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Abstract. We study the behavior of solutions of the one-dimensional Broadwell
model of a discrete velocity gas. The particles have velocity + 1 or 0; the total
mass is assumed finite. We show that at large time the interaction is negligible
and the solution tends to a free state in which all the mass travels outward at
speed 1. The limiting behavior is stable with respect to the initial state. No
smallness assumptions are made.

1. Introduction

Broadwell [ 1] studied the structure of shocks in a model of rarefied gas in which the
particles travel with speed c in either direction along a coordinate axis. If particles
traveling in opposite directions collide, they are equally likely to move in each of the
three coordinate directions after collision, with velocities of opposite sign. Other
collisions can only lead to an exchange of velocities. If N7 (x, y, z, t) is the density of
particles with velocity (c, 0,0), N7 the density with velocity (— ¢, 0,0), and similarly
for N3, N5, the resulting equations are

DN} +cD N} =%(N2+N2‘ +NIN7 —2NFND),

DN —cD N[ = %(N;N; +NINT —2N{ND),

etc., where o is the frequency of collision. (Such discrete velocity models of a gas were
introduced by Maxwell; see [5] for a survey.)

Here we consider the special case of one-dimensional motions in which the N’s
areindependent of y, z, and furthermore N; = N; = N = N3 .Setting N = v(x, t),
N[ =w(x,1), N7 =z(x,t) and rescaling the variables so that c=1, ¢ = 3/2, we can
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write the equations as
v+ 0, =22 —vw,
w,—w, = z2 —vw,
z, = 3(ow — z?). (1.D
Suppose in addition that initial data are prescribed:
v(x,0) =vo(x), w(x,0)=wy(x), z(x,0)=zyx). (1.2)

If the data are nonnegative, the same is true for the solution. Moreover, for
integrable data, the mass and momentum

oj? (v +w+4z)dx, T (v — w)dx,

are conserved in time. An equivalent statement is that the partial masses
o0 o0
m*= | (v+2z)dx, m~ = [ (w+2z)dx, (1.3)
— 00 —

are conserved. Since the interaction terms are quadratic in the unknowns, it is not
immediately apparent that solutions continue indefinitely. However, it was shown
by Crandall and Tartar [ 14] that regular solutions of the initial value problem (1.1),
(1.2) exist for all time for suitable initial data, in particular if the data are uniformly
bounded and integrable. This argument relied on an earlier existence result of
Nishida and Mimura [13] for sufficiently small mass. (The properties of solutions
and the existence theory are reviewed in Sect. 2.) The purpose of this paper is to
describe the behavior at large time for solutions of finite mass. We show that the
solution evolves toward a state in which » and w have become waves traveling
outward with velocity + 1 without interaction, and z is zero. Thus, while the
interactions may produce local growth, the ultimate nature of the solution is
determined by the spatial spreading at different velocities.

The system (1.1) is one of a variety of possible one-dimensional models of a
discrete velocity gas. Mathematical questions for a general class of such systems
were treated in [15]. For the Carleman equations v,+ v, =w?—v%, w,—w,=0% —
w2, the maximum norm of the solution is nonincreasing. Using this fact Illner and
Reed [6] showed that bounded solutions decay uniformly at large time (see also [ 15,
Appendix 2]). For other systems such as the Broadwell Eq. (1.1), asymptotic
descriptions have been given only for small data [15]. For (1.1) the maximum norm
may increase, and there do not seem to be any natural norms other than the mass
which are conserved or nonincreasing. Our strategy here is first to obtain a weak
decay statement for v and w, and then to show using this that a quantity related to
the I norm is eventually nonincreasing. The nonnegativity of solutions is important
for our method. Other work on the existence and basic properties of (1.1) and related
systems includes [2,3,7-15].

We now summarize the results. We shall say that the initial data vy, wg, z, are
admissible if they are nonnegative, continuously differentiable, uniformly bounded,
and integrable. In the statements below, the data are assumed to satisfy these
conditions. The number p is arbitrary with 1 < p < co.
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Theorem 1. (Boundedness) For any solution there exists a constant K so that
lo(x, )1, Iwlx, ), [z(x, 1) = K
for xeR, t = 0.

Theorem 2. (L” asymptotics) Ast— oo, z(-,t)— 0 in LP(R); v(- + t,t) converges in LF to
a limit v*°; and w(- — t,t) converges in I to a limit w®. In particular, the total mass
inside any finite interval goes to zero as t— oo. The limiting states are uniformly
bounded by K and satisfy

[ee) 29

[ vedx=m"*, [ wdx=m".

— 00 — o0
Theorem 3. (L7” Stability) Let &, w, Z be a solution with initial data 0y, Wg, Z,. Given
e>0, if (vy,wo,20) are sufficiently close to (¥y,W,Zo) in L{(R) and L*(R), then the
solution satisfies

,U(',t)_ﬁ(.,t)lesIW('at)—w(.’t)ILIH'Z(.?t)_Z_("t)lLP<8
uniformly in t, and consequently
[0° — 0% s, W2 —WP |, <e.

Theorem 4. (Boundedness in a Neighborhood) For any solution o, w, z, there is a
constant K’ so that, for (vy, w,, z,) close enough to (b, Wq, Zo) in LNR) N L*(R),

lo(x, D), w(x, ), |z(x, 1)| < K’
for xeR, t = 0.

Theorem S. (Uniform Asymptotics) Assume that vy, wg, z, tend to zero as x — + co.
Then z(x, t) > 0 uniformly in x as t —> 0o, and v(x, t), w(x, t) > O uniformly for x in any
finite interval. The limiting functions v°, w* are continuous and tend to zero as
Xx— 4 00. Mareover, the convergence of v(: +t,t), w(- —t,t) to v™°, w® as t— oo is
uniform in x.

In Sect. 2 we recall the basic properties of solutions, outline the proof of the
existence theorem, and derive the weak local decay statement for v, w (Lemmas 2.1,
2.2). We prove Theorem 1 in Sect. 3. Introducing weight functions related to the mass
integrals, we show that a weighted I norm is non-increasing at large time. Letting
p— o, we have a uniform bound. The same estimate gives a weak decay statement
for z. Theorems 2—4 are proved in Sect. 4. We first show (Lemma 4.2) that the
interaction terms are integrable in space-time. As noted in [15], the asymptotic
description in L' is a simple consequence of this statement. Theorems 3 and 4 are
obtained by sharpening the proofs of Lemma 4.2 and Theorem 1. In Sect. 5 we first
show that z decays uniformly by comparing with an ordinary differential equation.
We then complete the proof of Theorem 5 following an argument of Tartar [15].

There is a surprising variety in the behavior of the different particle systems. As
observed by Tartar [ 15], the Carleman model cannot have L! limits as in Theorem 2;
since the solutions decay in L, the limit would have to be zero, but this is impossible
because of conservation of mass. A system similar to (1.1) is obtained by setting
N{=v, N{ =w, Ny =Nj=z* N; =Nj =z". The resulting system, which is
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slightly more general than (1.1) and was treated in [14], is

vtve=zzT —ow, w,—w,=z"z" —ow,
+ — — —
zr=3ow—z*z"), z7 =3ow—z"z")

It is not difficult to modify the proof of Theorem 1 to show that solutions of this
system remain bounded. However, the direct analogue of Theorem 2 cannot be true:
since z;" =z, ,z* —z~ is constant in time, and both z’s cannot approach zero if this
difference is initially nonzero. It will be evident that the techniques introduced here
can be applied to related systems of equations. Applications to a general class of
semilinear systems will be developed in forthcoming work.

2. Background and Weak Decay

We first discuss a few basic properties of solutions. Suppose we have a C! solution on
the closure of a trapezoidal region S = {(x,t): 0<t<T,a+t<x<b—t}. lfa=
— oo or b = oo, we assume that the solution is uniformly bounded. Three elementary
properties are

(i) (Uniqueness) There is only one solution with prescribed initial data.

(ii) (Domain of Dependence) For (x,,t,)€S, the solution at (x,,t,) depends
only on the initial data on the interval x, —t, < x < x + to.
(ii)) (Nonnegativity) If vy, wg,zo = 0, then v, w,z = 0 throughout S.

The solution can be constructed locally in time by a standard argument (e.g., [4,
Chap. V, §6]). The equations are written in integral form along characteristics and
the solution is obtained as the fixed point of a contraction mapping. The domain of
dependence property is evident from this construction. Because the fixed point is
unique, two solutions with the same initial data must agree on a short time interval,
and this local uniqueness statement implies property (i). Finally, to verify (iii), it is
not difficult to modify the contraction mapping argument mentioned above so that
nonnegativity is preserved under the iteration, and thus the solution obtained in the
limit must be nonnegative (e.g., see Theorem 2 of [14] or (4.12) of [15]).

If S=R x (0, T) and the initial data is admissible in the sense of Sect. 1, and in
particular in L}(R), the conservation law

w+w+42),+@v—w),=0, 2.1

implies that the solution is in L'(R) for each ¢ and

0

[ +w+4z)dx =m, (2.2)

— 0

representing the total mass, is constant in time. Similarly

(v—w)+@v+w),=0, (2.3)
gives the conservation of momentum. An equivalent pair of conservation laws is
(v+2z2),+v,=0, (2.4)

(w+2z), —w,=0, (2.5)
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and these lead to (1.3).
The fundamental existence theorem is the following.

Existence Theorem. Given admissible initial data vy, w,, z, on R, there exists a unique
C* solution of Eq. (1.1) defined on R x (0, co) which is uniformly bounded on R x [0, T]
for each T.

Since the solutionis in L' n L*(R) for each ¢, it is also in IP(R) for every p = 1. This
theorem was proved by Crandall and Tartar [ 14, 15] using an existence theorem for
small mass due to Nishida and Mimura [13]. We outline the proof for the sake of
completeness. An argument of Nishida and Mimura shows by an integration along
characteristics that if m <2 and the initial data are bounded by K, the solution
must be bounded by K =2K,/(2—m). Thus if m=<1, we have v,w,z<2K,. A
uniform bound on the solution easily leads to an exponential bound on the
derivatives. The contraction mapping argument produces a C! solution for a short
time, and if m < 1, the uniform bounds allow us to construct a solution for all time in
successive steps.

Now, following Crandall and Tartar, we consider the initial value problem with
data of arbitrary mass. Let K, be the maximum for the initial data. We construct a
solutionin § = {(x,1): 0 <t < T, [x — x| < 2T — t}, where x, is an arbitrary point.
Since the solution in this region is independent of the data for | x — x,| > 2T, we may
replace vy, Wy, z, by data vanishing outside |x — x| < 3T without affecting the
solution; this can be done without increasing m or K,. We now consider the initial
value problem for xeR with this modified data. Since by (ii) the solution has
compact support for each ¢, the entropy function

[ee]

| (vlogv+ wlogw + 4zlog z)dx,

— 0

is defined, and it is easily seen to be nonincreasing in t. Since ulogu = — 1/eforu =0,
it follows that

| (wlog*v+wlog* w+4zlog* z)dx <36TK,logK, + 48T/e
for t < T or as long as the solution is defined. Here log™ u means the positive part of
log u. As a consequence, it can be shown that there exists a number r > 0, depending
only on K, and T, so that, as long as the solution is defined,

[ [o(x, £) + w(x, 1) + 4z(x, 1) ]dx < 1,
I

forevery interval I oflength < rwithI x {t} = S.(See [15], proof of Theorem 4.) As a
result we can build the solution in S by applying the small mass existence result on
intervals of length r in time steps of fixed size, say r/3. Solutions agree on overlaps by
uniqueness. At each time step the maximum increases at most by a factor of length 2.
By varying x, we construct a C* solution on R x [0, T], the number r remaining
unchanged. Because of conservation of mass, the solution is L! for each t. Finally,
since T was arbitrary, the theorem is proved.

We now derive two weak decay statements for v, w at large time. They depend
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only on the conservation laws (2.4), (2.5) and the nonnegativity property.

Lemma 2.1. For each x,

o)

T vix,tydt <m, | wix,t)dt <m.
0 0

Proof. We apply the divergence theorem to (2.4) on the region S = {(x,t'): — c0 <
x' < x,0 <t <t}, obtaining

jv(x, Oyt + | (v+2z)(x', t)dx' = ? (v + 2z4)dx'". (2.6)
0 oo R

(Because velL!(S), there is no problem in letting x' —» — c0.) Since each term is
nonnegative and the right side is part of the mass, we have

t

(f) v(x, )dt < m,
and the conclusion follows. The case of w is similar with (2.6) replaced by the identity
j)w(x, tdt' + aj?(w +22)(x', t)dx' = ojo(wO + 2z4)dx'. 2.7)
Lemma 2.2. For every L and every ¢ > 0, there exists T(g) so that for t = T(e), we have
Of(v + w)(x, t)dt’ < e,

uniformly for —L<x=<L.

Proof. We use the momentum conservation equation (2.3). For |x| <L, the
divergence theorem applied on the rectangle {x <x' <L, t <t < T} gives

f(v + w)(x, t)dt’ — ?(v + w)(L, t")dt'
i (v—w)(x', T)dx" — !i( —w)(x', t)dx". (2.8)
Now since
If (v + w)dx'dt' £4Lm,

—-L

Ot— 8

by Lemma 2.1, there is a sequence T,— oo so that
L
[ 0+w(, T)dx' -0 as n—o0.
—-L
Let T =T, in (2.8) and n— oo, the third integral goes to zero, and we obtain

j(v+w)(x t)dt = j (v + w)(L, t)dt' — j(v~ L 1dx.

Suppose now that we replace ¢ by T, from the same sequence as above. For large #,
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the last integral is < ¢/2 in magnitude, uniformly in x for | x| < L. The middle integral
will also be <¢/2 for n large enough. Thus for some n

~t— 8

(v + w)(x,t)dt Ze,

for [x| £ L with t = T,, and therefore the same is true for t > T, since the integral is
nonincreasing in .

We will also need the following facts, which are evident from the proof of
Lemma 2.1.

Lemma 2.3. (a) For each x

foe,0dt < | (v +2z0)dx,
0 —
and

 wix, 0t < | (wo + 220
0 X

(b) The integrals

[ (0422, 0dx', | (0 +22)(, )’

- 0

are nonincreasing in t.

3. Boundedness of Solutions

To show that solutions remain uniformly bounded we estimate I norms and
eventually let p— co. With this aim, we first multiply the v-equation by pv? ™!,
obtaining

D)+ D (vF) = pv?~ 'z — pvPw.

We will need to multiply further by a weight function u* depending on the
unknowns. The equation then becomes

D (utv?) = (DT WP + put P 2 — putuPw, 3.1)

where D* = D, + D, with u* to be chosen. In a similar way we have for w and z, with
D~ =D,-D,,

D™ (™ wh) = (D" )W + pu”wP 2% — puTow?, (3.2)
D(4u°zP) = 4(D, u°)z? + 2pu°z? ~tow — 2pu°zP* L. (3.3)

Thus
Dy 0P + WP + 4p02%) + D (i 0P — pwP) = R(x, 1), (3.4)

with R the sum of terms on the right in (3.1)-(3.3). We will see that choices can be
made so that R <0 at large time, and thus

[t oP + u~wP + 4p°2)dx

—
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is nonincreasing.

We want to choose u*, for example, so that D* u* includes a term like — pzu™*,in
order to control the growth terms. This can be accomplished by taking the u’s to be
exponentials of mass integrals. Let

£ (0= [ (0+w+42)(x, 0dx’.

— 0

Obviously D/~ = v+ w + 4z. On the other hand, integrating the mass conservation
Eq. (2.1) over { — o0 <x' <x,0<t' <t} gives

t X
(x4 [(0—w)(x,0)dt' = [ (vg+ wg + 4zo)dx,
0

— 00

so that D,/~ =w —v. Now let
(Y )=m—¢7(x,t)= [ (v+w+ 4z)dx".
Then D*¢* = —4z—-2w, D¢~ = —4z—2v. We define u* =exppl/*, pu~ =
expp{~, so that
Dtut = —p@dz+2wput, D u” = —pdz+2v)u". (3.5)

The z-multiplier will be chosen later. We note for future use that 0 </* <m and
therefore 1 < u* <™ = MP, where M =™
In the estimates below we use Young’s inequality:
1 1 1 1
AB<-A?+-Bi, —4+-=1.
p q P q

For the growth term in the v-equation we set A =z, B=v?"! to obtain

1 —1
VP2 = (0P )z L 2P 4 P e, (3.6)

Substituting (3.5), (3.6) in (3.1), we find
DT (u o) S — puT(dz 4+ 2wpP + (p— D vPz + p* 2P — puoPw,
and thus
D" v?) + D(pu " vP) S p* 2P T — 3puTvPw. (3.7)
In the same way
D(pw") =D~ wh) Spu”zP*t —3pu”ow?. (3.8)

In constructing u° we take advantage of Lemma 2.2. We will choose the length L
so that

| (vo +wo + 4zg)dx < &,. (3.9
|x|>L

Here ¢, is a number depending only on m, to be determined below (see (3.21)), and L
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will be fixed. Now define

Kot = | ole e, k™ (x 1) = | wix, £)dr,

t t

and
MPexpap(k™ +k™), [x|<L,
u=< MPexpp(b*k* +k7), x<—1L, (3.10)
MPexppk® +b*~) x> L.
Here a and b are constants to be chosen. Since Dk* = —v, Dk~ = —w, we have
D,u’ = —app®(v+w), |x|<L. (3.11)
Inserting this in (3.3) we find for |x| < L,
D,(4u°z?) = — 4apu®(v + w)zP + 2pulzP ~ tow — 2pulzP L. (3.12)

Since u* £ M? < 1%, the last term will dominate the positive termsin (3.7), (3.8) in the
sum (3.4). To handle the growth term in the z-equation, let 2 = vw. We could use
Young’s inequality as above to write

1 —1
P low= (P ) r < —pPtt +p—z"r,

but it will be better to avoid a factor of u° on the 77 * ! term so that it can be controlled
by the last terms in (3.7), (3.8). Thus

R Loy B;l(uo)p%p— gp,
p p

and
2pulzP " Yow = 2pr-pulzP T < 2kt 4 (p — 1)(2r)(uO)PIP T VgP, (3.13)
For the first term we have
2rPt = 2rP T 12 = 2(P T WP T )2 (o) S (0P 4+ wP T Dow = vPw + ow?.

Since u* = 1, this term is bounded by the corresponding terms in (3.7), (3.8).
We now will have shown that R < 01in (3.4) for | x| < L provided the second term
in (3.13) is controlled by the (D,u°)-term, i.e., if

(p— DAY V2" < dapp®(v + w)z". (3.14)
Since 2r < v + w, this holds if

(#0)1/(17— D<4q
or

M"/“’_”exp{p—pl—a(kJr + k")} <a.

According to Lemma 2.2, for given ¢, there is a time ¢, so that

k* +k~ <e¢, for|x|SL, t=t,. (3.15)
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We choose ¢; below in terms of the mass m.

Assume that p > 2, so that p/(p — 1) £ 2. To verify (3.14), it will be sufficient to
satisfy

M?e?%1 < 4q, (3.16)

Take a = eM?/4, so that the inequality becomes exp(2ae,) < e. We are thus led to
choose ¢; so that 2a¢, =1, or

ey =1/2a=2e"1M"2. (3.17)

With this choice of ¢;, (3.16), and therefore (3.14), is satisfied. We have therefore
established that

R(x,t) <0 for|x|<L, t=t,. (3.18)

Here t, depends on L and our choice of ¢;.

We now show that we can also ensure R<0 for x< —L if ¢, and b are
chosen properly. Recalling (3.10), we have in place of (3.11), for x < — L, D,u® =
— pu®(b?v + w). We estimate as before, except that (3.14) is replaced by

(p— D@AEO)P~ V2P < 4pu(b*v + w)z". (3.19)

To establish this inequality, we first write 2r < bv + w/b = (b*v + w)/b. Thus (3.19)
will hold provided (u°)*~1 < 4bh. Now (3.9) and Lemma 2.3(a) imply that

k*<gy forx<—L, k™=<g, forx>L, (3.20)
and k™ < m always. Therefore
p® = M?-exp(pb*eo) MP;
thus (3.19) will be implied by

sz/“’_“exp<—p i b280> < 4b,
p—

and for p = 2 by M*exp(2b%e,) < 4b. Thus if we choose b =eM*/4 and
6o =1/2b* =8¢ M "%, (3.21)

then (3.19) is satisfied. We have shown that R <0 for x < — L and ¢ = 0. In just the
same way, R<0 for x>L,t=0.

We have now established that R < 0fort =t,, — 00 < x < 0. Infact, withp =2
our estimates show that R < —2u°z?*1, and integrating (3.4) in x gives

d ©
o [ (uroP+p~wP+4p°z7)dx +2 | p®z?"ldx <0.

Define Y(¢t), N(t) by

Yo = | (u*oP + p”wP + 4u°zP)dx,

8

N@P = | (@°+ wP+ 4z7)dz.

— o
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Our differential inequality yields

t o
YP +2f | w0z dxdr < Y(to). (3.22)

to —©

Now p°, u* > 1, so that N(t) < Y(¢) for each t. Also u* < M?. We choose a, ¢, so that
a(k™ + k7)< ae; < 1/2and thus uy < MPe?* for|x| £ L, t = t,. Similarly for | x| = L,
b%ey < 1/2 and u® < MPexp p(m + 1/2) = M?P¢P/%. In any case we have

1< p* p® SME, M, =M?e'? =exp2m+ 1)2),
and therefore Y(t) £ M N(¢). Let
K| =sup{v,w,z: — 00 <X < 00, =1y}
Then
Y(to)? £ MPKE ™! [(v + w + 42)dx = mMEKE ™2,

One consequence of (3.22), which we note for later use, is

[ z°tldxdt < oo, pz2. (3.23)

— 0

Ot 8

Also
N() = Y(£) < Y(to) < M, K, (m/K ).

Finally we let p— co. N(t) converges to the supremum of v, w,z at time ¢, and we
obtain

U(xa t)7 W(X, t)a Z(X, t) é MlKl > L é tO' (324)

According to the Existence Theorem, v, w, z are bounded for 0 < ¢ < t,,, and it follows
that they are bounded uniformly for 0 <t < o0, xeR.

4. Asymptotics and Stability in L?

In this section we show that the interaction terms are integrable in space-time and
prove Theorem 2 as a consequence. We then prove Theorems 3 and 4. We first show
that the v-mass decays on the left, and w-mass on the right, and the z-mass
everywhere.

Lemma4.1. For any xeR,

v(x',t)dx' >0 as t— o0,

w(x',t)dx' >0 as t— 0.

¥ = 8 8“——.&

Also

[ zx',t)dx' >0 as t— 0.

-
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Proof. As remarked in Lemma 2.3(b),

X
h™(x,0)= | (v+22)(x, 0)dx’ 4.1
— o
is nonincreasing in t. Therefore it has a limit as t — co. We show that the limit must
be zero. Given ¢, we choose a £ x so that
a

| (o +2zp)dx' < g/2.

Then
[ (v +22)(x, )dx’ < e/2,

— 0

for all t = 0. By Lemma 2.1,

Ot 8

fu(x’, t)dx'dt < oo.
Also from (3.23),

| 2(x', t)dx'dt < o0,

— o

oe—38

so that by Hélder’s inequality

Of [)fz(x’, t)dx’:r dt < 0.
0

a

Consequently there is a time t so that

X

[+ 22)(x, 0)dx’ < &/2,

a

and h~(t) < e. Therefore limh~(¢f) =0. A similar argument shows that
h*(x,t)= | (w+ 22)(x', 0)dx’, 4.2)

goes to zero. The conclusions follow from these two statements.
We note one consequence of Lemma 4.1. If we apply the divergence theorem
once again to (2.4), we have
T

h™(x,t) = [o(x,)dt’ + h™(x, T).

t

Letting T — o0, we find

h=(x, 1) = | vlx, £)dr’ 43)
Similarly
B (e t) = | wix, £t (4.4)

t
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Lemma4.2.

0

f (22 + vw)dxdt < 0.

O'—>8

Proof. We estimate with multipliers as in the previous section, this time separately
for x < 0and x = 0. In the first case we multiply the w-equation by u~ = exp 2h~ and
the z-equation by 8, with h™ asin (4.1). Using (4.3), we have D.h~ =v+ 2z, Dh~ =
—0v,D"h™=—-2(v+z),and D pu~ = —4(v+z)p”. At large time, say t =t,, we
have 1 £ u~ £2 for x <0 by Lemma 4.1. The equations are

Do+ Dw=z%—ow,

D™ w) = Dy(u"w)=pu" 2> = Sp"vw — 4u” zw,
D,(82) = dvow — 422,

Integrating over — oo < x <0, we have

D, (f (© + 1w+ 82)dx + v(0, 1) — (1~ W)(0, )

— 00

0

- 5 [(—=34+p)z2+(3—5u ow—4u~zwldx
(0]

< — | (2% +ow)dx,

for t = t,. We now integrate in ¢ to obtain for t, = t,,

0 ty O
| 0+p"w+82)(xt)dx+ [ | (22 4 vw)dxdt
— 0 to

-

0 1y
S [ (w+pw+82)(x, to)dx + [ (u”w)(0,1)dt < 4m, 4.5)
~ to
using Lemma 2.1. This shows z? +vw is integrable on — o0 <x<0,0<t<o0. For,
x =0 the argument is similar; we multiply the v-equation by u* =exp2h™, h* asin
(4.2), and the z-equation by 8, and then use the fact that D" u* = —4(w+z)u™

Proof of Theorem 2. (Limiting Behavior in LF). The asymptotic description of the
solution in L}(R) is an easy consequence of the last two lemmas. We have already
seen in Lemma 4.1 that z(-,t) > 0in L'(R) as t — c0. As observed in [15], the limiting
behavior of the other components follows directly from the integrability of the
interaction terms: Let F(x,t)=z?>—ow, and define v*(x,t)=uv(x +t,t). Then
Dy*(x,t)=D%vo(x +t,t)= F(x +t,t) = F*(x,t). Regarding F* as an clement of
L}0, oo; L}(R)), we can write

t
V¥, ) =vo + [ F*(-, s)ds,
0
and it is clear that v*(-,f) converges in L!(R) to a limit »®. Since

m* = | (v+22)(x. 0dx
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is conserved and z(-,t)—0 in L!,

Oj? v°(x)dx =m"*.

- ®

Similar remarks apply to w. Convergence in 7, p < oo, follows from convergence in
L' and uniform boundedness. Finally,

'U*(., t)le < K®- 1)/pm1/p,
for each ¢, and therefore the same holds for v®. Letting p —» oo, we have [v°],;» < K.
We now consider solutions v, w, z near a fixed solution 7, w, Z. We first show that

solutions which are initially close in L' n L*(R) remain close for finite time.
Lemma 4.3. Given T, ¢, and a solution 0, w, Z, there exists d so that if

|vg — Dl + [Wo — Wo |0 + 4|2 — Zol = <O,
and the same for L' norms, then for 0<t < T,

[o(,0) =00, O] <& Jo(,0) = 0(, ) s <&,
and similarly for w, z.

Proof. We first bound the difference in L*. Let y(t) be the maximum of |v—7],
|[w—w|, |z—Z| up to time t. Also let K be the maximum of &, w, z for 0<¢<T.
Integrating the equations for the differences along characteristics we find easily that

YO < 3(0) + f [4K (s) + 255 1ds.

As long as 2y(s) < K, we have y(t) < y(0)e>*T by Gronwall’s inequality. If y(0)<
Ke ™ KT/4 = §,, this argument holds for 0 <t < T. We obtain the conclusion by
taking & < ee %7 as well as 6 < 5.

Next we estimate the difference in L'. By the above, the maximum of v, w, z for
t<Tis 2K for vy, wg, z, in some L*-neighborhood of 4y, Wy, Z,. Let

r(t) = [v(t) — o) s + [w(e) — W(t) s + [ 2(0) — Z(0) s
A straightforward estimate gives
IDv —0)|s + | Di(w = W)lp1 + Dz — 2) | = 15K (2),
and this differential inequality implies that r(t) < r(0)exp (15K T).(E.g., see [ 16], Sect.
1.6; the arguments given there apply to Banach-space-valued functions.)

Proof of Theorem 3. (I? Stability). Given 0, to be determined later in terms of ¢, there
exists a time t,, according to Lemma 4.1, so that
(0] ©
| 0422)dx <0, [(Ww+22)dx<0.
0

— o0

For initial data sufficiently close to i, Wg, Zo in L' n L* the solutions are within 6 of
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v, w, Z in L'R) for 0 <t <t,. Then
0 ©
[ (0+22)dx <20, [(w+2z)dx <20, (4.6)
— 0

at t =t,, and therefore for all later time, since the integrals are nonincreasing. In
particular

[ zdx <20, t21,. 4.7
If u* are defined asin Lemma 4.2 and 0 < (log 2)/4, then u~ < 2forx 20, u* < 2for
x = 0, and the argument of the lemma applies. The time ¢, depends on 6 but is the
same for all solutions under consideration. Rearranging (4.5), we have for t; = ¢,

ty 0

[ | @+ owydxdt < — ? (v+pu~w+ 82)(x, t)dx}

11

+ tjl (= w)(0, t)dt.

to —®© to

The analogous estimate for x 2 0 is

ty

Oj?(zz + ow)dxdt £ — ?(;ﬁv +w + 8z)(x, t)dx]tl + tjl (ut )0, t)de.
0 0

to 0 to 1

We now add these two expressions and use the conservation of mass to obtain

T T (2% + vw)dxdt £ ? (o~ W)(x, to)dx + T(p*v)(x, to)dx
to ~© - 0

4]z to)dx + (™ w + u*0)(0, 0,
to

with p* = u* — 1 = 0. We check that each term on the right is of order 0: First, for
0 =< (log 2)/4 as above, p* < 86, so that each of the first two terms is bounded by 80m.
Here m is an upper bound for the mass in the set of solutions considered. According
to (4.7), the z-term is bounded by 86. Finally,

§ 7 w(0, )t < 2 [ w(O, 1)t = 2h* (0, 1) < 40,

to
recalling (4.4), and similarly for py*v. In summary,

1y o
[ | @+ owdxdt <(16m+16)0 for t, =¢,.

g —

As a consequence, with F = z2 — yw again,

T 1 IFldxde <= (16m + 16)6.

g — o

Recalling from the proof of Theorem 2 that
t
U*('a t) - U*('r [O) = j F*(7 t)dta
to

we see that |v*(-, 1) — v*(-, ty)|: S dfort = t,. Thenfor ¢ = t, we have, with all norms
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in L,
[o(t) — o(t)| = [v*(t) — 0*%(t)]
= [0*(to) — 0*(to)| + [0¥(1) — v*(to)| + |7%(r) — 5%(t)]
<0+ 26.

This is < ¢ if we take 6 =¢/(33(m + 1)). The same works for w, and the result is
verified for p = 1. For p > 1, it will follow from the L! case and Theorem 4.

Proof of Theorem 4. (Boundedness in a Neighborhood). We check that the argument of
Sect. 3 can be applied to solutions with initial data close enough to v, Wy, Z,. Let m
be the mass of the fixed solution 7, w, Z. In the earlier argument m will now denote an
upper bound for the mass in a neighborhood of 5, w, Z, e.g., i1 + 1. Choose gy, €, as in
(3.21), (3.17); then choose L so that

[ @0+ Wo + 42o)dx < &0/2, (4.8)
|x|>L
and ¢, so that
L ©
_j (7 + 22)dx, _jL (W+22)dx <¢,/2 fort=t,, 4.9)

using Lemma 4.1. Assume v,, Wy, zo close enough to 7y, Wg, Zg, so that
0

[ (lvo = Dol + lwo — Wol + 4|20 — Zo)dx < &6/2, (4.10)

— o

and

0

[ (v=0l+Iw—wl+4|z—Z])dx <e/2 fort=<t,, 4.11)

using Lemma 4.3. By (4.8), (4.10)
—L ©
[ (o +2z0) <y, [ (wo+220) <é&,
— @ L

and since the integrals are nonincreasing,

-L

[ (+22)dx <, 0fo(w+2z)<ao, t=0. 4.12)
L

By (4.9), (4.11), we have for |x| < L, t =t,,

X

[ w+2z)dx<ey, [(w+2z)dx<eg, (4.13)

—

for |[x| < L, t =t,. In view of (4.3), (4.4), conditions (4.12) and (4.13) imply (3.20),
(3.15), and the argument proceeds without change.

5. Uniform Asymptotics

Throughout this section we assume that vy, w,, z, — 0 as x » + oo in addition to the
earlier admissibility conditions. K will denote an upper bound for the solution, and
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F(x,t)=z% —vw.
Lemma5.1. Given ¢ there exists A so that

v(x,t)<e for |x—t|=A4,
wix,t)<e for |x+t|= A4,
z(x,t)<e for x| = A.

Proof. Integrating D*v =z — vw along a characteristic, we have
t
u(x, 1) Svg(x —t) + K [ z(x — t + 5, 5)ds,
0

and to derive the statement for v we will check that

a0

JO)= [ z2(y+s,9)ds <o
0
when |y| is large. Since FeL'(R x (0, 0)), for 4 large enough,
f
0

Ify < — A, weintegratez,= — F/2over S~ = {(x,t) —o0o <x<y+1t0<t<T}to
obtain

[ |F(y+t,0)ldydt < 6.

Iyl>4

T Y y+T

fzy+60di+ | zo(x)dx= [ z(x,T)dx+3%f | F.

0 —© - s~
Since the z-mass decays, the first integral on the right tends to zero as T — co. Thus
J)£6/2. If y= A, we integrate over S* ={(x,t) y+t<x<oo, 0<t<T},
obtaining

T © ©
gz(y+t,t)dt+ J!Tz(x, = | zo(x)dx — 4| J" F.
y y

st
If A is large enough so that the z,-integral is < 6/2, we have J(y) < 6. The treatment
of w is of course similar.

To estimate z(x, ) for x large and positive we write

z2(x,t) £ zo(x) + K ;' w(x, s)ds,
0

bounding v by K. By Lemma 2.3(a) the integral is small for large enough x. For x
negative we reverse the roles of v and w.

Lemma 5.2. (vw)(x,t)—0 as t — oo, uniformly in xeR.

Proof. Given g, v(x,t) <efor x —t £ — A4 and thus for x £ 0 when t = A. Therefore
vw =< Kefor x <0, t 2 A. Similarly for x>0, t = 4, w<¢ and vw £ Ke.

We are now ready to prove Theorem 5. We first show that z(x,t) >0 as t —» oo,
uniformly in xeR, using the last lemma. Given ¢, there is a time t, so that
(vw)(x,t) < &* for all t =t, and all x. By the comparison theorem for ordinary
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differential equations, for each x, z(x, t) < y(¢) for t = 1,, where y is the solution of
y=e =% yto) =zx,t,).
If z(t,) < ¢, then y(t) < e for all ¢t = ¢t,; otherwise
y(t) =¢ecoth{e(t —t,) + 60}, 0= coth™ (y(ty)/e).

Ift =ty + ¢~ !, then y(t) < e coth 1. Since t, was independent of x, it follows that z— 0
uniformly.

We now show that v, w converge uniformly in the characteristic directions,
following an argument of Tartar [ 15, Theorem 5]. Integrating the equation D¥v = F
along characteristics, we have

o(x, t)=v(x — 1)+ iF(x —t+s,S8),
so that v(x,t) < g*(x —t), where
00 = 0als) + [ 1P+ 5.9)1ds
Since Fell, g*(y) is finite a.e. and g* e (R). Similarly w(x,t) < g~ (x + t) with
9700 = wolo) + [ IF(r=s.9)1ds
and z(x,1) < g°(x),
0°0) = zolx) + | IFlx,9)lds:

both g~ and ¢° are also L.

These upper bounds will allow us to show that {v(-,)} is uniformly Cauchy.
Let v*(x,t)=v(x+1,t) as before; let T be a large time to be chosen. Since D,v* =
F(x +t,t), we have for t = T.

v*(x, 1) — v*(x, T) = [ F(x + s, 5)ds,
T

and
[0*(x,t) — v*(x, T)| < KI, + KI,,
t t
={z(x+s,9ds, I,=[wx+ss)d
T T
By the above,

[ee}

P+ sids= | ¢°Gds< | ¢°)ds, (5.1)
T—A

T+x

I, <

~Ne—:8

provided x = — 4. In the same way, also for x = — 4,
Izsfg (x + 2s)d §% f K ~(s)ds. (5.2)

Now given ¢, suppose we choose A as in Lemma 5.1. Then v*(x,t) < efor x < — A4,
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t 2 0; thus
IU*(X, t) - U*(X, T)' é & X § - A> t _2_ 0.

On the other hand, for x = — 4, (5.1) and (5.2) apply. Since ¢°, g~ e L}(R), we can
choose T large enough so that I, I, <¢/2K, and therefore

[o*(x,t) —v*(x, T)| ¢, x=2 -4, t=T

This shows that {v*(-, )} is Cauchy in the L* norm and converges, necessarily to the
same limit v* as before. An analogous argument shows that w(-,t) converges
uniformly to w®.

We have seen in Lemma 5.1 that (-, t), w(-,t)eCy(R), the subspace of L*(R)
consisting of continuous functions which tend to zero as x— 4 oo. Since this
subspace is closed, v°, w* e C(R) as well. The statement that v(x, t), w(x, t) go to zero
uniformly for x in a finite interval follows from this fact and the uniform
convergence.
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