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Remark on the Continuity of the Density of States
of Ergodic Finite Difference Operators
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Department of Mathematics, Caltech, Pasadena, CA 91125, USA

Abstract. We give an elementary proof that for a large class of ^-dimensional
finite difference operators including tight-binding models for electron
propagation and models for harmonic phonons with random masses or
couplings, the integrated density of states is a continuous function of the
energy.

Let us first consider the self-adjoint finite difference Schrόdinger operator acting
on S2(Zd) defined by

(Hψ)(x)= Σ ψ(y) + V(x)ψ(x), K(x)eR, xef (1)
yeZd

b-*l = ι

(if V is unbounded, the set of sequences \p with finite support is a core for H).
PQ — oo,E[) will be the associated spectral projection on the energy interval
] — oo, E[, and P({E}) the projection on the eigenspace associated with E. We,
furthermore, consider a probability measure μ on the potentials {V(x)}xeZd,
namely, a probability measure Rzd with the σ-algebra generated by cylindrical
events, and we suppose μ to be ergodic with respect to the translations of Zd. It is
then known [1] that

M£,ίO=j^|TrP(]-oo,£])χyl, (2)

where χΛ stands for the characteristic function of a finite subset Λ of Zd, converges
as A \TLd for μ-a.a. potential {V(x)}xeZd to a non-random function

fe(£) = Eμ«δ0,P(]-oo,£])δ0», (3)

where Έμ denotes expectation with respect to the measure μ and δ0 is the element
located at 0 of the canonical basis of £2(ILd}\ k(E) is the integrated density of states
and can also be obtained by limits of systems enclosed in finite boxes.
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The continuity of k(E) is equivalent to the vanishing of

E ((δ ,P({E})δ » (4)

which itself, again using ergodicity, is for μ-a.a. potential equal to

lim —— Tr[P({E})χyl] . (5)
Λ \TLά \Λ\

When d= 1, the rank of P({E})χΛ is less or equal to 2 and the continuity of k(E)
follows [1]. The question of the continuity of k(E) for d> 1 was open until [2], in
which log Holder continuity was proven. We show here that continuity at least can
be recovered by a simple proof.

Continuity can, in fact, be recovered by the following argument: note that

dim Range χΛP({E})<\dΛ\, (6)

where dΛ denotes the elements of Λ at distance less than 2 from TL\Λ\ indeed given
an energy E and given ψ(x) for x e dΛ, ψ inside Λ is uniquely determined by the
equation Hψ = Eψ. On the other hand,

~ ~"~'x !^—dim Range PtfE});^

= m Q E D (7)

Note that the above hypothesis on the measure μ excludes the cases, where the
potential could be infinite at a given site x with a non-zero probability. This is for
example the case in the quantum percolation model, for which the potential takes
independently at each site the value 0 or + oo with respective probabilities p and
1—p; it is easy to check that the integrated density of states is then actually
discontinuous.

Our proof extends readily to various other finite difference operators, in
particular to the other tight-binding models for electron propagation with
diagonal and off-diagonal disorder and to the various models for harmonic
phonons with random couplings or random masses. This means operators defined
by

= - - Σ J(χ,y)ψ(y), J(x,y) = J(y,x), (8)
Wl(X) y<=Zd

|*-y| = l

acting on the Hubert space of sequences ψ(x) satisfying Σ w(x)\ψ(x)\2 < °° The
xeZd

coefficients {m(x)}xeZd and {J(x,y)}Xtyez*,\x-y\^ι are distributed according to a
probability measure μ ergodic with respect to the translations of Zd, and we
assume that μ-almost surely the m(x) are strictly positive and the J(x, y) different
from zero. This result disagrees with the interpretation sometimes given of
numerical computation of the density of states of phonon models [3]. Here again
the result holds only under the assumption of ergodicity, but we have
excluded the situation, where the coefficients J(x, y), \x — y\ = l could be zero with a
non-zero probability, in which case the density of states would be discontinuous.
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Simple consequences of the above results are the following:
i) Any given λ is almost surely not an eigenvalue of H. This follows from our

results and Proposition 1 of [1].
ii) If the operators H are periodic, then they have no eigenvalues.

iii) These results extend directly to a large class of hamiltonians with finite
range off-diagonal matrix elements.
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