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Abstract. The aim of this note is to show that the affine Lie algebra A" has a
natural family n, , of Fock representations on the space C[x;, y;; i€ Z and
j€N], parametrized by (1, v) € C2. By corresponding the highest weight 4, , of
7, , to each (, v), the parameter space C* forms a double cover of the weight
space CA,@CA, with singularities at linear forms of level —2; this number is
(— 1)-times the dual Coxeter number. Our results contain explicit realizations
of irreducible non-integrable highest weight A{"-modules for generic (g, v).

1. Introduction

It is well known that the basic representations of affine Lie algebras have concrete
realizations in terms of vertex operators, and that they have close connections to
some areas in mathematical physics such as soliton theory and dual resonance
models. But there seems to be only a few results on constructions of highest weight
modules other than basic representations even in the case of the affine Lie algebra
AP,

In this note our interests are concentrated especially on non-integrable
representations of A"). We shall show that almost all irreducible non-integrable
highest weight 4{V-modules are realized in a unified way on the Fock space
C[x;, y;; i€ Z and je N]. Among them, the most interesting case is the case when
the representation is of level — 2; we shall construct the representation of level —2
on the Fock space C[x;; i€ Z], and derive a character formula which is related to
the one conjectured by Kac and Kazhdan [5].

2. On the space C[x]=C[x;;j € Z] of polynomial functions in x;’s, we introduce
the following differential operators:

. L 0
a;=Y,(j)x;—Y_()) F
J

N .
af =Y, () 5 +Y-()x;,

J
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where Y, are functions on Z defined by
- f) 4
and
Y-()=1-Y.().
Define the normal products : : by
raaf:=aaf+Y_(i)6; ;,
raatal: =aatar +Y_(i) (6; ;a8 +9; xaf) ,
and we put

Em)= % :a;,n,a]:
JjeZ

for every me Z.

Lemma 1.
1) [aF, aj]=5i,j,
2) [raaf:, q] =04,
[:aaf:, af]=—9; ,af,

3) [:aal:, iaaf1=0; yaai . —6; ;:apat: + 6,0, (Y_()—Y_(i)) .

Lemma 2.
1) [E(m)’ aj] =aj+m s
[E(m)a a;k] = '—a‘}k—m ’
2) [E(m)s :aia;'k :] = ai+ma;'k e aia}k—m: +5i+m,j(Y— (l)— Y. (])) 5
3) [E(m), E(n)]=mb,, _,.
We set
:E(m)a¥:=E@m)af+Y_(m)al_,,,
:E(m)afay:=Em)ataf+Y_(m) (af,af +afai_,,).

Note that the above definition of normal products : : differs from usual ones.
Namely E(m) is brought to the left of a¥ and a¥ajf for m=0 and to the right for
m<0 in our definition.

Then it is also easy to check the following:

Lemma 3.
1) [:Em)a}:, ad=:armaf:+0;  E(m)+0; 14 m(Y-(m)—Y_(j) ,

2) [:E(m)a, afl=—ata}-,.
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3) [:E(m)af:, raaf J= 1o, mafaf: — aaf ,af:

+5j,k{-E(m)az ~+(Y—(I)—Y—(m))az—m}

+ 65 kem(Y-(m) = Y_())a + 6 o+ m(Y- (k)~Y_(l))a}",
4) [:E(m)a¥:, E(m)]=:E(m)a}_,: +md,,
5) [:E(m)a}:, : E(n)af:]=:E(m)a}
+(Y_(n)—Y_(m))af

A — E(n)a;?‘a,’j‘_m:
O mb,, _afaf .
Next we take the space C[y]=C[y;; jeN], and we set by=0, b;=jy;,

b_;=— 59;— for every jeN.

Now recall the affine Lie algebra g=g(4%);

g=C[t, t71]®sl(2, C)@CcdCd,
with commutation relations
[A(m), B(n)]=[A, B] (mn+n)+mTr(4B)o
[d, A(m)]=mA(m),

m*n

and
[c, g]=1{0},

where A(m)=t"® A. Its Chevalley generators are chosen such that
eo=X(1), e;=Y(0),
fo=Y(-1), f1=X(),
ay=H(0)+c, oy =—H(0),

where

H= <(1) _?),Xz (8 (1)> and Y= (? 8)

Fix any complex numbers u and v, and we set

_ JCIxI®C[y] if v+0
Vg, v)= {C[x] if v=0’
and define the operators on V(u, v) as follows:

i) in the case when v=0,

nu,O(X(n))Za—na
T,o(Y(m)=(u—1—n)ay — 3 :E()af.,:,

jeZ
T, o(HM) =2E(—n)+ (1 — )b, ,
TE# O(C)= -
uO(d)"'_ Z] a;a J o
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ii) in the case when v+0,
T (X)) =a_,,

2
T, (Y(n) = [#—1— <32— + 1) n] ax E()afi,: +v X bjafs,,
JEZ

M, (H() =2E(—n)—vb_,+(1=1)d,,0,

m, ()= —<2+ ;) ,

7, (d) = — jz_,zj:aja}‘: + j; bb_;.

Theorem 1. (1, ,, V(u,v)) is a representation of g(A{).

'R

The proof of the above theorem is straightforward; one needs only to note that
the following sums

. * ¥ .
X s mern@ e mOn
m,neZ

and

S E(m+n)afi pats,:

m,neZ

are locally finite on the space C[x].
The constant function v, ,=11in V(u, ) is a highest weight vector satisfying

v2
nu,v(a(;)wu,v: - </’l+ 1 + ~2—>w;¢,v 5

Tcu,v(alv)wu,vz (/'L— I)Wu,v >
and
T, v(d)w;t, v= 0.

So the irreducible component containing y, , is isomorphic to L(4,, ,), where 4, ,
is the linear form on the Cartan subalgebra by defined by

2
Ay ,= —<1+ﬂ+ %) Ag—(1—pm) A, .

The character of the space V(u, v) is easily computed:
1
Ap,v l I 'f 0
¢ asA+(1—e_“) ! vE ’

chV(u, v)=

e T1 if v=0,

oceA;!(l_e_a)

where A* (respectively 45)is the set of all positive (respectively positive real) roots,
since the weight of a monomial

Xy oo XX jyeen X Viey oo Vin
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is equal to
Ay =+ i+ etk o k)0 (m—D oy

fori,,....,5;=0and j;,...,Jm Kgs--s ky= 1.

The most interesting case would be the case when v=0. In this case, it may be
expected that (n, o, V (i, 0)) is irreducible for every p € (C—Z)u{0}. At present we
can only dominate its character by the majorant series in the following way. The
ring C[[e™ %, e"*]] of formal power series in e~ * and e~ * is made a partially
ordered set by putting

f=Xfie’<g=%g:¢
if and only if g, — f, =0 for every A. Then

Corollary. The character of any irreducible highest weight A" -module L(A) of level
—2 satisfies the inequality .
e 4chL(M< TI

aed} (1 _e—a) ’
Finally, in view of Proposition 3.1 in [5] (or Proposition 9.10 in [4]), we obtain

Theorem 2. Let 1 and v be complex numbers satisfying the following two conditions:
i) v=*0,

V2 V2 v2
ii) forany integer n=0, neither p— n<2 + 5) nor — (u + ?> —n (2 + 5) isa
positive integer.

Then the A{V-module V (i, v) is irreducible and isomorphic to L(A, ), where

v2

A, ,= ——<1+,u+ 3) Ag—(1—wyA, .
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