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Abstract. We construct the infinite volume limit of the U(1) Higgs model in two
and three dimensions, and verify some of the Osterwalder-Schrader axioms.
The proof uses a combination of renormalization group techniques and
correlation inequalities.

1. Introduction

In a previous paper [K 1], we considered the lattice U(1) Higgs model in a finite
volume with periodic boundary conditions in dimensions d =2, 3. We proved the
convergence of this model to a finite limit as the lattice spacing approaches zero.
The method of proof was based on the renormalization transformations intro-
duced in [Ba1-4]. In this paper, we continue our analysis of the model by
constructing the infinite volume theory and verifying some of the Osterwalder-
Schrader axioms.

This model was previously constructed in two dimensions in the papers
[BFS 1-3]. In particular, a collection of useful correlation inequalities was
established in [BFS 1]. We use these inequalities to define the infinite volume limit
of the continuum theory derived in [K 1]. The limit is shown to satisfy reflection
positivity, translation invariance, and a suitable analyticity property.

Since we approach the continuum limit through a sequence of models defined
on lattices with a fixed orientation, it is not obvious that the continuum theory
satisfies rotation invariance. We prove a result which, when combined with a
construction of the infinite volume limit for periodic boundary conditions, implies
the rotation invariance of that limit. (Although the correlation inequalities of
[BSF 1] fail for periodic boundary conditions, other methods such as the cluster
expansion could be used.) Specifically, we prove that two lattices whose
orientations differ by a special angle 0, (incommensurate with 2x) give the same
continuum theory in a finite volume.

The paper is organized as follows. Section 2 contains a statement of the results
proved in this paper. In Sect. 3, we construct the infinite volume limit and verify the
properties mentioned before. Section 4 contains the results on rotation invariance.
Finally, in Sect. 5 we extend the ultra-violet stability results of [Ba 1-4] to include
the different boundary conditions used in this paper.
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We recommend that the reader study [K 1] before reading this paper.

2. Statement of Results

The lattice U(1) Higgs model was defined in [K 17. In order to apply the results
obtained in [BFS 1-3] concerning correlation inequalities, we restrict attention to
the case of a two-component scalar field, though the ultra-violet estimates do not
depend on this restriction. For convenience, the field is written

P(x) =r(x)e "™, 2.1)

where r e [0, ) and 0 € [ —n, ). The model is defined on a finite lattice QCeZ?,
where the scalar field is a map ¢ : Q—C. The vector field is considered either as a
map 4: Q—R% orasamap 4: Q*—R, where Q* is the set of oriented bonds on Q.
These meanings are identified by

Au(x) = A(x,x+ee“> s (22)

where e,, is the unit lattice vector in the u™ direction. The covariant derivative of the
scalar field is

(D) (x)=¢""(exp[ieed,(x)]¢(x + se,) — (x)), (23)

where e is the electric charge. Under a local gauge transformation y, these fields
transform as

P(x)—>expiex(x)]¢(x),
A, (x) > A,(x)—0,x(x), (2.9
(D.9)(x)—>expiex(x)1(Dyg)(x).
Denoting by &° the usual lattice derivative on Q, our lattice action is
SHQ, A, ¢)

14 1,3
=5 X X deAGP+us XX AP
2 u=1 be* 2 n=1 xeQ
1

3 &I 0 = 200r(3) cos (0) — eoA = 00)]
+ Z € [ m?r(x)? + Ar(x)* + = 6m2(x)r(x) ] +E,+E,. 2.5)

The quadratic part of the action for the scalar field comes from expanding the
gauge-invariant term

5 Z Y (D) ()|

2u 1 xeQ

We have introduced a vector field mass uZ for technical reasons connected with
ultra-violet stability. The constant E, is a normalization for the Gaussian parts of
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the action (2.5):

d 1 d
exp(Eo) = [ (dA)(dg) exp [ - % u; Py e10" A, (D" = 5 115 El P e, (0

- 5 ACHOP 30 5 oo | 26
be* xef

The mass and vacuum-energy counterterms ém* and E, are introduced to
cancel the usual divergences of perturbation theory, and they are defined in [K 1].
For definiteness, we take Q to be a rectangular parallelepiped with equal sides.
Define for integer J,

C,={xeR* —MJ=<x,<MJ, p=1,....d}, 2.7
where M is the large integer used in Sect. 2.3 of [K 1]. As before, we define lattice
spacings {ex}, K=0,..., 0, by

ex=L"%, (2.8)

where L is the small integer which determines the size of the blocks used in the
renormalization transformation.

In the action (2.5), we will use Neumann boundary conditions (N b.c.) for the
vector field 4, on 0C;. We will use Dirichlet boundary conditions (D b.c.) for the
scalar field ¢ on 9C; (this choice of boundary conditions for ¢ is gauge-invariant).
With these choices, the partition function in C; is written

Zy,0(Cy)=[ (dA)(d) exp[—S*(C}, 4, 9], (2.9)
and the expectation of an operator ¢ is defined by
(OB =2Z5,0(Cy) "' [ (dA)(dP)O(A, §)exp[—S%(Cy, 4, 4)]. (2.10)

We are primarily interested in gauge invariant operators (0. Denote by Q** the
set of plaquettes on 2, and define the field strength tensor F: Q**—R by

F(p)= Y ¢ '4,. (2.11)

bedp

Then for a function g: Q**—IR, we have

Flg)= 3 #Fp()- 2.12)
pe
For a function h: 2—IR, the gauge-invariant operator for the scalar field is
:p2h=3 &h(x)[r(x)*=2(—4>2+m*) " (x,x)], (2.13)
xef

where — A% is the Laplacian on Q with D b.c. The general operator we consider is

O(zg, wh)=exp[zF(g) +w:¢*: (h)], (2.14)

where g,he C¥(RY) and z, weC.

It will be understood below that the results stated hold for dimensions d =2, 3.
The first result extends Theorem 2.1 of [K 1] to include the boundary conditions
used in this paper, and the second result gives the existence of the infinite volume
limit,
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Theorem 2.1. Let C, be defined by (2.7), and let g, h be supported in C,. Then for all
z,weC,

3 lim (O(zg, wh))§<5” = {029, wh))§p (2.15)

Theorem 2.2. Let g, h be C*® functions with compact support, and z,weC. Then
3 lim {0(zg, wh)>§p=<0(zg, wh)) . (2.16)

We also establish some properties of the limit (2.16). We denote by Tf the
function obtained from f by some translation T in the Euclidean group on R

Also, ifsupp f C {xeR*: x, >0}, we denote by 0, f the function obtained from f by
reflection in x,=0.

Theorem 2.3. The infinite volume limit (2.16) satisfies the following properties:

0] {O(Tg, Th)) =<0(g, h)) ; (2.17)
(ii) if suppgusupphC{xeR?: x,>0}, some v, then
<0(0,9,0,m)0(g, h)» 20, (2.18)

where the bar denotes complex conjugation;
(iii) if the 2N functions {g;}, {h;},i,j=1,...,N,arein C3(R?), and {z;}, {w;} are
in C, the function

N N
<(9 <,~§1 Zp 2, wjhj>> (2.19)

is entire on CY¥ x CV.

The properties we have listed in Theorem 2.3 are a subset of the Osterwalder-
Schrader axioms presented in [GJ 1]. To complete the list, we would need to prove
ergodicity, rotation invariance and regularity. Ergodicity corresponds to unique-
ness of the vacuum, and has been proved for other models using cluster expansion
techniques. To establish regularity we would need to keep more careful track of the
source functions g, h when proving ultra-violet stability using the renormalization
transformation method of [Ba 1-2].

In order to prove rotation invariance, it is sufficient to show that the limit
{0O(zg,wh)) is the same when constructed from two sequences of lattices whose
orientations differ by an angle 6, incommensurate with 27. The two lattices we use
are illustrated in Fig. 1. One lattice has spacing ¢, the other has spacing 5¢. The
angle between the lattices is 0, =tan~!(3/4). For d > 2, the lattices have the same
orientation in the other d—2 coordinate directions not shown in Fig. 1.

The methods we use to construct the continuum limit require quite explicit
expressions for lattice operators with periodic, Neumann and Dirichlet boundary
conditions. These hold only when the boundary is a lattice hyperplane orthogonal
to a lattice coordinate direction. Clearly the two lattices in Fig. 1 never share such a
boundary. Our solution of this problem is to use periodic boundary conditions.
We define a torus D, by (2.7) with M replaced by 25M. For L =15, we can “fit” D, by
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Fig. 1. Two lattices with different orientations

lattices with the same orientation as the sides of D; and with lattice spacings
ex =L~ X, The expectation defined by this lattice is written

(Oy=Ds, (2.20)

From Fig. 1, and since the length of each side of D, is a multiple of 25, we see
that D, is also fitted by the rotated lattice. Again taking L=35, and ¢x=L"%, the
expectation defined by this rotated lattice is written

O R, Dy (2.21)
We can now state our result concerning rotation invariance.
Theorem 2.4. For g, h supported in Dy, and z,weC,
1315130 {O(zg, wh)yixPr = IP—I»EO {O(zg, wh)) Fex»P7 (2.22)

Also, 8,/2r is irrational. (2.23)

Because the expectations in (2.22) are defined with Pb.c., we cannot use
correlation inequalities to take the infinite volume limit. However, we can expect
that a cluster expansion would give the following result:

{O(zg,wh)y=lim lim {0O(zg, wh))i=*, (2.24)
A7 RE K->

where the limit 4 ~ R? is taken through an arbitrary sequence of rectangular
parallelepipeds with P b.c. Therefore, if we denote by R,,, f the function obtained
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from f by rotation through an angle 6, in the uv-coordinate plane, we have
(OGRG'gwRLY = lim | lim OGR! g, R )yt

= lim lim (0(zg, wh))ReEo-Rutt)
Jim - lim <O(zg, wh));,

lim lim (O(zg, wh))y5o R (2.25)
A /R4 K-

where we used Theorem 2.4. Since (2.24) holds for an arbitrary sequence of regions
A, the limit (2.25) equals (2.24). By iterating the rotation R,,,' and using the fact that
0,/2m is irrational, we generate all rotations in the uv-plane. Repeating the
procedure for each u,v gives invariance under the full rotation group SO(d).

3. The Infinite Volume Limit

3.1. The Continuum Limit

The renormalization transformation method was introduced in Sect. 2.2 of [K 1].
The space of field configurations is divided into cells, each corresponding to
fluctuations of the field on a certain length scale. Beginning with the shortest length
scales, the integral over fields in the partition function is successively analyzed in
each cell. This method of phase space localization was first introduced in [GJ 2]. It
was developed for the U(l) Higgs model in [Ba1-4], using a block spin
transformation to separate fields into average and fluctuation parts.

In order to apply the renormalization transformation to the case when the
scalar fields ¢ has Db.c,, we modify the averaging operators defined in [K 1].
Given a block B(y) containing L“ sites, we consider a bounded function f: B(y)—»R
such that

> Lf(x)=1. 3.1)
xeB(y)

For each y e LeZ*, we introduce f on the block B(y), giving a function f on
¢Z". We now define the averaging operator for the scalar field by

QAP (y)=L* xé;(y) f(x)expieATD14(x) (32

where y € L*¢Z* and A(I;*)) is defined in [K 1]. The operators and notation used in
[K 1] will be taken over unchanged, with the understanding that Q,(4) is replaced
by (3.2). We leave unchanged the averaging operator for the vector field. The
results stated in Sect. 2.2 of [K 1] still hold, in particular the representation (2.17) of
the propagator.

Using the method of multiple reflections, we can write an operator with P, N,
or Db.c. on a lattice hyperplane as a sum of operators with free boundary
conditions. Suppose QCeZ? is a rectangular parallelepiped given by

Q={xeel" 0<x,<L, pu=1,....d}, (3.3)
and the dimensions L, satisfy

(L) 'L,eN, each pu=1,....d. (3.4)
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Recall that the renormalization transformation produces a sequence of
covariances defined by

GiQ)=(—4>?+m*+a, (L) *P(0)) "1, (3.5

where P,(0)=0i(0)0,(0) and — 4% is the Laplacian on Q with some boundary
conditions on 9Q. The operator G with free boundary conditions on ¢Z* is given
by (3.5) with — 4% replaced by — 4°. We have an explicit Fourier representation
for G§ and so we want to write covariances with other boundary conditions in
terms of G%. For Pb.c. on @, we take f=1 in (3.1) and then

d
G (x, y)= sz G (X,J’-l- Zl nuLueu>‘ (3.6)
ne =
For Nb.c. we also take f=1 and then
d d
i(Q)(x, y) = Z 2 ch (x’ y+ 2 2nuLﬂeu— Z mv(zyvgs)ev> . (3'7)
neZ4 me{0,1}4 u=1 v=1

Finally, for D b.c. we use a different function f. For x € B(y), define

L d
<L——1> if x,~y,S(L—2¢ each p=1,..d,

Je)= otherwise .

We take —A>? to have Db.c. on {x € ¢Z*: x,=0or x,=L,, some p=1,...,d}.
Then we can write

(3.8)

d d
G@Axy= %X 3 (—1)2”'"”Gi<x,y+ z 2mle— X 2mvyvev>-
n= v=

neZ4 me{0,1}4
(3.9)

If we had taken f'=1, the representation (3.9) would not hold.

We now wish to prove Theorem 2.1, giving the continuum limit in a region C,.
In Sect. 4, Theorems 3.1 and 3.3 of [K 1] are extended to include the case when the
vector field has N b.c. and the scalar field has D b.c. Therefore, the existence of the
continuum limit in C; will follow from the convergence of the effective action,
which was proved for P b.c. in [K 17]. Recall that Theorem 3.1 of [K 1] states that
the generating functional Z% ,(C,){0(zg, wh)»%5 is well approx1mated by the
integral of an effective action 'SELL¥e o the lattlce with spacing L*¢ in C,, when
z,w are real. By proving convergence of S® ¢ as ¢—0, we can deduce
convergence of the generating functional, and hence of {((zg, wh)>%%, for z,w
real. Furthermore,

[KO(zg, wh) Y5 SIS {O(Rezg, Rewh))5S . (3.10)

Therefore, usmg Vitali’s theorem, it follows that {O(zg, wh)»>%S converges to an
entire function in € x C as ¢—0.

In the remainder of this section we will prove convergence of the effective
action S®1*¢in C, for z, w real. For convenience, we adopt the following notation:

T%, =C,nLreZl,  k=0,1,....K. (3.11)
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When k=0, we write (3.11) as T,. Under a re-scaling ¢—1#, (3.11) becomes T7%),
We will henceforth reserve # to mean L% Recall that for an integer n>1,
71/=L_n71=L_(k+n).

The effective action S®1*¢ is defined on the lattice T,;%. For convenience, we re-
scale L*¢—1 and then we have the following formula for S®! (see [K 1, Sect.
3.6]):

SONTO, Ay 419, ) =3 (A AVA +In N,
+1{y V(AN +InN,(0)

Z,(4%)
‘“‘[ Z0)

The operators A%, A®(4®) are effective Laplacians for the fields 4, and ¢,.
The interaction term P*! is represented by a sum of connected graphs with
vertices on the lattice T,. These graphs were described in detail in [K 1] and in
[Ba3]. The only way that the boundary conditions enter this description is
through the propagators G}(A%) and G} connecting the vertices. In our case,
G}(A%) has D b.c.and G} has N b.c. on 4T,. We shall specify below how the proof of
convergence in Sect. 3.4 of [K 1] must be modified to take account of this.

When we localize the vertices of a graph in a cube [J, it may happen that
00 NdT™ is non-empty. In this case the vertices will see a “sharp boundary;”
this is the main difference between periodic boundary conditions and those
used here. The following remarks refer to Sect. 3.4 of [K 1].

Having localized the vertices of a graph H in a block [], we obtained the
expression EX(H, A®; {y;}, {z,}). We now replace each propagator G,(A*) by the
difference G,([0’, A®)— G, ([0, A®), where we take G,([J’, A®) to have D b.c. on
01" In the expansions (3.47)-(3.53), we take B=0 and 4’=A®. We omit the
replacement (3.54), so every scalar field propagator in our graph is G,([1’,0). We
shall prove Propositions 3.8 and 3.9 for G,([1",0) and G, in Appendix A. Thereis a
minor technical point connected with the operator Q, ., ,(0). After all propagators
and sources have been replaced in a graph in E**"(H), we have (for some
function K)

0y B3 [WK@=1 ¥ K

zeB*(y) xeB"(z)

:| +P(k)’1(T(k)> Ak, ¢k> g> h) (312)

K(x)—K(2)
p ] (3.13)

=@QK)W A+ X X (l—f(x))IX~Zl“[

zeBk- 1(y) x€B(z) |x —

The second term in (3.13) gives a factor L™ %, since |x—z|< \/EL"‘“ for
all x, z.

There are other modifications required when we examine subgraphs with non-
positive degree. First, note that it is sufficient to assume that dL1'ndT, is non-
empty; otherwise, the vertices of the graph never see a sharp boundary, and the
methods of [K 1] go straight through.

We shall define the mass counterterm ém? using free boundary conditions; that
is the propagators used to define the graphical expansion of 6m? (see Sect. 3.3 of
[K 1]) have free boundary conditions on d7,. This is necessary in order to take the
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infinite volume limit (see the next section). At first glance, this appears to cause
problems since the divergent diagrams produced by perturbation theory have
propagators with N and D b.c. on 0T,. However, because we use D b.c. for the
scalar field, the propagators entering a mass vertex go to zero near the boundary,
and this is sufficient to keep the graph finite, once the most divergent part has been
removed.

As a specific example, consider the following linearly divergent graph for the
self-energy of the scalar field:

——x(:::hoy— (3.14)

As explained in Sect. 3.5 of [K 1], this graph may be written as

b y
X S y : X X
+ B y

The third graph on the right-hand side of (3.15) is convergent. In the first graph
on the right-hand side, we integrate by parts at y to give

(3.15)

X X (3.16)

where the asterisk denotes differentiation of the localization function y(y). Using
the representations (3.7) and (3.9) we now write (3.16) and the second graph on the
right-hand side of (3.15) as a sum of graphs with free propagators. The graph in 6m?
corresponding to (3.14) has an expansion similar to (3.16), and we may cancel some
of the terms produced. The remaining graphs have one or more propagators
connecting x to some reflection of y in 47T,, or they have y summed over nZAT,.

Let H represent one of these remaining graphs. Suppose that for some line [ in
H, thereis a propagator connecting x to a reflection of y in 0T,. Then we see that the
graph H with [ omitted has positive degree [(3.16) ensured this], and the degree of
H is greater than or equal to —1. We can analyse H in the manner described in
Sect. 3.4 of [K 1]. The internal propagators are decomposed with the relation

Gl= Z Gl;, and we can restrict attention to one particular ordering of the

1nternal lines. After inserting the appropriate bounds, we get the following factor
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for the line [:
exp[—do(L/n) ™ {Ix — y|+dist({x, y}, 003")}7. (3.17)

Following the methods of [K 17, we shrink the lines in H to x and the final sum
of integers is

Jo

3 (Liny>™ exp[ —o(Lin) ™" dist({x}, 00)")]

i=o
< Cexp[—d(L’on)~ ' dist({x}, 01")]
(L7on)P® D(H)>0,
A In[dist({x},807]|, D(H)=0,
\dist({x},80)P®,  D(H)<0, (3.18)

where j, is the smallest integer on an external line. Suppose now that x is connected
to another vertex z by a scalar field line with integer j,; then for all 0Za <1,

Idist({x}, 001" ~*IG{;, (s 2, X))
SC(Ln)*~**exp[—do(Ln) ™ Mz —x[]. (3.19)

This bound follows from the representation (3.9) and Proposition 3.7 of [K 1].
Therefore, we have the additional factor |dist({x}, 0[1")|* available when we sum
over x, and so we get

%, niy(x)|dist({x}, o017 P *=

cexp[ — (L)~ 1|z — x| +dist({x}, 61")}]
< C(Ln)PD = exp[ —§(Liy) ~ t dist({z}, 60)]. (3.20)

Since D(H)= — 1, we can use any positive a. This extra degree of convergence
has been borrowed from a line external to H; as usual, we have transferred the
divergence to a bigger graph. This is exactly how divergent diagrams are
renormalized in Sect. 3.5 of [K 1], so we see that H produces no divergence. The
same reasoning holds when one vertex of H is restricted to the region #Z/T,.
Furthermore, we may extract a convergence factor L™ " and so prove convergence
of the graph as k— 0.

The other graphs in dm? can be treated similarly; in fact, the cancellation of the
logarithmically divergent graphs does not require D b.c. The Ward-Takahashi
identities hold for our choice of boundary conditions, since this choice is gauge-
invariant. We will prove in Appendix A that the operators A® and 4®(0) converge
as k—oo. Therefore, all the results of [K 1] go through, and we deduce
Theorem 2.1.

3.2. Correlation Inequalities and Monotonicity in the Volume

By using an appropriate collection of correlation inequalities, we can prove that
{0(g, h)>§’p is monotonic in J, for suitable g, h. The reader is referred to [BFS 1]
for a derivation of the inequalities, which are quoted below.
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For two operators ¢ and ¢, and 0<s<2, define the ratio of expectations
_ Lexp[0+(s—DODFp

ENO; 0 5)= 3.21
O )= e [6=DO D G20
We are concerned with operators of the following form:
Alg)= bFE*S"A(b)g(b), (3.22)
(W)= 3 &ri(x)h(x). (3.23)

xECJ
The following proposition is proved in [BFS 1] using standard methods.

Proposition 3.1. For real functions g, h with h=0, for any complex function u, and
for e>0,0=<s<2,

£ 802 +iA@): 1AW 920, (3.24)

L 51020 +iA(g); P(x); 920, (325)

L S0 00) +iA(9): rO)r () cos(00x) —ecA 00 20, (326)
& g1+ A@): 1AW 920, (327)

8P+ AG); P03 950, 629)

%é" H(=12(h) + A(g); r()r(y) cos(0(x) —ezA ., —0()); $)<0.  (3.29)

Using Proposition 3.1, we can deduce the following theorem.

Theorem 3.2. For g real and h=0, both with compact support in R?, {O(ig, h)>§’p
and {O(g, —h))§ p are, respectively, monotonic increasing and decreasing in J.

Proof of Theorem 3.2. We establish monotonicity for a non-zero lattice spacing ¢;
continuity gives the same result for the continuum limit. For given sources g and h,
we take J large enough so that suppg and supph are bounded away from 9C,.
Recall that

2 () =r} (h)—2 Y &C¥x,x)h(x), (3.30)

xeCy

where C?=(—4°4+m?)~! is computed using D b.c. on dC,. When x is a distance
R>1from Cy, the difference between C*(x, x) computed with free and D b.c. is less
than Cexp[ —mR]. So taking dist(supph, 0C,) > 1, we may define the subtraction
needed to renormalize ¢*(h) using free boundary conditions, and the results of
Sect. 3.1 still hold. The advantage of doing this is that :¢?: (k) is then independent
of J.



334 C. King
Consider the expression
&7 (h) +iF(g); 36240 ) — A b )P )., (3.31)

where b is a bond in C¥, ;. By (3.24), the value of (3.31) at s =2 is less than its value
at s=1. Examining the definition (3.21), this means that removing the term
$et72A,(b,)— Aﬂ(b )1 from the action decreases <0(ig, h)»5’3". Similarly, (3.26)
shows that removing a term —e&*~ 2r(x)r(y) cos(0(x) —eeA,,.,, —0(y)) from the
action also decreases this expectation. If we remove all such terms coupling sites in
C; to sites in C;, ;\C,, then the resulting expectation factorizes, and the integral
over fields in C g+ 1\C; cancels.
The remaining expression is exactly (0(ig, h))§’p, since we defined om? using
free boundary conditions. Therefore, we deduce the inequality

O(ig, > p =< 0ig, h)>575* (3.32)

A similar proof shows that

CO(g, —=m)>§ p=<0(g, —h))§b*. (3.33)

3.3. Reflection Positivity

Reflection positivity is a crucial ingredient in the reconstruction theorem of
Osterwalder and Schrader [OS 1]. It was proved for the U(1) Higgs model in
[BFS 1], and we state their results below. Given a rectangular parallelepiped
QceZ* consider a hyperplane = which is perpendicular to the v'" coordinate
direction, and which lies midway between neighbouring sites of Q. Define 2, to be
the sites in Q lying on opposite sides of 7, and let ¢ denote reflection in n. Then we
shall assume that

o(Qy)=a_. (3.34)

We now introduce a map 6 taking functionals with support in @, into
functionals supported in 2 _ by

O(F)(ADb), $(x)) = F (A(eb), $(0x)) . (3.3

The bar denotes complex conjugation and gb=9<{b_b >=<{gb_,0b, ). We
will choose boundary conditions for the fields on Q which are invariant under
reflection in z. It is convenient to consider the vector field 4 as defined on oriented
bonds, and to assume that

A(=b)=A(b,,b_Y)=—A(b). (3.36)

We define a characteristic function on Q by

1 if xe@
= ’ 3.37
o) {0 otherwise . (3.37)
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The action that we consider on Q is (recall that F(p)=¢™ ' ¥ A(b)),
bedp
WA, 9)=% X EIF@IP+3ui X elAD)?
pex* bef*
P =z, e (AKX, y>)]2

+ 3 @) +@)0) 2 @N0)

-cos(0(x) —eeA(<x, y>) —0(y))]
+ Zg e [Em?r(x)? + Ar(x)* +1om*(x)r(x)?]. (3.38)

We have written x* for the set of nearest neighbour sites of x on eZ?. We write
{F Y% for the expectation of a functional & in the measure defined by (3.38). Since
the quadratic form for the vector field in the action (3.38) differs from the “unitary”
form <A, (d*d+pu3)A> by a gauge-fixing term only (d is the lattice exterior
derivative), we may apply Corollary 5.4 of [BFS1] to deduce the following
proposition.

Proposition 3.3. For any gauge-invariant functional & supported in Q.
(HF)F Y5 =0. (3.39)

The action (3.38) differs from (2.5) by the omission of some terms of the form
e972|A(b)— A(b")|?, where b and b’ intersect 0Q. We shall use the correlation
inequalities of the last section to insert these terms below.

We return now to the construction of the infinite volume limit. For any sources
g,h and for z,we C,

[<O(zg, wh) )55 < {O(Rezg, Rewh) Y55 . (3.40)

We can write Rewh=h, —h_, with h,, h=0. Then using Schwarz’s inequality
and Theorem 3.2,

(3.40)<[{O(2Rezg, —2h_)>5 31" - [<OO0,2h,) )51
<[<O(2Rezg, —2h_))§Ge - [<OO,2h,)>5 31"
<eIC00,2h, )55 512, (3.41)

where J,<J is such that suppgusupphCC,, _,, and the factor “C” in (3.41)
depends on g, h,z,w (this is the ultra-violet stability bound). For each J, we
consider <((0,2h,))¢, defined with the action S¢ (4, ¢) given by (3.38). Then
Theorem 3.2 gives

00,2035 =<00,2h,))¢, ,, <00, 2h )55 (3.42)

Using (3.42), reflection positivity and ultra-violet stability, there is a standard
argument (see [GJ 1]) which allows us to deduce

00,2,)y5 G < e (3.43)
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all J = J,, for some constant C, again depending on ||k, ||. Combining monotonic-
ity (Theorem 3.2) and (3.41), (3.43), we deduce

3 hm {O(zg, wh))§ p = {O(zg, wh)) (3.44)

for Rez=0 and h=0. (Notice that we took the continuum limit before taking the
infinite volume limit; all our bounds and monotonicity results are uniform in ¢.)
Vitali’s theorem then extends (3.44) to an entire function on € x €. Furthermore,
for each J, {(O(zg, wh) > converges on some subsequence as K — co. This limit is
reflection positive; also (3.42) implies that as J—oo it converges to (3.44).
Therefore, (3.44) is also reflection positive.

Translation invariance follows by uniqueness of the limit (3.44). Vitali’s
theorem allows us to deduce (2.19).

4. Rotation Invariance

As explained in Sect. 2, in this section we will consider the model on a torus D;
defined by

D,={xeR% —25MJ<x,<25MJ, u=1,....d}. (4.1)

We denote by Z%(D,,g,h) the generating functional on the lattice T, with
spacing ¢ and the “usual” orientation. We will denote by ZR®(D, g, h) the
generating functional on the lattice Ty, with spacing ¢, but rotated by an angle 0,
as shown in Fig. 1. The results of [Ba 1-4] apply to both these models, and we have

e_CI'DJ' é ZS(DJv g, h)> ZR(S)(DJD B h) é eCZ‘DJl ’ (42)

where C,, C, depend on g, h but not on ¢ or J.

In order to compare these models we consider a modified block spin
transformation. Each lattice site y in Ty s, defines a block of 5 sites on T,, which we
denote by B(y). We introduce corresponding averaging operators

©04,)(»)=57" %( )AH(X), (4.3)
QH(=5"* %( )U(A(fy,x))¢(X), (4.4)

where the contour f .is chosen to lie entirely inside B(y). Using the operators (4.3),
(4.4)wecan generate from ZH(Dy,, g, h) an effective action on the lattice T(,,, which
we write S-RENTW 4, 4. g, h). By applying succeeding steps of the renormal-
ization transformation in the usual way, that is without rotating the blocks, we
generate effective actions S® RE*)(T®, 4, 4, g, h) on the lattices T, In Sect. 5
we will prove the following proposition.

Proposition 4.1.

Z¥Dy, 9, 1) 2 | (dA)(d4) 1 A 1u($0)
~exp[— SO RET®, 4y, ¢y, g, h)+ C(L*e)’ID,[] (4.5)

for 0=k =<K, 6>0 and y, as defined in Sect. 3 of [K1].
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We can also perform the usual renormalization transformations on
ZRG(D,, g, h). This produces effective actions S~ D-RE)(T® 4 4. g h) on the
Jattices Ti{tkx,), which we can compare with the previous actions.

Theorem 4.2.

Xk(Ak)Xk(¢k)|§(k)’ I(T(k)’ Ak9 ¢ka g, h) - S(k_ D 1(T(k)’ Ak7 ¢k’ [’B h)l
SC(L™"™(L*) ™" +(L*e)) D, (4.6)

where 0<y<1, 0<o, f3, and ¢ depends on g, h.

Proof. The proofis almost identical to the proof of Theorem 3.4 in [K 1], assuming
that we have corresponding results on convergence of propagators. These results
will be established in Appendix B. The only significant difference in the rest of the
proof is that we always decouple regions using propagators with periodic
boundary conditions on some torus defined in the same way as D,. This allows an
explicit Fourier representation for free propagators.

We can now establish Theorem 2.4. First, using the results of [Ba 2] (as stated
in Theorem 3.1 of [K 1]) and Proposition 4.1,

ZR(SE)(DJ’ 9, h) - ZS(D.h 9, h)
< T (dA4) [dpo) Al
' {CXp [ - S(k - 1(T(k)> Aka ¢k5 g, h)] —CXp [ - S'\(k)’ I(T(k)s Ak: ¢k’ 9, h)]}

. €Dl 4 o= p(LKe)2+CDy| 4.7

We now use Theorem 4.2 and the bound
e*—e Sle*—e| = |x—yl(e* +¢*), (4.3)
which gives

@7 = C(L™"™M(Lre) P + (L)) ID,{Z* D, g, h) + Z%(Dy, g, h)}
LRI | o= PLFD)2+CIDy|

S C(L™™(LFe) ™ P 4 (Lre))eCtPi! (4.9)

To complete the proof, we must prove the same bound for {Z%D,,g,h)
— ZRG9(D, g, h)}. We do this by switching around the argument; rotated blocks
are used to generate from Z*®®(D,, g, h) an effective action on the lattice T, and
other actions on T, ). These are compared with the actions generated from
Z%Dy, g, h) by the usual transformations. We can prove analogues of Proposition
4.1 and Theorem 4.2, which is all we need. Then using the bound (4.9) and choosing
k suitably, Theorem 2.4 follows (see Sect. 3.2 of [K 1]).

It remains to prove that 6,/2n is irrational. We know that cos 6, =2. So suppose

that 0, = §2n, where p, g are integers. Then

(cos )qlfq 1) 1 p (cosf
P 4~ 2(cos b)) for q even,

1=cosqf,= (4.10)

(cosd )‘11/2%:1) T )P (cos,) for g odd
0 n=0 2n+l q—ZCOS o q ’
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where P,_,, P,_, are polynomials of degree q—2. It is easy to show that

S04 e (“.11)
n=0 2n N n=0 2n+1 N ’ ’

Therefore, for some integers ao, ..., a,_,, cosly is a solution of the equation

q—1
207 1x4 4 Y g x"=0. (4.12)
=0

n

We will now prove that 3/5 is not a solution of (4.12). Let x = M/N, where M, N
are mutually prime. Then

qg—1
297 IMAI4 Y g, M"TNTT"=0). (4.13)
n=0

Therefore, N divides 2¢7!M9, and so by assumption N=2° for some s.
Therefore, x=3/5 is not a root of (4.12).

5. Ultra-violet Stability

5.1. Regularity and Decay of Operators with D b.c.

In this section we will extend Theorem 3.3 of [K 1] to include operators defined
with D b.c. Recall that we modified the averaging operator in (3.2) by including the
averaging function f defined by (3.8). Theorem 3.3 of [K 1] was proved in the
paper [Ba4], and we will modify suitably that proof below.

For any C, defined by (2.7), we denote by T, the lattice in C; with spacing ¢.
After rescaling to the #-lattice (y=L"%), it is written T,. We denote by T® the
sublattice of T, with unit spacing. Let QC T, be such that Q® is a union of large
blocks on T®, We will write 62 to mean that part of the boundary of Q which does
not belong to 0T,. Recall that G,(A) is defined with D b.c. on 0T,, and G,(€2, A) with
Db.c. on 9QuU0T,. Also a vector field configuration A is regular on Q if

074,(x)| < Ce(L*e)> 2y~ (5.1)
for y,v=1,...,d, f>0, and xe Q.

Proposition 5.1. Let A be regular on Q, and f: Q—IR. Let e = L™¥; then for allk <K,
for xeQ and 6,>0,

1G(Q, A)f (x)|< Cexp[ —d, dist (x,supp )] f ], (5.2)
IG(€2, A) f(x) — G(A) f(x)]
< Cexp[—8,dist(x,supp f)— 6, dist(x, 0Q) — 6, dist (supp f, I 1| f1l. (5.3)

Corresponding bounds hold for D, ,G,(£2, A) and the a-Holder derivatives of
G2, 4), D4, ,G (L, A) for 0<a<1.

Proof. We will mimic the random walk representation presented in [Ba 4] in order
to prove Proposition 5.1. For each je Z* define the set

(J;=Qn{the union of large blocks with Mj at one corner} . (5.4)
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We introduce a partition of unity on Z? as follows. For each je Z¢ define
d X, .
hi(x)= ”];[1 h i —Jul> (5.5)

where his C*, supported on [ —2/3,2/3]and h=1on [ —1/3,1/3]. Also we choose
h so that

> hi=1. (5.6)
jezd
We define the operator
Go= 2 hG (L}, Ahy; (5.7)
J

this will serve as a first approximation to G,(£2, A). A straightforward calculation
(see [Ba4]) shows that

(= 4% o+ m*(L'e)* + arPy(A))Go) (x, X')
= ; [hy(0) ((— 4% 5, + m?(L*e) + a P (A) G 5, A)) (x, XYy (x)]

J

- X (a"hj) (b)(D 4G(D) I A))(b, x/)hj(x,)

best(x)
+(=4"h)(x)G ([, 4; x, XY (x)
+(Ri(A4, 0"h)G(L1 j, A))(x, xWh(X'), (5.8)

where st(x) is the set of bonds connected to x, and we have included a superscript to
denote D b.c. Also

R4, 0'hpx)= 3 ) nf OV UAT e, <))

X’ e B(yk(x
-1 1 (h(x) = h(x")$(x"). (5.9)

If we define the operators

(Kp)(x)=1(x) {b 2z )(5”h,~)(b)(DZ¢)(b) + (A”hj)(x)¢(x)_Rk(Aaanhj)¢(x)}:

est(x
(5.10)
R=3K;G(;, Ah;, (5.11)
J
then (5.8) implies that
G(Q,A)=G,(I-R)"'= 3 G,R". (5.12)
n=0

We can now deduce the random walk representation. Define a path
0 ={wg, 01, ..., w,}, ;€ Z*, where w;, w; , , are vertices of the same unit cube. Then
(5.12) can be written

Gk(Q’ A) = Z hmon(D 0o A)hwoKw‘Gk( U oy A)han e Ka),,Gk(D Wp A)hw,, .
(5.13)
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In [Ba4], it is shown that Proposition 5.1 follows from the following two
lemmas.

Lemma 5.2. Let [ be a sum of a few large blocks. Then

160, A)f 1|5, 1 D%, ,Gu(L, A)f |15,
1G(C, DTS2 1D%, ,Gi(L, ADZE [l 2 CHLf 2 -

Lemma 5.3. Let U be a rectangular parallelepiped which is a sum of a few large
blocks. Then
1G(CL, Af o =ClLf oo - (5.15)

Corresponding bounds hold for D% ,G, (U1, 4) and the a-Hdlder derivatives of
G([1, 4), DYy ,G(C0, A) for 0<a<1.

Proof of Lemma 5.2. Since A is regular on [J, we can write

(5.14)

A=B+ A, (5.16)
where B is a constant vector field and
|4} 014/ < C(Lke) @426~ 1) (5.17)

In the paper [K 1], we deduced the following expansion for G, (3, A):
G0, A)=G*(0, B)(I - G0, B)V(4', B)G,*(L], B)) " ' Gy'*(LJ, B).
(5.18)

If we assume that Lemma 5.2 holds with A replaced by B, then (5.18) implies
(5.14). Furthermore, we can gauge transform from B to the zero vector field
configuration. The lemma then follows by getting lower bounds on quadratic
forms. We see that

{§, (— AP+ m?(LFe)* + P )¢ = {¢,(— ALY+ m*(L¥e)* + a, P )$)
(5.19)

where — A% has N b.c. on 1. The proof then proceeds exactly as in [Ba4]; we
separate — A" across unit blocks using N b.c. On each block P, projects onto the
zero eigenvector of the Laplacian. The other eigenvalues of the Laplacian are
greater than n2.

Proof of Lemma 5.3. By expanding (5.18), we get
G(O,4)= 20 G (O, B)(V(A’, B)G,([J, B))". (5.20)
Once again, we assume that Lemma 5.3 holds with A replaced by B. By
combining (5.20) with the bound
1Vi(4', B)IG(D3, B)|,, < Ce(L'e)’ , (5:21)
we then deduce the required result. Recall that (see [K 17)
—Vi(4', B)=D}*F, (A)U(B)+ U*(B)F, ,(4')*Dj
+1Fy (A +axF 3, (A, B)*Qy(B)
+ a0k (B)F, (A, B)+ a,F, (A, B)*F, (4',B)  (5.22)
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(the operators F, , and F,, are defined in [K 1]). As mentioned in [Ba4],
V(A’, B)is a first order differential operator acting on the function to its right. The
only obstacle to this interpretation is the term D}*F, ,(4"). Explicitly computing it,
we get

(DFF, (A1)
= 5 0 (U U 5=, x9) = DAL=
T UG e ) = D ne s bne), (523)

where

1 if xed\oOd,

0 otherwise. (5.24)

x(x)= {

In Appendix A, we will show that
In~ (GO, B)p)(x)|=C, (5.25)

when x + e, or x —ne, lies on 0[] [this is a consequence of the fact that G,(J, B)
has D b.c. on 0007]. Therefore, (5.23) is a regular operator on G, (1, B), and so (5.21)
holds. It remains to prove (5.15) for a constant vector field. By gauge covariance,
this is equivalent to having zero vector field. In Appendix A, we will show how
these bounds follow from an explicit Fourier representation.

The next proposition gives a lower bound on the effective Laplacian which is
crucial in the proof of ultra-violet stability. Again, we assume that Q® is a union of
large blocks on T™, and we denote by Q" that part of 0Q™® which intersects 6T®.

Proposition 5.4. When A is regular on Q,
GAQAYZr | B WP B VAN~ 4P

x,x'>ef

AL B BIP) = Ceh? 020 B P (520

Proof. The bound (5.26) is established in [Ba 4] for N b.c., but without the term
70 Y |#(x)[%. This term is present only because we are using D b.c. Since

xe Q)

— AP > — AN (5.27)

the remaining terms on the right-hand side of (5.26) follow from the bound on the
operator with N b.c. (It is important to notice that the proof presented in [Ba 4]
requires only L,-bounds on operators.) So we will prove the lower bound for the
first term on the right-hand side of (5.26).

We may separate A®)(Q, 4) by Neumann boundary conditions across the
boundaries of each unit block in Q®. On each block away from Q®), we estimate
the operator by zero. So let [J be the block on Q defined by some x € Q®. Then

(4,490, D> = a|p()* — 4, Qu(AGU(D, DO (A>.  (528)

Since A is regular on @, we can write 4= B+ A’, with B constant and A" small.
We can then gauge transform (5.28) to remove B, and expand about A'=0
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in the usual way (see Sect. 3.4 of [K 1]). Using the L,-bounds of Lemma 5.2, the
terms in the expansion of order e*> and higher can be bounded
by C(e(L*e)®>~42p(L*¢))*|¢(x)|*>. The term of order e is proportional to
Re(g*(x)ig(x))=0. So we are left with the piece independent of A, which is
al¢(x)* —az{, QG (D)QF ) . (5.29)

For simplicity, we change G,([J) so that — A%, has D b.c. on one side of (] only,
and N b.c. on the other sides. We denote this side by B; it contains ' ~¢ sites. We
will use the integral representation of (5.29):

Cexp[—3(5.29)]

= [ d¢'|g exp[—ald(x) = (Qup ) X)* =3¢, (= AL + m*(Lre) )¢ Y],
(5.30)
where C is some constant. Clearly, for some A,

(5.30)=Cexp[ —34,l¢(x)|*]. (5.31)

In order to evaluate 4,, we will Fourier transform (5.30). Since (5.30) does not
mix the components of ¢(x), it is sufficient to consider each component separately.
Then

§dpexp —[ilp+3A4,9*1=])/2nd; " exp[ 345 'E]. (5.32)
If we change ¢’ to ¢+ ¢ in (5.30), we get

[d¢’|zexp [ — 3010k (X)> = 34", (= AL +m*(L*e)*)¢>
—%EB ' 21¢'(y) + ¢(X)l2} (5.33)
where — A%Y has N b.c. on every side of [J. We can write
EB 2 () + 0P = EB () — EB 2 y)

+17 P00 + y‘GZBn""f/ﬁ’(y)

2

2, (5.34)

If we define
(p, A" ) = a|Qud (X)1> + @', (— ALY +m*(Lre)*)p">
+%EB n'ln = ¢ (y)— EB n' ()7, (5.35)

then (5.32) becomes
Id¢exp(*if¢)fd¢'exp[—%n'l P(x)+ EB YO 344, A¢’>]
=[dpexp(—ip—3n~'¢%) [ d¢ exp [iéy%; () -3¢, A¢’>}
=Cexp[—3n&*—38<f, 47171, (5.36)

where
f= EB N oMy —y). (5.37)
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Therefore, we deduce

Agt=n+{fLA7f>. (5.38)
From (5.35), we see that
(¢, A¢> = (4, (— 4B  +mR)p) (5.39)
where m, is O(1). Therefore, we get
Agt<0(1), (5.40)

and hence (5.26) follows.

5.2. Upper and Lower Bounds on the Generating Functional

We will now establish Theorem 3.1 of [K 1] for the generating functional
Z%.p(Cy, g, h) defined with N b.c. for the vector field and D b.c. for the scalar field.
Of course, the proof follows by modifying suitably the material in [Ba 1] and
[Ba2].

Because the covariant Laplacian for the scalar field has D b.c. on dC,, there is
an additional positive factor in each effective action S® which keeps the scalar field
¢, small near 0T™®. Specifically, we introduce the following bounds on the scalar
field at each step of the renormalization transformation:

IT  xlgu(x)| = Cp(L), (5.41)

xeAJINT ™)

where A¥ is the subset of T™® on which all fields are small (see [Ba 27). If the bound
in (5.41) is not satisfied at some point, then Proposition 5.4 shows that we get a
small factor exp(— p(L*¢)?) from the integral.

The additional bounds (5.41) are enough to ensure that the proof of the upper
bound goes through (there is no change in the proof of the lower bound). First,
(5.41) ensures that the fluctuation fields ¢’ are always small. Recall that the field ¢’
at the k'® step is defined by Eq. (2.110) of [Ba 2]:

$=¢'+aL ™ >CLla(BX(A), B** DQ*(BE D)y, 4. (542)
As shown in [Ba 2], when dist(x, 04%) > p(L*e), x € AP, we have
aL™2CR(BY(AY), BT (BET D g, ((x)
=(Q*(B** ")y 1) () + Cp(L¥e) . (5.43)
Therefore, suppose that x e A, and dist(x, 0T®) < p(L*e). Then using (5.41)
and the bounds on the covariant derivative of ¢,
6| =1U(B*™ "L, Nu(y) + hie(x) = UB® DT, Ny
< Cp(LFe)?, (5.44)
where ye 0T® and I, , is a contour connecting x and y. A similar bound holds for
(Q*(B** 1", , )(x). Using the exponential decay of Cﬂ‘ik,(Bk(A(z")), Bk*1-m it
follows that for x e AP, with dist(x, T®) < p(L*e),
6'()| < Cp(L¥e)?, (545)
as required.
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Second, (5.41) also ensures that a large scalar field near T® produces a small
damping factor in the integral. Recall that the dominant term in the effective action
is

=ML PP, (5.46)

xeBk(Agk -1

where the field 4®(x) is given by

PU00) = (@, G(AF ™', AD)QF(AN) ) (x) . (5:47)

Suppose that x € BX(A%~1") is a distance R or greater from 0T®. Then by
taking R to be a small fraction of p(L*e), we have

N(x) = (@, G(A9)QF(AP) ) (x) 4+ O(LFe)*
=¢(y) + Cp(L¥e) |x — y| + O(L¥e)", (5.48)
where G(A®) has periodic boundary conditions on T%, and y is any point in

B¥(A%~ "), Therefore, by choosing R suitably, we deduce for any sufficiently large
subset Q,

- i(L"s)xeBZk(m nlpP I = —3 (L) y;g lpeI* + C(LEe)Ql,  (5:49)

where o> 0. This bound allows us to extract a small factor for each large field ¢,(y),
and so the proof of the upper bound goes through.

5.3. Lower Bound for the Rotated Model

The proof of Proposition 4.1 follows by verifying the properties used in [Ba 1] to
prove a lower bound. We will write G,(4), C*¥(A) etc. to denote the propagators
produced by the averaging operators (4.3), (4.4). The following proposition gives
the required properties of G,(A).

Proposition 5.5. Let A be regular on T,, and f: T,—»RY. Then

(G A)f)(x)| < Cexp(— 8 dist(x, supp ) [ f 1l » (5.50)
(D 4, G A ) (X)| < Cexp[ — 8, dist(x, supp )] f ] » (5.51)
1

)P [UCA(L, ) (DY, (Gl ) (1) = (D} uGi(A) f) (%))

= Cexp[ —dodist({x, y},supp /)] f 1., » (5.52)
where 0<a <1, for all x, ye T,

Proposition 5.5 guarantees that the effective action S®-RE“)(T® 4, 4, g, h)
has the necessary properties to act as a small, local perturbation of the free field
measure at each step of the renormalization transformation. In order to apply the
results of [Ben 1] to perform a cluster expansion at each step of the renormal-
ization transformation, we need the following results concerning C®(4). For
QCT®, define

CE(A)=((A%(A) +aL 2P(A)) " (5-53)
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Proposition 5.6. Let QC T® be a sum of big blocks; then for x,yeQ,
ICH(A; x, y)| < Cexp[—dolx—y[]. (5.54)

Proof of Proposition 5.5. Once again we use a random walk representation. This
time, we use blocks {[J;} which are small scale versions of D,, that is they can be
fitted by both the usual lattice and the rotated lattice. Our first approximation is
the operator B . 5

Gy= ;thk(Dj, Ah;, (5.55)

where G,([J, A) has periodic boundary conditions on the block [J. Also, we take A
equal to 4 in the interior of [J, and changing regularly to a constant configuration
near 0[]. We then deduce the representation

Gi(A) = X 1oy, GO r Ao MorsK o, Gi( D o Ay,) - Koo, Gl D 5 Ay Vs, -

To deduce Proposition 5.5, we need the following lemmas. 9
Lemma 5.7.
1G(D, Af 112 1D%,,Gi(D, A)f 115 (5:57)
GO, DD, 1125 1D, GO, AP S, = Cl S -
Lemma 5.8.
16, A 6 CIf o (5.58)

Corresponding bounds hold for D" qu(D, A) and the a-Holder derivatives of
these operators, 0 <o <1.

Proof. As with Lemma 5.2, Lemma 5.7 follows from the lower bound
(B, (= AL +m*(L'e) + a,P gy 2 C{¢, 4 . (5.59)

To prove (5.59), we cover [J by cubes {4,} on the y-lattice, with sides parallel to
the coordinate planes on that lattice. The size of 4 is chosen so that each cube
contains fully at least one block of 5 sites defined by P,. We then estimate (5.59)
from below by omitting P, except on one block fully contained in each 4, and
omitting the (derivative)® terms on bonds connecting different 4, We then get

(3:39)2 2.<¢:(— AYN +m*(L4e)* + a, P(4))$)
2 2 Cllar Hla» (5.60)

since P,(4;) projects onto the constant mode on 4,, and —A%N has non-zero
eigenvalues greater than (z/R)?, where R is the dimension of 4,. This gives (5.57)
(the other bounds follow as before).

To prove Lemma 5.8, we write A=B+ A’ with B constant and 4’ small, and
expand about 4’=0. As in the proof of Lemma 5.3, we reduce to the case 4=0,
which we prove in Appendix B.

Therefore, Proposition 5.5 holds for G,(A4) as required. To prove Proposition
5.6, we use the method presented in Chap. 3 of [Ba4]. This method requires only
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L,-bounds on the operators G,(Q, A), and these may be established in the same
way as Lemma 5.7. Hence (5.54) holds for the set Q.

Appendix A

Using the representations (3.7), (3.9), it is sufficient to consider the operators
G, G,(0) with free boundary conditions. The only difference from the case studied
in [K 1] is the averaging function f(x), given by (3.8). The Fourier transform of f is
equal to

f=L"" ¥ f(x)e " V= ﬁ[ e—ip“"w_.l)_l ] (A.1)
! xeB(y) u=1 (L—l)(e'”’"”——l)

We can easily deduce the explicit representation corresponding to (4.2)
of [K1]:

(@G OH(x, ) =2n)~¢ | dpA®(p) Y D=y
Ip'l=n 1
T+ Dt (' + D
A"(p’+1)

The terms in (A.2) have the same meaning as the corresponding terms in (4.2) of
[K 17, with the following change:

AV = <a{ T+ 2 o'+ Dl 1 (0" + DI (A" + D) 1)‘ (A3

(A2)

Lemma 5.3 follows by exactly the same considerations used in [Ba4] with
f=1. The integrand in (A.2) may be analytically continued in a strip around the
real p,-axis, giving exponential decay. The sum over [is controlled by the estimates

o0+ D (0" + DI > 1;1 I+ D"

A + ) g 172

Furthermore, suppose that we have D b.c. on the hyperplane x, =0. We wish to
prove that

(A4)

I~ (Gy(x, ) — Gi(x, y =2y, )| £C, (A.5)

when y,=# (this shows that the propagator with Db.c. goes to zero near the
boundary; G, in (A.5) has free boundary conditions).
It is sufficient to show that

I~ (@G Q¥ (%, ) — @G Qi (x, y =2y, S C. (A.6)
From (A.2), we get the factor
In~ Ye~ i+ D __ pilp’ +l)u'l)] <Clp'+]|. (A7)

There are sufficient negative powers of |p’+1| in the sum over [ in (A.2) to
control (A.7). Therefore, (A.6) holds and hence also (A.5).

In order to prove the necessary convergence estimates for (A.2) which were
proved with f=1 in Sect. 4 of [K 1], we specify below the alterations needed to
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include f. We leave unchanged (4.6) and the conditions (4.7), (4.8). In order to
reprove Lemma 4.1, we consider
|7 Pl 1 () ~ (0|
_luk—l(p)|2 Z L’Z"[f(x)f(w)—1]6"”’"‘““”

=2 (p)l2 Z L™*[1~f(0)f()]sin® [3p(x — )], (A8)

x, weB(y)

since f(0)=1. Hence
/@)l (P)Iz—lu;'l(l?)lzi

s Cly 4 (p) Z pupv{ Y L M(x—a),(x— 60)}

wv=1 x,weB(y)
< CL™ g™, (p)*. (A.9)

Using (A.9) and the estimates (4.10), (4.11) of [K 1] and also
Z [uk ((p’+D)?=L%, we deduce Lemma 4.1 of [K 1]. Next, we again notice that

A”‘*'”(p) can be written in the form of A®(p’) with
D '(p)=a, 'L+ S| 0+ )Py o+ PA"(p+ 1)1 (A10)
&
Also, we have

PP = 5 L7200 (@) 7

xwe

=1+ Z L"Z"df(x)f(a))[e_”"" ®—1]. (A1l

xwe

Using (A.10) and (A.11), we can follow the proof of Lemma 4.2 in [K 1], and
deduce convergence of A®(p’). The rest of Sect.4 of [K 1] goes through with
virtually no changes, and so we deduce the convergence lemmas needed for the
proof of the continuum limit.

Appendix B

We denote by G, the propagator generated by the averaging operators (4.3).
Consider a region Q given by

Q={xeR* 0<x,<25L,, pu=1,...,d}, (B.1)

where {L,} are integers. We denote by T, the torus with lattice spacing n=57%
which fits inside Q. The orientation of this lattice is the same as that of 0Q. The
lattice operator G,(£2) on the torus T, is then defined by the equation

(= 4"+ m*(L'e)* + a, 0*QF 10,1 0)GU(Q)f =], (B.2)

for any function f on T,. We can now state the multiple reflection representation
for G,(Q) (the operator Gk is defined with free boundary conditions):

G (Q)(x,y)= zz G, <x, y+ zl 25nuLueu>. (B.3)
ne n=
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Therefore, it is sufficient to prove regularity and decay estimates and
convergence properties for G,. We will denote by nZ° the original lattice on which
G, is defined, and by L'nZ* the rotated lattices defined by the renormalization
transformation, for j=1, ..., k. The dual of #Z* is P, ; the dual of L'yZ?is P, (of
course, L=35 here). We introduce the function

wy(p)=5"1 3 e Y, (B.4)
xeB(y)
for p € P,. By introducing a Fourier representation on #Z*, we deduce the following
explicit formula:

(akaQ*Qk D0, y)=Q2m) " f dP/A(k)(P)

p'ePy
i(p’+l)~(x—y)wn(p +l)“11511(P/+l)
A"(p’+1)

Se , (B.5)

where

A¥(p)= <a{‘+ Zhwy@ + P (" + DI AP + 1) > , (B6)

and we sum [, I’ over 2nZ¢ such that p’+1 or p’+1 belongs to P,. Using the
representatlon (B.S), we can deduce the regularity and decay estimates for G, in the
same way as in Appendix A. Similarly, the convergence proofs go through in
almost the same way. We will give the proof of convergence for A®(p’)— A®(p');
the other estimates then follow straightforwardly (see Sect. 4 of [K 1]). First, we
have

49 = (o + WG +DPAIG D) (B.7)
-
where A"(p) i§ the Laplacian on the lattice nZ° and !’ is summed over 27Z¢ such
that p’+1'e P,. It is clear that
A%, A9 <a. (B.S)

So we need only prove convergence of (4®(p")~* — A®(p’)~1). This is done by
comparing similar terms in (B.6) and (B.7). We will use u, o to denote components
taken with respect to #Z¢ #Z¢. Then

A+ 1) =4n "> Zsin® n(p' +1),] +m*(L'e)?
# (B.9)
Ap' +1)=4n"2 % sin?[3n(p’ +1),] + m*(L*e)*.
Using x?=sin?x = x? —3x*, we get
A"+ 1) = A"(p"+ )| S CL™ (0" + )T (B.10)
Hence we deduce
|A(p+ 1)~ —A"(p' +1) | S CL™ %, (B.11)
It is also straightforward to show that

11— [w,(P)I| < CL™*{p|*. (B.12)
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Combining these estimates with the results obtained in Sect. 4 of [K 1], we

deduce .
|[A®(p")— AP(p")| < CL™2*A®(p"), (B.13)

which is the required result.
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