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Abstract. A new global approach for the variational equations of fluids is given.
The concept of prefluid is introduced, together with its variational equations
and examples.

1. Introduction

The intrinsic description of perfect fluids in Newtonian space-time that appears
mostly in the literature (see [1, 3]) resembles the one used for elastic media: the
study of a one-parameter (the time) family of difftomorphisms. Besides its
kinematic flavor, the limitation of this approach is evident for example in the case
of general relativity, where there are no preferred spacelike slices for the
parametrization of those diffecomorphisms.

For compressible fluids the situation is even worse, for in addition to the above
relativistic remark, we are confronted with the heterogeneous role of the equation
of continuity, which is to be imposed as a constraint. Also there are two classical
pictures, Euler’s and Lagrange’s, with corresponding variational principles
(variations on the velocities, variations on the initial positions, see [7] for
discussion), that cast more confusion into the differential geometric core of the
problem.

To avoid these shortcomings we introduce two innovations. The first one is to
take fluids as what they seem to be, i.e. vector densities. The second refers to the
variational equations and consists of taking variations that proceed from vector
fields on the base space instead of vector fields tangent to the fibres.

Thus, let 7: E®— M" be the bundle of r-vector densities on M, where M could
be a configuration space-time. Let 7, : J*(n)— M be the bundle of co-jets of local
cross-sections of 7. Then an abstract fluid is a section of . If a = -horizontal
n-form A (the Lagrangian) is given on J*(n), it defines a functional on abstract
fluids in the standard way. If X is a vector field on M with flow ¢,, it induces a
vector field on the bundle of frames F(M) via the flow ¢,,.. This new vector field
induces a vector field in each associated bundle, and in particular, a vector field X
on E® that induces the desired variation on abstract fluids.

We show that the variational principle that corresponds to such variations
leads in the case of conservative fluids to Euler’s equation plus the equation of
continuity. Therefore, the latter becomes a consequence of the variational
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principle and no longer an external constraint. More precisely, our variational
equations show that the equation of continuity holds except in the circumstance of
cavitation, and this is a nice feature that lends more strength to our approach.

One could think therefore that fluids are vector densities with roots in the base
space, whereas fields (in the physical sense) have their ground on some bundle over
it. In fact, the usual image prescribes that the variation must be vertical, or at least
that the variation vector field on E must be n-projectable (really, these two types of
variations are almost the same thing), but otherwise freely chosen. To show that
perhaps this is not always the case, we study also another variational principle that
appears sometimes in disguise in the literature. It is given by variations that
commute with the divergence operator; equivalently, n-projectable vector fields
that vary the divergence of a section as if it were a true fluid (in the sense we have
described above). In other words, sections of E® that are not fluids, but their
divergences are; in view of this we call those sections prefluids. We compute their
variational equations and give three examples.

First, we prove that if we consider a classical fluid of noninteracting particles as -
a prefluid, its variational equations are simply the Hamilton-Jacobi equation (plus
the equation of continuity).

Second, we show that Schrodinger’s equation is the equation of a prefluid (of
course, this is a wholly unorthodox derivation of that equation).

Third, Maxwell equations. We start from a Lagrangian built as usual, except
that we drop the term 4 - j and do not assume that the electromagnetic field comes
from a potential. Taking it as a prefluid (its divergence is the current, i.e. a fluid!),
we obtain the correct Lorentz force plus the condition that the electromagnetic
field must be not only a closed but also an exact form in any Lorentzian space-time.

2. Preliminary Notations and Results (cf. [5])

Let n: E—M" be a fibre bundle with n>1 (all objects are C*). We denote by I'(n),
the set of local cross-sections of ©. J¥(nr), 0 < k < o0, the manifold of k-jets of local
cross-sections of 7. Thus J°(n)=E. m,, ; : J*(m)—>J*(n) for k= h, and m,: J*(m)—> M,
the natural projections. j*(s), the k-jet of s € I'(z). V(M), the Lie algebra of vector
fields on a manifold M.

Let X € V(M). Its horizontal lift or total vector field X® € V(J*(n)) is defined as
follows. If feC®(J*(rn)), meM, sel(n), and u=j(s)(m), then XZ(f)(u)
=X(f 2j*(s))(m). This map V(M)— V(J*(n)) is C*(M)-linear and a Lie algebra
homomorphism.

Let V,(E)CV(E) be the subalgebra of zn-projectable vector fields on E. Let
X eV(E) and §, ¢, be the flows of X and its projection n(X), respectively. If
seI'(n) is defined in a neighborhood of me M, then s,=@,s°¢_, is also a local
cross-section of  on a neighborhood of ¢,(m). If u = j*(s) (m), the tangent at t =0 to
the curve t—j*(s,)(#{(m)) depends only on X and u, thus defining a vector X*(u). The
map u— X"(u) defines a vector field X* € V(J¥(r)). The limit X ® € V(J*(x)) of the
X*when k— o0 is called the integrable vector field defined by the variation X. This
map V,(E)-V(J*r)), 0<k< o0, is a Lie algebra homomorphism, and we have
[X=, Y] =[n(X), Y] for every Ye V(M).
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Let " be the n-vertical subbundle of TJ*(x). The horizontal subbundle, 5, is
given by the horizontal lift of TM and we have TJ®(n) =7 @ . Thus the algebra
of differential forms on J* () becomes bigraded and we put w € H(n) if the (r + 5)-
form w on J®(x) is r times vertical and s times horizontal. Thus d =D + 0, where D
and 0 are the horizontal and vertical differentials, respectively, and D? =6 =Dd
+0D=0.

A form we Hl(n) is called a source form if for each ue J®(n), w(u) can be
looked at as the pullback of a (n+1)-form on 7, ,(4)€E. In other words, if
X e TJ®(m)and (15, )X =0, then i(X)w =0. A fundamental result of Takens [ 5] is
the following.

Lemma. Each we H}(n) can be written uniquely as w=m, +w,, where w, is a
source form and w,eImD.

3. Densities

In the following, E=E®=(A"TM)®(A"T*M), ie. E will be the bundle of
r-contravariant skewsymmetric densities on M. We recall the concept of
divergence [2]. Let x: E¥— A" "T*M be the bundle isomorphism given by

1 . )
K(s)= Fs(o*", N A A I

where s€ E”, {¢;} is a base of T M, {¢'} its dual, and we sum over repeated
indices. Then, if se I'(n), divs=(—1) (k"' o d > )(s).

We canregard k as an (n —r)-form on E since,ifse Eand X, , ,, ..., X, € T,E, we
can put k(s)(X, 4 1, ..o, X,) =k(8) (M X, 1 1, -or M X,); thus k € HY_ (7).

We also define the (n—r+ 1)-form Div on J!(r) by

Div (i (s)(m) (X, ..., X,) = (dre() (m) (1, X, ... M1, X)),

or, equivalently, Div=Dx.
We shall use the following subalgebras of V,(E):

VAE)={X € V(B X =0},
Vi(E)={X € V,(E)| £y =0},
Vail E)={X € V(E)|#x:Div=0} .
Now, if X € V(M), we denote by X e V,(E) the vector field induced on E via the

tangent and cotangent map of the flow of X. Also, let 1 : I'(m)— V,(E) be the vertical
injection. With these notations we have:

Proposition.
i) If X eV(M), then X € V(E)nVy(E);
i) if X € V.(E), then X =n(X); therefore, V(E)=VE)®V,(E);
iii) let X € V,(E); then X € Vy,(E) if and only if X —7(X)=1s for some s I'(r)
such that divs=0;
iv) if Xe V(M) and seI'(rn), then

(XH — X — (1845)%) 0 j*(5)=0.
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Proof. Let s E and ¢,, ¢, be the flows of X € V,(E) and n(X), respectively. Then

(LxK)(s)= ?d_t, (¢¥x)(s). But if X, ,,..., X, € T.E, we have
t=0

- 1 - . .
(¢I*K)(S)(Xr+ 1 "-aXn): ;T(¢ts)(o-“> cees O'lr; eiv LEEE) eir’ ¢t*n*Xr+ 19 ¢ 0 ¢t*n*Xn)

=K(¢tt$ts)(Xr+l’ ""X")’

where ¢ stands for the flow of 7(X). Thus (FFx)(s) = k(¢* ,4,s). Since k is injective
as a map, (Lxk)(s)=0 for all se E if and only if §,=¢}, that is if and only if
X =n(X). This proves ii) and also that for each X € V(M) we have X € V,(E). Since
for each YeV,(E) we have FyoD=D%}w, it follows that Lz Div=%s.Div
=Y3.Di=DL3x =0, and this is i).

Now, let X € V,(E)nV,,(E). We have £y Div = D %yk. But if §, is the flow of X
and u e E, then as before

@= ] =] Fu)=rxe)

t=0

under the identification of the tangent spaces to a fibre of 7 with the fibre itself.
Thus Zyk=xk-°X, whence D(k-X)=0. This is equivalent to say that for each
ue I'(w) we have div(X cu) =0 (cf. [5, Remark 3.7]). If r = 1, by using a coordinate
expression it follows easily that the map X cu: M — E cannot depend on u. In other
words, X =1s for some s € I'(r) such that divs =0, which is iii) having in mind that
the case r=0 is trivial.

As for iv), we observe first that X — X* is vertical and commutes with all
horizontal lifts of vector fields on M. Hence, it is determined by its action upon
functions on E. So, let f € C*(E) and ¢,, §, be the flows of X and X, respectively. We
have

K= NP6 =

Pee ==l fo6=diesed)od,

__ % _Sebesed =029,

by the definition of X and the Lie derivative, and our claim follows.

We shall need some technicalities about contractions. Let § be a p-form on M
and s a cross-section of n: E®¥—M. If r=p, B-s will be the cross-section of
n: E""P M given by

B-s) (@, o Xy, X )= Blesy, e )s(a™, 0 aP L Lol X, X,

where {¢;} is a local frame with dual {¢'}, «**',...,o" are 1-forms, X,,..., X,
€ V(M), and we sum over repeated indices.
If r<p, p-s will be the cross-section of A? "T*M®A"T*M given by

B Ypiron Yy Xy, X)) =P i, Yoy oo, Yp)8(0™, 0™ Xy, LX),
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We shall use the following formulae:

div(ﬂ-s)=(—1)"ﬂ-divs+(_pl%ﬂdﬁ's, r>p, (1)
Pys=—div(X As)—X Adivs, XeV(M), 2)
B- (X As)=(=1P"'piX)(B-5), p=r+1. 3)

4. Interpretation

In the calculus of variations we must keep in mind that the variation could affect
both the field s and its domain of definition, and therefore, the domain of
integration. For if s is a local section of E on UCM, X € V,(E) and §,, ¢, are the
flows of X and m(X) respectively, then s,= ¢,os°¢_, is the varied section and it is
defined on ¢,(U). Thus, ¢, drags the section along M and n(X) measures the rate of
this dragging. This vector field reflects itself on the image of sas 5, o 7(X); then X s
—s, om(X)is a n-vertical vector field along s and measures the rate of variation of s
as reckoned by an observer that remains fixed on M. In this sense, V,(E) can be
regarded as the space of general or unrestricted variations. However, if we consider
only first variations of the functional, the volume term depends only on the
n,-vertical vector field (X ® —n(X)¥)j*(s), which is the extension to J*(x) of the
vertical variation X os—s, > 7(X). Due to this, the interpretation of the choice of
V.(E), V.(E), V4,(E) as spaces of variations could be limited to the restrictions
imposed upon (X * —n(X)¥)<j*(s) by those choices. As always, these restrictions
can be regarded as constraints upon the system represented by the section s.

4.1. The Case V(E)

Given YeV (E), there is always some XeV,/(E) such that
(Y* —n(Y)H — X*)0j°(s)=0,asitis easily proved. Hence, to take V,(E) or V,(E) as
the space of variations is essentially the same thing. Thus, there is no restriction,
the field s has no constraints. Therefore, the fact that E may be a tangent tensor
bundle is irrelevant as far as the formal variational equations are concerned. We
could say that s represents a field in the usual physical sense, but not a fluid.

For instance, let M =R* be the Minkowski space-time and 4 a 1-form on M
representing the electromagnetic potential. The usual Lagrangian form for the
electromagnetic field in absence of charges is given by F?t, where F=dA,
F?=FUF;, and t=dt Adx A dy A dz. Maxwell’s equations are obtained from the
condition §{F?t=0 for free variations 6A4. Thus, here E=T*M, s=A, the
Lagrangian form A= F?t is a 4-form on J!(x) that belongs to H(r), and the space
of variations is V,(E). The fact that E is the cotangent bundle is used explicitly only
in the exterior differential of A, that is in the definition of A. From this point the
formal process of obtaining the variational equations is the same used for any
bundle.

4.2. The Case V(E)

If XeV(E), then X=n(X) and (X®—n(X)¥)oj®(s)=—(1Lpx5)” 2j®(s).
Therefore, the variation takes place in M rather than in E. To show in what sense
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we can say that sis a fluid, let us consider that r = 1. If se I'() and s(m) =+ 0 for all m
in an open subset U C M, we can interpret s as a line field together with a density of
lines. Indeed, the line field is given by the directions that are parallel to s, and if
i: B—U is a hypersurface, where i denotes the inclusion, i*(k(s)) is a volume form
on B which is nonzero if B is transversal to the lines of s and measures the flux or
density of lines through B. Thus, let X € V,(E) and §,, ¢, be the flows of X and n(X).
The varied section is s,=¢,°s°¢$_,; then s, has its own lines of current, and the
question is whether the line of s, passing through ¢,(m) is the variation of the line of
s passing through m, for any m in U. In other words, whether integral curves are
applied by the variation upon integral curves. This can be studied as follows: in the
manifold U x IR we have the line field given at (m, t) by (s,(m), 0), where we identify
s,(m) with the direction determined by itself; we also have the “variation line field”
(n(X)(¢,(m)), 0/0t). The condition is then that the plane field determined by both
line fields should be integrable. After calculation we can express this as

(X —aX))os=(fs)es 4)

for some function f on U.
As for the flux, let ¢, o i : B—~M be the varied hypersurface; the flux through it is
given by (¢, °i)*(x(s,)). Then we can say that the variation is flux preserving if and

only if %(qﬂ,oi)*(;c(s,))=(s<>i)*,,§€XK=0. Since Fyk=Ly 7xk and X—m

e V,(E), we have the condition i*x((X —7(X))>s)=0 (cf. Sect. 3), which together
with (4) gives i*x(fs)=0. Thus, if Bis transverse to the lines of s, we have ( fs)oi=0.
So, the variation carries lines into lines and preserves the flux if and only if
X € V(E). Hence, the choice of V (E) as the space of variations amounts to the
constraint of preserving the “identity” of the lines of current and their density. We
say that s represents a fluid.

Example 1. Let M =R x R?® with coordinates (x°, x?) represent the Newtonian
space-time. We take coordinates (x°, x*, y°, y*) for E¥ in such a manner that for a
fluid with current s=(s°9/0x° +5°0/0x“)®1, where T=dx% Adx' A dx* A dx>, we
put y°(s) = s°, y*(s) = s Then, if s is the current of a compressible non-viscous fluid,
its usual Lagrangian form is

1 a..a 0
/1—<§y—oyy (V+e))’>T,

where V and e are, respectively, the potential energy and the internal energy per
unit of mass. The function ¥ can depend on (x°, x), and e is supposed to depend
only on the mass density y°. Let X=X°9/0x°+ X?0/0x*e V(M). Then
X =X"0/0x*+ yP(0X*/0x" —030X"/0x")0/0y", where the indices run from 0 to 3.
Note that if we consider 1 fixed, s could be regarded as a vector field, and we
would have the same coordinates y* for TM. However, the extension of X to TM
would be X =X%0/0x*+ yP(0X*/0x")0/0y*, that is the term — y*(0X?/0x")d/0y",
that depends essentially on the divergence of X, would be missing. The choice of
EW instead of TM is thus essential in our approach. If we put ¢ =s°, gv*=s', then

A=(ev*—(V+e)o)r,
which is the usual expression for the Lagrangian form.
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4.3. The Case X € Vi (E)

There is some u € I'(r) with divu=0 such that X =7(X)+ . Then, the left-hand
side of (4) is (1u)s. Since u is not necessarily a multiple of s and x(iu-~s)+0 in
general, we conclude that neither the flux nor the lines of current are preserved by
the variation. Therefore, s is not a true fluid. However, since #y:Div=0, the
variation preserves the flux and the lines of current of divs. In other words, s is not a
true fluid but its divergence is; in this sense, we shall use the name pref luids for such
entities.

Let us clear this up. If X € V,(E), we put ¢,, ¢,, ¢ to denote the flows of X, n(X)
and 1'1(7), respectively. If se I'(r) and me M, we have after computation

. . 0
(Zx: D) (s)(m))=(—1)x (,S”n(x, divs+ i
where s,=¢,050¢_,.

Now we define the map p(X):J®(n)>TE""V as follows. If u=j(s)(m),
p(X)(u)is the tangent at t =0 to the curve t—(divs,)(¢,(m)). In other terms, p(X) is
the variation induced by X upon divs. By computation we get

PX)G() (M) = 2(X) (div$) (M) + (1L 3y div 5) (m)

0 .
Fal @vs)m,

where 7(X) denotes the extension of n(X) to E¢~V. Then p(X)(®(s)(m))
=7(X)((divs)(m)) if and only if 4. Div=0. If we put (divs), = ¢¥* o divse$_,, we
have divs, =(divs), if and only if #y, Div=0. That is, divs is varied as a fluid if and
only if s is varied as a prefluid.

Itis well known (cf. [ 7, p. 147]) that the first attempts to obtain Euler’s equation
from an Eulerian variational principle led to an irrotational velocity of the fluid
when the entropy was supposed to be constant. Now it is clear, where the mistake
was: the equation of continuity was regarded as a constraint and introduced in the
Lagrangian by means of a Lagrange multiplier. This is equivalent to take
variations that preserve the divergence, that is to choose V;(E) as space of
variations. Thus, those attempts were considering the fluid as a prefluid.

div s,> (m),
t=0

5. Variational Equations. Conservation Laws

Let A€ H2(rn) be the Lagrangian form, ACM be an orientable regular compact
domain with boundary 04, X e V(E), and s € I'(n). Then we consider the integral

I= [ j*(s)*2,
$dla)

where, as always, s,= @, s> ¢ _, and @, ¢, are the flows of X and n(X), respectively.
By the change of variables formula,

1()= £ G*(s) o B)*A.

Thus, the derivative of this integral with respect to ¢ at t=0 is
J= ij“’(S)*e?’xwi = [j2)*(X*)dA+ [ j(s)*i(X*)A.
A 0A
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Since dA € H}(r), it decomposes as dA=w + Do, where o is a uniquely defined
source form and « € H} _ ,(n). Now, it is a trivial matter to prove the following slight
generalization of [5, 3.7]:

Proposition. Let « € H¥(n), s€ I'(n), and X 4, ..., X, be integrable vector fields (not
necessarily vertical). Then

JPE*UX ) . i(X Do} = (= 1)Pdj () * (X 1) ... (X p)o) .

Also, since w is a source form, j®(s)*i(X*)w=j%(s)*i(X*—n(X)?)w.
Therefore,

J= /{J""’(S)”‘i(X"0 —n(X)Mw + aJAJ""’(S)”‘I' X*)(A—a). )

Now, in order to have a well stated variational problem we must choose the
subspace of V,(E) that specifies the type of variation. That is, we choose that
subspace, impose that X belongs to it and satisfies X * < j*(s)|0A4 =0, and then the
condition that J has to vanish for all such vector fields. The choice of the subspace
V,(E) is the standard one and it leads to the necessary and sufficient condition
wej®(s)=0, which is the well known Euler-Lagrange equation. Fluids are tied,
however, to the variational subspace V. (E). So, assume that in (5) we have
X =7(X). Then

JEE* X = (X))o = — (1 LxS)0) 0] (),

because w is a source form.

It is obvious that there is a unique r-form w, on M such that w-u
=(i(u)w) o j*(s) for all ueI'(n). Then, by repeated application of (1), (2), (3)
we have:

JPE*X P =X )= —w,- Lrxys
=(—=1)i(n(X)){dw-s—r(w-divs)} + (= 1) Ldr(w, - (1(X) A 5)) .
Thus

J=(—1) [ i(x(X)){dw, - s—r(c, - divs)}

A

+ aIAJ""’(S)"‘l'(X°°)(/1—Ot) +(= D (o ((X) A 9)),

and therefore, we have

Theorem 1. Let A€ HY(r), ACM be an orientable regular compact domain with
boundary 0A, and s € I'(nt). Then I(t) is stationary at t =0 for all variations X € V (E)
with X®oj®(s)|[0A=0 if and only if

dwg-s—r(wg-divs)=0 (6)
in A.

Corollary 1. With the above assumptions, if r=1 (ordinary fluids) and s satisfies
(6), then divs=0 in the open subset, where w,-s=+0 (equation of continuity).

Proof. It is enough to compute the contraction of (6) with a vector field parallel
to s.
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Now we consider prefluids. So, let X =n(X) + 1 with divu =0 be a vector field
in V,,(E). We have as before
J= o, - u+(=1Dir(X)){dw, - s —r(w, - divs)}
A
+ 7@ X P) A=)+ (= 1) (o, (n(X) A5))
0A
Then, if we take 7(X)=0 and u=divK with j*(K)|04 =0,
J=J o, divK= [ (=1ydiv(o,- K)+ —~1—~da)s- K
4 a r+1

_ 1 r+1 __1_
—r+1£dws K+(—1) afAK(cos K)—r+1£dcus K.

Therefore, a necessary condition for J=0 whenever X eV, (E) with
X®0j*(s)|[0A =0 is dw,=0. So, assume that dw;=0 and take X =7(X). Then we
obtain the necessary condition w,-divs=0. Then, assuming that dw,=0 and
w, - divs =0, the condition becomes

J=[w, u=0,
A

whenever divu=0 and j*(u)|04 =0. Since w, is closed, we get by Poincaré duality
that w, must be exact. Thus we have proved

Theorem 2. Let A€ H(n), ACM be an orientable regular compact domain with
boundary 0A and sel'(r). Then I(t) is stationary at t=0 for all variations
X e Vi (E) with X® 0j°(s)|[0A=0 if and only if

. w,-divs=0 and w, is exact (7)
in A.

Corollary 2. With the above assumptions, if r=1 and s satisfies (7), then divs=0in
the open subset, where w,+0 (equation of continuity).

Let us assume that w, is exact, say w,=df,, and that w,- divs=0. Then for each
X e Vi (E), X =7(X)+ 1u, we have

J= [ j@E)* (X ) (A—a)+(— 1) (@b, - u+do,- (n(X) As)).
0A
The (n— 1)-form under the integral sign can be considered as the momentum

associated with the vector field X. This, and the corresponding expression for
fluids, leads immediately to the following conservation laws.

Theorem 3. Let /.€ HX(n), se I'(n) be a cross-section satisfying the condition (6)
(respectively (7)), X € V,(E) (respectively X € V4, (E)) be such that £y-A=Df for
some BeHQ_,(n), and ACM be an orientable regular compact domain with
boundary 0A. Then

afAJ'w(S)*(i(X”)(l—a)—ﬁ)+(— D" o, (n(X) A5)=0

(respectively
afAJ'°°(S)"‘(i(X"‘3)(/1~06)—ﬁ) +(= 1) w(rl; - u+do, - (n(X) £ 5) =0,

where X =n(X)+ 1 and w,=4d0,).
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6. Examples

In order to make sure that our first variational principle works correctly for the
usual non-viscous fluids, we take the Lagrangian form of Example 1. The standard
formula for the Euler-Lagrange variational equations gives

Yy
w=< — +V+e+ )d + }d AT,
{ <(°)2 o) Ty

where p=(y°)? di;a is the pressure (see [7]). If s = 0(0/0x° + v*8/0x*) @, we get after
putting t=x°

2
W= — (” +V4et )dt-i—v"dx
2 0

Then Eq. (6) splits into

d
gd—i +ogradV+gradp= (%f— + divo(gv)> v, @®)

2

1 dv v? p\(de ..
39 +v-(gogradV+gradp) = (7 +V+e+ 5) (a—t + leO(QU)> , 9)

. d . . C
where grad, div,, and 7 are the spatial gradient, the spatial divergence and the

Eulerian derivative, respectively. If we multiply (8) by v and subtract from (9) we get
the following equation of compatibility (cf. Corollary 1)

Gev*—p—o(V+ 6))< +d1Vo(QU))

Thus, the equation of continuity holds in the points, where
z00” £p+o(V+e).

In other words, the kinetic energy of a fluid cannot reach the sum of the
energies given by the potential, the internal energy and the pressure; otherwise, the

fluid may not satisfy% +divy(ov) =0, i.e.it could cavitate. This is a nice byproduct

of our approach. If the equation of continuity holds, then (8) and (9) become

2

d
e +ogradV+gradp=0, %Qddit +v-(¢grad V+gradp)=0,

which are the usual Euler equations for the momentum and the energy.

Example 2. Now, we shall point out the relation existing between prefluids and
Hamilton-Jacobi equation. Let M =R x Q, where Q is any configuration space
and IR represents time. We consider a particle as a section of the bundle M »R. Let
(4%, (g%, v*), (t) denote coordinates in Q, TQ, and R, respectively, and L= L(t, ¢°, v*)
be a function on R x TQ, the Lagrangian of a particle. We want to define the
Lagrangian form of a fluid constituted by non-interesting particles, each subject to
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that Lagrangian. To do that, we first make homogeneous L by defining a new
function on (TM)°=(TR—{0})x TQ. We put L'=Lon, where :(TM)°->R
x TQ is given by 5(t,v° ¢%v)=|1t,¢% e . Note that L’ depends on the

coordinates of M and on the direction of the world-line (v°,v%), but not on its
length. So, we multiply L’ by an n-form on M that we can write
ydt Adg* A ... Adg"~ ! and obtain the Lagrangian form

A=yOL(t, 0%, g% v)dt ndg* A ... Adg" .
a
By the homogeneity of L', the change of coordinates y*= 53 y° gives

A=yOL(t,y°, ¢ y)dt Adq* A ... Adq" 1,

where (y°0/0t+ y°0/0¢")Q@(dt Adq* A ... Adq"~ 1) is the vector density describing
the fluid. Note that in the points of (TM)°, where v° = 1, that is in the image of the
usual inclusion R x TQ—(TM)° we have y* = y°v* This shows that (y°, y°) can be
interpreted as the current and y° as the density. If

s=(s°0/0t +5°0/0q")@(dt Adq* A ... Adq" V) eI(m),

we have with a slight abuse of notation

oL s oL “
Wg= (Los— <W0S>s—°>dt+ <670s>dq .

Now, if we consider A as the Lagrangian form of a prefluid, the equations (7) are

oL 08 0S
R (10)

divs=0, (11)
is the Hamiltonian. Equations (10) are equivalent to the

oL
h =— “
where h, L+v pa

Hamilton-Jacobi equation for the Lagrangian L[6, p. 91] and are complemented
in our scheme with the equation of continuity (11).

Example 3. We shall show that the Schrodinger equation can be looked at as the
variational equation of a prefluid. We start with the usual equation

Y
hes = =AY+ VY. (12)

If we put ¥ =m~2u'?exp (% 0>, where u and 6 are real functions, (12)

decomposes into

g—l; +divy(pugrad6)=0, (13)
h? (gradu)2 , Va6
V| h2 <8m 2,u(grad@) +— u+ P (14)
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Now, (13) can be looked at as an equation of continuity for a fluid with density
u and irrotational velocity v=grad6. The universal character of the equation of
continuity for the case r=1 (cf. Corollaries 1 and 2) raises thus the question
whether (13) and (14) could be obtained via our second variational principle. The
answer is affirmative. In fact, let as before (¢, x*) be the canonical coordinates in the
space-time R x IR3, and (¢, x%, y°, y°) be the corresponding coordinates for EV. We
apply Theorem 2 to a prefluid with Lagrangian form

Lyy* V., h? yaya
A= <2y m? " 8m? 0 -

where (¢, x4, y°, 1 9, 12, ¥4, y¥) are the induced coordinates on J*(E). Then, if

s=u<a +v* _6_) ®tel(n),
ot
we obtain

W A 2 ?
o :<____'u__h_M_lv _l’;_>dt+yadx“,

By Theorem 2, w, must be exact and w, - divs=0. Hence w,=d0, which is (14),
and divs=0 at the points, where w,=0, which is (13).

A similar Lagrangian has been used in [4] for a stochastic deduction of the
Schrédinger equation.

Example 4. Our last example refers to E®. Let (M,g) be an orientable
pseudoriemannian manifold, for instance a Lorentzian space-time. If H e I'(r)
(therefore, H is a bivector density and may represent the electromagnetic field
density) and 7 is the Riemannian volume element, we can build the 2-form F by
putting F* ® = H, where F* is the tensor field obtained by raising the indices of F
by means of g. Then F - H is an n-form on M, and if F;; are the components of F in a
local frame, then F-H=FYF . Also, we put j= d1vH and define ue V(M) by
u®t=j. Let 0+beR; the map H—bg(u,u)'?>t+F - H can be considered as a
Lagrangian form on J'(E). Its first term represents the inertial energy of the
current u; thus, it could be thought of as the energy of a mass current with a rest-
mass density b times the absolute value of the charge density of the electric current.
Our Lagrangian differs from the traditional one in that the term 4 -j, where 4
would stand for the electromagnetic potential, is missing. But this is consistent,
because the energy of a system of charges can be attributed to the electromagnetic
field only, as it is well known.

After computation we find that wy =2F +3bdy, where n=g(u, u)”**g(u, ). It
must be remarked that in the computation we do not assume that F is derived from
a potential. If we consider H as a prefluid, we have the variational equations:

F is exact, thatis F=dA, (15)

Fw, )=~ @ ). (16
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If we denote by v the unit vector field g(u, u) ~ '/?u that represents the velocity of
the current, the last formula can be written in the form

o070 )=~ F ). 17

That is, we have the complete set of Maxwell equations together with the
Lorentz force and the charge conservation. In fact, (15) expresses the existence of a
global electromagnetic potential; j=divH as usual, except that here j appears as
the definition of the electric current density; divj=divdivH =0 expresses the
conservation of charge; finally, (17) is the usual Lorentz force upon a charged fluid
with rest-mass density b times the absolute value of its charge density.
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