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Abstract. Functional integrals that are formally related to the average
correlation functions of a classical field theory in the presence of random
external sources are given a rigorous meaning. Their dimensional reduction to
the Schwinger functions of the corresponding quantum field theory in two
fewer dimensions is proven. This is done by reexpressing those functional
integrals as expectations of a supersymmetric field theory. The Parisi-Sourlas
dimensional reduction of a supersymmetric field theory to a usual quantum
field theory in two fewer dimensions is proven.

It was observed in the physics literature [ 1-5] that a D-dimensional classical field
theory coupled to an external random source having Gaussian correlations is
related order by order in perturbation theory to the corresponding (D—2)-
dimensional quantum field theory without external sources.

This connection between random systems and the corresponding pure systems
in two fewer dimensions was first noticed by Imry and Ma [1]. Investigating the
effect of a quenched random magnetic field on phase transitions, they argued that
classical mean field behavior occurred for dimensions greater than 6, instead of 4 as
in non-random systems. Grinstein [ 2] found that the scaling laws for these random
systems are the same as for pure systems, except that the dimension D is replaced
by D+2.

Aharony, Imry, and Ma [3] explained those findings by arguing that the
Feynman diagrams which give the leading singular behavior for the random case
are identically equal, apart from combinatorial factors, to the corresponding
Feynman diagrams for the pure case in two fewer dimensions. They showed this
for one-loop diagrams that remain connected after all lines with random source
insertions are opened. Young [4] extended their result for similar diagrams with an
arbitrary number of loops.
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The situation was clarified by Parisi and Sourlas [5]. They observed that the
most infrared divergent diagrams are those with the maximum number of random
source insertions, and, if the other diagrams are neglected, one is left with a
diagrammatic expansion for a classical field theory in the presence of random
sources.

Parisi and Sourlas then pointed out that the underlying phenomenon for the
connection between random systems and pure systems in two fewer dimensions is
that a classical field theory in the presence of random sources is perturbatively
equivalent to the corresponding quantum field theory in two fewer dimensions.
Parisi and Sourlas explained this dimensional reduction by a hidden
supersymmetry.

Niemi [6] has rewritten the Parisi and Sourlas argument for the dimensional
reduction in terms of the formal generating function, McClain, Niemi, Taylor, and
Wijewardhana [7] extended Parisi and Sourlas’ results to non-scalar theories,
including gauge and fermionic field theories.

Non-perturbative versions of the Parisi and Sourlas argument have been given
by Klein and Perez [8] and by Cardy [9].

In this article we give a rigorous proof of the Parisi-Sourlas dimensional
reduction.

We start by discussing the average correlation functions of a classical field
theory in the presence of random external sources which are distributed as white
noise (i.e., they have “Gaussian correlations”). Parisi and Sourlas rewrote those
average correlation functions as functional integrals by means of a formal change
of variables. (It should be noticed that even at the formal level this change of
variables can only be justified when we have uniqueness for the solution of the
classical field equation and that the connection of these functional integrals with
the average correlation functions remain unclear in the non-uniqueness case; this
has been discussed by Parisi and Sourlas [10].) We construct rigorously those
functional integrals and take them as the definition of the average correlation
functions. To do that we introduce the appropriate cutoffs. It turns out that the
space cutoff must not only satisfy certain decay properties so the formal positivity
of certain terms is preserved, but a counterterm depending on the boundary of the
space cutoff must be added to preserve the hidden supersymmetry that is
responsible for the dimensional reduction.

Next we construct supersymmetric field theories and show the dimensional
reduction of a supersymmetric field theory to a usual quantum field theory in two
fewer dimensions. To avoid technical problems in the integration over anti-
commuting variables a momentum cutoff is introduced. This cutoff turns out to be
determined by the requirements that the supersymmetry be preserved and that a
certain formal positivity be also preserved.

Finally, it is shown that expectations of this supersymmetric field theory with
the momentum cutoff give an approximation to the average correlation functions
we started with. Removing the cutoff we obtain the dimensional reduction for the
average correlation functions.

This article is organized as follows:

1. The Problem. The dimensional reduction is stated at the formal level

2. Rigorous Results. Contains the statements of Theorems I and II. Theorem I is the
construction of the average correlation functions. Theorem II is the dimensional reduction of the
average correlation functions
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3. Proof of Theorem I

4. Supersymmetries: Some Basic Facts. Lemma 4.5 is the key to the dimensional reduction

5. Supersymmetric Free Field Theories

6. Supersymmetric Interactions

7. The Dimensional Reduction for Supersymmetric Theories. The precise statement is
Theorem III

8. Proof of Theorem 11

Before we start, let us fix some notation that will be used throughout this
article: z, x, y will always denote elements of R?, R”~2 R? respectively. We will
also write z=(x, y).

Similarly, in momentum space ¢,p,k will always denote elements of
IR?,RP 2 IR?, respectively, and q=(p, k).

We will also use the notation z2=z-z, y*=y-y, etc.

1. The Problem
Let us consider a classical scalar field theory in D dimensions with Lagrangian
L(@)=1Vp)* +5m*¢*+ V(9)., (1.1)

and let L (p)=ZL(p)+he be the Lagrangian in the presence of an external
source h.
The classical equation of motion is

(—A+m¥)p+V(p)=—h. (1.2)

The external sources are taken to be random with “Gaussian correlations”, i.e.,
{h(2); ze IR”} form a generalized Gaussian system with mean zero and covariance

Ch(2h(2)) =yd(z—2),

where y>0 is a given constant.
Proceeding formally, let ¢, denote the formal solution to (1.2) given by
perturbation theory and define the average correlation functions

R(zy, .., 2,) = @u(z1) ... 01(2,))
the average being taken over the random sources £, i.e., formally
_Jouz) ...onz,) exp{—(1/2))[ h(z)*dz} Dh
fexp({—(1/2y) h(z)*dz} Dh '

Let us now consider a Euclidean quantum field theory in D—2 dimensions
with Lagrangian (4n/y).#(¢), where % is the same Lagrangian given by (1.1). Let

_J9Cxy) ... g(x,) exp{—(4n/y)] L($(x))dx} 24
Jexp{—(n/))] L($(x)dx} D¢

be the Schwinger functions of the theory.
Parisi and Sourlas [5] argued that

R((x1,0), ..., (X, 0) =S(x1, ..., x,), (1.4)

order by order in perturbation theory.

R(z,,...,2,) (1.3)

S(xqy .05 X,)
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To explain (1.4), Parisi and Sourlas started by rewriting R(z,,...,z,) as an
integral over the field ¢. This is done by performing on the right-hand-side of (1.3)
the change of variables given by (1.2); formally, we get

[o(z1) - 9(z,) exp { = (12) [ [(— 4+ m*)p(2) + V'((2))]*dz}
fexp{—(1/2)[[(—= 4+ m*)p(2) + V(p(2)]7dz}

-det(—A+m*+V"(9)Z o

det(—A+m*+ V" (p)Zo’

R(zy,...,z,)=

(1.5)

Even at the formal level there is need here to assume that V is convex so (1.2)
actually gives a change of variables [uniqueness of solutions of (1.2)] and the above
determinant is positive so absolute values are not needed. (See Parisi and Sourlas
[10] for a discussion of this problem.) But convexity is not needed if (1.5) is taken as
a definition.

Parisi and Sourlas took (1.5) as the definition of R(z, ..., z,), re-expressed it as
an expectation of a supersymmetric field theory, and explored the supersymmetry
to show (1.4) order by order in perturbation theory.

We will now proceed to make their argument rigorous.

2. Rigorous Results

We will start by rewriting the right-hand side of (1.5) in a form more amenable to a
rigorous treatment. By formal manipulations, we get

§o(zy) ... p(z,) H# (@)du(p)

R )= o)

where

H(g)=exp{—(1/2)[ V(9(2))*dz— (/1) (= 4+m>)g(@)V (p(2)dz}
det(I+(— A+m?) V(@) (— A+ m?) 1),

and

exp{ —(1/2))[ [(— 4 +m*)p(2)1?dz} D
fexp{—=(12)I[(— 4 +m*)p(2))?dz} D¢

The probability measure du(p) can be defined rigorously as the probability
distribution of the generalized Gaussian system {@(z); z e R?} with mean zero and
covariance {@(2)@(z")> =yG,(z—z’), where G,(z)=(2n) P *(q> + m?*)~*dq for
s=0.

Notice that G,(z—z") is the Green’s function for (— 4+ m?)2.

The expression #(¢) does not make mathematical sense as it stands. To start
we must introduce a space cutoff to handle the infinite volume integrations. Since
the space cutoff is a variable coupling constant, the correct place to introduce it is
in the definition of the Lagrangian [Eq. (1.1)]. So let f be a positive function on R,
and let Z(o,f)=3(Vo)* +3m*p*+ fV(¢p). Proceeding as before we get

§o(zy) ... o(z,)# (@ [du(e)
[#(@; Ndu(e)

du(p)=

R(zy,....z,5 )=
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where

H(@; ) =exp{—(1/20)] V(9(2))*[(2)*dz — (1/0) [ (= A +m*)p(2)V ((2)) f (2)dz}
cdet(I+ (= A+m?) 12V (p)(—A+m*)~1?). (2.1
Here the determinant is taken in [*(IR?, dz).

To define #(¢; f) properly, we will need to impose certain conditions on the
space cutoff f. But before we do that we will introduce a momentum cutoff in the
first D—2 variables (in case D=3). So let x(p) be a positive bounded integrable
function in R”72, and define du, () as the probability distribution of the
generalized Gaussian system {¢(z); z € R} with mean zero and covariance

{p(2)p(2)) =7G,, (z—2),
where
Gy, (2)=2m) " [ e " y(p) (q* +m*) "*dg (2:2)

for s=0. Recall g=(p, k).
Notice that G, (0) is finite.
Let

§o(z)) ... 0z ) H (@3 N (@)
VA 05 fdu, (@) ’

Ryzy, .23 f)= (2.3)

where

Hp; [)=exp{—1/2)[V(9@)V (9()) f(2)f(2)Go, (z—2")dzdz’
—(MI(=A+m)p(2)V (9(2))f (2)dz}
. det(I + Gl/Z,XI/ZfV”((P)Gl/Z,x‘”) ,

where we denote by G, , the operator in L*(R”, dz) with kernel G, (z —z’) given by
(22). In this notation G, ,=(—4+m?) "> Notice that G%, ,1,.=G, , as
operators.

It will turn out that with the above definitions the first D —2 variables play no
role in the dimensional reduction and we will be able to carry through the
momentum cutoff y.

We will now give the technical definition for the space cutoff we will use. The
definition will depend on a parameter 6 that later will be taken to be the degree of
the polynomial ¥ multiplied by the mass parameter m?.

Definition. Let §>0. A d-appropriate space cutoff is a function f: R?—IR such
that:
(i) =0 of class C2.
(i) fe leLZN(IRD, dz).
(i) f(x,y)=f{x,y?) for some function f:IR?~2x[0,00)—IR.

(iv) Let f(x,y)=f'(x, y* Ea%f(x, t)l,=,2; then f'<0 and f’'e L'(R”,dz).
(v) Af <b*f with b> < and Afe L}(R?,dz). O

Notice that since f is of class C? we must have f of class C?, hence f” is well
defined and continuous. It follows that f(-, y)e L'(R? 2, dx) for all yeR2.
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We will give examples of such functions. For b>0, 0 < T, < T,, let us define a
function o 7, r,:[0, 0)—[0, ) by o, 7, 7,(t)=0 for 0St<T,,

b — T,
NN S N
1

for Tlété,TZ’

T+ T,
ab,Tx,Tz(t):blit_%%:l for T,=<t.

The following functions are d-appropriate space cutoffs:

a) f@=exp{—o 1, 1,(I2D}

with b <6 and any 0< T, < T,. Notice that f(z)=1 for |z| < T} and f(z)=ce >
for |z| = T,, with c=exp {$b(T, + T5)}.

Notice that f(z)=f(z?) for some function f: [0, ©0)—[0, o) and that in this
case f'(z) =f"(z%), where f” has the usual meaning of the derivative of a function of
one variable.

b) f@)=exp{—oy, x, x,(1XD) =%, v, v,(¥D}

with b?+b3<d and any 0< X, <X,, 0<Y,<Y,.
As we mentioned before, the dimensional reduction will require a counterterm
depending on the boundary of the space cutoff. We define

Ho; )=exp{4NIV(p@)f (2)dz} # (93 f)

and let ﬁx(zl, ...»Zm; f) be defined as in (2.3) but with J?”X((p; f) substituted for

Hp; f)-
We can now state

Theorem L. Let V be a bounded below polynomial in one variable, and let J be its
degree. Let f be a m*3-appropriate space cutoff. Then (¢ f) and #(¢p; f) are in
IFdp, (@) for all 1Sp<oco. [

If the polynomial V is strictly convex (i.e., V”>0) and f >0, the determinant in
(2.3) is strictly positive. Thus it follows from Theorem I that R (z,, ..., z,; ) and
R (zy,...,2,; f) are well defined since the denominators in the respective
definitions are strictly positive and hence not zero.

But if ¥ is not strictly convex, there is no a priori reason for | #,(¢; /)du(¢)
and J"J?}((p; fdu, () to be different from zero, since #,(¢; f) can take on both
positive and negative values. But it will follow from Theorem II that
f&’?}((p,f)dux((p)>0, and hence that R(z,, ..., z,; f) is well defined.

We will now proceed to state the dimensional reduction. Let {¢(x); x e R?~2}
be the generalized Gaussian system with mean zero and covariance {¢(x)¢(x"))
=(y/4m)H, (x—x’), where

H, (x)=@2m)~ " 2[e? *y(p)(p* +m?) "dp 24

for r=0. Notice that H,(x—x") (without the cutoff y) is the Green’s function of
—A+m?* on R?~2 We will denote by dv,(¢#) the probability distribution of the
field ¢.
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If =0, ge L'(R”™2,dx), [ V(¢(x))g(x)dx is well defined in I*(dv,(¢)) and
exp{—@n/) | V(p(x)g(x)dx} is bounded (e.g., [11, 12]). The cutoff Schwinger
functions for ¢ are then well defined by
_§9(xy) .. gCx) exp { —An/)[ V($(x))g(x)dx}dv(¢)

Sexp { —(@dn/y) | V((x))g(x)dx}dv () ‘

The dimensional reduction is given by

Sx(xl’ 'Haxn; g)

Theorem IL. With the hypothesis of Theorem I, we have
§9(x1,0) ... 9(x,, 0F @3 )i, ()
=[(x1) ... p(x,) exp{ —(@n/n) [ V($(x))f (x, 0)dx}dv (¢)
for all x4, ...,x,e RP72,
In particular,
Ry((x1,0), -, (X, 0); /) =S (X1, ., X, (-, 0))
forall xq,...,x,eRP™2. [

3. Proof of Theorem I

We can write

H s )= H(@; A @; A3 (@5 f),
HoA; [)=H(0; [ Hul@s f),
where
Ay, @5 )=exp{=120) [V (@)V (@) f(2)[(2)Go, (z—2)dzdz'}
H(o; f)=exp{ =1/ (=4 +m*)p@)V (@(2)f (2)dz} ,
A (@5 [)=detd + Gy 12 fV(@)G1p2,12),
Ha(@; f)=exp {4/ V(p(2)f (2)dz} .

Since {@(z)p(z")) is bounded as {¢(z)*) < oo, the exponents in #, , and H#,
are well defined in I*(du,(¢)) for fel? and f’eL', respectively. Clearly
H, L@; f)<1;and #,(¢; f) is bounded from above since f'<0, f'e L', and V is
bounded below.

Thus we need only show that #5,(¢; /)5 (@; ) € [P(du, (@) forall 1 < p < co.
It will turn out that #, and #; cannot be defined as they stand, but their product
A, M5, makes sense thanks to a cancellation.

Let us start with #,(¢p; f). The problem in defining the exponent in the
definition of 4%, is that

U= A+m*)p(2)p(z)) =G, [(z—2),

and G ,(z) has alogarithmic singularity at z=0. But it can be handled in the same
way as Wick powers of the usual Euclidean scalar field in two dimensions (e.g.,
[11,12]). We do not need a full Wick ordering since {@(z)p(z)> has no
singularities.
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So we define

B(@; [)=I[(=A+m*)p@)V (9(2) =G, OV (@)1 f(2)dz.  (3.1)

Then

(B(; 1> =[I[7Go, (2= 2)V (@0@)V (0(2))>
+72Gy, (2= 2V KV (@@)V " (9(2)))1/ (2) [ (2)dzdz’

is finite for f€ I?. Here ¢ ) is the expectation with respect to the measure d.(¢).
Thus %(¢; f) is well defined in L*(du,(¢)). All steps above and in what follows
can be justified by introducing a momentum cutoff for the y variables; the
singularity of G, ,(z) at z=0 will be logarithmic in the cutoff. We will keep on

supressing this extra cutoff for the remainder of this proof.
We now define

Iy 05 ) =exp{—(1/)B(p; )} -

We will show that 9?2,1(<P§f) e (du,(¢p)) for all 1<p<oo.

Since V is a bounded below polynomial, we can find ¢,d =0 such that W(t)
=V(t)+(c/2)t* +d is convex (W”=0) and positive (W =0).

For a polynomial P let us define %(¢; f; P) by (3.1) with P substituted for V,
and let

B(@; [ P; D)=B(@; f; P)— A o(2)*f(2)dz .
Then
B(; )=B(p; [; V;0)=B(0; [; W; ) —B(o; [; (c/2)1*; 2),

for any A€ R, where t* denotes the polynomial P(t?)=t2. The constant 4 will be
chosen later.

Lemma 3.1. exp{—p%(¢; f; W, 1)} € L'(du,(@)) for any p>0 and any AeR. O

Proof. Since the singularity in G, , is logarithmic, and this is the only singularity,
we can apply Nelson’s method (e.g. [11, 12]) so all we need is a bound of the form
B(o; [ W; )= —CIGI,X(O)Cfo(z)dz for some constants C;,C,=0.
Now,
[(=40) @)W (9()f (2)dz =W (@(2)V(2)]*f (2)dz + [ W(p(2))(— Af ) (2)dz
2 [W(p@E)(— A1) (2)dz,
since W” = 0. Here we use the requirement that 4f e L'. But we also required that
Af <b2f, where b><m?*5. Thus, as W=0,
J(=49) (W (0(2)f(2)dzZ —b* [ W((2)) f (2)dz .
Thus
B f 3 Wi 4)
z [[m*p(2) W' (9(2)) = b*W(p(2)) — G, ,(O)W " (@(2)) — 49> (2)] f (2)dz
2 —C,G; (0] f(2)dz

for some constants C,, C, =0, since we have b <m?5. [J
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Lemma 3.2. Given p>0 there exists A>0 such that exp{p%(¢p;f;t*; 1)}
e L'(dp o). O

Proof. We must show that given p>0 there exists A>0 such that
exp {p] :p(2) (K@) (2): dz} € L'(dp(9)) »
where
K=(=4+m")f+[f(=A4+m*)—if,
9(2) (K@) (2): = ¢(2) (K@) (2) = {p(2) (Kp)(2) -

Here f denotes the operator multiplication by f. Notice that since {¢(0)*) < co we
only added a finite constant.

Since du, () is the Gaussian measure with covariance yG, ,(z —z’), it suffices to
show (e.g., [11])

(i) (—4+m?)?—2ypK,2n>0 for some #>0 and 1>0;

(i) (—A+m?)~ lKX( A +m?) ! is Hilbert-Schmidt for all A;

we use the notation A to denote the operator 4 acting on momentum space (ie.,
A=_g7"'4y4, ¢ being the Fourier transform), and define 4, by 4, = =2 Ay,

To show (ii), let A=(—A4+m*) 'K (—4+m*)~! _Then 4 has the kernel

Alq. ) =x0)"*(@* +m») '@ +m*) +(q* +m*) — 1]
fla—a)u@) (@2 +m?) "
Since A(qg, ¢) is square integrable, 4 is Hilbert-Schmidt.

Let us now prove (i). Since y is bounded, [(— 4 +m?)], < C(— 4+ m?*)* for some
constant C. We also have (—A+m?)?=m* > 0. Thus it suffices to show that given
a>0, (—4+m*)?—aK =0 for some A>0.

Let B=(— 4+ m?). We must show B> —a[Bf + fB— Af]=0. Now, for any g in
the domain of B and £>0,

I (B9)(2)d(2)f (2)dz| £ (¢/2)[ [(Bg) (2)I*f (2)dz + (1/2¢) [ 19(2)|*f (2)dz .
Hence Bf+fB= —¢Bf B—(1/¢)f. Thus
B?*—aK=B*—acBf B+a(A—(1/e)f
=B(1—azf)B+a(i—(1/s)f.

Since f is bounded and positive, we can choose ¢ > 0 such that 1 —agf =1. Then
we choose A such that A>(1/¢). Then

B?—aK=(1/2)B*=(1/2)m*>0. [

Thus %72, A@; ) eP(du,(p))forall 1 <p< oo.To finish the proof of Theorem I
we will now show that

Hs, (@3 ) =3 f¢: [)exp{—G, 0]V (¢(2))f(2)dz}

is well defined and in L*(du,(¢)).
Recall that

Hs (@ )=detl+ Gy 2 fV(@)Gy2,412) -
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It is not hard to show that
Tr(Gy 2, 12 S V(@)Gypa, 12) = Gy [0V V" (9(2)) f(2)dz .

Hence

9?3,;((40; N=det,(I+Gy )z, 12 fV(@)Gy)2, 4112)s

where det, (I + 4) =det((I + A)e ) is well defined for A Hilbert-Schmidt. For 4
trace class, det, (I + A)=det(I + A)e” T4
Now, if A=Gy; 412G, 412, its Hilbert-Schmidt norm can be computed:

14115 =1 x(p)(g* + m*) " "1d(g— NP x(p)(q* +m>) " 'dgdq’
<l (@®+m*») i3 lglz <o (32)
if ge [2(R”, dz).
Since
F<V (@(2)f(2)*Ddz =V (@(0)*> ] f(2)%dz,

and feI*(RP,dz), we can conclude by Fubini’s theorem that
[V (@(2))*f(2)’dz<c0 for plp)—ac.q,

ie, V'(@(2))f(2) € (R, dz) for p,(p)—ae.q.
Hence #; ,(¢; f) is well defined for u (@) —a.c.o.
To show A5 (¢; )€ L* we will need the following Lemma.

Lemma 3.3. Let K, A, B be self-adjoint Hilbert-Schmidt operators, with A and B
positive, such that K=A— B. Then

|det, (I+K)|<exp{2|B|3}. [
Proof. Let us assume first that 4 and B commute. Then it is easy to see that
det, (14 K)=det, (I + A)det, (I —B).

Since 420, 0<det,(I+4)<1as 0<(1+4)e *<1 for 1=0.
Now let {4;;i=1,2,...} be the non-zero eigenvalues of B, with multiplicity
taken into account. Then

i

det, (I - B)|= TT |(1—/1,~)e“I§eXp[2 5 /137‘] =e? 1Pl
=1 i=1

Now let us consider the general case. Let P=y_, 0(K), ¥~ »,0) being the
characteristic function of (—00,0), and let K_=—~KP, K, =K(l—P). Then
K., K _ are positive, self-adjoint, Hilbert-Schmidt, K=K, —K_, and K, and
K _ commute. Hence |det, (1 + K)|<e?IK-13,

Since K=A4—B, we have that K_=—-PKP<PBP as PAP=0. Using
IPBP| =Bl

Lemma 3.4. Let A, B be self-adjoint Hilbert-Schmidt operators such that 0 A< B.
Then [|[A],=|Bl,. U
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Proof. B=A+C, where C=0, self-adjoint, Hilbert-Schmidt. Then B%*=A42
+AC+CA+C? s0 |B|2=TrB*=TrA?> +TrC*+2TrAC=Tr A?> + Tr C?
FOTHC PACY?) 2 Tr A2 = | A)2. [

We now apply Lemma 3.3 to K=G,;; ,1,2V"(9)fGy)3, 412 Let VI=V"V0,
VZ=—(V"AQ0). Since V is a bounded below polynomial, so is V", hence V” is
bounded above.

Let B(p) =G5 12V (9)fG )2, 12 Then, asin (3.2), we conclude that | B(¢)||3
< M| f||3 for some constant M < oo independent of ¢.

Thus Lemma 3.3 tells us that for u (¢)—a.c.q,

}%3,1((P;f)l§e%’"1|fllg

independently of ¢.

Thus #; ,(¢; f) € L*(du,(¢))-
This concludes the proof of Theorem I.

4. Supersymmetries: Some Basic Facts

Supersymmetries are rotations of the “superspace” with “variables” (z, 6, §), where
zeR? and 0 and 0 are anticommuting “variables” (ie., 6*=0*=00+00=0),
which preserve the supermetric z% +(4/y)00 (e.g., [5, 7).

In addition to the usual rotations in R” and symplectic transformations of 0
and 0, they include transformations of the type:

z—z4+2bE0+2bE0,
0-0+vb-z¢, 4.1
0—-0—yb-z¢,
where b,beRP and ¢ is an anticommuting “c-number” (£?=E0+0¢=E0
+0¢=0). We will fix ¢ and call the above transformation (b, b).
One way to make the above discussion rigorous is to consider a Grassman
algebra 4, with two generators 0 and 0, and look at functions F:IR?—%,. Since

%, is a four-dimensional vector space with basis 1, 0, §, and 06, such a function can
be written in a unique way as

F(z)=F(z)+F(z)0+ F,(z)0 + F5(2)00,

where F;:IR?—-C for i=0,1,2,3. To emphasize that F takes values in the
Grassman algebra generated by 0 and 6 it will be useful to use the notation
F(z,0,0). In this connection it is suggestive to think of § and 0 as anticommuting
variables.

To define the action of supersymmetries on such functions F(z, 6, 0) we need to
consider a bigger Grassman algebra %, with three generators 0, 0, and ¢, and
imbed %, in %, in the obvious way. If we now consider H : R? - %, we can always
write H(z)=F(z, 0, 0)+ G(z, 0, 0)¢ in a unique way, where F,G:R?—-%,.

We will say that F : R~ %, is of class C**°if F, F, F, are of class C' and F ; is
of class C°; H:RP—%, is of class C''° if both F and G are.
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The action of supersymmetries on function of class C!+° will now be defined.
The action of space rotations and pure symplectic transformations is obvious. The
action of the supersymmetry (b, b) can now be defined from (4.1) by

9(z+2BE0+2bED) = g(2) +2Vg(2) - (FEO + bED) ,
where g:RP?—-(C is a function of class C!. Thus for F:IR?—-%, of class C!-°,
(c(b, b)F)(2) = F(z,0,0)+[(yb - zF 1(2) —yb - zF ,(2))
F(—2VFo(2)-b4+7b- 2F3(2)0+(—2VFo(2) - b+ b - 2F4(2))0
F2(VF (2)-b—VF,(z) - BIO)E . 4.2)
We will say that F(z,6,0) is supersymmetric if it is left invariant by all

supersymmetries.

Proposition. Let F(z, 0,0) be of class C%. The following are equivalent:
() F(z,0,0) is supersymmetric.
(ii) F(z,0,0) is left invariant by t(b,b) for all b,beRP”.
(i) F(z)=F,(2)=0, and
@MVE(2)=2F4(2). (4.3)

(iv) There exists a function f:[0,00)—C of class C' such that F(z,0,0)
=f(2*+@M00)= f(2*)+ @/ f(z%)00. [
Proof. (ii) = (iii):

If (ii) holds, the term in & of the right-hand-side of (4.2) must be zero for all
b,beIR®. We can immediately conclude (iii). (iii) = (iv):

(4.3) implies that F(z) is a function only of |z|, hence we can write F(z) = f(z%)
for a function f: [0, c0)—R. Since F is of class C! and F is of class C°, it can be
shown from (4.3) that f is of class C' and F,(z)=(4/y)f"(z%).

Since (i) = (ii) is obvious and (iv) = (i) is easy to see this concludes the
proof. [

Following [13], we define integration over anticommuting variables by:
[F(z,0,0)d0d0= —F4(z), [F(z,0,0)éd0d0 = — F4(2)¢ .

Thus the integration is defined simply as a linear functional on 4, or %,.
We will say that F(z, 0, 0) of class C*-° is integrable if Fy, VF,, F,, VF,, F,,
VF,, F5 are integrable. For such functions we can define

{F(z,0,0)d0d0dz =[] F(z, 0, 0)d0d0)dz = [] F(z, 0, 0)dz1d0do .

Proposition 4.2. The integration over z,0, 0 is supersymmetric, i.e., if F(z,0,0) is
integrable of class C*°, and t is a supersymmetry, then

JtF(z,0,0)d0d0dz=[F(z,0,0)d0d0dz. [
Proof. The only non-obvious case is when t=1(b, b). Then

JF(z,0,0)d0d0dz= —|F4(2)dz,
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and
[tF(z,0,0)d0d0dz= — [ F3(z)dz—2[[VF,(z)-b—VF,(z)- b]dz¢ .
But since F, of class C*, F;, VF;e [}, we have that
[VF(z)dz=0 for i=1,2. I

The following lemma gave Parisi and Sourlas the dimensional reduction order
by order in perturbation theory. Notice that it explains why the reduction is of two
dimensions.

Lemma 4.3 [5]. Let F(y, 0, 0) be a supersymmetric integrable function of class C*-°,
where yeR2, Then

[F(y,0,0)d0d0dy = (4n/y)Fo(0). [
Proof. By Proposition 4.1,
F(y,0,0)=f(y*+(4/7)00),

where f:[0, 00)—C of class C'. Since F is integrable and F,(y)=f(y?), we have
that lim f(¢)=0.
t—>
Thus

YF(p,0,0)d0d0dy = — 4/ f (y")dy=—Bn/y) O(ff (r*)rdr
=@n/7)f(0)=(4n/7)F0). [

Remark. Let z=(u,v), where ue R?7* veR* The above analysis applies to
functions F(u, v, 0, 0) that are supersymmetric in the v, 6, f variables. In particular
Proposition 4.1 says if F(u,v, 0, 0) is supersymmetric in v, 0, 8, then (2/y)V,F(2)
=vF5(z), and there exists a function f:RR? ¥ x [0, o0)—C such that F(u,v, 0, 0)
=1 (u, v*+ (4/y)00).

Of particular interest for us will be the case z=(x, y) with x e R’ 2, y e R?, and
the supersymmetry is in the y, 0, 0 variables. In this case Lemma 4.3 tells us that if
F(x,y,0,0) is supersymmetric in y, 0, §, then

{F(x,y,0,0)d0d0dydx = (4n/y)| Fo(x,0)dx. O

We will need an extension of the previous results to distributions. Distributions
T(z, 6, 0) can be defined in the usual way by the formal formula

T(F)={T(z,0,0)F(z, 0, 0)d0d0dz .
Let us write
T(z,0,0)=Ty(z) + T\ (2)0 + T,(2)0 + T4(2)60,
where Ty, T}, T, Ty are distributions in z. Then
T(F)=Ty(Fo)— To(F3)+ Ty(F,) — T,(F,) .

If 7 is a supersymmetry, its action on distributions is defined in the usual way.
We will say that T(z,0,0) is a supersymmetric distribution if for all
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supersymmetries t we have T(¢F)= T(F) for all functions F(z, 0, 0) in the domain
of definition of T(z, 0, 0). Notice that

T(t(b,b)F)=T(F)+[T5(yb - zF,)— Ty(yb - zF)
2Ty (VF, - b)+2Ty(VF,-B)—2T,(VF,-b)
+ Ty (yb - zF )+ 2T,(VF - bB)— T,(yb - zF 3)]¢ . (4.9)
Proposition 4.4. A distribution T(u, v, 0, 0) is supersymmetric in v, 0, G if and only if
T(u,v,0,0)= Ty(u, v) + Ty(u, v)60,
where Ty(u, v) and T5(u, v) are distributions invariant under rotations in v such that
W, Ty=—vT;. O
Proof. 1t follows from (4.4) that T(u, v, 0, 0) is invariant under (0, b), (0, b)) for all
b, beR* if and only if
Ty(b-vF ) =2/ To(V,Fy),
Ty(b-vF3)=Ty(b - vF3),
T(V,Fo- by=T,(V,F- E) ’
for all b,be R* and all F, F, F3 on R”. -
Since T(u, v, 0, 0) is invariant under symplectic transformations in 6, 0 if and

only if T} = T, =0, and is invariant under rotations in v if and only if Ty,, T}, T5, T
are, the Proposition follows. [

We will now prove the extension of Lemma 4.3 to distributions. We will state it
under the conditions we will actually use it, but more general conditions can be
casily given.

Lemma 4.5. Let T(x, y, 0, 0) be a distribution supersymmetric in y, 0, 0, where y € R?,
such that

(1) To(x,y) is a bounded continuous function.

(i) |T@IZClglly + Igll,) for some constant C and all functions g : R”—C of
class C'.

Then, if F(x,y,0,0)is a function of class C*°, supersymmetric in y, 0, 0, with
Foe l'nI*(RP,dz) and F,e L}(R”,dz), we have

T(F) = (4n/y)| To(x, 0)Fo(x,0)dx . (I
Proof. From Proposition 4.4 we have that T(x, y, 0, 0) = Ty(x, y) + T3(x, y)00 with

@/ T(Vy9)=Ti(yg) (4.5)
for all functions g on R” of class C* such that V,g € L'(R”, dz), yg € L' n\L*(IR", dz).

Since F(x,y,0,0) is supersymmetric in y,0,0, F(x,y,0,0)=Fyx,y)
+ F4(x, y)06 with

CVyFo(x, y)=yF3(x,). (4.6)
Let ¢>0, we have

V, - y(y*+e) ' =2e(y*+¢) 2.
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Thus
V, - y(v*+&) 'Fo=2e(y*+&) *Fo+y(y*+e) ' -V, F,.
We now apply T, to both sides and use (4.5) to get
T3(0%(y*+6) " 'Fo)=@4/7) To(e(y* + ) " *Fo)+ 2/ To()(y* +¢) ' - V,F).
Using (4.6) we get
Ty(y2(y? +6) ' Fo)— To(y2(y* +6)  1F3) = (4/9) Ty(e(y* +&) " 2F,).

Since as e—0 y2(y*+¢&) 'Fo—F,in L'nL* and y*(y*+¢)” 'F3—F; in L', we can
conclude from (i) and (ii) that

T(F)=T;(Fo) — To(F3) = (4/y) 11_{% To(e(y* +¢)*F,). 4.7)

But
To(e(y* +€) " 2F o) =] Ty(x, »)e(y* + &)~ >Fo(x, y)dxdy
=[e(y*+€) " *h(y)dy,

where h(y) = Ty(x, y)F o(x, y)dx.

By Fubini, h(y) is defined a.e. But since F| is of class C! with (4.6) holding with
F of class C°, it follows that F(-, y) e L'(IR? "2, dx) for all ye R? and h(y) is a
continuous function.

Since e(y* +¢) 2—nd(y) in R? as ¢—~0 and h(y) is a continuous function, we
conclude that

lim [e(v?+2)"*h(y)dy =nh(0).
Thus
T(F)=(4/y)f To(x,0)F o(x, 0)dx. [

5. Supersymmetric Free Field Theories

Let us consider an Euclidean free field ¢(z) in D dimensions with two-point
function (i.e., covariance) {@(z)@(z")> =yS(z—z’), where y>0.
S(z) is a rotation invariant tempered distribution which we will formally write

as
S(z)=s(z?). (5.1
Recall that the n-point functions are given by (e.g., [11, 12])
$@(z1) ... @(2,)>=y"8 (21, ... 2,),
where

Siz1s...,2,)=0 for nodd;

(5.2)
Sz1s .05 2,)=2.8(z;, —2;) ... 8(z;, —z;,) for n=2m,
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where the sum is over all possible ways of writing 1,2,...,2m as m distinct
(unordered) pairs (i1, /1), .-+ (i Jy)- Thus

<(,0(Zl) q)(zn)> :y(n/Z)Sn((Zi—Zj)z; la]‘—‘ 1’ e 1y l<]) ’ (53)

where s, is defined by (5.2) and (5.1).
A supersymmetric free field @(z, 0, 0) will be defined by the requirement that its
n-point functions be supersymmetric counterparts of (5.3), i.e.,

<‘p(zl’ 61) gl) e (D(Zn, 0n> H—n)>
=95, ((2:—2))* + (4/0)(0;— 0)(0,—0); i, j=1, ..., n, i<}), (5.4)

where {0,,0;; i=1,...,n} are independent anticommuting variables.
In particular, we must have

(D(z,0,0)2(z, 0, 0)) =ys((z—2')* + (4/n) (0 - 0)(0 - 0). (5.5)

If we write
D(z,0,0)=(z) +1(z)0 + Op(z) + w(z)00 , (5.6)

(5.5) means
{p(@)p(2))=7s((z—2)?), (5.7)
(@(2)p(2)) =<p(2)P(2)) = w(2)p(2)) = (P(2)p(z)) =0, (5.8)
PEy()) = — w@)p(2)) =45((z - 2)?), (5.9)
p@w(2)) =<P(2)p(z)) =0, (5.10)
{o(z)w(z)y =0, (5.11)
(P (2)y =L (2)p(2))) = —4s(z—2))*), (5.12)

{P(2)(2)) = (2)p(2)) = P(2)(2)) = w(z)p(z)) =0. (5.13)

To satisfy (5.7)«(5.13) we may take ¢ and w to be commuting fields and y, 9 to
be anticommuting fields.

Before we can give a rigorous construction for the superfield @(z, 0, 0) by (5.6)
and (5.7)-(5.13) we must explain what we mean by S(z, 0, 0) = s(z2 + (4/y)00), since
s(z%)=S(z) is only a tempered distribution. What we need is a tempered
distribution S(z,0,0) which is a supersymmetric counterpart to S(z). By
Proposition 4.4 S(z, 0, ) will have to be of the form S(z, 0, 0) = S(z) + (4/y) T(z)60,
where T(z) is a rotation invariant tempered distribution such that

VS=—2zT. (5.14)

But a solution to (5.14) is not unique since zT'=0 as tempered distributions only
implies that T is proportional to a delta function at zero.

In addition, the construction of the superfield requires a positive definite
solution for (5.14). The following lemma gives sufficient conditions.

Lemma 5.1. Let S(2)=[e' *h(q?)dq, where h is a positive measurable function on

[0, o) such that Ojoh(r)dr<oo. Then (5.14) has a positive definite solution S;(z)
0
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given by
Si(2)=@)[e"*g(q*)dq,

where
9= T heYdr for r20. O

Proof. Notice that g is an absolutely continuous bounded positive function on
[0, c0) such that g'(r)= —h(r) a.e. Thus

V,9(a*)=2q9'(q>) = —2qh(g*) a.c.

As tempered distributions,

V.S(z)=[e" *igh(q*)dq
= —(i/2)f e *V ,g(q*dg= —(1/2)z[ € *g(q*)dq .
Thus

S1(2) =3 e %g(q*)dq
is the desired positive definite solution to (5.14). [J

We will now assume the hypothesis of the lemma and proceed to construct the
superfield. We define s'(z%) = — S,(z). By (5.7) we are justified in taking the original
Euclidean free field ¢(z) as the scalar part of the superfield.

To satisfy (5.10) we take

w(z)=0(z)+in(z),

where o(z), n(z) are identically distributed independent Gaussian generalized
processes; i.e., 0(z), n(z) are Gaussian generalized processes will mean zero such
that {g(z)n(z")) =0 and {e(2)e(z)) = {n(zn(z’)).

Equation (5.12) tells us that # should be independent of ¢, but

(p(2)0(z')y = —4s'((z—2)?). (5.15)
From Lemma 5.1, if s(z%) = [ €' *h(q?)dgq, then —4s'(z%)=[e""'*g(q*)dq, where
g(r)={ h(r')dr’. Thus (5.15)is satisfied if we take o(z) = (1/y)I(— 4)p(z), where I(r) is

a function on [0, c0) such that I(r)h(r) =g(r).

In this case {o(z)o(z)) =(1/y)L(z—z2), where L(z)=|e" “I(k*)g(k*)dk.

Since we need <g(z)e(z’)) to be a tempered distribution we must make
assumptions: We require I(k*)g(k*) to be a polynomially bounded function.

Under this condition w(z) =g(z)+in(z) is defined satisfying (5.11) and (5.12).

To finish we must construct the anticommuting fields y and  satisfying (5.9),
(5.10), (5.8), and (5.13). The last two conditions just say y and ¥ are independent of
¢ and 7.

We will use Osterwalder and Schrader’s method for constructing Euclidean
Fermi fields [14]. Let b*(z),b(z) and d*(z),d(z) be two independent sets of
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anticommuting creation and annihilation operators:
{b(2), b(z")} ={b*(2), b*(z)} =0,
{d(2),d(z")} ={d*(2), d*()} =0,
{b(2),d(z")} = {b(2), d*(z)} = {b*(2), d(z))} = {b*(2), d*(z)} =0,
such that
{b(2), b*(2)} = {d(2), d*(z)} = —4s'((z—2)?) .
Define
P(2)=b*(2)+d(z), P(2)=d*(z)—b(z).
Then
{w(2), w(2)} ={Pp(2), P(z)} ={w(2), P(z)} =0.
Let o be the Fock Hilbert space for the b*(z), b(z), d*(z), d(z), and let Q be the
vacuum. Let (4> =(Q, AQ) for an operator A on A",
Then
p@p(2)) =L{P(2)p(z)> =0,
p@p()) = —45((z—2)%).

Having defined the fields ¢(z), w(z), ¥(z), p(z) satisfying (5.7)-5.13) we can
define the superfield @(z, 0, 0) by (5.6). By construction we have (5.5). It turns out
that (5.4) also holds.

6. Supersymmetric Interactions

We now restrict ourselves to the case when ¢(z) is the Euclidean free field in D
dimensions with covariance

{p(D)9(2)) =7Gs 4, (2—2), (6.1)

where y,6>0 and G, ., (2) is given by (2.2).
G, ..,,(2) is not rotation invariant because of the y-cutoff, but it is invariant
under rotations of the y variables. We can thus define

Se(x’ y2) = GZ +E,x(x9 y) . (62)

The discussion of the last section is still valid and we can construct a superfield
@(z, 0, ) with covariance

s(x—x, (y=y)?+(0-0)(0-07),

except that the expectation functions of the superfield are now only invariant with
respect to supersymmetries in the y, 0, 6 variables.

From now on supersymmetry will mean supersymmetries in the y, 6,0
variables.
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If we let si(x, y*)= %sa(x, 1), =2, it follows from Lemma 5.1 that

— 45,06, ) =(14+8) "Gy 4, ,(x, ).
Thus the superfield
D(z,0,0) = p(z) +1P(2)0 + Oy(z) + 00w(z)
is defined with ¢(z) given by (6.1),
Ww@PE)) =(1+8) "Gy, (2—2), (6.3)
and
o@)=[y(1+&)] (= 4+m*)p(z) +in(z),

where

@n)) =y ' (1+6) G, (z—2). (6.4)

The reason for introducing the extra cutoff ¢ is that G, ., , (0)is finite for >0 so
p(z), P(z) are bounded operators and we can avoid technical difficulties when
integrating over anticommuting variables.

The precise form of the cutoff comes from requiring I( — 4) (defined in Sect. 5) to
be equal to — 4+ m? up to multiplication by a constant. This is needed so we can
use the proof of the integrability of ffz‘x(q);f ) of Sect. 3.

In Sect. 8 we will let e—0 to obtain Theorem I1.

Let us recall some facts about anticommuting fields. We have

lp@I=[2(1+8) "G4, ((0)]* =0 <0, (6.5)

where o depends on e and y; || | is the operator norm in the Fock Hilbert space #".
Moreover, z—(z) is a continuous function in the operator norm topology, we
actually have

(@) =N 2L +8)" (G 4r, (0) = Gy sy, (2= 2N

Those results and estimates also hold for (z). Thus, if ge LY(IR?,dz),
1 9(z)yp(2)g(z)dz is well defined as a bounded operator on %, and

I B(2)p(2)g(2)dz] <* (gl - (6.6)
We can thus define exp { — | $(z)p(2)g(z)dz} as a bounded operator on 4, and
lexp{—Jp(2)p(2)g(2)dz} || < exp {o*[lg] ) - (6.7)

We recall that ([13] for the finite dimensional case; the extension to the present
case is straightforward since all operators are bounded)

exp{— .f P(2)p(2)g(z)dz}y =det(I+(1+¢) ! G, +52), 229G (1 +e12), 11/2) , (6.8)
where as before we denote by G, , the operator with kernel G, ,(z —z’). Notice that

Tr[‘Gu +e/2),x'/2gG(1 +x—:/2),11/2l] =G, +£,)((O)l|g” 1<00,

so the determinant is well defined.
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We are now ready to define polynomials in the superfield. Let P be a
polynomial in one variable. Then

P(2(z,0,0)) = P(¢(2)) + P (9(2))p(2)0 + P'((2))0p(2)
+[P(@(2)o(z) + P (o(2))p(2)p(2)100 -
All the terms are well defined as they stand except for the term involving w(z)
which must be defined in the distributional sense.
So let F(z,0,0)=Fy(z)+ F(z)0+ F,(2)0 + F5(2)00, and
P(®,F)={P(®(z,0,0))F(z,0,0)d0d0dz
=] P(¢(2))w(2)F o(2)dz + | P"(p(2))F(2)p(2) F o(2)dz
— [ P(@(2))F3(2)dz + [ P(p(2))P(2)F y(2)dz— [ P (@(2))p(2)F 1 (2)dz . (6.9)
We will use I? norms in the commutative variables and operator norms in the
anticommuting variables. Our independent commutative variables are ¢ and #, let
(Q,dA(p,n)) be the underlying probability space. Let #(¢") the Banach space of
bounded operator on . We will define P(®, F) as an element of [P(Q, B(A'); d1)
for 1 <p<oo. From (6.8), (6.1), (6.3), (6.4), (6.5), (6.6), it follows that it suffices to
require Foe L'nI?, F,,F,,Fye L', and that
(1 P(@, P)|Pd2(g, )17 < CUIFolly + [ Follo+ IF [+ Fally + 1F5)1]
(6.10)

for some finite constant C that depends only on P, p, and ¢ (y, m?, ¥, etc. being
fixed). If F is supersymmetric, it follows from Proposition 4.1 that F(z,6,0)

=[x, V> +@/y)80),  where  f(x,y)=[(x,y))=Fo(x,y), and  f’(x,y)
= %f(% 0)|;=,2. In this case we will write P(®, f) for P(®, F), and

P(®, f)=]P(p(2))o(2) f(2)dz+ ] P" (@) p(2)p(2) f (2)dz — (4/) ] P(p(2)) f (2)dz .

T 0 =B 4T (A PN )
+i[ P(@(2)n(2)f (2)dz +[ P"(9(2)p(2)y(2) f(2)dz
— @I P(p@E)f(2)dz. (6.11)
Let now V be a bounded below polynomial of degree § and f a m?5-

appropriate space cutoff as in Theorem 1. Let us consider the function e™V®-/),
Then

le” VN <exp{—[y(1+e)]] ' [(=4+m*)o(@)V (@(2))f(2)dz
+@/ [ P(p(2) [ (2)dz + o> [IP" (9| f(2)dz} =V (o3 f).

By the methods of Sect. 3, #(¢,f) is in all I for 1<p< 0.
For a function I'(®) of the superfield let (I'(P)> = [(Q, [(®)Q)dA(¢p, n). We will
be concerned with expectations of the form (I'(®)e V@ . Notice that

KE(@)e VIR =L@)] lle™ "I < @17 (@, )]

fori—l—l,zl.
pp
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7. The Dimensional Reduction for Supersymmetric Theories

We keep the framework of Sect. 6. In particular, supersymmetries act only on the
y, 0,0 variables and leave the x variables fixed. Thus any function of ¢(x, 0)
is supersymmetric.

Theorem II1. Let &(z, 0, 0) be the superfield defined in Sect. 6 and let V be a bounded
below polynomial of degree 5 and f a m*6-appropriate space cutoff as in Theorem 1.
Let I'(®) be a function of the superfield which is left invariant by all supersymmetries
in y,0,0, such that |I'(®)| € [P° for some py>1. Then

(I(P)exp{—[V((z,0,0))(x, y* +(4/7)00)d0d0dz} >
= (I(®)exp{ —(@n/7)] V(p(x, 0)f(x,0)dx}> . [ (7.1)
Proof. Let
V(®, f)=[V(®(z,0,0)f(x, y*> +(4/y)00)d0d0dz ,

V(. ) ={V(p(x,0)](x,0)dx.
For 0=s=<1 and any function G(®) let

{G(P)} =GP () exp{ — (1 =)V(®, [)—s(dn/)V (9, [)}) -

1 1
This is well defined if || G(®)|| € L for some 1< ¢, such that p— + 5— <lI.
0 0

We define g(s)={1},. To prove the theorem we must show that g(0)=g(1).
Since |I'(®)|| € IF° with po>1 and ||V(D, )|, V(o, f), and |lexp{—(1—s)V(D, f)
—s(@n/y)V(p, )} are in all IF for 1=<p< oo, we can differentiate under the
expectation and get

g'(9)={V(D, )} — @M {V(@, )} - (7.2)
We will use Lemma 4.5 to conclude that g'(s)=0 for all 0<s=<1 and hence that
9(0)=g(1).

Let us consider the distribution T(z, 0, 0) given by T(F)={V(®, F)},, where
F(z,0,0)has Fye ['nI? and F,, F,, Fy € L'. T(F) is well defined and a bound like
(6.10) holds.

Moreover, since V(®, f) and I'(P) are supersymmetric in y, 0, 0, it follows from
the supersymmetry of the expectations of the superfield @ that T'is supersymmetric
in y, 0, 0. Thus, we have from Proposition 4.4 that T(F)= T;(F,)— To(F3), and it
follows from the (6.10)-like estimate that |T(F)|S C(||Foll1+ 1 Foll2+ 1 F3ll,), for
some finite constant C.

Moreover, from (6.9) we have that

To(F3) = {I V(@(2)F3(2)dz}, = {(V(9(2)},F 5(2)dz ,

since V(¢(z)) is a bounded continuous function of z e R? with values in I? for
1 <p<oo. Thus T is given by a bounded continuous function Ty(z) = {V(¢(2))},

We can now apply Lemma 4.5 to T and to the function f(x, y*+ (4/7)6) to
conclude that

(@, 1)} =@/ {V(e(x, 0)}f (x, 0)dx = (4m/7) { V(9. )}
Thus it follows from (7.2) that g'(s)=0. O
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8. Proof of Theorem II

Let ¢(z) be the Euclidean free field in D dimensions with covariance given by
(6.1); we will denote by du, .(¢) its probability distribution.

For such ¢(z) we constructed the corresponding superfield &(z, 0, 6) and
proved Theorem III. If we now take I'(®) to be some function of {¢(x,0);
xeR?"2} [e.g, ¢(x1,0) ... p(x,, 0)] which we will write I'(¢(-,0)) we can rewrite
both sides of (7.1) as functional integrals over ¢.

We have

{I(q(-,0)e V™)
=T (@, 0 exp{ —[y(1 +&)] ' J(—= A +m*)p(2)V (¢(2)) f(2)dz
—i[V(@@)n(2)f(@)dz—[ V" (@) §()p(2) [ (2)dz + 4/ V() [ (2)dz})
= I(p(-, 0) exp{ —[y(1+ )]~ [(= A+ m*)p(2)V (9(2) f(2)dz
+ (@ V() [ (2)dz} <exp{ —i[ V(@(2)n(2) f(2)dz} ),
(Q,exp{ = V" (0(2)B(2)p(2) f(2)dz}2)), .
But since V'(¢(z))f(z) € I? for Ky, (@) —ae.p, we get from (6.4) that
Cexp{—i] V(p(2)n(2)f(2)dz} ),
=exp{—(2y) " (1 +&) [V (e@)V (9(2))[(2)f(2)G, [(z—2)dzdz"} .
From (6.8), we get
(@, exp{—[V"(p(2)p(2)p(2) f(2)dz} Q)
=det(I+(14+8) "G 1429, 22V (@) G142, 12)

for u, (p)—a.c.p. Thus
(@(-,0)e ™" @Dy <[ T(@)H#,, (@ i, (¢)

where

I, @5 N)=exp {4 V(@) (2)dz} #,, (3 f) s
A, 03 ) =exp{—(2y) (1 +0) 2 [[V{e@)V (0 )f (2)f(2)G, (2 —2)dzdz’
=[O +a1 (= A4+m)e)V (¢(2))f(2)dz}
det(I+(1+¢)” 1G(l 152,22V (@) Gt 4412y, 412) -

Now let us rewrite the right-hand-side of (7.1). From (6.1),(2.2), (2.4), we get by a
simple integration that

$o(x,0)(x",0)> =(y/Am)H, 4, (x —x').
Thus let ¢(x)=¢(x,0), and let dv, (¢) be its probability distribution. Then
(L(o(-, 0))e~ 4MV@ I = [ I(§) exp{ —(4n/7) | V($(x)) S (x, 0)dx}dv, ($) .
Thus Theorem III says that
ST (-, 00, (@ dpy, (@) =T T'(¢) exp { —(@n/y)[ V($(x))f (x, 0)dx}dv, ().

(8.1)
To get Theorem II we need only to let £é—0.
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To do this let us fix the Gaussian generalized process {¢(z); z€IR”} with
covariance {@(z)@(z")) =G, ,(z—2z'). Its probability distribution is du,(¢). Let
¢(2)=[(—4+m*)"*2¢](z). Then

[0L2)0(2)dp (@) =7G 45, (2—2);

ie., the probability distribution of ¢, is du, ,. Thus the left-hand-side of (8.1) is
equal to

Similarly, let {¢(x), xe R®~?} be the Gaussian generalized process with
covariance {¢(x)¢(x")) = (y/4n)H ,(x—x’). Its probability distribution is dv,(¢).
Define ¢,(x)=[(—4+m?)""?¢](x). Then J¢,(x)$,(x)dv(§)=(n/y)H, ., ($);

i.e., the probability distribution of ¢, is dv, ,. The right-hand-side of (8.1) is thus
equal to
[T (¢, exp[—(@n/p) [ V(g (x)f (x, 0)dx}dv,(¢).
Thus (8.1) can be rewritten as
[T, Ny 0.5 N)dp, (@) = T(8,) exp{ —@n/y) [ V(4 ,())f (x, 0)dx}dv,(¢)
(8.2)
Now, let I'(@,(-, 0)) be such that I'(¢,(-,0))—I(¢(-, 0))in some LP(du,(¢p)) with 1 <p,
e.g., [(@-,0)=0,x,0)... p,(x,,0). By standard methods (e.g., [11, 12])
exp { —(47/)] V(¢o(x)) f (x, 0)dx} —exp {(—4n/y)] V($(x)) f(x, 0)dx}

in IF(dv,(¢)) as e—0 for all 1 <p<oco.

We can break down 7, (¢,; f) as

H, (0 =Ky o (03 NHy o (03 Ny (@03 N)Hy e al0s ) (83)

in the same way as in Sect. 3. Again standard methods as used in Sect. 3 (e.g.,
[11, 12]) give convergence in L*(dp,(¢)) as ¢—0, 1 < p < 00, of each factor in (8.3) to
the similar factor without the e. Thus we can conclude that #, (¢,; f)—#(¢; f)
in I¥(du.(¢)) as e—0, for all 1<p<oco.

We can now take the limit as ¢—0 in (8.2) to obtain

fo(x1,0) ... 9(x,, ), f)dw, ()
=[h(x,) ... g(x,) exp{ —(4n/)) | V(H(x)) f(x, 0)dx}dv,($) .

This completes the proof of Theorem IL
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