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Abstract. We consider the action of a lattice gauge theory on a space of regular
gauge field configurations with fixed averages, and we prove that there exists a
minimum of this action. The minimum is unique up to gauge transformations.
This minimal configuration is called a background field, and it serves as a basis of
an expansion and perturbative methods.

It was explained in [1] that the fundamental step in our renormalization group
approach is to find solutions of the variational problem and to investigate their
regularity properties and expansions. Let us state the problem precisely. To
formulate it we recall some definitions introduced in [3, 4, 6]. This paper is based on
the results of those papers, and we refer the reader to them for more detailed
explanations of the definitions and the results.

At first let us recall the geometric setting. We assume that a sequence of domains
0, j=0, 1,...,k, is given, satisfying the following conditions: ;< T,, £,> £,
o> £, 0, is a union of big block of the size M, L/,

(L) ™" dist (€5, 2,,,) > RM, ()

where R = R, the numbers R,, M, are fixed in such a way that all the results of
[3,5,6] hold for these numbers. We identify domains £2; with sets of bonds or
plaquettes in the usual way, as sets of bonds with at least one end-point belonging to
£, or sets of plaquettes with at least one corner belonging to £2;. This remark
applies to other sets also. The sets A; and B, are defined as

Aj=-Q§'j)\Q§'jl1’ Q1 =d, or Bj(Aj)=Qj\'Qj+1a
k

B, = () 4,
i=0

1
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The space U ({£2;},¢,) of gauge field configuration on configurations on £,
was defined in Sect. A of [6] by the conditions

[U(@0p) — 1] =[(@U)(p) — 1| <L~ =eon*(L/n)"? for pef;, j=0,1,....k

|(DFOU)b)| < oL 2(Lim) ™" = en(Lim)~> for be2,, ©)
where ¢, > 0, and the space B(B,, V) by the conditions
U=VonA; j=01,..k (3)

where V is a fixed gauge field configuration define on B,. The space U, ({€2;},¢,) is
gauge invariant, and the space B,(B,,V) is invariant with respect to gauge
transformations u satisfying

uy)=1 for ye®B,. 4

We consider the functional

AU)=A(U)= ¥ n*~*[1—Retr U@p)], n=L"* (5)
pc
on the space of gauge field configurations
U ({2;},60) " BBy, V) (6)

This space and the action (5) are invariant with respect to the gauge transformations
(4). These transformations form a group and the space (6) is a union of orbits of this
group. Our problem is to find all critical orbits of the functional (5). We will prove
that for ¢, sufficiently small there is at most one critical orbit. To prove the existence
we have to assume that V satisfies some additional regularity property. More
precisely we assume that

@V)(P)— 1] <e; for p'eBy ™

for ¢, sufficiently small. This requires an explanation. For some j between 0 and k
p'eA;. If p’c A, ie. all four vertices of p’ belong to A;, then the meaning of the
symbol (0V)(p’) is simple, then all four bonds of the boundary dp’ belong to A; and
we have (OV)(p") = V(0p'). If p’ intersects the boundary of A, then some bonds b do
not belong to A; and we replace V;, by V, in the above equality. For example if p’
=<{x,y)ulyzyulz,wyulw,x) and {y,z) do not belong to A;, then it means
that y,zeA;_, and we define

@V)(P) = V(x, )V (y, 2)V(z, W)V (w, x).

Let us notice that if the space (6) is non-empty and ¢, is sufficiently small, then by
Proposition 2 [4] the configuration V satisfies (7) with ¢, = O(g,). Hence our
assumption has a meaning only for ¢, smaller than ¢,. We will prove that for ¢,
sufficiently small there exists a critical orbit of the functional (5). More exactly, we
will prove that there exists a minimal orbit. Elements of the minimal orbit are called
minimal configurations.

We will prove also some local regularity properties of the minimal configur-
ations. To formulate them we have to introduce a class of cubes. This class was
described in Sect. F [6]. Each cube [J of this class is contained in
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B(A)UB YA, ,) =2\, , for some j between 0 and k, and is a union of big
blocks of the L™ /-lattice. More exactly we assume that [] has a size 2M iy, where M
is a multiple of R, M ,, and that the cube [] of the size 2M + 4R, M )L’y and with the
same center as [, is contained in B/(A;)uB’*'(A;,,), but not in B’*'(A;,,). We
consider all cubes [] satisfying the above conditions.

Now let us formulate the main result of this paper.

Theorem 1. There exist positive constants ay,a,, Bs, B4(fo),M(e,), Bsa, < a,, such
that for an arbitrary configuration V satisfying (7) with &, < a, there exists a minimal
orbit in the space

U ( {'Qj}’ By ) N By(By, V). (®)

This orbit is a unique critical orbit in the space (6) if Bse; < ¢, and ey < ay. The
minimal configurations U have the following regularity properties:
for an arbitrary cube [ in the class described above, of a size 2M Lin, M £ M(e,),
there exists a gauge transformation u defined on a neighborhood of [ ] and such that

on [,
U"_1 = ei"A, 4| < BsM81(Lj’1)_1> V14| < BsM81(Lj'7)_2,
1 All, < Ba(Bo)Mey(Lin)2"# for 0<B<po=1, ©)
|07"A4|,|A"A| < BsMe,(Lin) 2. (10)

The constants ag,a,, By, depend on d and L only, the constants B,(B,), M(e,) depend
on the indicated parameters also. More exactly M(e;) = R{M,(a,/€;).

Minimal configurations will be denoted by U,(V), or U,.

The above theorem is the basic result of this paper. We will prove also some
theorems about minimal configurations U,(V') as functions of V; for example we will
prove that they are analytic functions of V and we will find their expansions. These
results are very important for an analysis of fluctuation fields, see [ 1], but they will
be rather simple consequences of the proof of Theorem 1 and we defer their
formulations to the last section.

Theorem 1 will be proved by induction with respect to k. In the course of the
proof the constants B;, B, will be described explicitly. The first step of the proof,
for k=1, will be covered by the proof of a general case.

A. A Reduction of the Proof of Theorem 1

Wesstart a proof of Theorem 1 for some k assuming that it is true for k — 1. We have a

configuration V defined on B, and satisfying (7). The set B, determines the following
k—1

set By, =) A Aj=A; for j=0, 1,...,k—2, A, _; =A,_, UB(A,). We can
=0

J
easily construct a configuration ¥, on B} _, such that it satisfies (7) on B, _,, and

k—1
Vo=V on (JA; Vy=VonA,. (1
j=o0

For example we can take V, ,=V,, for beB(b'), b'eA, and V, , =1 for remaining
bonds of B(A,). We assume that ¢; < a,, Bsg; <&, = a, and we use the inductive
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assumption, i.e. we apply the Theorem 1 for k — 1 and the configuration V,. We get a
minimal configuration U, = U, _,(V,) belonging to the space

uk—l({Qj}9 B;e ) B, _ (B 1, Vo) (12)

From the conditions (11), and from the form (2) of the regularity conditions, it
follows that

eruk({gj}7B3L3gl)m%k(%k’ V)’ (13)

hence U, should be close to the minimal configuration we are looking for. To find
this configuration we will aply perturbative methods expanding the action A(U)
around U,.

Having in view future applications we will consider a little bit more general
configuration U, than this constructed above. We assume that we have a
configuration U, satisfying

UoeW({2,},C B3e)), UL — V| <Cie; on A, j=0,1,...k  (14)

for some absolute constant C,. The configuration U, constructed above satisfies
(14) with C, = L*.

Let us notice that for k=1 we do not have any solutions of the variational
problem yet, and then we take simply U, = V,, V, constructed above.

We consider the functional A(U) on the space (6). An arbitrary element of this
space can be represented as

U=U'U,, U=UU;" (15)
A gauge transformation u applied to U implements the following transformation of
U™(x,x") = u(x)U'(x, x)R(U o(x, x'))u ™~ 1(x'), (16)

if U, is fixed in the representation (15). Another point of view is that U and U, are
subject to the same gauge transformation u, and then U’ transforms as follows

(R)U")(x, x') = R(u(x))U'(x, x') (17)

Usually we will apply the first point of view, i.e. we consider the transformations (16).
The second point of view will be considered when we will discuss how our
constructions depend on gauge transformations of U,.

We assume that the numbers a,,a, are so small that all the theorems of the
papers [4, 6] are valid for the configurations U, U,,.

Now we choose a gauge in the space (6). Using the transformations (16) with u
satisfying (4) we fix the axial gauge conditions Ax(B,, U,) (see the definition (1.19) in
[6]). The functional (5) is gauge invariant, hence it is enough to consider it on the
space

uk({gj)’ e0) N BBy, V)N Ax (B, Uo). (18)

Next we apply the results of the paper [6], especially the Theorem 2. Configurations
U from the space (18), and U, satisfy the assumptions (1.33)—(1.35) of this theorem
with oy = y,%, = C,¢,. The additional regularity condition (3.35)in(1.33)is satisfied
for U, also, because of the result of Sect. F. Thus for ¢, ¢, sufficiently small, more
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exactly for ¢, + Cy¢; < ¢y, and for an arbitrary configuration U = U'U, from (18)
there exists exactly one gauge transformation u satisfying Rou’=1 on A;, j=0,

1,...,k (thus u = 1 on Ay), such that U, = U™’ satisfies the conditions (1.36)—(1.39)
of [6]. These gauge transformations define a mapping of the space (18) into a
space of gauge field configurations U,U, with U, satisfying the conditions

Up=e™, Al <eyUn)™", [Vh,Al<ey(lin)~2,

IDF. DY Al 1AL Al<e(Un)™® on £,,j=0,1,... .k (19)
Q{Uy,nA)=B on A;, j=0,1,....k (20)

where B is given by the formulas (1.31) in [6], hence |B| < 2dLC ¢,
R(U,)D§,A=0, (21)

with ¢, 2 B,(eq + C1¢,). The projection operator R(U,) determining the Landau
gauge condition (21) was defined in [5,6].

The above mapping is one-to-one, hence using again the gauge invariance of the
functional (5), we have reduced a proof of the existence and the uniqueness of critical
configurations in the space (18), to a proof of the existence and the uniqueness in the
space of configurations U, U, satisfying (19)—(21).

Let us summarize the discussion of this section in.

Proposition 2. All critical orbits of the functional (5) in the space (6), or all critical
configurations of this functional in the space (18), can be obtained by taking critical
configurations U, of the functional A(U,U,) in the space defined by (19)—(21), where
U, satisfies (14), and transforming them to the axial gauge Ax,(By,U,) by gauge
transformations u satisfying the conditions Ry’ =1 on A;,0,1,...,k.

In the next four sections we will study the variational problem in the space (19)-
(21). We will prove that for ¢,, ¢, sufficiently small there exists exactly one critical
configuration, which is a minimum of the functional (5). This will prove Theorem 1
with worse bounds. Next we will improve the bounds and we will complete the proof
of this theorem.

B. An Expansion of the Action

In this section we will study an expansion of A(U,U,) with respect to A=
1/inlog U,. The configuration U, and the scale 5 are fixed, so for simplicity let us
omit these symbols in notations below, e.g. we will write R, D instead of R(U,,), D,
etc.
We expand the action up to fourth order in 4. We take
. 2 . 3 . 4
U,=¢é"=1 +inA+(lL)A2+(—lﬂA3+@

where
1
R,(z) = [din(1 — 1"~ *e®,
0

IR,(iX)|<1 for arbitrary hermitian matrix X,

IR(X)| £ e for arbitrary matrix X. (23)
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Using (1.21), (1.22) from [6] we have
tr(U,Uo)(0p) = tr 3,U((p).)Uo(0p), (24)
where for p={x,y,z,w),
doU1((p)) = R(Uo(x, W)U (2, W)U y(w, x)U 1 (%, y)R(U o(x, y))U 1(y, 2)
=1+ in(R(Uo(x, w))A(z,w) + A(w, x) + A(x, y) + R(Uo(x, y))A(y, 2))
— $n?L(R(U o(x, w))A(z, w))* + 2R(U o(x, w))A(z, W) A(w, X)
+ 2R(U o(x, w))A(z, w)A(x, y) + 2ZR(U o(x, w)) A(z, w)R(U o(x, y)) A(»; 2)
+ (AW, x))? + 24(w, x)A(x, y) + 2A4(w, x)R(U o(x, ) A(y, 2)
+ (A% 1)) + 24(x, YIR(U o(x, ) Ay, 2) + (R(Uo(x, y))A(y, 2))°1 + -
(25)

The expression in parenthesis (...) on the right-hand side is equal to (D A)(p). This
expansion gives
AU Ug)= 3, n*7*[1—Retr(U,U,)(0p)] = A(U,)

PC-Qo

+ Y, 7" 2 Imtr(DA)P)U(0p) + 3 A, AA) + Vo(4),  (26)

p=Qq
where the expansion of Vy(A4) begins with a third order polynomial. From
hermiticity of DA we have

Y 1 2 Imtr(DA)p)Uo(0p) = Y, n*~2tr(DA)p)Im Uy(0p) =< A4, 7>, (27)
p=Qo P
where

J=D*y 2ImdU,=Imn"2D*3U,,|J| < CyBs¢,(Un)"*> on L;, (28)

the bound holds by the assumption (14). The action A(U, U,)is an analytic, and even
an entire function of 4 for Aeg*, or for A in the space of all complex N x N matrices,
so Vy(A)is such a function also. We need a bound for V(A). To get such a bound we
have to decompose further

Vo(A) = VA) + V,(4), (29)
or
VO(A) = Z ﬂdVo(A, ap)9 VO(A> ap) = V(s)(Aﬂ ap) + V4(As ap)s (30)

PC-Q()
where V3)(4) is a third order polynomial and the expansion of V,(A) begins with a
fourth order polynomial. We consider these functions for 4 belonging to the
complexified Lie algebra. A bound for ¥, can be easily obtained. We have

Va4, 00) < (1 AI@p)Y . a1

Let us consider configurations A4 satisfying
Lin|Al,(n)*|VA| <e, on £, where By(eo + Cye;) < ¢, (32)

and let us assume for simplicity that 32¢, < 1. Later we will have to introduce much
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stronger restrictions on ¢,. This implies "% < 422 < 2, hence
|Va(A, dp)| S (1/11(517))4 S 2| A < 2%5(Liy) (33)

In [5] we have found the explicit expressions (3.7), (3.10) for the second order
term in expansion (26). Now we will find an explicit expression for the third order
term V)4, 0p). Let us define field variables A'(b) for bonds b < d(p), by the
equalities

Az, w) = R(Uq(x, w))A(z, W), A'(w,x)=A(Ww,x), A(x,y)=Al(x,),
A'(y,2) = R(Uo(x, y))A(y, 2),

and let < denote a natural ordering among bonds of the oriented contour d(p),
={z,wHulw,x>ulx, y>uUyz). From the Baker-Cambell-Hausdorff formula
we have

U1((p).) = exp inR(Uo(x, w))A(z, w) exp in A(w, x) exp in A(x, y)
“exp inR(Uo(x, y))A(y, z)
= [] expind'(b)

b<(dp),
—exp{mZA(b)-!— —i*n? Y, [A'(by), A'(by)]
by <bsy
1
1213'13 Y, ([A'(by),[A'(b)), A'(b;)11+[[A'(b,), A'(by)], A'(b5)])
1
+ 6i3'73b bZ ([A'(by), [A'(by), A'(b3)]1] + [[A'(by), A(b2)],
1<by<b3
A'(b3)]) + } (34)

If we write expansion (26) in the form

1 —Retr doU((p).)Uo(0p)=1—Retr Uo(dp) +n* i VO(A, 0p)+n*V4(4, p),
i=1
(35)
then (34) yields
1
V4, 0p) =~ tr[(DA (p) 3 i[A'(by), A'(b)]

by <b,

+ Y i[A(}y), Aby) ](DA)(p)]Rer(ﬁp)

by<b,

1
T Y. GLA'by), i[A'(By), A'(b,)]]

by<by

+ili[A'(by), A'(b2)], A'(b2)1)n ™2 Im U o(9p)
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1 .
tentr Y (LA} i[A'(b,), A'(b3)1]

by <by<by

+ili[A'(b,), A'(b;)], A'(b3) 1)~ > Im U (0p)
1 4 3,-2
BETR tr((DA)(p))*n~* Im U o(0p). (36)

From this representation we obtain easily the bound
|VEX(4, dp)l < 31(DA)P)I(141(9p))* + 5n(1 A1(0p))>C Bse,(Lin) =2
< 8|42 |(DA)(p)| + 32n|A|>C,Bse(L/n)~?
<8e3(Ln)"2|(DA)(p)| + 32L7IC, Bse,e3(Lin) ~*
<16e3(1 +2C, Byg,)(Lin)™*, pe;. (37)

The first trace on the right-hand side of (36) depends on the derivative (DA)(p), the
remaining expressions depend on the field variables 4 only, and to estimate them we
need to know bounds on A4, not on derivatives of A. Let us separate the term with the
derivative. We have Re Uy(dp) =1+ (Re Uy(dp) — 1), and

In~*Re Ug(dp) — )| < Cy By (L) ™%, pef2;, (38)

so the expression with Re U o(dp) — 1 has a hidden additional factor #2. One factor 7

cancels #~ ! in the derivative (DA)(p), and the expression can be estimated by
1in(]A|(0p))*C,Bse (/) 2. Thus we can write
Vo(4,0p) =3tr(DA)(p) ). i[A'(by), A'(b)]1+ Vo(4,0p), (39
by<b,

where V(4, dp) is defined by this equality, and satisfies the bound

) S, 2
[Vo(A, 0p)| < (141(0p))*nC Bse(Ln) ™2 + 4—,(|Al(ap))4
S 64| A(L7C, Byey (L)~ + 3| A))
< 64|A13(CBse, +&,)(Lin) ™t
< 64c3(CyBey + &,)(Lin) ™%, peQ,;. (40)
Here we have used only the first bound (32) on the field 4 alone.

The quadratic form ${ 4, A A ) was thoroughly investigated in [5]. We will use
the results of that paper for operators defined by this form. Now we use the fact that
the configurations A satisfy the Landau gauge condition RD* A4 = 0, and we replace
the form A4 by A, defined in [5], the formulas (3.119), (3.120). The form A, is more
convenient to work with because the operator H has a simpler connection with it.

Let us formulate again the variational problem. We are looking for a minimum
of the functional

A(e™Ug) = A(Ug) + (A, T ) +3{A, 4,4 + Vi(A) (41)
on the space of field configurations A4 satisfying

RD*A=0, Q(nA)=B on B,,|B|<2dLC,z,, 42)
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|A| <ey(in)™", |VA|<ey('n)™* onQ,,j=0,1,...,k 43)
J

We would like to prove that for &y, ¢, , €, properly restricted there exists exactly one
minimal configuration and we would like to find some preliminary bounds for it.

Our next step will be to make a change of variables such that the function Q will
become a linear function.

C. A Construction of the Linearizing Transformation

This construction will be almost identical to the construction of the corresponding
linearizing transformation in the Sect. E of [6]. The Proposition 4 of [4] implies

Q/(n4) = LinQ;A + C{LinA), |C{LinA)| < Co(Ln?| A% (44)

The operators A, Q and R define the operator H. Let us recall that it is an operator
defined on configurations B and giving a minimum of the quadratic form ${ 4,44
under the restrictions I/nQ;A=B on A;,j=0,1,...,k,RD*A = 0. Thus it has the
following properties

I'nQ;HB=B onA;, RD*HB=0, (45)
and the Theorem 3.12 from [5] implies
|HB| < Bo(Lin)""|Bl, |VHB|< B,(Lin) %|B| on Q. (46)
We will construct the linearizing transformation in the form
A=A"—HD(A), 47)

where D will be a mapping defined on configurations A4 and with values in
configurations on B,. This mapping has to satisfy the equations

Qi(nA)=Q;nA’—nHD(A) = I'nQ;A’' — 'nQ;HD(A')+ C {LinA’'— IInHD(A'))

=LnQ;A" on A (48)
or
C{LinA' — InHD(A)) = D(4') on A,. (49)

Thus the function D(A4’) is a fixed point of the transformation
X > C{L/nA'—'nHX) on A, j=0,1,...,k (50)
We consider configurations A’, X with values in the complexified Lie algebra g°, and

satisfying

|A'|<ey(Lim)™" onQ;, X=0 onAg, |X|< ;—Z on B,.
(1
The transformation (50) calculated at such configurations satisfies
|CALNA' — InHX)| < Co(Ln| A'| + Un| HX)* < 4C,e3, (52)

and its value is in the set {X:X =0 on Ay, |X| <es/Bo} if 4C,e3 <¢3/B,, ie.
£3 <(4C,By) " L.
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We prove that the transformation (50) is contractive on this set, for ¢5 sufficiently
small. We have for X,, X, from the set

. . ‘ . Y A
C{(LnA' — UnHX ) = C(in A’ — qHX3) = [ di . C,(LinA' = DnH(eX
0
+ (1 =1)X,))

= jdt<5i (nA' — DnH(tX, + (1 — X,)), UnH(X, — X2)>

—jdt% | dr = C{UnA'—InH(tX | + (1 —0X,)+UnH(X, — X,)).  (53)

lt|=r
Taking r =&;(Bo| X, — X,|)” !, we get
. ) ) ; 1
|Ci(LInA'—/nHX ) — C{UUnA’' — UnHX,)| é;cz(z% +7Bo| X1 — X,)?

=9C,Boe3| X — X,|. (54)

Hence the transformation is contractive if 9C,Bye; < 1; for example we take
9C,Boey < 1/2, 1. £ < (18C,B,) " t. The contraction maping theorem implies that
for arbitrary A4’, satisfying L/n|A’'| < &5 on £2;, there exists exactly one fixed point of
the transformation (50), thus exactly one solution of Eq. (49). This solution is a limit
of uniformly convergent sequence of successive approximations and it is an analytic
function of A". It satisfies the bound | D(A4")| < &5/B,, but &5 was arbitrary, so we can
take it arbitrarily close to sup; L/ sup olA’|=1A4"|-),and we get the bound | D(4’)|
< B;'|A'|(- ). From Eq. (49) we obtain

|D(4')| = | C{(LnA’ — nHD(A)| < Cy(Lin| A'| + Bo| D(A)])* £ 4C, | A'[E- ). (55)

This implies that a power series expansion of D(A") begins with second order terms.
We can find this expression from Eq. (49) and the expansion (136) [4] of the function
C;

i

n=2 n=2

C{LinA' — DnHD(A)) = 3 C""(quA’ LnH Y, D"”’(A’)) Z D"(A'), (56)
m=2

where C{”, D™ are homogeneous polynomials of n'* order. From Eq. (56) a sequence
of recursive equations for D™ follows. It can be solved easily. For example we have
on A;

DA = CP(LnA), DA)=CP(LnA')—2CP(UnA’, LnHCP(A)),

and so on. Here C{?(A’,A") denotes a symmetric bilinear form obtained by
polarization from the quadratic form C{?(4), and C?(4’) = C{?(I/nA’) on A;.

The bound (55) implies that the transformation (47) is defined and analytic on
configurations A’ satisfying L/n| A’| < &5 on £2;, and the values A of this transform-
ation satisfy

| Al S|4 + Bo(lin) MG, A2 1) <(e3 +4C,Boed)(Lin) ™ < 2e5(Lin) ™' on 2.
(57)
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If we assume also |VA'| < &5(I/y)~ 2, then
VA S |VA'| + Bo(Lin) ~24C,| A’} 1) < (63 + 4C,Boe3) (L) ™% < 2e5(L/n) 2. (58)

The transformation is defined for ¢ satisfying 2¢; < ¢, (see Proposition 4 in [4])
and g5 < (18C,B,) " L.

We want to prove that for ¢, sufficiently small the range of the transformation
(47) contains the set (43). To solve the equation

A —HD(A)=A (59)
for a given A, we take A’ = A4 + HX, and we get the following equation for X,

DA+ HX)=X. (60)
A solution of this equation is a fixed point of the transformation

X - D(A + HX), 61)

and we can repeat the whole reasoning connected with the solution of (49), (50), the
only change is that the constant C, is replaced by 4C,. Thus for ¢, < 45, there exists

exactly one fixed point of (61) satisfying | X | < B, '&,, and there exists exactly one
solution of Eq. (59) satisfying

Lin|A'|,(Ln)?|VA'| < &, + 16C,Bye} <26, <365 onf2;, (62)

as it follows from (57), (58). This proves the statement about the range of the
transformation (47).

Let us remark that there are many linearizing transformations. Even if we specify
them requiring that they have the form A = A" — hD(A’), we still have many possible
choices of the operator h. Our choice h = H is a convenient one because we have
investigated the operator H in [5] and we know all the necessary properties, but it is
by no means a unique choice.

A second remark concerns regularity properties of D(A4’). We know that it is an
analytic function of A’ for g° valued configurations A4’ satisfying [4'|_;,<e;.Itisa
function of the configuration U, also, and it is easy to see that it is an analytic
function of U, because the averaging operations Q (U, n4) and the operator H(U )
are analytic in U,,. The analyticity domain is smaller for H(U ) and was described in
[5], so D(A4') has the same analyticity domain as H(U,).

Besides these regularity properties and the bound (55) we will also need some
pseudo-locality property of the function D(A4’) and the transformation (47). A
pseudo-locality property we are interested in means that a value of D(A’) at a bond
ceB, depends weakly on a configuration A’ at bonds b far apart from ¢. More
precisely this property can be formulated in terms of decay properties of a functional
derivative of D(A4'). The functional derivative is a kernel of the linear operator acting
on functions 64" and defined as

<—‘s~ D(A), 5A’> = ;—TD(A’ +154)) (63)

oA’

=0

The functions § 4" are defined at bonds of €2, and values of this linear operator are
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functions defined at bonds of B,. Let us denote

B
DAseb) =57 (b)D(A’) (64)

We will prove that this function has an exponential decay. It satisfies an integral
equation which can be obtained by differentiation of Eq. (49):

6C; i o il sl S NN /9 s
< “I(Lin(A HD(A))),Ln(&A H<5A,D(A)5A>>>—<5A,D(A),<$A>(65)

hence

oC;
U (A — ’
Wity (A = HD()),0
J d 6C.’ j ’ : i
Ut s A = HDA)G) T (LB, ey D(A'e, b
c'eBy
= D(dc,b), ced,, beQ,, (66)

where we have suppressed matrix indices of operators acting on the Lie algebra
valued functions. We may write this equation in the form

. . . 5C H : 1 7
L’n%(L’n(A' — HD(A"))) — I'n <5—A’(UW(A’ — HD(A))), HD(4 )>
=D(4) on A, (67)
This gives the following equation on D:
[1 + Ly <%(Lf;1(A' — HD(A"))), H > :|'D(A’) =DLip %(UW(A' — HD(A'))) onA;.
(68)

As it is easily seen from (66) this equation is an equation on D as a function of the
variable ceB,. The variable b is fixed and treated as a parameter. We have the bound

. /6C; .
(Uﬂ <~(§Z’(L’0(A' — HD(4Y))), H > >(c, <)

= '%CJ(LM(A' — HD(A') + tH(:,¢)), )

=0

| dTr_ C{Ln(A' — HD(A') + tH(-, ¢"))c)

2n,

™=

1 . 2
§;C2<283+1’ sup L’rllH(b,c’)|>

beBlc_)uBlc,)

1
rC2(283+rBo(LJ n~ dg—dod(c— N ) =9C Boga(L] n~ dp—dod(c_ c) 69)

where we have taken r = &3(Bo(L/'n) e %0dc-<) "1 ceA,, c'eA;, (see [3] for a
definition of the distance d(y, y'), y, y'€B,). The above bound shows that the operator
in the square bracket in (68) (without the identity operator) is of the same type as the
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operators R studied in [3,5]. Let us denote it by R. Equation (68) is uniquely
solvable by a convergent Neumann series,

DAY= +R)~ 'L/ <; )(A/ HD(A4")), (70)

where j(c) =j for ceA;, and C(4,c)=C;(L/nA,c) for ceA;. A kernel of the operator
(I + M)~ ! satisfies the bound

[+ 90, ¢)| = (1-9CBotade, () (L)~ ode-
<2(Lj ) d —(1/2)8¢d(c ~,c"-) (71)

for &, sufficiently small, which follows from Lemma 2.1 [3]. Proposition 5 of [4]
implies that

En U — HD(A)| < Lt C12e,. )

Let us notice that the factor (L)~ comes from the change of scale: the derivative of
C; has the estimate (157) in [4] on L™/-scale, and here we consider the derivative on
n-scale. The formula (70) and the inequalities (71), (72) give finally the following
inequality,

|D(A'5¢,b)| £ O(1)Ce5(Lin) =4 te 0ode—) beBi(y), yeA;. (73)
Let us gather the results of this section in

Proposition 3. The transformation (47) satisfying the identity (48), i.e. linearizing the
averaging operation Q(nA), is defined and analytic for A’ satisfying (43) with ¢,
sufficiently small (e.g. 18C,Bodc,(3)e3 £ 1, 2e5 < c,). The range of this transformation
contains the set (43) with ¢, < te,, and is contained in the corresponding set with 2¢,
instead of &,. The function D(A') satisfies the bound (55) and its functional derivative
satisfies the bound (73).

In the next section we will need the following remark. The operator D(4') is an
analytic function in A’, and its expansion begins with a linear term in A’, coming
from the differentiation of D'®(A’) = C®(A’). If we subtract these terms from D(A4’),
then we get an operator D,(4’) for which we have the bound (73) with &2 instead of
€.

D. Equations for a Solution of the Variational Problem

Let us come back to the variational problem (41)-(43). We make the change of
variables (47) and we consider the functional

FA) = AUo) + (A" — HD(A), J )

+3{A'— HD(A"), A(A'— HD(A"))) + V(4 — HD(A")) (74)
on the space of field configurations A’ satisfying
I'nQ;A'=B onA;,j=0,1,..,k |B|<2dLCe,, (75)

RD*(A’ — HD(A')) = RD*A4' =0, (76)
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|A'| < e(Lin) ™1, |VA'| < e5(in) "2 on Q,,j=0,1,....k. 77

We assume that ¢4 is so small that the range of the transformation (47) is contained in
the set of configurations 4 for which the representations and the inequalities of the
previous sections hold. We assume also that ¢, < 4¢5, hence by Proposition 2 it is
enough to prove that the functional § considered on configurations A" satisfying
(75)—(77) has exactly one critical configuration.

Let us now decompose the functional F(A4’) into a sum of terms of zeroth, first,
second and higher, orders in A’. The zeroth order term is A(U ). Similarly, the first
order term is the same as before and equal to {A’, J>. The expression { HD(A'), J >
may be decomposed into terms of second and higher orders. Taking into account
that the second order term D®(4’) in the expansion of D(A4’) is equal to C?(4')
= C®(L/nA’) on A, we have

CHD(A'), J ) = CHC®Y(A'), J ) + CHD5(A), T ). (78)
Thus a quadratic form in the expansion of §(A4') is equal to
1A A A Y — CHCP(A), ) =3CA, A4 ) — (A, AP A Y =4(A,A A,
(79)

where we have used again the fact that A’ satisfy the Landau gauge condition
RD*A'=0.
Now let us write higher order terms. They determine the functional

V(4)= = (HD4(A), J) — (A, A, HD(A) )
+3(HD(A), A,HD(A)) + Vo(A' — HD(A')). (80)

It is analytic in 4’ for A" with values in the complexified algebra and satisfying (77).
We consider the functional
FA)=AUo) + (A, Ty +3{(A, 4,4 + V(4) 81)

on the space of configurations A’ satisfying (75)—(77). To find critical points of this
functional we have to find 4’ in the considered space, such that the equation

<5iA 3(A), 5A’> ~0 8

holds for all 54’ in the tangent space, that is 64’ satisfying the conditions
Q6A4'=0, RD*)A'=0. (83)

We have to calculate the functional derivative of §(A’). From (81) we have

<—5—i§(A’), 5A’> =(0A,J)+ (oA, 4, 4>+ < 0 V(A), 5A’>. (84)

oA’ oA’
The functional derivatives above are calculated without any restrictions on
variations, these restrictions are imposed on A’. Of course we use the fact that the
functional F(A’) is defined on the space of all configurations 4" with the regularity



Variational Problem and Background Fields for Lattice Gauge Theories 291

restrictions only. Let us calculate and estimate the functional derivative of each term
in V(A4') separately. For the first term we have

é
< - 3(A/),> =Tt Y () I HE . ) DaAler b, (85)

c1€By

and from the bound (73) it follows that

5 ’
<HHD3(A ),J>

=Y Y (L n)*Cy Bae, (L) 3

Boe 0o (L) TIO()C (i) 4ot
< O(l)ee3(Lin)~3, beBl(y), yeA,. (86)

We have gathered together all the constants into an absolute constant O(1).
For the second term we have

(A, A HD(A)) = (A, (A, + DRD*)HD(A)) )
= (A,(G™" = Q*aQ)GOXQGQ*) (/') "' D(A'))
= (A, QXQGQ*) ™ (L)~ 'D(A')) — (A, Q*a(L/"n)~ ' D(A) ),
(87)
hence the functional derivative is equal to

0*(QGQ*) ™ (L/ )™ ' D(A) — Q*a(lZ ) "' D(A))
+ DHANL ) HQGO*) ™I QA — DHANL )" TaQA'. (88)

Applying the inequalities (3.132) from [5], (55), (73), and remembering that the

symbol a above represents the operator of multiplication by (L))~ % (we put the

constant a = 1), we can estimate this functional derivative by O(1)e3(L/n)™* on £,.
The functional derivative of the third term in V(A4') is equal to

DA )VH*A HD(A')
= DAL " HQGQ*) " H(L/n) "I D(A)DH AL/ )~ *D(A), (89)

and can be estimated by O(1)e3(L/y) 2 on Q.

An analysis of the last term on the right-hand side of (80) is more difficult because
the functional V,, depends on derivatives DA’ also. We decompose V,, according to
the formula (39), and we consider the functional V7, at first. We have

5 ’ ’ ny — a / ’ ’
5410) olA —HD(A))_,,ESZM)<6—A(I7) Vo>(A — HD(A'), op)

—D¥A)H* ) (L Vg)(A' — HD(A'), dp), (90)
pesi) \OA(")

where st(b) denotes a set of plaquettes p such that b < dp. The derivative

((0/0A(B))V5)(A, Op) satisfies a bound similar to the bound (40) for the function

o(4, 0p), but with the power of |A| lower by 1, and with a different absolute

constant. This implies that the functional derivative (90) can be estimated by
O(1)ed(e, + &3)(L/n) > on Q,.

Finally we have to consider terms connected with the first expression on the
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right-hand side of the equality (39). Let us notice that the “primes” in this expression
have a different meaning than here, they are connected with an application of the
operators R(U ). Now we denote the corresponding expressions by A” instead of 4".
When we make the change of variables (47), we get many terms. The functional
derivative of these terms can be easily estimated by O(1)e3(L/n)~ 3, if the covariant
derivative in (39) acts on HD(A’). Let us consider the terms with the derivative acting
on A'. A typical term is

) n"%tr(DA/)(p)b ;b i[A"(b)), A"(by)] = 3{DA, Y i[A", A"]), ©n

Pe 20

the other terms are obtained by replacing some A’ in the commutator by — HD(A').
The functional differentiation gives three terms

I(DSA, Y I[A", A"]> + 3{DA, Y ([6A",A"] + [A",6A"])>, 92)

and the functional derivatives connected with the second and third terms are
estimated easily by O(1)|DA'|| 4'|. We transform the first term integrating by parts,
and we get the functional derivative given by

ID*Yi[A", A"]. (93)
This expression was already investigated in Sect. C of [6]. Let us recall that for a

plaquette p = {x,x +ne,,x +ne, +ne,,x +ne,>, u < v, we have by (1.50) of that
paper

Y, iLA"(by), A"(by)] = 2i[A4,(x), AYx)] + 2in[A,(x), (D,A4,)(x)]

b1 <b2
+2in[(D,A,)(x), A(x)] — in[A(x),(D,4,)(x)]
— in[(D, AN (x), AYx)] — in*[(D,A)(x), (D, 4,)(x)]. (94)

If we apply the derivative D* to all the terms on the right-hand side of the above
equation except the first, then we can use the factor 5 to replace this derivative by a
simple difference operation. Thus these terms in (93) can be estimated by
O(1)|VA'||A’|. Applying D* to the first term gives the expression

i) (DA, A1) —i ), (DA, AT)(X). 93)

v<pu v>u

Further let us recall the formula (1.52) from [6]:

(DY (A4, A D(x) =nL(DTA,)(x), (DT A)(x) ] + [(DTAL)(x), 4,(x)]
+ [4x), (DT A)(x)]. (96)

From this it follows that the expression (95) can be estimated by O(1)|VA'|| A’| also.
Gathering together all these estimates we get the following proposition.

Proposition 4. Let us consider the functional V(A’) on the space of configurations A’
with values in the complexified Lie algebra &, and satisfying the inequalities (77), i.e.
max {|A'| -y, IVA'|(-2)} <es, for &3 < ay, where ay is a sufficiently small positive
constant. The functional derivative of V(A') is an analytic function on this space, and
satisfies the estimate
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0 ,
|(57V)‘“

The constants a,, C4 depend on d and L only. The above estimate can be formulated
also in the following way:

5 ’
(v Jow

and it is valid if max {|A'|_ ), |VA'| (-5} £ a;.
Now let us consider the variational Eq. (82). Using (84) we get the equation

<Cy3(Um 2 onQ;, j=0,1,.. .k 97)

éC4(max{‘Ari(—l)"VA,l(—z)})za 98)
(—3)

P
(OAL TS + (A AAS + <5A’

A V(A’)> =0. (99)

This equation has to be satisfied for all 04" satisfying
064'=0 (ie. Q;04'=0o0n A), RD*6A' =0, (100)

and we are looking for a solution A’ satisfying the conditions (75)—(77). We take the
operators H,, P defined by the operator 4,. Let us recall that ¥ is an orthogonal
projection in a space of configurations A’ with a scalar product defined by the
operator 4, + D*RD + aQ*Q, onto a subspace of A4’ satisfying the conditions
QA =0, RD*A’ = 0. We make the translation 4"= A, + HB. Using the identity
{6A',A H,B) =0 following from the definitions of H,, we get the equations

b
AT + (SA A A + <5A’,<571-,V)(A1 + HlB)> =0, (101)
Q34'=0, RD*3A'=0, QA, =0, RD*A,=0. (102)

Because the regularity conditions (77) hold for A’, and
|H,B| < Bo2dLC e((Lin)~", |VHB|<By2dLC&(L/n)"* on £,

2dLB,C&, < B,C &, < &3, (103)
so A, satisfies
| Ayl <2ex(Lin)™1, VA | < 2e5(Lim) =% (104)

Thus the set of configurations A4’ restricted by (77) is contained in the range of the
translation A" = 4; + HB, defined on the set of A, restricted by (104). Let us notice
thatif we take all A, satisfying (104), then the image of the translation is contained in
the set of A’ satisfying (77) with 3¢ instead of 5. All the representations and the
estimates obtained up to now hold in this situation also, if we impose correspond-
ingly stronger restrictions on ¢ and change the constants.

Now we will write equations obtained from (101) by removing the variations §4".
We have to take into account Eqs. (102) for 6A'. By the definition of ¥ we obtain all
the variations dA’ satisfying (102), if we take 64’ = PIA for all variations 64,
without any restrictions. We get the equalities

(OA, T =(PoA,J) = (A, P*J), (105)
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(BA,AAL> = (BOA,(A, + DRD* + aQ*Q)A4, >
= (3A,(A, + DRD* + aQ*Q)BA, > = (5A, A, A,>,  (106)

’ 5 _ % __5_
<5A,<6—AV>(A1+HIB)>—<5A,‘B <5A,V>(A1+H1B)>. (107)

Applying them in (101) and using the fact that now §A4 are arbitrary, we get the
equations

B
‘B*J+A1A1+‘B*<5A, V)(A1+HLB)=07 (108)
QA, =0, RD*A,=0. (109)

They are equivalent to Egs. (101), (102). We denote by G, an inverse operator to the
operator A; + DRD* + aQ*Q. Obviously we have 4,4, = G{'4, and Eq. (108)
implies

A1+Gl‘B*J+G1‘B*<%V>(A1 +H B)=0. (110)

In [5] we have proved that the operator G, B* is equal to the operator ® defined by
(3.148) and satisfying the equalities Q& = 0, RD*® = 0. Thus any solution of (110)
satisfies automatically Eq. (108), (109). Let us rewrite this equation using the
operator ®,

b
A1+®J+®<WV)(A1+H,B)=O. (111)

Let us summarize the results of the discussion concerning the variational
problem.

Proposition 5. All critical configurations U of the functional A(U,U,) in the space
defined by (19)—(21), U , satisfies (14), can be obtained from solutions of Eq.(111) in the
space (104) by the transformation
U,=expin[4,+H,B—HD(A, + H,B)]. (112)
Let us make some remarks about the constants &, ¢, &,, 5. In the previous
sections they were independent, although restricted by the conditions:

Biyey e, Bilgo+ Crey) S ey, 82<'}4'83, (113)

&4 sufficiently small. We get best restrictions on ¢y, ¢, (i.e. largest constants ay, a,) if
we take
82 =B1(80+ Clgl)a 83 =482 =4B1(50 +C181). (114)

Restrictions on ¢ are transformed into restrictions on ¢, ¢,. In the future we will
keep using different ¢’s.

E. An Analysis of Equation (111)

Let us consider this equation for configurations A, in the space

[A| <elLin)™", |VA{|<ey/n)~? on Q;, ie max{|A;|y) [VA|-2} <es.
(115)
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We will prove that for ¢, sufficiently small the equation has a unique solution, and
the solution is in the space (115) with ¢, = O(e,).
A solution of Eq. (111) is a fixed point of the transformation

o

A-»—6J— ®<5A’

>(A1 + H,B). (116)

At first let us investigate for which ¢, this transformation maps the space (115) into
itself. By Theorem 3.13 of [5] the norm max {|-| _ ), |V+|~ )} of the transformation
can be estimated by

5
<ﬁv)(A1 +H,B)
(117)

ife, + Bo|B| £ a;. Further, we have the bound | B| < 2dLC,¢,; hence the transform-
ation (116) transforms the space (115) into itself if

€4+ 2dLB,C &, S ay, ByCyBje, + BoCyle, +2dLB,Ce,)* <e,.  (118)

By|J|(-3)+ By < BoC,Bsty + BoCyley + Byl Bl)?,

(=3)

These conditions are satisfied if e.g. 2B,C,B;¢, < ¢, and &, < a, for a sufficiently
small a,.

Next, let us investigate when the transformation (116) is contractive. A difference
of its values at configurations A,, 4, can be written as

0
Qifdt <5A' >((1—t)A1+tA2+H1B)

B
:—@jdtzmmj dr— <5A,V>((1—t)A1+tA2+r(A1—A2)+HlB). (119)

The norm max {|*| -y, V|5 } of this expression can be estimated by

B
—2 sup sup

' o<igt poy=r

<6il’ )((1 —t)A, +tA, + (A, — 4,)+ H,B)
(=3)

B
§7QC4(34 +rmax{|A1 —Azl-1) IV(A; — A2)|(—2)} + B(,]BI)Z

=4B,Cy(es + Bo|Bl)max {|4; — Azl= 1y, V(A — AZ)I(—Z)}a (120)

where we have taken r = (¢, + Bo|B|) (max {|A; — Ay | _y), IV(4; — 4))|-})”
We have to assume also that 2(e, + By|B|) < a3, in order to be able to apply
Proposition 4. Thus the transformation is contractive if

2e, +4dLB,C ey £ a;, 4ByCyleq +2dLB,C c;) < 3. (121)

Assuming 2B,C, B;¢; < ¢4, the above conditions are satisfied if ¢, < a,, where a, is a
sufficiently small, absolute constant. Thus we have proved the following

Proposition 6. There exists a positive, absolute constant a, such, that for ¢, < a, and
&, satisfying 2B,C B¢, < ¢4 Eq.(111) has exactly one solution in the space (115). This
solution satisfies the bounds (115) with ¢, = 3B,C,Bs¢,. Moreover, if we replace the
configuration H B by an arbitrary configuration W with values in the complexified Lie
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algebra, and satisfying the same bounds as H | B, then the above statement is again true
and the solution is an analytic function of U.

Only the last statement requires an additional comment. The first part of it is
obvious, and the analyticity follows from the fact that the solution can be
constructed as a uniform limit of a sequence of successive approximations. The
analyticity of these approximations follows from the analyticity of /64" V(A') as a
function of A4".

Now let us draw some conclusions concerning the basic variational problems (5),
(19)—(21), and (5), (6). Let us consider the first problem. If we take ¢, = 8¢,, and if we
assume 8¢, < a, and 2B,C, B¢, < 8¢,, then by Propositions 5 and 6 there is at most
one critical configuration of (5) in (19)—(21). We get the same conclusion for the
second problem if we take ¢, = B,(g, + C,¢,) and assume the above restrictions. To
get simpler formulations let us take e, = B,¢e, + 5dLB,C,B5¢, (we have B,
= 5dLB,), then the second condition above is satisfied automatically. The first
condition gives restrictions on &g, ¢,. To simplify them let us use the assumption
Bse; <¢,. We have

8¢, < 8Bgy +8B,C,¢y = 16B,C ¢y, (122)

thus if Bse,; < ¢ and 16B,C,¢, < a,, then the functional (5) has at most one critical
orbit in the space (6).

Equation (111) has a solution belonging to the space (115) with ¢, = 2B,C, B¢,
if 2B,C B¢, < a,. This solution determines a critical configuration U, by the
transformation (112), such that 4 = 1/iylog U, belongs to (115) with ¢, given, for
example, by &, =2(2B,C,Bs¢, + 2dLB,C ¢,) < 5dLB,C,Bs¢, = B,CB5¢,. This
gives us a critical configuration U, satisfying almost all conditions (19)—(21), except
the bounds for the second order operators in (19). Unfortunately the regularity
properties of the operator & formulated in Theorem 3.13 [5] do not give us these
second order bounds. We need them because we want to conclude that the
configuration U, U, belongs to the space (6) with ¢, = O(e,), and then to apply the
results of [6], especially those of the Sect. F. To prove the second order bounds we
have to repeat some of the previous arguments with slight changes.

We have constructed a critical configuration of the functional A(U,U,) in the
space of field configurations satisfying (42), (43) with ¢, = B, C,B;¢,. We want to
show that this configuration is also a critical configuration of the functional
considered on the space of field configurations satisfying (43) and

Q(nA)=Bon By, RD*A=f, feR, |fl-z<ves, (123)

where y will be chosen as a sufficiently small, positive constant. To prove it we will
show that configurations with f 5 0 can be obtained from configurations with ' = 0,
i.e. satisfying (42), (43), by gauge transformations. Let us take a field 4 satisfying (42),
(43), and the configuration U, = . We can consider U, as obtained from some U’
satisfying the axial gauge conditions Ax,(B,,U,) by a gauge transformation u,
satisfying the conditions (1.29) [6], i.e.

U,=U%", Rgy=1lonA, j=0,1,. .k (124)

The gauge transformation u, is determined uniquely by U, and is given by the



Variational Problem and Background Fields for Lattice Gauge Theories 297

formula (106) [5]. It was investigated in [6], and satisfies the bounds (1.70)—(1.74) of
that paper, with B,(a, + a;) replaced by ¢,. Now we are looking for a gauge
transformation u’ satisfying the conditions Rou’u11= lonA;,j=0,1,...,k,and such
that U'™“~1 = U%"" satisfies the second condition (123), i.e. u' satisfies the
following system of equations,

1 ) -
RD*alogU'{“=f, @' =Rotlu; =1 on A, (125)

It differs from the equations considered in Sect. D of [ 6] only by the function f on the
right-hand side above. For functions f small, e.g. satisfying the last condition in
(123), all the results of that section are valid, and Egs. (125) have a unique solution.
This solution defines a configuration 4 = 1/inlog U4 ! satisfying (123). Thus the
space (43), (123) can be represented as a union of submanifolds, each submanifold
intersecting the subspace (42), (43) at exactly one point, and contained in an orbit of
the group of gauge transformations. This implies that the functional A(U,U,) is
constant on the submanifolds, and a critical point in the subspace (42), (43) is also a
critical point in the space (43), (123). This conclusion applies to the constructed
critical configuration.

Now we apply the linearizing transformation to configurations in the space (43),
(123), and we get the functional (74), with the operator A instead of A, on the space
of field configurations satisfying (77) with ¢; = 4¢,, and the conditions

L'nQ,A'=Bon A;, j=0,1,....,k, RD*A'=f, feR, (126)

fin the small neighborhood of 0. The constructed critical configuration 4/ is in this
space. Let us notice that locally the only restriction on the configurations in the
space are given by the first equations in (126), therefore we obtain the following
equation on A,

oA’

for all 6A4’ satisfying Q9 A’ = 0. The configuration A’ satisfies RD* A, = 0, hence the
above equation can be written as

CSALTS + CSA (A — ADYALS + <5A',<i V)(A’1)> =0, (127)

COALTY +COAAAD) —(OA, AP A + <<3A<% V>(A’1)> =0, (128)

where A, = A + DRD* + Q*aQ (the constant a = 1). For the operator A, ' = G we
have proved Theorem 3.3 in [5], and especially the bounds (3.42) for the second
order operator. This will allow us to improve the regularity properties of 4.

We decompose A} = A, + HoB, where H(B is defined as a minimum of the
quadratic form ${ 4’, 4,4’ on the subspace [/'nQ A’ = B. We find easily that H,Bis
given by

HoB = GQ*QGQ*) '(L/"n)"'B, (129)

and satisfies the bound (3.133) [5] with the additional inequality for the covariant
Laplace operator
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[(AygHo ) (%, Y)| S Bo(LIn) ™ (L)~ e 204,
xeA(y), yed;, yeAp, or [AyHoB| 3 = BolBl. (130)

By the definition of HyB and the condition Q64" =0 we have (54’,A,H,B)=0.

Next, let us construct a projection P, onto the subspace {4:QA" =0} in the
space of fields A’ on 2, with the scalar product (-, 4,->. It is again very easy to find
that the projection is given by

Py =1-GQ*QGQ*) Q. (131)
Taking 04" = PyA’, where A’ is arbitrary, and substituting into Eq. (128), we get the

following equation,

0
CALPETY + (AL APy Ay = (A PEAPAL) + <A', P:(;ﬂ V)(Aa)> =o.

(132)

By the definition of H,B we have QA4,=0, hence PyA,=Aq, A,Aq=
(A + DRD*)A,. The above equation is satisfied for arbitrary A’, hence we get

(A + DRD*)A, = — P¥J + PEAD 4, —Pg(g%v>(A;). (133)
The bound (28), the inequality (3.137) [5] for the operator A @, the inequality (97) of
Proposition 4, and the bounds | 4} | _ ), |VA' |, < $B;C,Bse, imply that the right-
hand side of (133) can be estimated by 0(1)C, Bs¢,(L/) ~* on ;. The configuration
A, = A} — H,B satisfies similar bounds as 47, and we have

(A + DRD*)Ay = (D*D + DD*)Ay + (A’ — DPD*)A4,, (134)
(D*D Ag)(x)+(DD*A),(x) = (4 y,A0,,) (%)

d
— Y R(U(x,x +1e,)Uq(x +ne,, X +ne, —1e.))
v=1

02 [R(Uo(0p(x))) — 114,(x + ne?), (135)

where p,,(x)=<{x +ne,—ne,, x+ne,, x, x—ne,>, A" and P were defined in [5] by
(3.10), (3.25). This way we have expressed (4 + DRD*)A, as a sum of Ay A, and a
bounded operator acting on A,. The bound for this operator follows from the
inequality (3.49) [5] for DPD*, the inequality (3.69) [5] for A’, and the regularity
condition (14) for the configuration U. This together with (133) and the discussion
following it implies the bound |A4y,4,| -3, < O(1)C,B;¢,, hence finally the bound

| Ay AL < O(1)CByey(Lim) ™ on @, j=0,1,....k (136)

Now we apply the transformation (47) to the critical configuration A, and we want
to prove that the second term HD(A') in this transformation satisfies the above
bound also, besides the usual bounds following from (46), (55). We have to prove that
the operator H has better regularity properties than these described in (3.133) [5],
especially D*DH, Ay H are bounded in the norm |-| _3,. Indeed, (3.126) [5] yields

A.H = (A, + DRD* + Q*aQ)H — Q*a(L/'n)~*
=0%(QGQO*) (L") — Q*a(L/m) ™1, (137)
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hence |A HB|-3 < O(1)| B|. Above we have used the equality RD*H =0. This
equality implies also that A H simplifies essentially, where A, = A — A’ is defined by
the formula (3.120) [5]. From this formula we get

2{A,AHB) = (i[(G'RD*A)(b_) + R,(G'RD*A)(b,),(HB)()],J >, (138)

and G'RD* is a bounded operator in the norm || ;,. The properties of HB and J
imply the bound

|ALHB|_3<O(1)|B|, hence [AHB|_, <O(1)|B|. (139)

Finally we use the decomposition (3.10) [5],i.e. A = D*D + A’, A'is a local, bounded
operator satisfying the bound [A'HB|_; < O(e,)|B|. This implies the bound
|D*DHBJ _3, < O(1)| B, hence

[D*DHD(A})| - 3, < O(1)[D(A))] = O(14C, [ A7 1) < O(1)C (B, C Bye,) .
To get a bound for Ay HB, we write
D*DHB = (D*D + DRD*)HB = (D*D + DD*)HB — DPD*HB, (140)

and we use again the formula (135), and the fact that DPD* is a bounded operator.
This gives the bound |4y HB| 3 < O(1)| B|.

Thus the transformation (47) applied to A yields the configuration A
— HD(A)) = 1/inlog U, satisfying all the conditions (19)—(21) with ¢, = O(1)C, B¢,
where O(1) is an absolute constant depending on d and L only. Now we take the
configuration U,U, and we apply to it a gauge transformation u satisfying the

conditions m’: 1 on A;, and such that the gauge transformed configuration
(U, Uy satisfies the axial gauge conditions Ax(B,,U,). Let us define
U,=(U,Ugy)" Proposition 7 [6] implies that U, belongs to the space (18) with
£o=0(1)CB,¢,. It is a critical configuration of the functional (5). To see that U,
is a minimum we apply the whole procedure with the configuration U, instead of
U,. We get a functional §(A’) for which the critical configuration is equal to 0.
This implies that a differential of §(4') at A’ =0 is equal to {(dA’,J ) and Eq. (93)
has the form

(6A',J)=0 forall 04:Q6A"=0, RD*)A" =0. (141)

Further, let us notice that B=0, hence the configurations A’ satisfy the same
conditions as 64’, and we have (A4',J> =0. Thus the expansion (81) for this
functional has the form

FA)= AU ) + 3<A, A, A" + V(A). (142)

A second order differential at A’ =0 is given by the quadratic form above, and it is
positive definite. Hence A’ = 0 is a minimum of the functional (143) and this implies
that U, is a minimal configuration of the functional A(U).

Let us formulate the above conclusions concerning the problem (5), (6) in

Proposition 7. There exist positive, absolute constants a,, a; such that for ey < a, and
Bae, < ¢ the variational problem (5), (6) has at most one critical orbit. If ¢, < a, then
there exists a minimal orbit in the space (6) with ¢, = O(1)C B¢, .

This proposition implies Theorem 1 but with worse bounds on the minimal
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configuration, and without the regularity results (9), (10). These regularity results
and the improved bounds will be proved in the next section.

Let us make few remarks about the alternative equation for the minimal
configuration. Multiplying Eq. (133) by G=4_,* we obtain

b
Ay = — GP%J + GPXAP A, — GP% <§ZV>(A’1),

where A| = A, + H,B. By (131) we have the equality
GP§ =G —GO*QGO*) ™' =G,

hence the above equation can be written as

Ag=—GJ+GAP(A4,+HyB)— G (% V)(Ao + H,B). (143)
This equation has all the properties of Eq. (111) and Proposition 6 is valid for it also.
In fact it has better regularity properties, which we have used in the proof of
Proposition 7. However it cannot replace Eq. (111), for example it does not imply
necessarily that solutions satisfy the Landau gauge condition, which was used in the
derivation of (143). Thus we have to use both equations, (111) for proving the
existence, and (143) for regularity properties. In the future we will use more
frequently Eq. (143).

F. Regularity Properties of Minimal Configurations

In this section we will prove all the regularity properties of minimal configurations
U,. We will use only the fact that they are critical configurations of the functional (5)
and that they belong to the spaces (6) with ¢, sufficiently small.

Let us take a cube [] intersecting £2; but not £;, ;, of a size 2ML/y. We are
interested in two cases. To prove that U, is in the space (8) we will take M = R, M ;.
To prove the regularity properties (9), (10) we will admit more general M, depending
ong,.Inboth cases M = R; M, and we assume that M is a multiple of R, M, ,i.e. M
= M'R, M, M'is an integer. We will use the notations and the results of the Sect. F
from [6], so we refer the reader for explanations to that paper. For a given [] we
construct the sequence of cubes {[7,}, and the cube [J. Let us recall that

Oo>0,--20;,20, dist(d,+:,0)=R;ML'n, n=0,1,...,j, (144)

and (] is a cube with dist(01,(J9)=2R,M,Un. Thus [0;=0;u}, O
=B 7YA;_,), O = Bl(A)) and ] < B~ Y(A;_;)UB(A)) = ©;_,. For simplicity of
notations we assume that j = k, a general case can be obtained by obvious rescalings.
Now we repeat all the constructions of the Sect. F in [6]. Applying a gauge
transformation to U, we get a configuration U} such, that Uje Ax,(CI®, 1), and U,
satisfies the generalized axial gauge conditions on []®. The configuration U,
belongs to the space (2) with &, sufficiently small, hence Uj satisfies the conditions (2)
on [ with I2¢,n? on the right-hand side. This, Proposition 2 from [4], and the
generalized axial gauge conditions imply
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U, (5, %) — 1] < |x — y|2L260 < 4d(M + R, M )[?eo <SdI*Me,  (145)
for {x,x'> < [1]®, y is a point of [(J%. The inequality (1.65) [6] implies further
(UL (x, %) — 1] < 11d%, + 8dL*Mey < 941> Me, — ¢,
for (x,x>c Y, j=0,1,... k. (146)
Let us notice that the gauge transformation changing U, into U} does not belong
to the subgroup (4) leaving the space (3) invariant. In fact the configuration V
defining this space is changed into a configuration V. We will be interested in V’

restricted to [J,. More exactly V' is defined on (inA,—)u(inAY)=
0% YU O™, and if we define V', as

vi=7 onO®, Vi=V on[}¥, (147)
then V satisfies the generalized axial gauge conditions on (1 with a center at the
point y.

We define

k
€=U A, Ay=0n0, A;=00\0O%,, j=1....k=-2
j=0

J
Aoy =(OFNOE oY, Ag=" (148)

Let us introduce a configuration V" defined on €, by
V'=U, on A}, j=0,1,....k, hence V" =V on ¥ DU®. (149)

This definition implies
Ui e ({25}, 80) " BYE, V") N Ax, (€, 1), (150)

where 2;=[7;,j=0,1,....k—1, 2, = ;.

The configuration Uy, is a minimum of the functional (5) in the space (6) with V’
instead of ¥, hence it is a minimum of this functional in the space (150), because this
space is defined by more restrictive functional conditions and a sufficiently small
neighborhood of Uy in (150) is contained in (6). The bounds (146) imply

V" — 1] <9d[*Mey — ¢, onG,. (151)

Now we apply Theorem 2 of the paper [6] to the pair of configurations U, 1 (in
place of U'U,, U, in that paper). We assume that 9d1*Me, < c,. Then there exists a
unique gauge transformation u satisfying the restrictions &’ = 1 on A, and such that
U;‘u—l = U1 =eir1A’
Lin|Al, (Un)?|V"A4|, (Lin)®|o™0d"4|, (L’n)*|A"A| <9dL*B,Me,
on Q) j=0, 1,... .k (152)
RO™ A =0, (153)
where the operator R is defined for the sequence {£2'};

Ui(x,x) = V"(x,x)for {x,x' YeA), x,x'eA),
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= . 1 " 4 !

U’(x, x") =exp[— i) L“d?log Vv (Fx,xl)}V (x,x") for
x1€B(x)

(x,x'yeA), xeAj_y, x'eA’, (154)

by Egs. (1.31) in [6]. If we denote by V, the configuration on the right-hand sides of
(154), then

V,=e® with |B|<18d*[*Me,, (155)
for ¢, sufficiently small, and the equalities (154) can be written as
QmA)=Bon A}, j=0,1,...,k, orsimply Q(n4)=B. (156)

Now we proceed as in the previous sections, i.e. we make the change of variables
A=A"— HD(A'). The configuration A’ satisfies (152) with 36 instead of 9 on the
right-hand side. We have to assume that 36d1*B,Me, < a, in order to have a well-
defined functional §(A’). It is much simpler now and can be written as

F(A) =3{ A" — HD(A'), 0™3"(A' — HD(A"))) + V(4" — HD(A"))
=3(A, ™Ay + V(A'),
RI™A' =0, LnQ,A'=B onA; j=0,1,.. k (157)

Of course we can apply these transformations to all configurations in the space (150)
and we get an open set of configurations 4’ satisfying (152) with the bound
36dI?B,Mc¢,, and the above equalities. Repeating the arguments of Sect. E we
extend the domain of A’ to configurations satisfying (123) instead of (157). The image
of U} is a minimum of §(A"), thus representing it as 4, + HB, we obtain Eq. (143) for
A, . In the considered case it can be written as

A,+G<%V>(A1+HB)=0. (158)
The configurations HB and A, satisfy (152) with the bounds 4dI?B,; Mg, and
40dI?B, Mg, correspondingly. The image of U, translated by — HB satisfies Eq.
(158). We assume that it belongs to the domain on which this equation has a unique
solution, i.e. we assume that 40d1?B, Me, < a,. We can write it as an assumption on
&, using Proposition 7, more exactly the equality ¢, = O(1)C, B;¢, . Let us notice that
for the purpose of the proof of the regularity properties we can take C, = L%, as it
follows from the constructions at the beginning of the Sect. A. Thus our assumption
is of the form O(1)B;Me, < a,.

Let us notice that all the operators in this section are taken without any external
gauge field configuration (or alternatively with the configuration equal to 1). These
operators were considered in [2,3].

We have to consider two situations. To prove that U, belongs to the space (8) we
have to prove the inequalities (2) with ¢, = B3¢, . They are local, and for a plaquette
p, or a bond b, we take a unit cube A, = B/(A;) containing p or b. The cube 4, is
contained in a big cube of the size 2R, M, L’y and we take [] as this big cube. It is
enough to prove the inequalities (2) for the configuration U;, and for plaquettes and
bonds belonging to A,, with ¢, = B3¢, and j = k. These inequalities, and the gauge
invariance of the left-hand sides of (2), imply that U, belongs to the space (8). In this
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case we take y as a point defining A,, i.e., A, = B*y). We have to prove also the
regularity conditions (9), (10) for a cube [] of a size 2M. In this case y is a center of [].
We have constructed the configuration U, = ¢'™, and A is given by

A=A, +HB—HD(A, + HB), (159)

where A, satisfies Eq. (158). We know also that A, + H B satisfies the bounds (152)
with 36dL?B,Me, = O(1)ByMe; on the right-hand side. Let us consider the
configuration HB on the cube []. Now we use the assumption (7) for V, hence for V'
It implies that |V (dp) — 1| < ¢, for pe[;®, and |V, (dp) — 1| < 2L?¢, for p = (¥
and ¢, small, where the configuration V' was defined by (147). It satisfies the
generalized axial gauge conditions on [J¥ with a center at the point y, hence
Vi, x)— 1] < |x—y|2[%, for {x,x'>cO¥. If {x,x'>e1;¥, then V'(x,x')
=V'(x,x)=V"(x,x') = V(x, x), the last equality follows from the definition of ¥, in
(154) and from the assumption that ¥” =V’ on [;* "V and V'eAx, (0¥, 1), hence
V'(I'y,,) =1 for x,eB(x), xe[J;¥. Thus the above estimate implies that | B(x,x)|
<|x—y|d4L2e,. If {x,x"» = (1, then we apply the Lemma 1 of [6]. We consider
the set A’ = B(x) U B(x'), and the assumptions of this lemma are satisfied for V' = V"
=V, with ay = L%, a, = |x — y|2L?¢,. The lemma implies that |V,(x;,x})— 1|
<4d*L?e; +|x — y|2L%, for {x;,x}) = B(x)u B(x), hence |B(x;,x})| < 8d*[?¢,
+|x, — y|4L?¢,. Finally we have

|B(x,x)| < (8d2L2 + 4L%|x — y|)e, for <x,x'>eIEDU®.  (160)

This bound and the global bound (152) imply the following bounds on the cube
A(y1), Alyy) =4 or y, e,

|HB|,|V'HB|,|0"™0"HB|, |A"HB| < B, ) e~ *0%1<-)(L/y)~ 1| B(c)|
ce@y

<dB, y e 70041y (242 4|y, — y|)4L e,

yae(Ay - AN T
+ dBO Z e7(1/2)60d(y1,yz)e—(1/2)60R1M1(szn)- 1 1 8d2L3M80
¥26€\ 0y

<dB, Y e~ DRI (d(y,, y,) + 3d*M 4)4L%,

Va&(Ay - juAYATy

+dB, S e W20y (d(y, yy) 4 M ) (L) e WRORMIBG2 g

Y268\ Oy
< 18d3L3BO Z e—(l/2)éod(yx,yz)(d(y1’yz) + 1)(sz,1)—1
y2€
.MAmax{El’e"(l/z)JORlMlao}, (161)

where y,eA, and M ;=1 for A = Ay, M ;=M for A = []. It is now clear how we
should define B;. Let us take

By=T2d3[*B,supsup Y, e” 2od0ry(d(y y)+ 1)(Ln) L (162)

€ V1 yey

It follows from the inequalities (2.47)—(2.51) of [3] that B; depends on d and L only.



304 T. Balaban

We may assume that R; M, is sufficiently big, so that
By~ (M20oRiMy < 1 (163)
Then we get on A
|HB|, |V'HBY|, |0"*0"HB|, |A"HB| < ;M smax {B;¢,, 3¢} (164)
This bound, the equality (159) and Eq. (158) imply
[A],|V"A|, |0"™*0"A|, |A"A| < M ymax {Bse,, 3e0}
+ ByC4(36d1*B; Me,)* + BodC,(36d12B, Me,)?
SiM  max {B;e,,%e) + Bo(Cy + 4C,)(36dL*B, R M )2 (M'e,)?, (165)

where M’ = 1 in the first case, where [] is a cube of the size R; M, containing A,, and
M’ =(R;M;)”'M in the second case. We take a largest absolute number a5 such
that M'e; < a5 implies all the previous restrictions on &g, and such that

Bo(C4 +4C,)(36d*B,R M )?as <1%. (166)
If M'ey < as, then we get

[A], |V'A|, |0™0"A|, |A"A|<iM max{B;e,,380} +5M'e, on A
(167)

Now let us draw conclusions concerning the regularity of U, from the above
inequality. We take A = A, hence M ,= 1, M’ = 1, and we have this inequality with
¢ =3max {Bj¢;,3¢,} on the right-hand side. This and the inequality (1.54) of [6]
imply

[DI*OU || <€ + 86de’* < 2¢ on A, (168)

for ¢ small, similarly for |0U, — 1|. Again using the fact that U, is a gauge
transformed Uj, on 4,, and that the conditions (2) are gauge invariant, we conclude
that U, satisfies (2) on A, with max {Bs¢,,3¢,} instead of ¢,. The cube 4, is an
arbitrary cube A(y)=B(y), if yeA;, hence U, belongs to the space (2) with
max {Bs¢,, 360} instead of ¢y. If 3¢, < Bjé,, then the required regularity is proved. If
1e, > B,e,, then we apply again the whole reasoning with 3¢, instead of &,. We
continue this way until we reach the bound Bje;.
Let us formulate this result in

Proposition 8. There exists a positive, absolute constant as such, that if U is a critical
configuration of (5) in the space (6) with V satisfying (7), and if e < as, then U belongs
to the space (8).

We have constructed the minimal configuration U, in the space (2) with
&y = O(1)Bs¢,, hence we have the additional restriction on &;: O(1)B3e, < as. Now
we define a, as a largest constant such, that the restriction ¢, < a, implies all the
other restrictions we have imposed on ¢, . Especially it implies that U, is in the space
(8).

Let us consider the second case, i.e. A =[] with a size M. We may take
advantage of the fact that we have proved the regularity property (8), thus we take
€0 = Bse,. Assuming M'Bye, < as, we get from the inequality (167),
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(the left-hand side of (167)) <ZMBse, + AM'Bse, <1 MBye,. (169)

The condition M'e; < a, implies M'B;¢; < a5, hence we have proved the regularity
conditions (9), (10), and the proof of Theorem 1 is completed.

G. Analyticity and an Expansion of U,

The minimal configuration U, is a (multi-valued) function of the average variables V,
U, = Uy(V). We will show that it is an analytic function of V in the following sense: if
V=V'V,, V' small, Uy = UyV,), and if we fix a gauge condition for U (V'Vy)U; *,
then it is an analytic function of B = 1/ilog I and it has an expansion as a power
series in B. In fact we are interested more in this expansion than in an analyticity
property, because a particular example of it is the expansion in fluctuation variables.
This is one of the main steps in our procedure.

Let us make a remark concerning the minimal configurations U,. If we take such
a configuration as U, in the expansion (74), then Eqgs. (82), (99) are satisfied for
A'=0, hence we have

(oA, Jy=0for 64" :Q(U,)0A =0, R(U,)D}SA =0, (170)
where
J=n"?ImDytoU,.

The above condition can be written simply as the equation

PHUYJ =0 (171)
Now let us take V = V'V, V, satisfies the condition (7), V' satisfies
|V'—1| < C,&;, hence V' =¢€'®, |B|<2C.¢, on By, 172)

for ¢, sufficiently small. We take U, = Uy(V,) and we consider the pair of
configurations U (V'V,), U,. We repeat the whole procedure of Sects. A—E for this
pair. At first we fix the Landau gauge for the configuration U, (V'Vy)Uy ! = U,, and
we have

U, =expin #(B), # satisfies the conditions (19)—(21) with

&, = B1(B3(1 +4C,)e; + C1¢,) £6B;B;C ¢, = Bge,y . (173)

We assume that C is an absolute constant, hence B; is such a constant also. The
configuration J# is represented as

H# =of  +H,B—HD(, + H,B), (174)

where .o/, satisfies the equation
19
ﬂl-i-(ﬁ(ﬁl/)(ﬂl-f-HlB):O, (175)
and the regularity conditions (19) with ¢, = 8Bs¢,. The function on the right-hand

side of (174) is an analytic function of &/, + H,B, and we have discussed its
expansion in Sect. C. It is generated by Eq. (56) and by recursive equations obtained
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from it. The function &/, as a solution of Eq. (175), is an analytic function of H,B,
hence of B. An expansion of ./, in H,B can be obtained again by taking an
expansion of ((6/64")V)(A’) in A’, substituting it in (175) together with the unknown
expansion of &7, and then solving a recursive system of equations. Let us notice that
it begins with a term of second order in H; B, more exactly we have

0
2 _ _
A 65(5/4'

V‘3’>(H1B). (176)
This implies that the expansion of 5# begins with the first order term H,B. Let us
write first and second order terms in it

Jf:HlB—Gj(gi—, V“”)(HIB)-HC(”(HIB)—F (177

We can generate this way terms of an arbitrary order in the expansion.

Now let us write the alternative condition for the minimal configuration U,, and
the alternative equations for # and /. The condition follows from Eq. (127). We
take U, = U,, and then it is satisfied for A} =0, hence we obtain

(SA,J>=0 for SA:Q(U)SA =0, (178)
or
PX(U)J =0.

This is obviously a more general and natural condition, because it does not involve
any gauge fixing restrictions on dA4’, and none such restrictions appear in the
formulation of the variational problem either. This condition can be written in
several different forms also, for example we can use the averaging operations 0
instead of Q, or mix these operations. The configuration # can be represented as

H = ol o+ HoB— HD(A y + H,B), (179)

where </ satisfies the equation obtained from (143),

. ey
oy — GAD (ot + HyB) + G<ﬁ V>(&¢O + H,B)=0.

We may simplify this equation including the operator — A? into the definition of G,
ie. defining G = (4, — A®)~'. From the estimate (3.137) it follows that A is a
small perturbation of A,, and the new operator G has exactly the same properties as
A;'. Using this new operator G we obtain the equation

oy—GAPH,B + G(% V>(Jz/0 + H,B)=0. (180)
It is an equation of the same type as (175), and it has the same analyticity properties,
and an expansion of the solution ./, can be generated in the same way as for (175),
i.e. we have the corresponding formulas (176), (177). The advantage is that the
operators in (180) have better regularity properties than the operators in (175)—(177).

Independently of the representation chosen, the function #(B) is an analytic
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function of g°-valued configurations B defined on B, and satisfying (172). We make
the gauge transformation inverse to the one applied previously, i.e. we transform the
configuration in the Landau gauge back to the axial gauge. This transformation is
an analytic function of #, hence of B, and we obtain a gauge field configuration in
the axial gauge, which we denote also by U (V'V,). It is an analytic function of V”, for
V' with values in a small neighborhood of the identity in G°, and for V' with values in
G it coincides with the minimal configuration constructed in the previous sections.
This function can be extended further using gauge transformations. For the minimal
configurations in the axial gauge we have

U (V) = UVy, (181)

where 7 is constant on blocks B/(y), ye A, and equal to «(y). This equality extends by
analyticity to G°-valued configurations V described above, and then, again by
analyticity, to G°-valued gauge transformations » in a small neighborhood of G-
valued transformations. This means that we can prove the equality (181) for all these
« for which V*is in the analyticity domain of U,. We can extend it to all G*-valued «
treating the equality as a definition for the remaining . Thus U (V) is defined on all
orbits of the group of G*-valued transformations, which contain elements V = V'V,
described before. It is an analytic function on the union of the set of orbits, and it
satisfies (181). We will use these statements in a subsequent paper.

Now we consider another important problem connected with the function #(B).
In the future we will have to use decay properties of the functional derivative
(6/6B)#(B). We will prove that this derivative has regularity and decay properties
identical to the propagator H, or H,. The proof will be similar to the proof of the
decay property (73) for the derivative (6/6A")D(A"). The functional derivative
(6/6B)#(B) satisfies a linear equation obtained by differentiations of the equations
determining ##(B). For example we consider Egs. (179), (180). Differentiation of (179)
yields

o o
53% (SBMO+HO <D(,sz¢0+HOB) MO+H0> (182)

where the last scalar product is with respect to bonds in £2; in #-scale. Differentiation
of (180) yields

b} 82 N
5B&¢(,+G<<5, )(ﬂ0+HOB) MO+H0>=GA(2’H0 (183)

Let us denote Wy (b, c) = (6/0B(c))« (B, b). We may fix a bond ce B, and consider the
above equation as an equation for the function (-, c). This equation can be
written as

8?2 82
<I+ G<6A’2 )(ﬂo“"HoB))mo: GA(Z)HO_G<

e V)(&/o+ H,B)H,, (184)

where the derivative (62/64'%)V is treated as a kernel of a linear operator. For a
configuration A’ satisfying (77) with &, sufficiently small we have
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62 ! d 6 / _ 1 dT ) ,
<WV)(A)QI_—(5A' >(A Who=55 1 <5A/ )(Amt)

| r

and taking (185)
r=max{|A'| -, |[VA'| -5} (max {|A| ), V| _)})~

we get from Proposition 4

52
(m V)(A’)QI s <4C.eymax {| U]y, VU, }. (186)

This implies the bound

52 ~ 52
G| —=V |(,+H, B G
l (5,4'2 )( o+ HoB) . Y 547 (ﬂo+HoB)91(_2)
SO(1)BoCyBsey max {| U _ ), VA _,)} (187)

for &, sufficiently small, hence the norm of the linear operator is small also. Thus Eq.
(184) can be solved by the Neumann series expansion

-1 2
m0_<1+6( A2,2 )(MO+HOB)> <GA‘2’HO—G(&V)(dO+HOB)HO>

(188)
To prove an exponential decay we have to investigate more closely the kernel
((6%/6A’*)V)(A’). This is, unfortunately, a very awkward and complicated problem,
although quite straightforward. Already the first derivative of V is complicated and
given by many formulas, see (85), (88), (89), (90), (93). Now we have to differentiate
those expressions second time. We do not perform these calculations here, we have
obtained all necessary results to do the calculations and estimates, let us formulate a
final result only. We have

2

A0

547 VA)u

§O(1)33(Lj’7) exP(“‘sod(J’a ’))max{]i’lk 1),|VQI|( 2)}
(189)

for supp W < A(y), A’ satisfying (77), yeA;.

This inequality, the formula (188) and Lemma 2.1, and finally Proposition 2 and

(181), yield

0 0
‘WW,;(B,X), 5By /)W (B, x)|, CV&B( )%(B),;
o
Dy, DU"&B( H (B, )' ukan( )%(B , X)

oMWY, @Wn~2 (IIE+1Kh@m=2=F, (Ln)~3, (Un)~°]
(L)~ exp(—500d(y, ) (190)
for xeA(y), or supp { = A(y), yeA;, yeA;.

There is another important dependence of the function s#. It depends on the
gauge field configuration U, through the functions and the operators in Egs. (174),
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(175), or (179), (180). These functions and operators can be extended to arbitrary,
regular configurations U, precise definitions are given in [4-6]. They are analytic
functions of these configurations, having the properties and bounds as described
above, and the equations determine an analytic function 5. All the above
considerations and properties are valid for this function also.

Let us formulate the results of this section.

Proposition 9. The minimal configuration U (V) = U (V'V,) in the axial gauge has an
extension to an analytic function of G*-valued small configurations V' on B,. It can be
extended further to all orbits of such configurations V'V, by the equality (181). The
Sunction U (V'V)U(V,) ™! transformed to the Landau gauge is, by the definition, equal
to exp in#'(B), where B = 1/ilog V'. The function #(B) is determined by Egs. (174),
(175), or (179), (180). It is an analytic function of B, and also of the external gauge field
configuration U satisfying the regularity conditions (3.35)—(3.38) [ 5], or (1.7)—(1.9) [6].
It satisfies the conditions (19)—(21) with ¢, = Bs¢, (see (173)), and its functional
derivative (182) satisfies the inequalities (190).
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