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Abstract. Fermion annihilation and creation processes are explicitly realised
in Boson Fock space as functions of the corresponding Boson processes and
second quantisations of reflections. Conversely, Boson annihilation and
creation processes can be constructed from the Fermion processes. The
existence of unitary stochastic evolutions driven by Fermion and gauge noise is
thereby reduced to an equivalent Boson problem, which is then solved.

1. Introduction

In [3] we constructed, out of the Boson field commutation relations, a quantum
stochastic calculus including an Ito product formula. Existence of solutions of a
corresponding class of quantum stochastic differential equations was proved,
leading to unitary operator valued processes which, together with their generalisa-
tions [4], provide a natural method of dilating quantum dynamical semigroups.
In its simplest form the Boson stochastic calculus uses as integrators the Boson
annihilation and creation operators corresponding to the indicator function g, 4
in [*(R,), together with the differential second quantisation of the operator of
multiplication by y;, ,, the latter being called the gauge process.

In [1] a partial analog of this theory was given, in which Fermion second
quantisation replaces Boson. The Fermion theory contains that of the Ito-Clifford
integral [2] just as the Boson contains that of classical Brownian motion [3].
However no Fermion analog of the gauge process was used, and the unitary
processes constructed were artificially restricted to being even with respect to the
natural Z,-grading of Fermion Fock space and an assumed Z,-grading of the
initial space. While this work was being prepared we received a preprint [8] which
remedies these deficiencies.

*  This work was carried out while both authors were participating in the Symposium on
Stochastic Differential Equations at the University of Warwick. The first author acknowledges
conversations with R.F. Streater during the same Symposium
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The primary purpose of our present work is to show that Fermion annihilation
and creation processes can be realised in Boson Fock space by means of a simple
stochastic integral prescription [see (3.5)], in such a way that the filtrations
generated by the Boson annihilation and creation processes, and by the
corresponding Fermion processes, coincide. In particular a natural identification
is obtained between Boson and Fermion Fock spaces over L*(R ). The gauge
process for Fermions is seen to be identical to that for Bosons. In this connection
we note the recent preprint [6], in which operators by, k=1, ..., n are constructed
in Fermion Fock space for finitely many degrees of freedom which satisfy an
approximate form of Boson commutation relations. The formula

(=1 fi=(=1D'b,
relating the Fermion operators f; to these approximate Boson operators may be
regarded as a discrete form of our Eq. (3.5). P. A. Meyer informs us that he has a
realisation of Fermion processes in L*(w), where w is Wiener measure [7].

Since completing this work we learned of the works [97] in which Fermion fields
are constructed in Boson Fock space. The stochastic calculus gives a simple
method of effecting such constructions [10]. We are grateful to R. F.Streater for
drawing our attention to this work, and to P. Garbaczewski for correspondence
and the preprint [10].

The construction of Fermionic unitary processes may now be undertaken
profitably from this point of view. In particular the defining stochastic differential
equation reduces to a corresponding Boson equation, for which techniques based
on coherent states are available avoiding the lengthy inductive methods based on
finite-particle Fermion states of [1] (and [8]). The Boson equation requires an
extension of the method of [37, in so far as an operator process which does not lie
entirely in the initial space enters into the driving coefficients (as in [5]). The proof
of unitarity is based on reduction to a system of four coupled ordinary differential
equations, instead of the single equation of [3]. The resulting Fermion unitary
processes are no longer restricted to be even, and incorporate the gauge process as
a driving noise term.

We use the following notational conventions. Hilbert space inner products,
denoted by < , ) are linear on the right. Operators T'and T are said to be mutually
adjointif {T'¢,,d,> ={¢,, T, for arbitrary ¢, in the domain of T' and ¢, in the

b

domain of T. S¢ denotes the complement of a set S. | f means the Lebesgue integral

of f over [a,b]. F, ... F'j ...F,means F, ... F;_F; ... F, Astatement involving
the symbol # represents the two statements obtained respectively by deleting it
and replacing it by the symbol . We denote by 4, the group of permutations of
{1,...,n}, and by o(n) the sign of an element n €4, We denote by per C the
permanent Y, [] Ci of the nxn matrix C.

neay i=1

2. Review of Boson Stochastic Calculus

Let & denote the Boson Fock space over the Hilbert space £=I*(R ). # is
characterised as a Hilbert space equipped with a total family of exponential vectors
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(f), f€# satisfying
(), w@)»>=exp{f,g9>, f.ge4 @2.1)

to within unitary equivalence exchanging the exponential vectors. The vacuum is
o =(0); the n-particle subspace #, of H# is the closed span of the vectors

o "
By .. ae,,"’(j‘fq 8iff>

We denote by & the dense span of the exponential vectors. The Boson creation and
annihilation operators corresponding to f € %, the second quantisation of the unitary
operator U on #, and the differential second quantisation of the self-adjoint
operator T on # are, respectively, the mutually adjoint operators defined on & by

) s S5 [uEA.

£1=...5e,=0

b(f)wg)={fra>w(@), b= Edgw(g%f Ne=o0> (2.2)

the unitary operator whose action on & is
ru)w(g)=v(Ug), @3)

and the essentially self-adjoint operator on &,

(T P(g)=—i o p(exp(ieT) o (.4

The closures of these operators act in the usual way in the ;.

For each Borel subset SCIR, we let Pg denote the operator on 4 of
multiplication by the indicator function yg of S, by 45 the range of the projector Pg
and by f; the image of fe 4 under Pg. Corresponding to the natural projective
decomposition 4= 45® #g., we write

H = HsQ@Hse, W()=vp(fs)®P(fs), E=E:REs:,

where ® denotes the algebraic tensor product.
Let there be given, once and for all, an initial Hilbert space #°, and set

H=HQH, H=H'QHM5, E=HQE Es=H"QREs.

Following [4] rather than [1] we define an adapted process as a family
E=(E(t):teR,) of operators in # such that

a) for each teR,, E(?) is the algebraic ampliation to é"N[O,,]@éa(,,w) of an
operator in #, 4 with domain &} ;;

b) thereis a family Et =(E'(¢) : t e R ) also satisfying a) such that each E*(¢) is
adjoint to E(¢).

The Boson annihilation and creation processes and the gauge process are the
mutually adjoint processes B, B' given by

B¥(®)=I1®b* (x0’sy)
and the symmetric process 4 given by
At)=I1QdI'(P,,)
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respectively. As in [4] we may define the stochastic integral

t
M(t)= [ (E,dA+E,dB'+E;dB+E,ds),
0

first of simple (piecewise constant) processes, in such a way that

t
M (t)= § (E} dA+E} dB' + E} dB+ E} ds), (2.5
0

and, for arbitrary u,ve #°, f,ge 4,

u@y(f), MH)v®yp(g)) = i u®w(f), (f9E,+ FE,+gE;+Ey)o®@y(9))
(2.6)

while, if also

t
M'(t)= [ (E,dA+E},dB' + E,dB+E, ds),
0

MOU(f), M) v@y(9))
= | (MU (1), (FoE, + TE +Es + EDv@y(o))

+{(fGE{ +JE,+ fE; + Eu®y(f), Mv®y(g)>
+ (fEu®y(f), gE1v@y(9)) + CE;u®@y(f), fE;0Qv(g))
+ (GEu®y(f), Ejv@y(9)) + {Eu®y(f), E2v@w(g))} - 2.7

Setting M'=M, g= f, v=u in (2.7), differentiating and making several uses of
the inequality 2Re {4y, #,) < ¢, (1> + ¢, %, we obtain

dﬁlt- IM@®u@w(NI* =1 +3111) | Mu®yp(f)II?

+31fEu@y(f)? + 3] E;u@u(N)]*
+ 1 Esu®@p()HI* + I Equ®@yp()I* . (RY)

t
Using the integrating factor exp { —t=3f|f |2} this gives
0

IMOueI S forp{i-s+3012 B0 B U2

+3|Ex(s)u@w(N)* + | Es(s)u@p()I*
+IEL(s)u@p()]I*1ds. 29
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From this inequality it is clear, by arguments similar to those of [4], that stochastic
integration extends naturally to processes E,, E,, E;, E, which, as well as being
weakly measurable, satisfy the local square integrability conditions

flf(S)IzIIEl(S)u®w(f)IIZdS<00, fIIE,-(S)u®w(f)|12<00, j=2,3,4
o 0 (2.10)

for arbitrary te R ., ue #°, f € 4,in such a way that(2.5), ...,(2.9) remain valid for
the extended integral.
For stochastic differentials

dM’=E} dA+E}dB'+E{dB+E,dt, j=1,2
for which the coefficients E{ and the M/ are bounded operator valued processes
satisfying, for all >0,
sup max{[|MG)|, |E{(s)],j=1,2,k=1,2,3,4} <o,

0<s=st

we obtain from (2.6) and (2.7) the Ito product formula
d(M1M2)=dM1'M2+M1‘dM2+dM1‘dM2, (2.11)

where the right-hand side of (2.11) is evaluated by the rule that the basic dif-
ferentials dA, dA', dA, and dt commute with adapted processes, and the
correction term dM-dM, is evaluated by combining this with extension by
bilinearity of the multiplication table

dA dB' dB dt

dA | a4 4Bt 0 0
Bt 0 0 0 0 2.12)
B | dB 4t 0 0
dt 0o 0 0 0

3. Fermion Fields in Boson Fock Space

In this section we construct Fermion field operators as Boson stochastic integrals
using the Ito formula (2.11). For simplicity we take the initial space to be C so that
H=H.

We define the reflection process J=J'=(J(t):teR,) by

J®)=I(=Pp g+Py ), teR,. (3.1
Clearly J is a self-adjoint, unitary adapted process, and J>=]1.
Lemma 3.1. J satisfies
a) J)J®)=J@)J(6) (s, teR,), (3.2
b) JOvo=w, (teR,), (3.3)
c) dJ=-2JdA, J00)=I. 3.9
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Proof. a)and b) are immediate consequences of the definition. For ¢) we note first
t

that since it is unitary, J satisfies the first of conditions (2.10) so that 2 | J dA is well
0

defined. From (2.6), for arbitrary teIR ., f,g€e 4,

(. (1-2] 144 )0@0) = o000 2] Facois. e
= () vl9)> — 2£ F©) 9() () (= 10,5+ s, ) ds
=W v @)+ | j—sexp(— I 7g+ ffg) ds
=eXp<— ifg+ ofjfg)
~wN IOV O

Let e L2 (R.). We define the Fermion annihilation and creation processes

O

of strength ¢ by
Fy()= { #(5)J(s) dB(s), Fit)= g #(s) J(s) dB'(s); (3.5)

since J is a self-adjoint unitary operator ¢J satisfies the local square integrability
condition (2.10) and these are well defined mutually adjoint processes.

Lemma 3.2. For arbitrary teR ., ¢ IZ (R),
J(t) Fy(t)+Fy(t) J(t)=0. (3.6)

Proof. Since & is invariant under J(t) both terms in (3.6) are operators on &. For
arbitrary f, g e 4, from (2.6),

p(f), (J@) F (&) + F o (8) (@) w(9)> = <T@ w(f), F () w(9)>
+<w(f), F (0 J(O) w(9)>
=P(—fro,a+ fie, o)) Fs@&) w(9)) +<p(f), F (&) Y(—Gro,0+ 9, )

= | D= froa+ fuo) 6 96) T v(0)>
—<w(f), () 9(5) J(5) Y(— Gro,0+ Gie. )2} ds
= |59 96) (TO PN, @) — TG PN, IO @)} ds =0,
by (3.2). The second equation of (3.6) is proved similarly. [J

Theorem 3.3. The operators Fy(t) are bounded and satisfy the canonical anti-
commutation relations

{Fy,(0), F4, ()} =0, G.7

(Fo 0. FL0}= [ . (3.8)
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Proof. From (3.5) and the differentiated form of (2.7), for f,ge Zand e [} (R ),

d
7 KO w(), Fi) w(g)) +<F () (1), Fo(D) (9>}

={p(®) 9(6) J @) p(f), FY0) w(9))> + <FH0) w(f), 6(0) FD (1) v(9))
+LB®) @O IO w(f), Fo(0) 0(g)) + <F o(&) w(f), 6() 9(2) I (£) w(g)>
+{O IO w(), $©) IO w(9)>

=[pOF <w(f) v(@))

using (3.6). Thus, since F(0)=0,

CFIOWU), FiOw@)) +<Fo) p(f), Fo() p(9)> = i I¢1 <w (), w(g)> -

From this it is clear that the operators Fj (t) are bounded and satisfy

O
and t
{Fy(0), Fi()} = g l$1*.
Polarising we obtain (3.8). Now we can use Ito’s formula to write
d(F3)=@(JF4+F4J)dB=0,
by Lemma 3.2. Since F40)=0 we get F;=0. Polarising gives (3.7). O

4. Identification of Boson and Fermion Fock Space
We denote by F, F' the processes F,, F}, when ¢=1. Then
dF*=JdB*, dB*=JdF*. 4.1)

Stochastic integrals against dF ¥ are converted into integrals against dB* using
(4.1). For ge I} (R,) and teR, let

B0 = 4dB* =" G, (42)

Products of the operators F 4(t) are meaningful since these are bounded operators,
as are products of the B,(¢) since & is invariant under these. We define products of
the Bj(¢) by adjunction.

Let teR,. We denote by A(n, ) the set

Am, )={(s1,...,8,) €[0,£]": 0<s, <s, < ... <s,=t}.
Lemma 4.1. Let ¢,,...,¢,€ 12 (R.). Then
FL© - Fl(vo= | detg(s))dB's0) . dBs)va,  (43)

B}(t) ... B} (po= A(£ ) per(@i(s;) dF'(s,) ... dFT(s,) v, . 4.4
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Proof. We prove (4.3) by induction on n, the case n=1 being a consequence of (4.1)
and (3.3). Generally, by Ito’s formula and Lemma 3.2, we have

A

d(F}, ... F},, )= Z (=1)"¢,Fy, ... F},.JdB',
and hence, making the inductive assumption that (4.3) holds, for fe 4,
(), FL @) ... Ff,, (Owed
= (0D VO D FYy Bl P e l)dB*(s,,+1>wo>

- _£<1P(f) f(sn+ 1) Z (=D (501 1) F, - - F,. (s 1)w0> dspt 1

as is seen by expanding the determinant by its last column. Thus (4.3) holds for all
n. As for (4.4), for fe 4 we have, by (4.2) and (2.2)

Bo O Bo O vo>= 111 7o, @)

while on the other hand, using (4.3) and (3.3) repeatedly
<w(f), Jper@)dFG) . dF*(sn)wo>

An—1,sp) T€E9, j=1

= <‘P(f) .‘E ) b H B (5) dF'(s,) ... dF'(s,_,)J dBT(Sn)UJo>

I

—1,8,) meg, j=1

j) <w(f>,f’<s,,>¢,,<,,,(s,,> I3 Y b6 aFGs) dF*(s,,_l>wo>

z j H f('sj) ¢1l,'(])(sj)

neay An,t) j=
= H ff¢,~~ (4.6)
j=10

Comparing (4.5) and (4.6) we see that y, is in the domain of the adjoint of
By (1) ... B,,(t), and that the action of the adjoint on v, is given by (4.4). [

Since it is cyclic for the B(¢), we deduce from (4.4) that the vacuum v, is cyclic
for the operators F'(t), teIR+, and hence for the Fi(t), e X (R,), teR,.
Moreover the operators F4(t) annihilate the vacuum. Now the Fock represen-
tation {a*(f), fe#} of the canonical commutation relations in Fermion Fock
space is characterised up to unitary equivalence by the existence of a cyclic vacuum
vector annihilated by the annihilation operators a(f). Furthermore the Fermion
second quantisation I5(U) of a unitary operator U on # is the unique unitary
operator which leaves the vacuum invariant and satisfies

LU a* (N LU '=a*US), fek;
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the differential second quantisation is then defined by
- d ic
dIH(T) = =1L T Moo

We denote by 4 and A" the canonical Fermion annihilation and creation
processes in Fermion Fock space constructed in [1]. Then we have

Theorem 4.3. There exists a unique unitary transformation E from # to Fermion
Fock space over I*(R ) such that

a) By, is the Fermion Fock vacuum vector

b) EF*¥(H)E 1=4%(1t) (teR,).
Furthermore, for eachte R,

EAWE ' =dl3(Pp,y).- @.7)

Proof. In view of the above, only (4.7) needs proof. An easy computation shows
that, for arbitrary f,geI*(R,), 4} (R,), teR, and real 6,

Cp(f), F(e—iep[o,t]"‘P(t,oo)) F (1) F(eieP[O,t]+P(t,oo)) w(g))
=P(f), Farog(D)w(9)>

and hence that
Er(eleP[O,t]_i_P(t,oo))E_l =1}(310P[0,:]+P(z, oo))‘

Differentiating with respect to 6 at 6=0 we obtain (4.7). O

Thus we may identify Fermion and Boson Fock space. From (2.12) and the fact
that J2=1 we immediately construct the corresponding Fermion Ito product
formula, generalising that of [1] by the inclusion of the gauge process,

dA dF' dF dt

dA | dA dFf 0 0
aFt| 0 0 0 0 (4.8)
dF | dF dt 0 0

dt 0o 0 0 O

In the implementation of (4.8) the differentials dF and dF' commute with even and
anticommute with odd adapted processes where the parity is that of the Z,-graded
structure of the even and odd n-particles subspace of #. It is clear from
Lemmas 4.1 and 4.2 that this grading transforms into that used in [1] under the
transformation of Theorem 4.3.

5. Solution of a Stochastic Differential Equation
We consider the stochastic differential equation
dU=U(L,dA+L,dF'+LydF+L,dt), U(0)=0, 5.1

where the L; are ampliations of bounded operators (with which we identify them)
on the initial space. Using (4.1) we write this as a Boson equation,

dU=U(L,dA+L,J dB'+L,J dB+L,dt), U(0)=0. (5.2)
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Necessary conditions for the existence of a unitary solution are obtained as in [4]
by differentiating according to Ito’s formula the relations UTU =1, UU" =1, they
are

Li+L+LL,=0, L,+Li+L,Li=0, (5.3)
LyJJ+JL,+JLL, =0, 5.9
and (using the fact that J commutes with L,)
Ly+Li+I5L,=0. (5.5)
From (5.3) we obtain that
L =W-I,

where W is unitary. Setting L, =L, (5.4) implies that LyJ=—JL'W= —L'WJ.
From (5.5) we obtain L, =iH — % L'L, where H is self-adjoint. Thus (5.2) becomes

dU=U(W—I)dA+LJdB'—L'WJdB+GH—L'L)d), U(©)=I. (5.6)

Theorem 5.1. Let W, L, H € B(#°) with W unitary and H self-adjoint. Then Eq.
(5.6) has a unique solution.

Proof. The argument of [3] needs modification because J in (5.6) comprises
operators which are not in the initial space. Thus we define adapted
processes U, inductively by Uy(t)=1,
t
U0O=1+§U,_(s){(W—D)dA+LJdB'—L'WJ dB+(iH —%L'L)ds} .
0 5.7
Clearly Uo(W—1I)and U,LJ, Uy(—L'WJ), Uy(iH — £ L' L) satisfy the local square
integrability conditions (2.10). Assuming that U,_;(W—-I) and U,_,LJ,
U, (—=L'WJ), U,_(iH —%L'L) do likewise so that U,, is defined, it follows that
the stochastic integral U, — I, hence U, also, is continuous in the sense [3] that, for
arbitrary ue #°, fe 4, t—U,()u®y(f) is continuous, hence locally bounded.
From this it follows that U, (W —1I)and U,LJ, U,(— LWJ), U,(iH — LL) satisfy
(2.10) and U, is well defined for all n. We have

Us©=U, 0= Uy 1)~ Uy o)
{(W~1)dA+LJ dB' —L'WJ dB+(GH — L' L)ds} (5.8)
and
Ul - U} ©= [ (V=D (U, )= U, 20

—WILI(U, - 1(8)=U,-2(s))dB" + L'J(U,_1(s) — U, (s))dB
—(H+30L)(U,-1()—U,-5(s))ds} . (5.9)
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We apply the estimate (2.9) to (5.8) to obtain
U0~y OIS fexp{i—s+3 17}

B O U= 1(8) = Un—2(8)) (W = Du@w(f)|?
+3[(Us—1(9) = U,—5(9)) LI u®@p(N)II?

[ (Un-1(8) = U,—2(9) L WI(s)u@w(f)|*
+1(Un-1(8) = U,—2(s) GH— 3 L' L)u®@p(f)|*} ds

§3£ exp{t—s+3§|f|2} 1P+

AU, - 1(8) = U, 2(8)) (W = Du@p(f)||*

(U= 1(8) = U, 2(8)) Lu@p(—)|*

F(Uy-1() = U, () LWU@p(—1)|?

H(Up-1(9)—U,-o(s)) GH — 3 L' L)u@p(f)|*} ds, (5.10)
where we use adaptedness of U,_, — U, _, to conclude that

(U= 1(5) = U, 5(s)) LI() u@p(f)I|*
=[[(Up-1(9) = U, 2(8)) Lu®p(~ f 10,59+ fis, o)) I*
= |(Uy-1(8) = U,—2(s)) Lu®w(— 1),
and similarly
MU y-1(8) = U, o(s)) L'WI(s)u@w ()|
=[[(Up-1(9) = U, —2(s)) L'Wu@yp(— ).

We now iterate (5.10) obtaining
(U —U,- 1) u®@w(N)> (12M)"A(f , EXP {t—sl +3 lt" |f|2}
~jI:11 (PP + 1} dsy .. dsyllull® lp(HI?, (5.11)

where M =max{||W—1I|?%, |L|? |L'W|?, |iH—%L'L|?*}. Since, as is easily seen
by induction on n,

I TSGR +1}ds, . dsy= —(+ [ fio ), (5.12)
A@n,t) j=1 n!

we see from (5.11) that, for 0<t< T,

k(f, T)"

sl U G CA )

I(ULO = Uy 1()u@p(NHI*<C(S, T)

where C(f, T), k(f, T) are positive constants. Thus > (U,(t)—U,_(1)u®wp(f)
n=0
converges, uniformly for t € [0, T]; denote its limit by U(#)u®@y(f). From (5.9) and
(2.9) we see similarly that Y (Ul()—U}_,(0)u®w(f) converges uniformly for
n=0
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te[0, T], to Ut())u®w(f) say. By continuity of the inner product U and U' are
mutually adjoint processes. By uniformity of the convergence we may pass to the
limit on both sides of (5.7) to obtain that (5.6) holds.

To prove uniqueness let ¥ be the difference of two solutions, then from the
adjoint equation of (5.6) we have

t
Vie)= [ {W' =)V dA—W'LIVtdB' + LIVt dB—(GH + 1 L'L) V' ds} .
0

From (2.9) we obtain that, for arbitrary ue #°, fe 4, and teR,

Vi ®u@w(NHI*<3 f exp *{t—S+ 3] Iflz} {1+1/&)1% MIVI()u@w(F 1)l ds.

(5.14)
Since V is a stochastic integral, s— || V(s)u®y(F f)|| is continuous hence bounded
on [0,7]. Thus we may iterate (5.14), using (5.12), to obtain that

k' (f, T)"

V'®Ou@p(NIZ=C(f, ) —"— llull*-

Thus V=0 and we have uniqueness. [J

6. Unitarity of the Solution
Lemma 6.1. The solution U of (5.6) is coisometric.
Proof. Since
Ut —I= i{(W* —DU'dA—WLJU'dB' + L} JU'dB—(iH + 4 L'L)U' ds},
we have from (2.7) that, for u,ve #°, f,ge4, teR,,
U -Du®p(f), U'®)-Do@p(g)>

~— | (P, g =DV~ TWILIU?
+gLlJU—(H+ 3L L)UN)o@y(g))
HGf W =D U —gWILIU + FLIIUY
—(H+ 3L UNYu®yp(f), v®@y(g))
= —u®p(f), UM () o®@p(9)) — U O)u®@v(f), v®@w(9))
in view of (2.6). Hence
U Ou®y(f), U r®@y(9)) = (u@y(f), v®@y(9)) ,
and so U'(¢) is isometric. [J

Since U(¢) is coisometric it is bounded, uniformly for ¢ in finite intervals, and so
we can apply (2.11) to write the differential

dUI)=dU-J+U-dJ+dU-dJ = U(— (W +1)J dA
+LdB'+L'WdB+(H—%LL)J dt). (6.1)
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Theorem 6.2. The solution U of (5.6) is unitary.

Proof. Again we modify the corresponding arguments of [ 3, 4]. By an extension of
the Hellinger Toeplitz theorem [4] the operators ur— U@)u®y(f),
ur UN(t)u®w(f) are bounded from #° to # for each fixed fe sand te R ,. By
adaptedness of U the same is true of u— U(¢) J(t)u®@w(f). Hence we can define
bounded operators K(f, g) (t) on #° for j=1,2,3,4, f,ge /% and teR, by

Cu, K4(f,9) )0y =<U@u@yp(f), Uv®w(g)>

Cu, Ky(f, 9) 00y =<U @) JOu@w(f), UD)v®@w(9))

<u, K3(f, 9) (0) 0y =<U@Ou@yp(f), U®) J())v@y(9))

<u, Ky(f,9) 00y =<U@) J@Ou@w(f), U@®) J()v®@w(g))
From (2.7) and (2.5) we have that, for arbitrary u,ve #°,

(6.2)

& Ko, (00
= G L{To(W' ~ 1)~ GH + L)} Ko/, )+ FoOW' ~ D K, (f.9) (W —1)
K, 0) oW =D+ GH— DL} + (g — W LY Ko(£. )
UK 9) (W D+ Kalf,) (TL—gLIW)
+TOV =D Ka(f,9) L+ LK, 9) Lo 63

Similarly, using (6.1), we find that

o Kol 000 = [ (JgOF + D GH + 3 U} Ko )
+Ka(£,9) (oW~ D+ GH = D)} = Jg(W + ) K/, 0) WD)
WL+ K, (f,0)+ 910 Ky(f0) W=D
DKL Kf,0) TL=gUW) OV +D K, 0 L1, (64)

KA, 900

=u, [{fgW'=1)—GH+ 3 L'L)} K5(f, )+ Ks(f, 9) { — fg(W +1)
+(H—-1L'L)}
—faW' =D Ks(f,g) W+D+K,(f,9) {[L+gL'W}+F(W'—DK,(f,g9)L
+ LK, (f, ) L+ {gL' — FTW'L} K((f, 9)— gL' Ko (f, 9) W+ D]v), (6.5)

K f9)0) = [~ (JoW 4D +iH +3 UL Ko( )

—Ky(f,9) {fg(W+D—~iH+ 3L} + fg(W' + D Ko(f, 9) W+ D)
+ LK, (f,9) L+ Ky (f, ) {fL+ gL' W} — (W' + 1) K,(f, g)L
+{gL'+ fW'L} Ky(f, 9) — gL' K5(f, 9) (W + D]v) . (6.6)
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We regard (6.3), (6.4), (6.5), and (6.6) as simultaneous ordinary differential
equations for the four operator-valued functions K (f, g),j=1,2, 3, 4. A particular
solution satisfying the initial condition

Kj(f$g)(0)=exp<f5g>17 ]=1a23374 (67)
is given by

K (f,9) 0 =Ku(f,9) ()=exp{f,g>1,

: (6.8)
K,(f,9) () =K;(f, g)(t)=exp{—2£fg+ <f,g>} I,

as may be verified by direct substitution. If we restrict f and g to be locally
bounded functions, then the solution with given initial condition is unique. In
particular K,(f,g) is necessarily given by (6.8), and so

U@u@p(f), UR)v®@y(g)y =<u,v) exp{f,g> = {u®y(f),v@(9)) (6.9)

for all such f and g, and u, v e #°. Since U(¢) is bounded, (6.9) must hold without
restriction on f and g. Hence U(¢) is isometric. Combining this with Lemma 7.1 we
conclude that U(t) is unitary. O
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