

¥

Y T'@T () X ; (2, (10.3)

a=1
where P/ (z) is defined by Eq. (2.23). The corresponding contribution from the long
roots of g is
L E@ET() L =3 {e P}, (10.4)
where the sums are over o« € ¢, by the same argument as in the simply-laced case
(see e.g. [3]). The contribution of the short roots is

lim ) V2

220 9 yeq Z'—C

'{iexp(i?‘[Q(Z)—Q(C)DI [¢ Yo@¥o(D) o +4(0]- 1/ C}» (10.5)

where —
1
A(z,o=ZV_Z§ or 52t

in the Neveu-Schwarz (NS) or Ramond case (R), respectively. We can rearrange
(10.5) as z tends to { of

(10.6)

Z > 1/ CXP(iV'[Q(Z)—Q(C)])I [3 Po(2) Yo ) o +A(z,C)—g/_LCJ

yeQ €
t s C)z X {eos(r-10() —QOD -1} (10.7)
Now : o
l}fngz 7 s Yo W) 5 =3 dz" v, . (10.8)
so that (10.7) yields
ZIQI{ lP” P, 0 +2s}+2 Y {ar P(2))%, (10.9)
y€Ps
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where | Q| denotes the number of points in an orbit Q, and £is 0 in the NS case and 1%
in the R case. If we write
dy,

1 o o
LQ(Z)‘:—z‘Z o ?q’g ° +e, (1010)

each L, (z) satisfies the Virasoro algebra with ¢ =14, but they do not commute for
different Q. Thus

Y X TU)T2) § =: P(2)*: +% YilarP@P: 42121 Y Ly(2). (10.11)

aed

To simplify this, we use

Y ao=yl,, (10.12)
aeP
from which it follows that
ry=2n; +2ng(S/L)?, (10.13)
and so
1+4iy=1p. (10.14)

This means that we can rewrite

|Q]
1+4

1 ¥
$(z)=§ Y P(2*: + Y Ly(2), (10.15)
j=1 Q
where we have also used (1.5).
Evaluating case by case, we find that the factor

|2 4
= 10.16
1+h n+3’ ( )
where 7 is again the number of short simple roots of g. Thus, for so (2r + 1), which
has n =1, this is unity and we have the Virasoro algebra corresponding to a single
real fermion, which has c-number £ as required. In general the c-number associated
with

4
P %Lg(z) (10.17)
is
1 4 1 n(n+1)
§n+3§n(n+1)— ni3 (10.18)

as only the diagonal terms contribute and there are 37 (n + 1) of these. This agrees
with (1.6) and (1.11). We can verify directly that (10.17) stisfies the Virasoro
algebra, by using

L@ =1: (P} : +1UQp2)e? +1U' (=29, 9)¢2,  (10.19)

-y

where y € Q' and the notation is as in Sect. 6.
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11. Conclusion

In this section we want to mention our reasons for thinking that the nature of the
construction we have found is relevant to a better understanding of the fermionic
string theory or possibly, superstring theory.

The Kac-Frenkel-Segal construction using tachyon vertex operators furnished
level 1 representations of affinisations of simply-laced Lie algebras. It was pointed
out by Goddard and Olive [4] and by Frenkel [12] that a covariant version of this
construction could be applied to “Lorentzian algebras” corresponding to even
integral lattices in twenty six dimensions or less. The even self-dual lattice in twenty
six dimensions, IT1?%! related, it was conjectured, to the 26-dimensional theory of
open bosonic strings.

There is a corresponding algebra I1°'! for a ten-dimensional even self-dual
lattice and its Dynkin diagram is E| ;, the natural extension of those for the E series
of Lie algebras that have been proposed as the symmetry of 11-dimensional
supergravity theory when compactified to one dimension [13]. However, E,, would
seem to be an inappropriate Dynkin diagram for the fermionic string theory in 10
dimensions for two related reasons. First, the algebra I1I°! can be represented by
bosonic tachyonic vertex operators the critical dimension of whose Virasoro
algebra is 26, not 10. Second, the fermionic string theory possesses two tachyon
states with mass squared — 2 and — 1 respectively, rather as if it corresponded to a
non-simply laced algebra. The first tachyon actually decouples but its Regge
recurrences are physical. The second tachyon corresponding to the “short roots”
has an emission vertex proportional to : exp (ik - Q) : with k* = 1, times a fermionic
field, the Neveu-Schwarz field. This therefore resembles the construction of our
paper when the ratio of the squared length of the roots to the short roots is 2. We
therefore want a non-simply laced Dynkin diagram with 10 points, which can
presumably be obtained by our folding procedure from a simply-laced diagram. An
example of what we mean, though we are uncertain that it is the correct example, is
provided by the Dynkin diagram of the Lorentzian algebra corresponding to the
18-dimensional even self-dual lattice 7*7-*. Its diagram has 19 points and just one

Z, symmetry:

Folding the diagram, identifying points related by the symmetry, leads to a non-
simply laced diagram with 10 points as described:

N D

Our suspicion is that this or a similar diagram, perhaps with the arrow reversed, is
relevant to the fermionic string theory. To substantiate this we must repeat our
analysis in the Lorentzian situation. This is why we tried to couch our arguments in
as general a form as possible.

If we could generalize our procedure in this way we would have understood how
the fermionic string theory could be obtained from a bosonic string theory in a
higher number of dimensions. It would be more statisfactory if the higher number
of dimensions were 26 rather than 18, but the I1?°"* Dynkin diagram possesses an
infinite number of points so that an infinite order symmetry would be needed.
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Another point of potential relevance to super or heterotic string theory that we
should like to point out occurs in Sect. 9 where we reveal a connection between
octonions, F,, and Eg, and hence with (F,), =D,.

Finally let us mention that the representations obtained for the sp (n) algebra
allow a realization of the FQS [7] discrete series of the Virasoro algebra in terms of
bosonic variables.

Goddard, Kent and Olive [14] gave a construction of the FQS series using the
Sugawara construction for the sp (n)/sp (n — 1) x sp (1) coset. Using formulae (4.4)
and (4.6) for the sp(n) generators in the expressions of [14] the contributions
coming from the simply-laced part cancel out leaving only the contributions
originating in the ¥, fields. Using the explicit expressions for ¥, (6.11) and (6.15),
it is possible to write the Virasoro generators for ¢ < 1 purely in terms of bosonic
fields.
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Note added in proof. In the course of the preparation of this paper, we became aware of other work
on non-simply-laced algebras. A paper by A. Bais, F. Englert, A. Taormina, and P. Zizzi [15]
deals with representations with level higher than 1, such that the Virasoro c-number is an integer,
and does not involve the use of fermion fields. Thus it does not appear to be directly related to our
present work. On the other hand, work to appear by D. Bernard and J. Thierry-Mieg has a
considerable overlap with that presented here, and we are grateful to them for comparisons
between our approaches.





