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Abstract. We study the behaviour under deformation of holomorphic bundles
of rank 2 over IP,(C). This is then applied to the description of the moduli space
M, of framed SU(2) instantons of charge n; M, is shown to map to C”, with
equidimensional fibers. We use this to provide a stratification of M, and
compute the strata explicitly to codimension 4. This then yields 7,(M,)=Z,,
and, for the standard moduli space M,, n,(M,)=0 for n odd, Z, for n even.

1. Introduction

By twistor methods, instantons are known to be equivalent to holomorphic vector
bundles on P4(C) [1]; using the monad construction of Horrocks [12], a
description of all solutions was given in [3]. Still, very little is known about the
moduli space of solutions; recent work of Donaldson [6] has, however, reduced
the problem to classifying certain semi-stable bundles of zero first Chern class on
P,=P,(C).

It is then natural to try to use this to classify instantons. It turns out that a
convenient method for doing this is to restrict the bundle again, to the family of
IP,(Cys in P, through a fixed point, and to study the behaviour of the bundle as
one varies the IP, in the family. The purpose of this article is thus twofold: to
examine the behaviour under deformation of holomorphic vector bundles over
P, =P, (C), and to apply the information gained to the classification of semi-stable
vector bundles over P, (“bundle” is to be taken throughout to mean “holomorphic
bundle’; all the results here concern the classification of holomorphic structures).

We have restricted our attention to bundles of rank two, which correspond to
the gauge group SU(2). We obtain a description of the moduli of SU(2) instantons;
it complements the monad theoretic work of Barth [5] on stable 2-bundles, but is
more geometric in nature; it has the advantage of being concrete enough for us to
compute, for example, the fundamental group.
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Consider then a rank two bundle E over IP, with ¢, (E)=0; one has the theorem
of Grothendieck [9], which implies that any such E splits as a sum of line bundles:
Ex0(k)®0(—k), k=0, k unique [O(j) is the j™ tensor power of the hyperplane
bundle, O(—j) its dual]. Consider now a bundle E over IP, x U, U open CC"; E
splits over each P, x {x}, xe U, as O(k,)®O(—k,), k,=0. Let p: P, x U-IP; be
the projection, and let @(j) on IP, x U denote the lift p*(O(j) of the line bundle on
P,; set E(j)=E®O(j). Then,

hO(Py x {x}, E(— 1) =h°(P,, Ok, — )@ O(—k,— 1) =k, .

Semi-continuity of the A”s [10, III —12] then shows that the generic k, is the
minimal one; if E is trivial on a IP,, then it is trivial over an open set. Assume that
this is the case; then, the lines in the family U over which E =+ 0@ are called the
jumping lines of E, and in fact constitute a hypersurface in U.

The problem, thus, is essentially a bifurcative one: to study how a bundle
jumps. It is this question that we attack in Sect.2; we compute a versal
deformation space, define the multiplicity of a jump, and describe the jumping
hypersurface.

In Sect. 3 the above is applied to the study of the moduli space M, of framed
SU(2) instantons of charge n. This space, by the work of Donaldson [6], is
equivalent to that of framed SI(2, C) bundles E over P,, with ¢,(E)=0, ¢,(E)=n,
which are trivial along a fixed line. (By a result of Grauert-Miilich, they are
semistable.) We pick a point on that line, and blow it up, to obtain a surface P,
ruled by a pencil of lines. E lifted to IP, has n jumping lines (with multiplicity) in this
pencil; we show how E and its S1(2, €) framing is completely determined by the
choice of these lines, and some extra information “concentrated” at the jumping
lines (3 parameters per jump.) The key idea is that bundles on IP, correspond to
bundles on I, trivial over the exceptional divisor C; this triviality can be viewed as
a connection along C, and one is led to classifying local equivalence classes of
(bundles + connections). This description is concrete enough to give us
n,(M,)=2Z,; from this, one deduces for the unframed moduli space of instantons
M, that n,(M,)=0if nis odd, Z, if nis even. The section ends with a description of
how to extract a monad from our construction, thus linking the two descriptions of
instantons.

2. The Local Geometry of Jumping Lines

This section is devoted to the local geometry of a rank two bundle E over a family
of P,’s parametrised by U open in C", i.e., over IP, x U. Our approach throughout
will be to study an associated transition matrix for E. Let z be a standard affine
coordinate on IP,, and let x=(xy,...,x,) be coordinates on U, such that
{x=0}eU. E is trivial on {(z,x)eP, xU,z+ 0}, {(z,x)eP, xU,z+0}; we
consider transition matrices from {z# o0} to {z+0}. As in the introduction,
denote by (k) the lift of the line bundle O(k) on P, to IP, x U; note that z *is a
standard transition function for ¢(k) with respect to our covering. Let E, be the
restriction of E to IP; x {x}; then;
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Proposition 2.1. Let E, =~ 0(j))® 0(—}),j =20, let k >j; then E has a transition matrix,
in a neighbourhood of x=0, of the form:

2 pelx, Z))

Ti(x,z)= <0 -k (2.2)

k—1
where pp(x,2)= X pdx)z' [p(x,2)=0if k=0] and p(0,2)=0 if k=j.
=k+1

12

Proof. One chooses an embedding, at x=0, of O(—k) in E, i.c., a nowhere zero
section of E(k); if k=j, choose the natural one. We show that this section extends
over a neighbourhood of x =0. Write IP{" for the n'® formal neighbourhood of
P, x {0} in U; one has the exact sequence,

0-E()®@S"(N*)»E(k)®0p,(n)»>E(k)®@0p,(n—1)—0,

where S"(N*) is the n'™ symmetric power of the conformal sheaf of P, x {0} in
P, x U. This bundle is trivial; as H'(IP;, O(k —j)® O(k +)) =0, any section of E(k)
on the (n—1)™ formal neighbourhood extends to the n'™. By Grothendieck’s
theorem on formal functions [8], the section extends to an actual neighbourhood
P, x V, and so one has over P, x V: 0—0(—k)— E— 0(k)—0 and, corresponding
to this, a transition matrix:
<Z" p(x, Z)>
0 z*

[p(0, z) =01if j = k]. Pre-multiplying by matrices holomorphic in x, z~ !, and post-
multiplying by matrices holomorphic in x, z (i.e. changing trivialisations) one sees
that one may kill in p all terms of order < —k or =k in z.

Corollary 2.3. C*~' is a minimal local versal deformation space for a bundle
Ex~0(k)®0O(—k) over P,.

Proof. Let s;, i=—k+1,...,k—1 be coordinates on €C3*~!; define a transition
matrix for a bundle F over IP, x €?*~! as the T} associated to pg(s,z)=3s,z".
Then, for any bundle E over IP, x U, if p,(x) are the functions obtained for E in
Proposition 2.1, map U to C* ! by x—(pi(x)).

If p is the corresponding map IP, x U—IP, x C**~1, it is clear that Ex~p*F.

To see that the dimension (2k—1) is minimal, we consider one-parameter
“linear” deformations given by pg(x,z)=xY p.z, pi(x,z)=x3 p;z' with at least
one p;#0. Then one has Ex Eiff Ic £ 0 with (p_p 4 1» ooy Pae 1) =C(P— it 15 s Pr1)-
For suppose that E= E; one then has a nondegenerate section of E*® E. Using the
forms (2.2) of the matrices for E, E, one has the matrix for E¥*QE:

2% —ppz* ppz* —peps
0 1 0 ppz®
0 0 1 —pgz®

0 0 0 =z %

over x=0, as py=p;=0, our non-degenerate section over z=+ oo is of the form
0,a,b, f(2))", f(z) polynomial of degree <2k, a+0=+b, a,be C. The obstruction



110 J. Hurtubise

to the extension of this section to the first formal neighbourhood of x=0 lies in
H'(P, x {0}, E*XQ E)~ H(IP,, O(—2k)) and is precisely z *(ap;—bp;) in a stan-
dard representation of the cocycle. As the section does extend, apy=bp;.
Conversely, if pr=cps, then (0,1,c,0)" provides a non-degenerate section of
E*Q®E.

We now turn to the jumping behaviour of an E with matrix (2.2), but with
px(0, z) not necessarily zero.

k—1
Proposition 2.4. Let pg(x,z)= Y. pi(x)z'. Consider the matrix
i=k+1

1

Po(*)s  P-1(¥) o Ppsa(X)s Pops1(X)
pi(x), Po(X) o Poksa(X)s Pogsa(X)
I(x)= : : : :
Pr—2(¥)s Pr—3(x) ... Po(x), p-1(x)
Pe-1(¥), Dr—2(%) ... pi(x), Po(x)

Then E, is of type (j, —j) iff I(x) has corank j.

Proof. E, is of type (j, —j) iff E,(—1) has j independent sections. A section of
E (—1)isapair f(z)=(f1(2), f>(2))7, holomorphic in z, such that z Ty(x, z) - f (z) is
holomorphic in z ™ !: this means that [z**1f,(2) + zp(x, z) f»(z)] and z " ** 1f,(z) are
holomorphic in z 71,

The second condition forces f,(z) to be a polynomial of degree <(k—1); the
first then demands that pg(x, z) - f,(z) have no terms of orders 0,...,k—1 in z.
Writing the coefficients of f, as a column vector F, this is precisely I(x)- F =0,
and the result follows.

For an E with the generic E, of type (0,0), the jumping lines are given by the
vanishing of a determinant and so form a hypersurface. Our next task is to see that
this vanishing defines the hypersurface with the same multiplicity as that given by
the coordinate free definition of Barth ([4], see also [13, pp.214-220]). If
II:IP, xU—-U is the projection, the hypersurface is defined there via the
intermediary of the direct image sheaf R'IT _E(—1), as follows. One chooses a
resolution

0K - @®0(k;)—E(—1)—0 (2.5)

with k;<0; projecting, one obtains.

h
0—R'I K —> RUT (®0(k))—~ R E(—1)-0.

The first two sheaves are locally free, of the same rank. The hypersurface is then
defined by det(h) =0. One shows that this hypersurface has a multiplicity which is
independent of the choice of resolution.

We now build a particularly nice resolution of the form (2.5), for an E given by
2.2).

Lemma 2.6. E has a resolution:
0->0(—k—1)®*S0(—k)®**25E-0.
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Proof. Maps O(—k)—E are the same as sections of E(k). Referring to the
trivialisations corresponding to (2.2) we write out, over the z= oo trivialisation,
2k+2 maps from line bundles V,, V;, Wi, ..., W, all isomorphic to O(—k), to E:

Vo io Wi = W, W3
LIOE)CE )
0/\1/\z 72 z3
Way
“<_Pk—122k_1_17k—222k_2 _Pk+1z>
22k

Similarly, maps O(—k—1)—0(—k) are of the form (az+b) in the standard
trivialisations; thus, setting Uy, ..., U,, to be line bundles, all isomorphic to
O(—k—1), one defines the map QU,-»V,@V,®(D(W)):

Vo i i W, W Wak—1 Wi
U, 0 -z 1 0 0 0 0
U, Pz 0 —z 1 0 0 0
U, Pr—22 O 0 -z 1 0 0
Uye—1|Poks2z 0 0 0 0 1 0
U,y | poks1z O 0 0 o0 —z 1

combining, one checks that the composition
0-U >V, eV, &(@W,)»E-0

is exact.

Proposition 2.7. The two definitions of hypersurface of jumping lines coincide.

Proof. We use the resolution of (2.6), twisted by @(—1). One must consider the
maps induced on cohomology groups by a map O(—k—2)—>0(—k—1) given in
standard trivialisations by s—(az+b)s. Note that H'(P,, O(—k—2)) has a
standard basis of Cech cocycles: (z7!, z 2, ...,z ¥ 1); similarly, for
H'(P,, O(—k—1)):(z" %, z7 2%, ..., z~¥). With respect to these bases, the induced
map on cohomology H!(IP,, O(—k—2))—»H'(P,, 0O(—k—1)) has a kx(k+1)
matrix a(0, Id)+ b(1d,0). Referring now to the explicit maps in (2.6), one obtains
for the map h induced by our resolution a (2k +2)k x 2k(k + 1) matrix made up of
k x (k+1) blocks; a tedious but straightforward reduction brings this matrix to a
block diagonal form diag(I}, Id), which proves the result.

The equation det(I;)=0 then defines a cone C of degree k in the versal
deformation space of O(k)® 0(—k); one can use this to see the different ways of
obtaining a jumping line of multiplicity k in, say, a one-parameter family: either by
a curve through the origin, transversal to C, or by a line not passing through the
origin, of the appropriate degree of tangency to C. (The multiplicity of a jump
being determined by its embedding in the versal space.) The first case gives a jump
of type (k, —k); the latter, one type (j, —j), j<k. We now show that, in an
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appropriate sense, jumps of type (1, — 1) are dense amongst those of multiplicity k,
for one dimensional deformations.

Proposition 2.8. Let V"~C? V" pe the space of maps of the n™ formal
neighbourhood of the origin in € into the versal deformation space V, of
O(k)DO(—k) (n-jets). Let Z"C V! be the subvariety of those jets which define a
jumping line of multiplicity n at (x=0) in C; then the subvariety U of Z" of those jets
whose evaluation at x=0 corresponds to a jump of type (1, —1) is dense in Z".

Proof. One considers k =2, the case k=1 being trivial. For a jet J in V", let p,(x, z)
correspond to the associated polynomial as in (2.2), and let I;(x) be the associated
matrix, as in (2.4); write I;(x)=Iy+xI7 + ... +x"I. The multiplicity of J is n iff
det(I;)=0 to order n (n equations); J corresponds to a jump of type (j, —j) iff
corank (Iy)=j. These conditions are projectively invariant, and so one considers
P(Z") in P(V?). The set P(U) of jumps of type (1, — 1) is open in P(Z"); furthermore
it is non-empty [consider p,(x,z)=z+x"z"**!]. Therefore the result follows if
IP(Z") is connected; but this follows immediately, as codim(IP(Z") is n in
IP(C?*~ V") and varieties in IP™ of dimension greater than m/2 are connected.

Remark. As vanishing to order n depends solely on the n-jets, a similar statement
about density of jumps of type (1, —1) can be made for germs of maps C—V,.

We saw in Corollary (2.4) that the dimension of the versal deformation space V;,
was determined simply by considering “linear” deformations E given by pg(x, z)
=xY p;z'. We now show that any such one parameter deformation can be given
such a linear form, provided that it is transversal to the cone C of jumping lines in
the versal deformation space.

Proposition 2.9. Let E,E be two one parameter deformations of O(k)®O(— k),
corresponding, as in (2.2) to Laurent polynomials (in z) pp(x,z)=xp,(2), pe(x, z)
=xp (D) +X°py(D)+ ..., with pi(2)=pi(2). Write Ip(x)=xI}, Ii(x)=xI;
+x2I, + ... and suppose that det(I},)=det(I}) %0. Then E is isomorphic to E near
x=0.

Proof. The idea is to trivialise E, E over x =0 by sections; using these, to identify E
and E in a natural way; and then to check that this identification extends smoothly
to x=0.

We first compute sections of E. Write a section of E, over z # oo, with respect to
the trivialisation corresponding to (2.2), as (x(x, z), f(x, z))T. One can write

ax, z) =Y o x'z =0y (2)x + o (2)X* + ...,
B(x,2)=3 Bijx'z! = Po(2) + f1(2)x + ...

From the condition Tg(x, z) - (a«(x, z), B(x, z))T =(holom. in x,z~'), one deduces
that S, o; are polynomial in z, f; of degree <k, o; of degree <k—1. One then
computes o, § order by order in x. For example, on the first formal neighbourhood
of x=0 one obtains:

I3 - (Bo, 1 "'9ﬁ0,k)T=(_ﬁ0,0p1,1’ _,80,0171,2’ cees ‘ﬁo,opl,k—u _0‘1,0)T (2.10)

and
Mg (Bo1, ‘“’ﬁOk)T:(_al,l» ey _al,k—l)Ta (2.11)
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where (Mg); j=P1.i-1+i-p if i=j and zero if i<j. Similarly, the j* order
neighbourhood yields

I ‘(ﬂj—l,la ""ﬂj—l,k)Tz(-ﬁj—1,0p1,1’ _ﬂj—1,op1,2s ey _ﬂj—1,0P1,k—1a ““j,o)T
+ f(lower order terms (in x) of f§,a). (2.12)

Mp(Bi— 1,155 Bj— 1.0 = (=0, 15 s 9.0

+g (lower order terms (in x) of f, ).

One notes that:

i) AsT; isinvertible, fixing arbitrarily all «; o, fori= 1, f; o, for i= 0 then gives
the other terms (o ¢ is zero).

i) Restriction to the j" order neighbourhood determines afz) Vi<j, and
Biz)visj—1.

There are therefore two unique sections s' = (!, ), s?=(a?, ) such that

_(al(x,0), o*(x,0)\ (x, 0
N(x’o)‘<ﬂ1<x,0>, ﬂ2<x,0)>‘<0, 1)'

One then has, for N(x, z):

N 0, a%(z)) )
N(X’Z)_<ﬁé(z), ﬁé(z)>+x<ﬂi(2), pr) T

(One checks that convergence poses no problem.) Now do the same with E,
obtaining §', §2, N: one can identify E with E over x+0 by identifying s* with §.
This, in terms of our trivialisations, is just N~ ' N; therefore one wants N~ ' N to be
holomorphic at x=0. Note now that the matrix Ty(x,z) induces the transition
function 1 for A2E; as det(N(x,z)) represents a section of A*(E) in such a
trivialisation, det(N(x, z)) =det(N(x, 0)) = x. Using this, the fact that p,(z) =p,(z)
and remark ii) above, (which implies that o) =&}, i =p) one computes that
N~'N=x"'N*¥N is indeed holomorphic, and that det(N~'N)=1.

Remark 2.15. By the same type of method, one can show that a one parameter
deformation E of 0(1)@® @ (— 1), of multiplicity k, can be given pg(x, z) = x*.

Remark. The above suggests the generalisation that the bundle corresponding to a
curvein V, is determined by its intersection with the first formal neighbourhood C*!
of the cone C in V.

3. A Description of Instanton Moduli

A) Preliminary Remarks

The objects of study in this section will be semi-stable rank two bundles E over IP,
with ¢;(E)=0, c,(E)=n. Recall that a locally free sheaf F of rank r over IP,, is
{semi}stable iff for all coherent subsheaves F’ of ranks, 0 <s<r,

(e (F)/s <, (er(F)/r)



114 J. Hurtubise

ifrank E =2, E can be tensored by a suitable ((j) so that ¢,(E) =0 or —1; then, E is
stable iff H(P,,, E)=0, and, if ¢,(E)=0, E is semi-stable iff H(P,,, E(—1))=0.
A natural operation on a bundle over IP,, is restriction to a line:

Theorem 3.1 (Grauert-Miilich [7]). 4 rank two bundle E, with ¢,(E)=0, over IP,, is
semi-stable iff there is a line over which it is trivial (iff it is trivial when restricted to
the generic line).

The set of lines over which E is non-trivial is, as we have seen, a hypersurface; in
particular, one has:

Proposition 3.2 (Barth [4]). The set of lines over which a rank two semi-stable bundle
E over P, with ¢,(E)=0, c,(E)=n is non-trivial is a curve J in IP% of degree n.

Barth also shows that if the jumping type of a line is (j, —j), and its multiplicity
is k, then j < k; alternatively, this can be deduced here from the results of Sect. 2. In
particular, if J is reduced, then the generic jump is of type (1, —1).

Finally, the link with instantons is given by the following theorem of
Donaldson, which establishes an equivalence of framed moduli spaces; it is given
here for the case of SU(2).

Theorem 3.3 [6]. Let M(SU(2),n) be the manifold of isomorphism classes of pairs
(SU(2) instanton bundle F onP; of charge n; SU (2) frame on F over a real line | in
IP,). Fix a P, in IP, containing I, ; let OM (S1(2, ), n) = M, be the moduli space of
pairs (holomorphic rank 2 bundle E on P, with c¢,(E)=0, c¢,(E)=n, trivial over | ;
trivialisation of E over ). Then there is a natural isomorphism

M(SU(2), n)—> ONI(S1(2, ©), n)

given simply by restriction.

The advantage of this isomorphism is that all considerations of reality
disappear from the description of instantons, leaving one only with the task of
classifying complex holomorphic objects.

B) The Moduli Space

i) Consider then a 2-bundle E on IP, trivial over [ ; pick once and for all a point p
of I, and blow up IP, at p to obtain IP,, with a projection f: IP, »P,. The pencil of
lines through p then lifts to a ruling of IP,; the lines in the ruling are parametrised
by their point of intersection with C=f~1(p), the exceptional divisor. Lifting a
bundle E on IP,, one obtains a bundle E on 1P, trivial over C; conversely, starting
with such an E, one can invert the process (see, e.g. Atiyah [2]) and push down to
obtain a bundle E. As C=1IP, is one dimensional and simply connected, one can
“localise” the triviality of E over C by making the equivalent statement that E has a
holomorphic connection along C. In a similar fashion, consider a choice of
trivialisation of E over I ; this is equivalent to a choice of trivialisation over p.
Lifting to E, this becomes a trivialisation along C, which simultaneously
determines the connection by being a basis of flat sections. Thus. one has:
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Proposition 3.4. There is an equivalence:

(bundles over P,, trivial ~ ;  (bundles over P,, trivial over
over |, with a fixed I uC with a fixed trivialisation
trivialisation there) (“framing”) along C).

f*

Here [, is the proper transform of . We shall call bundles on IP, equipped
with a choice of trivialisation along C framed bundles.

The “local” nature of the trivialisation along C suggests that one should first
look at open sets U ¢ C; the union of the lines of the ruling through U is an open set
V=P, x U of IP,. Let E, E’ be two framed bundles over IP,; suppose that they are
both trivial along the lines of the ruling in V. Then, there is a unique isomorphism
E =~ FE’ preserving the framing: one maps the fixed trivialisations along U to each
other, and, as the bundles are trivial on the lines of the ruling, this map extends
canonically to all of V.

For rank two bundles, (3.2) tells us that there are n jumping lines, counting
multiplicity, in the ruling (“in C”). Suppose that E, E” have the same jumping lines
in C; then, if the canonical isomorphism defined away from the jumping lines were
to extend to all of P, one would have an equivalence of framed bundles E~ E’. The
problem of moduli is then “localised” around the jumping lines; one must classify
equivalence classes of framed one parameter deformations of jumping lines. More
precisely, define a (rank two) one parameter jump to be a 2-bundle E over P, x U,
openin C, 0 € U, with E trivial over IP; x {x}, x+0and E not trivial over IP; x {0}.
The multiplicity of such a jump was defined in Sect. 2. Now pick a point geIP;; a
framing of the one parameter jump is the choice of a trivialisation of E along
{q} x U. Two framed jumps will be equivalent iff they are isomorphic by a map
sensing the framing of one into the other. Then:

Theorem 3.5. Let o be the point in C corresponding to |, in IP,. There is a natural
map:

I1:M,—S"(C\{xo})=C".
from M, into the n'™ symmetric power of C\{c0}, whose fiber at a point ¥ mp;,
i=1

pie C\{oo}, m;e N, X m;=n is the product
i=1
le Xszx e Xerﬂ

where Q, is the space of equivalence classes of germs of framed one parameter jumps
of multiplicity k. All of the fibers of 1] are of complex dimension 3n.

Proof. The map [ ] just associates to E its divisor of jumping lines in the ruling. As
noted above, if two framed bundles E and E” are isomorphic at all their jumping
lines in C via the mapping derived from the framing, then they are isomorphic; the
framed jumps at p; determine the bundle.

Conversely, suppose given any germs E;, i=1, ..., r, of framed one parameter
jumps of multiplicity m;, defined over open sets IP, x U, p; € U, and which jump at
p;; taking in addition a trivial framed bundle E, over

IP,\{union of the jumping lines} =P, x Uy, Uy=C\{py, .., D,}
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one can glue together E; and E;in a canonical way over P, x (U;nU;) by using the
framing; one obtains a globally defined E. The fibers of IT are thus as described;
their equidimensionality will be proven once we have given a discription of the Q.

ii) The Structure of Q,. As we have already remarked, a jump of multiplicity one
must be of type (1, —1); referring to (2.2), (2.9) such a 2-bundle E can be given a
transition matrix, for the standard covering of IP, x U, of the form:

<(Z) Z’fl), (3.6)

where z is an affine coordinate on IP,, x a coordinate on U thus all our multiplicity
one jumps are holomorphically equivalent (without framings). Now suppose that
the point g for the framing is (z =0). The space of all possible framings is obtained
from the canonical one corresponding to the trivialisation over z= co implicit in
(3.6), by the action of the group Gl1(2, €), of holomorphic maps U —Gl(2, €). Note
that each such map induces a bundle isomorphism over the non-jumping lines; the
space Q, will be the quotient of G1(2, C),, by the subgroup Hy, of those maps which
induce holomorphic isomorphisms even at the jump. One way to express the
property that g(x) belongs to Hy, is as follows: away from x =0, one has sections of
E given over z= o0 by (1, —z/x)7, (0,1)" and over z#0 by (0, — 1)7, (x, 1/z)". Using
these, define a trivialisation by sections, away from x=0. One can form the
diagram of transition matrices: (set W={z+0}, V={z+ w0})

. P z x
- 2
holomorphic trivial s @2 @G -* W 2
isation (smooth
t x=0 _
ax=0 a9 s=(if o)
113 : 2 ot (1 0) l«
sections” trivial- yxqgz_ %! W% €2
isation (singular
at x=0) 9(x) gx) 3.7
. (1 O}
sections yx@2—" Y, wx¢?
trivialisation
A1 B!
holomorphic G %)
trivialisation VxC? Wx C?

The condition that g(x) € Hy is then that A~ 'gA, B~ '¢gB be holomorphic, non-
singular at x =0. Writing g(x) = (g,;(x)) i,j = 1, 2, one finds that the conditions are:

(912)/x*,  (911(x) —g,2(x))/x are holomorphic. (3.8)

Let t be the 2x2 lower triangular complex matrices, dCt be those with
constant diagonals (d,; =d,,). Let T, D denote the corresponding groups. Then
Hy=D+xt+x*gl(2,€)+x> ..., and so one can truncate

0,=GI12,C)+xgl(2,C)/D+xt (3.9)
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with the convention x*=0. One has the commuting diagram of fibrations

P
1) G12,C 12,C)/T Gl(2,C)/D 2
() CleO+xdeOT+x  _deop o
GI2.C)/T=P,(©) ©

Consider first the fibering (1) over (3). In (3), the equivalence with IP, is given by
mapping 4 € G1(2,C) to the line <A <(1)>> . Let O(—1) be the tautological bundle
on IP,. Then, 4+ xB in (1) defines an element of O(2)~Hom(0(—1), O(1)): to

ve O(—1)| <A<g)> ,

. . 0
one associates IT .- BA~(v), where I , is the projection C>—C? / <A < 1>> ; the

fibration (1)—(3) is the bundle @(2) over PP,.
Similarly, (2) over (3) can be written as

31(2,03)/{<J—;1 f1>aea:} 431(2,43)/{(5 ﬁ01>

SI(2,@) / {(; ?) oe (E} is just €C?\{0} =(0(—1))°, the tautological bundle minus

the zero section; from this, one can see that (2) over (3) is the “square” of (O(—1))°,
ie. (O(—2))°. Using the diagram, one has:

Proposition 3.10. Q, is isomorphic to the fiber product O(2)®(0(—2))° over IP,. As
O(—2)=T*IP,, Q, is homotopy equivalent to the unit tangent bundle of the sphere,
ie. SO(3).

(i) The Structure of Q;. One could proceed similarly and define the space Q; as a
quotient of the set of pairs (f,g) of germs of maps from C, f into the versal
deformation space C*~! of 0G)@O(—i), g into GI(2,TC), by the natural
equivalence relation. However, we lazily short-circuit this procedure, and note that
0, is nicely embedded in M, as IT~ 1(0), ensuring for example that Q, is a separated
variety. Instead, we concentrate our attention on ,Q,, the open subset of Q;
corresponding to jumps of type (1, —1). Then, considering remark (2.15), it is
sufficient to replace x by x' in (3.7), (3.8), and so obtain:

_ GO +xgd2C)+ ... +x% gl (2,0)
T D4xd+ ... +xT A4+t L +x2

ae(E,ﬂe(E*}

1Qi

1Q;isabundle over; Q; ), with fiber €*. Remember also that (2.8) told us that any
one parameter jump of multiplicity k was the limit of jumps of multiplicity k, type
(1, —1), using the standard trivialisations. The same obviously remains true when
one puts in the framings. Thus:

Proposition (3.11). ,Q; is a €32 bundle over Q,, and is homotopy equivalent to
SO(3); ,Q; is open and dense in Q;.
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The equidimensionality of the fibers Q,, x ... xQ,, of IT then follows, as this
has dimension Y 3m;=3n.

Remarks. 1) One could try to use this procedure to construct the moduli space R, of
all framed semi-stable 2-bundles E on IP, with ¢,(E) =0, ¢,(E) =n. The problem is
that there are E’s which contain in their curves of jumping lines all the lines in our
ruling; however, the variety V, of such bundles can be seen to be of codimension
>3 in R, for n=2, and of codimension 2 for n=1, by considering the action of
PGI(3) on P, and the fact [5] that the generic curve of jumping lines is smooth. In
fact, as all the lines in the ruling are jumps iff (n+1) fixed lines are, a naive
parameter count suggests codimV,=(n+1). In any case, R,\V, fibers over
s'®P,)=MP,.

2) One can see that the bundles in M, which are not stable form a subvariety of
codimension (n—1), as follows. E is stable iff H°(IP,, E) =0. Any non-zero section
of E on IP, induces a non-zero covariant constant section along C. At the jumping
lines, this section must lie in the O(k), k > 0, summand. This means that the positive
subbundles over the jumping lines must be “all lined up” at their intersection with
C with respect to the connection; there are thus (n—1) constraints. One then
checks, using the explicit description of Q;, that for the case of n distinct jumping
lines, these constraints are sufficient. Multiple jumps may impose less constraints,
but this is counterbalanced by the fact that they are themselves rarer.

One could use similar methods to determine which bundles on P, have
sections when twisted by O(j). One must, however, consider framings over the j*™
formal neighbourhood CY of C. E(j), once lifted, has (j+ 1) (j+2) independent
sections over CY; one checks that each jumping line imposes one condition, and so
the E’s with H°(P,,E(j)) non-zero have codimension at most
max(n—(j+1)(j+2)+1,0).

3) One could use the method of (3.7), (3.8) to compute the different strata of Q,
corresponding to jumps of type (j, —j), j<i. This gets quite complicated rather
quickly, though.

Let A4 be the discriminental variety in S"(C\(00)) =C"; over U simply connected
inC"— 4, M, is just a product U x (Q,)"; as branching around 4 interchanges the
jumping lines, branching around IT~!(4) interchanges the Q,’s. Over 4, the fiber
becomes progressively more complicated as one considers jumps of higher
multiplicity.

Finally, note that along the fibers of the map M,— M, (i.e., the same instanton
with all its frames) the jumps remain the same; M, maps to C". Furthermore, the
fibers of g are given by the diagonal action of SU(2) on the Q,,’s of (3.5); one
changes the frame simultaneously at all the jumps. Summing up:

Theorem (3.5a). There is a map
0:M,—S"(C\(0))=C",
whose fiber at a point Y. m;p;, p;€ C\(o0), is:
i=1

Oy X Oy X o X0, /SU(2),
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where the quotient is taken with respect to the diagonal action on the Q,,’s. All the
fibers of o are of real dimension 6n—3.

C) The Fundamental Group

We have obtained a map M,—C"=S"(C). Let 4 be the discriminental variety in
C";if U is simply connected and does not intersect 4, then IT~*(U)=U x (Q,)". Let
A, be the smooth open dense subvariety of 4 consisting of those n-tuples in $"(C)
havmg only two elements equal: the fibers of IT over 4, are Q, x (Q,)"~?, and
have an open dense subvariety ;Q, x ()"~ ?. Thusa Q, x Q, “degenerates” into
a ,Q,; more precisely, let U be a disk transversal to 4,. Choosing appropriate
coordinates, aeU corresponds to a polynomial of the form
(x2—a)(x—py) ... (x—p,_»), (p; distinct, #0), whose roots are the n-tuple in S*(C).
As in (3.8), (3.9), I~ '(a) is then the “variable” quotient (neglecting the extra Q,
factors):

{f:U->GIQ,C}/{f: U-GIR,O)|f=fo+(x*—a)f; +(x* —a)*fs,
fo:UD, f,:U—t, f,: U~gl(2,O)}. (3.12)

I1"'(a) is then Q, x Q, for a+0, by evaluation at +]/5 and is ;Q, for a=0.

We thus have a good description of M}, the space of bundles in

17 }((€"\4)u4,) with only jumps of type (1, —1) in the ruling. M,\M} is of
complex ¢ codimension 2 (real codimension 4) in M, ; therefore, 7,(M,)= n,(M,),
and m,(M})=n,(M,). We use this to prove:

Theorem (3.13). n,(M,)=Z,.

Proof. First, note that loops L and their homotopies can be supposed differen-
tiable; transversality arguments then imply that L may be taken so that
LNIT~(4,)=0, and homotopies of L may chosen to intersect I1 ~(4,) in discrete
points.

Suppose then that one has a loop L in M} projecting to €"\4. Over C"\4, M is
locally just a product, and so there one can lift a homotopy in €"\4 to M.
Furthermore, in a neighbourhood of 4, using (3.12), a segment I of L can be hfted
to a map I x U-Gl(2,C) and so be “pushed” in a natural way through IT ~(4,):

Tl Ag)

(3.14)

T
AO

([:n
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One can therefore lift a contraction of IT(L) to M} ; L can thus be pushed onto a
fiber (Q,)". m,(M,) is then a quotient of 7,((Q,)") = (Z,)" and H(M,, Z) = ,(M,).
Now remark that branching around A interchanges roots, and so branching
around I~ !(4) interchanges the Q,’s. The loop (1,0, ...,0) in (Z,)"=r,((Q,)") is
therefore homotopic in M, to the loop (0,0,...,0,1,0,...,0). Furthermore,
(1,0,...,0) is not homotopic to zero, as any homotopy away from n- 1(A ) cannot
contract it, and pushing it through IT~'(4,) just sends it to a (0,0, . ..,0).
Therefore n,(M,)=Z,.

Theorem 3.15. Let M, be the moduli space of SU (2) instantons of charge n. Then
n,(M,)=0if nis odd, Z, if nis even.

Proof. The only automorphisms of instanton bundles over IP; are homotheties
([13], p. 172), and so M, fibers over M, with fiber SU(2)/ +1=SO(3). The natural
SU(2) action on M, is given by the simultancous standard left action of SU(2)
CGI(2,C) on the Q;’s of (3.5). In particular, over IT~ (C"\A), the fiber of M,— M, is
just the orbit of the diagonal left action of SU(2) on n copies of (3.9). 7,(SO(3)) thus
maps to the diagonal Z, in (Z,)"=n,((Q,)") and so, from the proof of (3.13), onto
zeroif nis even, n,(M,)if nis odd, once one maps to 7, (M,). The result then follows
from the exact homotopy sequence

.. =y (SOB3)-my(M,) > 7,(M,)-0.

Remarks. 1) As n,(Q,) =m,(;Q,)=0 it is natural to conjecture, similarily to (3.13),
that 7,(M,)=0. This then implies that 7,(M,)=0 if n is odd, Z, if n is even.

2) (3.15) concurs with what is known for n=1,2. M, is the 5-ball (Atiyah [17)
and M, is not simply connected (Hartshorne [11]).

3) Le Potier [14] gives a computation of 7, of the moduli space of stable
2-bundles over IP,.

D) Link With Monads
We now show how our geometric picture links up with the more algebraic one of
monads. For simplicity, we will treat only the case of n distinct jumping lines along
the divisor C; our aim is to give ourselves the geometric information correspond-
ing to our picture, and to extract from it a monad.

First, recall that a semi-stable rank 2 bundle E with ¢,(E)=0, ¢,(E)=n can be
represented by a monad [13, 6]

d:n__Hi) C2n+2ﬁ) q:n’

where, if p=(X, Y, W) in homogeneous coordinates, H,=H X +H Y+H,W,
K,=K . X+K,Y+K,W, and one has, for all p, K,H,=0. E, at p, is given by
E,=kerK,/ImH,. The bundle is trivial along a line p,p, iff K, H,, = — K, H,, is
an isomorphism; H°(p,p,, E)=ker K, nkerK,; evaluation of a section at p, is
just the natural map to ker(K,,)/Im(H,,) [13, 6].

Suppose that the bundle is trivial along w=0; then one can choose bases so
that, decomposing the H’s into blocks of nxn, nxn, 2xn, and the K’s into
blocks of nxn, nxn, nx2,

Id: 0 "
H,= 0), H=1d|, H,=]|o,.

\0 0 a
K,.=(0,1d,0), K,=(-1d,0,0), K, =(—ay,ab),
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with
[oty, 00,1+ ba=0
one has an action of Gl(n, C) on these, preserving E and a natural framing of E
along W=0:
o;—poup~t, a—ap~', b-pb, peGln,C).

The line W=0 will correspond to our [, used previously, and we choose our
point on [, to be (0, 1,0). We are therefore interested in the pencil of lines through
(0,1,0); if one blows up (0, 1,0) to obtain C, the coordinates used previously are
given here by x = X/W, z=W/Y; Cis (z=0) and the lines through C are (x = const).
Thus, in accordance with our description of the moduli space, our geometric data
will be the choice of n different jumping lines x = x;, and, in a neighbourhood of
each x;, a map into G1(2,C), g/(x)=g;+(x—x)d;+ .... It is from these that we
must obtain a monad.

The line (x=x,) is also p;p;, p;=(0,1,0), p,=(x0,0,1); thus K, H,,
=(0a; + X - Id). This is singular if x, = x;, and so, using our Gl(n, C) freedom, one

can set: o, = —diag(x,, ..., x,) (3.16)
one still has a (C*)" action fixing this form. From ([«,,,]+ba)=0,
(02);j(x;— x;) = (ba);; (3.17)

Suppose that E is lifted to P,, and that the result is again called E. We
investigate maps E| o)~ El, .. Set (x,z)=g; our first map is the “connection”
map: -

F: EI(x,O)zE'p,_’HO(PM, E)—E|,,
defined over the non-jumping lines (x=#x;). As

=10 — -1 T 2
F s just: kerK, nkerK,={(0, —(o; +x)” *bw,w)",we C?*},

w—(0, —(ot; +x)~'bw, w), considered modH, ,-: 1,(C")=(a,+z"")-C".

This map is singular at the jumping lines x = x;; however, there is also the map
F over z+ oo induced by any homomorphic trivialisation T of E over z= o0 one
associates to ve E|, o, the we E|, ,, with the same coordinates. This is non-
singular at x=Xx;, and we look at it near x=x;. In the terminology of (3.7), the
passage in coordinates from the “connection,” (or “sections”) trivialisation to a
holomorphic trivialisation over z+ oo is given by 4~ (x, z)g;(x) " *. Therefore,

Fr=g{x)A(x,2)FA™}(x,0)g; '(x).
As A(x,0)=1d, setting v=g~*(x)w, one is considering, for the image of Fr,
(0, — (o1 +x) ™ 'bgi(x)A(x, 2)v, g(x)A(x, 2)v)", (3.19)

modIm(H, ,-: ;). At x=Xx; (3.19) has a polar part, which must lie in
Im(H, ,-1 1)) as Fyis continuous. One then checks that this happens, if and only
if, up to the remaining (C*)" action,

ai=gi'(09 I)T’ bi=(_1=0)'(gi)—1a (aZ)iiz(lao)'(gi)_lgl(O, I)Ta
which, along with (3.16), and (3.17), gives us our monad.
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