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Abstract. We use the polymer representation of ¢*-quantum field theories to
prove an infinite family of correlation inequalities, called “skeleton inequal-
ities”, for the 2n-point Green’s functions. As an application, we show that
they imply that Feynman perturbation theory is asymptotic in less than four
dimensions.

1. Introduction

Recently there has been a revival of interest in Symanzik’s polymer representation
[1] of quantum field theories. The probably most important results of this
development so far have been the proofs of the triviality of the continuum limits of
the Ising- and ¢*-models in dimensions larger then four, due to Aizenman [2] and
Frohlich [3,4].

Inrecent papers, Brydges, Frohlich and Sokal ['5, 6] have shown, however, that
the polymer representation may also be useful to study the theory in lower
dimensions. Their main result was a new, very simple proof of the existence and
nontriviality of the continuum limit of ¢* in two and three dimensions. The new
proof of Brydges et al. rests on new correlation inequalities, called “skeleton
inequalities”, which may be described as follows.

Call a full skeleton amplitude a Feynman diagram without selfenergy
insertions where all the lines stand for full propagators. The “skeleton series” is the
power series in (—/) with coefficients given by the full skeleton amplitudes
associated with the skeletons of perturbation theory. Then, the partial skeleton
series to even (odd) order are rigorous upper (lower) bounds for the corresponding
Green’s functions.

In [5] this conjecture has been proven up to order n=2 in (— A). In the present
paper we give a complete proof to all orders in (— A). As an application we will use
these bounds to obtain a new proof that perturbation theory gives asymptotic
expansions for the continuum Green’s functions for the one and two-component
#* theory in dimensions less than four. Again, this is a known result [8, 9], but our
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proof is considerably simpler and possibly more transparent than the original
ones.

Despite the advantage of enormous simplicity, we would like to mention a few
shortcomings of the present approach. First, it has not been possible so far to
establish Euclidean invariance of the continuum limit within this framework.
Second, the method only works for one and two-component theories, basically
because one needs to know Griffith’s inequalities. An exception is the “zero-
component model” (known as the Edwards model [10]), for which we have
recently proven results analogous to those presented here [11]. In fact, in many
respects the proofs for the Edwards model are even simpler than for the ¢*-theory,
and in particular the proof of the skeleton inequalities there is recommended as a
warm-up for the more complicated one given in the present paper.

The remainder of this paper is organized as follows. In Sect. Il we collect a
number of definitions and facts regarding the polymer representation that we will
need later on. In Sect. IIT we present our proof of the skeleton inequalities to all
orders. Section IV contains the proof of the asymptoticity of continuum per-
turbation theory in two and three dimensions. In Sect. V we draw our con-
clusions.

II. The Polymer Representation

This section is intended to provide some basic facts about the polymer
representation of ¢*-theories which we will need later. Since everything in this
section is well-known, we do not give proofs or derivations. For detailed reviews
see, e.g. [5, 6, 12].

Let ¢(x) be an N-component real scalar field on a lattice (aZ), {t,} a field of
real, positive “local times.” We define a probability measure du(¢)[¢] on ¢
depending on the local times ¢, by

1 N
du(§)[t]= 70 I(TW Ap(0) f(19(0)* +2t,)e* @49 (2.1)

where 4 is the off-diagonal part of the Laplacian operator,

- . 4 d(x) d(x+ae
(6. 3)= [axdyox) A0 =] ax 3 XV EH) )
a a u=
e, is a unit vector in the u™ direction, and
_adiuz _ lad(ﬁ +m2) u
fw=e + 2@ . (2.3)
We adopt the convention to write
fdx()=a" 3 (). 24
a xe(az)4

Z(t) is the partition function defined by demanding the measure (2.1) to be
A

normalized. du*(#)[0]=du'*(¢) is the ordinary measure of the lattice Z(bj,‘—

theory. Notice that the local times ¢, could alternatively be viewed as introducing a

space-dependent mass
P mi=m*+it,.
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The following identity gives rise to the polymer representation for the propagator.
We have [1,12]
GA(x, () =LP ()P ) (1) = [ 4')P' (n)du(P) [£]
= 3 [dv,(tZ(t+t)/Z(). (2.5)

wix—y
Here the sum is over all random walks w going from x to y. The w-dependent
measure dv,(t) is given by

D)= TT dvy oty (2.6)

xe(az)4

with

J ():{B(t)dtt”‘l/(n—l)! for n>0 @

o(t)de for n=0"
n(w) is the number of times w visits the site x, and |w| denotes the length of w.

In particular, (2.5) with t =0 allows us to express the propagator of a ¢*-theory
as a sum over random walks,

GH(x, )= X dvy(D)z(t) (2.8)

wix—y
with z(t) = Z(t)/Z(0).
Corresponding expressions hold for general Green’s functions. Let

FOGu X )= 3§ T1dv, (t‘)Z<Z t) 2.9)

WX 7Y, i=1

Then
(P xD) -1 (X5, PH(XE). . 4™ (x50)D

— (2 1 )
= X FZ,, (X1 Xpu@t -5 Xpyam— 1 Xpuny)’ -+
DP1...D

. <ok k
o5 X199 X205 5 Xpezme— 19 Xpr(zm) - (2.10)

Here the sum is over all pairings p; of 2n; objects, respectively. Finally, let us define
the four-point Ursell-function u{’ by

Uy, s X4) =P (x1) - P (x40))
-2 <¢i(xp(l))¢i(xp(2))> <¢i(xp(3))¢i(xp(4))> . (2.11)

From the above equations it is obvious that

uP,x)=3% X [y, (()dv, () [2(t +2) —2(tH)z(tH)],

P ®1:Xp(1)7Xp(2)

W2:Xp(3)Xp(4) (212)
and further

u)(xh s Xg) =20 > j dv,()z(t) [G(l)(xp(:i)? xp(4)) (- Gu)(xp@), xp(4)) (0)]
P O:Xp(1)~Xp2
(1) *p(2) 2.13)
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We conclude this section by stating an important lemma on the splitting of
paths. For a proof see [5].

Lemma 2.1 (Brydges, Frohlich, Sokal) [5]. Let g(t) be some function of the local
times t,. Then

Y Jdv (0t t,,9(0)

w:ix—>y

= 2 2 I 11 dei(t")g< 2 t">- (2.14)
TEGTRn WX Xr(1) i=0 i=0
W1 X (1) > Xm(2)

Wp-1:Xm(n-1)"" Xr(n)
WOniXg(n) Y

Here o, denotes the group of permutations of n objects.

ITI. The Skeleton Inequalities

In this section we prove the skeleton inequalities for 2p-point Green’s functions,
that have recently been conjectured by Brydges et al. [5]. Before stating the precise
form of our main theorem, we introduce some convenient notation.

Let ¢, be some graph arising in the perturbation series for a p-point function.
We call 4, a “skeleton graph”, if by cutting no more than two lines no subset of
inner vertices can be disconnected from the external points of the graph; that is to
say, if the graph contains no self-energy insertions [13]. With a graph %, we
associate an amplitude A*(%,) defined as

Au)(gn)(ylv teey yn) = 5 H G(M(xfp xfg) H dx/) . (31)
a lines? vertices
in%, £,in%y,

Here x,,, x,, are the endpoints of the line /, and / is the vertex associated with the
spatial point x, . This amplitude is a function of the p points yj, ...y, which are
associated with the external points of ¢, If 1 is put equal to zero in (3.1), we call
A%,) a “bare” amplitude, otherwise a “full” amplitude. If 4, is a skeleton graph,
we call A(%,) a (full or bare) “skeleton amplitude”. Mostly, in this section, we will be
concerned with full skeleton amplitudes, and skeleton amplitude will mean “full
skeleton amplitude,” if not otherwise indicated.

In the course of the proof we will frequently have to deal with skeleton graphs
with some of their external points pairwise coinciding. We will use the special name
of “preskeleton graphs” for them, and call the coinciding external points “splitting
points”, for reasons to become clear later. A typical preskeleton graph is depicted
in Fig. 1.

_

Fig. 1. A “preskeleton graph”
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g, 9,

RN

Fig. 2. Composition of two preskeleton graphs

The following lemma states an important property of preskeleton amplitudes.

Lemma 3.1. Let 9., 4, be preskeleton graphs. Then
f I1 dWHAW(gD(J’u sV Ve 15 Vew 105 Vewr Vetr)
ai=1
'A(l)(gZ)(y/b ---,}’Zs)’prmu -~-,Yg+r,y,+,)
=ANG) 15 s Vi Vi - V) 3.2

and % is a preskeleton graph.

Figure 2 depicts how % is obtained from ¢, and %,. The only thing one has to
show to prove Lemma 3.1 is that ¢ has no self-energy insertions. But this follows
since ¢, and ¥, are preskeleton graphs, and since it already needs two cuts to
remove, say, y,. ; from the external points of ¢,, and then it is still connected to
those of 4,. [

Now we introduce a very convenient relation, denoted “< ”, between functions
and power series.

Definition 3.1. Let f(A) be a function of A, { £,,(1)},% o be the coefficients of a power
series in (—4). We write
N
fs Z(=1"f(4), (3.3)
iff, for all 1>0,

SS T (<2Pf(), if k<N,
1=0

H

and
2k+1

)z Y (=) A), if 2k+1<N.
n=0

We write f(A) s Y (—24)"f,(A) if (3.3) holds for all N. The following two lemmas
state simple, but important properties of the relation <.

Lemma 3.2. Let f(1) s % (=12, 9(D) 'S % (=4)'g,(%), and f(2) 20, g(4) 0.

Then f(A)g(A) €3 (—A)"h,(1), where {h,(A)} is the series obtained by formally
multiplying the two power series { f,(1)} and {g,(1)}.
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Lemma 3.3.  Let f (/1)§§(—i)"fn(i), fn(i)§Nin(—/1)'"ﬁ,m(l)- Then — f(2)

N

S > (—A)"h,(A), where {h,(A)} is the series obtained by formally replacing the
coefficients { f,(2)} by the power series {f,,(1)}.

The simple proofs of these lemmas are given in an appendix. We are now in the
position to state our main theorem.

A
Theorem 3.1. For one- and two-component Z(/ﬁ“-theories the 2p-point Green’s
functions satisfy:

(Pixy).. '¢i('x2n1)¢j('x2n‘ D) (X2,
§ Z(_i)ks(l)(xla teey x2n1; x2n1+ JEIRERS) xZn) (34)
with the coefficients s*(xy, ...x,,) given by full skeleton amplitudes.

Theorem 3.1 immediately implies a stronger statement about the coeffi-
cients s”(x,, ..., x,,). We have the

Corollary 3.1. The series 3 (—1)"s$(xy, ..., X5,) of Theorem 3.1 is obtained by
removing all but the bare skeleton amplitudes from the perturbation expansion of
{PH(x1) e P (X0, )P (X, +1)---#(x2,)> and replacing the bare propagators in the
latter by full propagators.

Proof of Corollary 3.1. Consider the theory on the lattice with finite spacing. Then,
perturbation theory yields asymptotic expansions, since all Feynman diagrams
converge (and the remainders of the partial series can be bounded by Feynman
diagrams). Inserting the perturbation expansion for the propagator into Eq.(3.4),
we get thus an asymptotic expansion for the mn-point function, which, by
uniqueness of asymptotic expansions, must coincide with the ordinary perturb-
ation theory expansion. In particular, it must contain the same skeleton graphs,
with the same coefficients. But each bare skeleton graph in the series produced
from (3.4) arises from just replacing the full propagator by the lowest term in the
expansion, the bare propagator. This proves the corollary. [l

We now turn to the proof of Theorem 3.1. The following lemma provides the
basic identity we will need.

Lemma 3.4 [5]. For the N-component 2 ||* theory, we have
OO = I 0O~ do
R DF DG P )t
P D@0+ T GG FORG) . (35)
Proof. The lemma is proven by writing thel;:iZntity
B0~ O = i B 0
— AP PO (36)
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The semicolon denotes truncation: {A;BY=<{AB)—{A){B). Using the defi-
nition of u,, we get (3.5). [

Now, from Eq. (3.6) and Griffith’s second inequality [14], we get

A
Lemma 3.5. For one- and two-component 4_1¢4 theories,

@1 x)p O =B ()8 ()0 (3.7)

The restriction to one- and two-component models arises here since Griffith’s
inequality is only known in these cases. If (3.7) holds for general N-component
models, then all our results carry over for these cases. Unfortunately, we do not
know how to prove (3.7) without using Griffith’s inequality.

For the rest of the proof we will, for notational convenience, consider the one-
component case. Then (3.5) reads

(PO (1) = (p(x)p(y)>(0) — 4 (fl) do djt;
LX) @) PR P (1)) (01t) +ug(x, y. . N (@t)} . (3.8)

From Egs. (2.9) and (2.5) we obtain further

FPoyiioidug)= £ T (z zi) CEATERY (z t") .

(3.9)

Equation (3.9) together with (3.8) provide a machinery that, with (3.7) as input,
allows us to produce the skeleton inequalities order by order. To start, one inserts
(3.7) into (3.9) with p=2. Using the definition of u, and Eq.(2.10) we get

u4(x17"':x4)§09 (310)

which is the Lebowitz inequality [15]. Using this and again (3.7) in Eq.(3.8) gives
the improved bound

(PP (0) = — 2] djt ()P () {pG)P()) + {P(x)P(¥) - (3.11)
Inserting this in (3.9) and using the splitting Lemma 2.1 gives

Usg(X s s X4) Z — 3] di<¢(x)$G)>
{P(x2)()) {P(x3)p() > {P(x4)P() - (3.12)

This process could be continued ad infinitum. However, going to higher order in
A would become extremely tedious and impracticable. To prove Theorem 3.1, we
can instead devise a rather simple inductive proof, and the actual bounds can then
easily be calculated from Corollary 3.1.
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We will prove inductively, for all N and p, the following set of relations:

WP x) S S (= ISP x). (3.13)
DO S 3 (— D 1) D) (3.14)

and
FOe0, 115 ) S S ASPCe0 s i), (9)

with
S50, %e) = T o AT Y150 (3.16)

S, Y153 X Yp) = ; (L WAL X0V 15 005 X V) » (G.17)

where the &, are skeleton graphs with k inner vertices, and external points
X1y ..oy X4 @and Xy, Yy, ..., X,, ¥, respectively. The c(&,) are constant coefficients
depending on %, but not on the external points. We will not keep track of
their values.

Furthermore
¢
g}(l)(x’ y)([): 2 c(yk)j H dxitxiA(yk)(xa y’xlﬂxlﬂ X2, x29 ey Xy Xt’) s (318)
L i=1

where in the terminology introduced above, %, is a “pre-skeleton graph” with
splitting points x, ..., x,. (Note that for each splitting point there is a factor of ¢, ,
which will, by the splitting lemma, allow us to split the path w at these points.) In

particular, g5”(x, y)(£) = <d(x)$(y) >(0).

To start our inductive proof, we need to verify (3.13) and (3.14) for N =0, and
(3.15)for N =0 and all p, and for p=1 and all N. But for N =0, (3.13) follows from
(3.10), and (3.14) from (3.7). Equation (3.7) and successive use of (3.9) yields, for all p,
the Gaussian inequality [16,17]

FO P15 003X V) S0, y1) 000, ¥2))-. L(x, ) (v,)>,  (3.19)

which gives (3.15) for N=0 and all p.
Finally, for p=1,
FA(x, y)=<{p()p(y)) S (= 1"SP(x, y), (3.20)
with S$(x, y) = {d(x)d(y)>, SP(x, y) =0 for k>0, establishes (3.15) for p=1 and all
N

We now assume that (3.13)~3.15) hold for all p and N=M — 1. We will show
that then (3.13)—~(3.15) hold for N =M. To do this, consider Eq. (3.8). Our aim is to
replace the terms on the right-hand side by the series (3.13)-(3.15) and to show that
the series we obtain satisfies (3.14) for N =M. We have to deal with the two terms

PN (@) H(NP(y))(ar) and uy(x, y, j. j) (at) separately. First we get

[ djt <P )PP (o) S S (=)0, (3:21)
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with
BEDO= T KISl

Fiers L1l
Kk =k

¢ ¢
‘fdjtj [T dxity, 1T dxitg.t;
a i'=1 =1
.A('yl:')(xajv xlla x/la rey x;’” X;:)
A(y;‘/,,)(}, Y, xlllax/l/) ceey x;”a x?”)

¢
= C(yk)a/.[djtj [Tdxt,,
L i=1

a

'A(‘Spk)(xay’j:jnxl’xla"'vxé”xf)- (322)

In the last equality we made use of Lemma 3.1. The ., are preskeletons obtained
by composing ;. and &7... We see from (3.22) that the §,(x, y)(¢) have the same
form as demanded for the g,(x, y)(t) in Eq.(3.18).

Next, consider the u,(x, y, j, j)(at). We can use the expression (3.13) to write

[ditpug(x,y. o D@)S S (= A djtsx, v, ) (00)
=Y (A A A .. ], ) ). (323)

Here A(Y))(x,y,j,j)(at)! stands for the amplitude with propagators
{d(x)p(x,)) (at) corresponding to the lines of . Thus, the coefficients of the
series (3.23) are products of t-dependent propagators. To bring them in the desired
form, we have to again replace them by the series for {¢(x)¢#(y)>(t). Lemmas 3.2
and 3.3 guarantee that doing this, we will produce a series of alternating bounds to
order M —1. Furthermore, by replacing the lines in the preskeletons &, by
preskeletons with two external points we produce only preskeletons. Thus we get

M-1 3
djtua(x,y, j, s X (1) ; o( Lo [ djt; TT dxit,
a k i=1

a

M-1
) A(yk)(xay’j’j’xbxla"'7xt’sxf): Z (_/I)kﬁk(xty)(t)’ (324)

with §,(x, y)(¢) again having the form demanded for g,(x, y)(t). Plugging these
results into Eq.(3.8), we obtain

— X)) (1) = {P(x)d()>(0)]
SAY (—/1)"(5) dofgi(x, ) (O +GiCx, ) (O], (3.25)

1 Since the 7, may be considered as a space dependent mass, it is trivial that (3.13) generalizes to
Uy(xy, ..., X,)(t) in the manner exploited here
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and thus
M
PRPIHOS X (=D gilx, ) (@) 5 (3.26)
with
go(x, ) (1) =< d(x)p(»)>(0), (3:27)
and
gilx, ) () = 5, dolgi - (%, Y)() + i - 1 (6, ) (O] - (3.28)

Note that the a-integration can be trivially performed, contributing to the
coefficients ¢(#;) only.
By construction, g,(x, y)(¢) is of the form (3.18). This proves (3.14) for N =M.
The next step is to prove (3.15) for N=M, all p, by induction on p. Assume
(3.15) holds for p<q—1. Then we write (3.9) for p=g¢, and use (3.14) for N=M.
This gives

M q—1 .
F(X1,J’1;--~;Xq»yq)§2(—/1)k Z jl—:Il del(tl)

_wzixz_’)’z
i=1,..., q—
1 g—1 .
( 2t > 9i(X, yq)< 2 tl)- (3.29)
i=1 i=1
Now the term with k=0 in this sum is simply given by
F(X15 p15 003X - 15 Vg 1)P(x ) (V) - (3.30)

By hypothesis, the skeleton expansion for F(x;, ..., y, ;) produces bounds up to
order M which can be inserted into the k=0 term (3.30). The coefficients for k>0
are of the form

T3 T (z z")

BRI
1

¢
f H <Z t )c(g’k)A(y’k)(xq,yq,zl,zb...,z[,zf). (3.31)

3 14
We now carry out the product [] ( S > => 711 tifj, where the Y is over all

i=1 iy j=1 {in

the /-tuples {i;} with 1<i;<q—1. We will take the 3 out of the sum over walks
i)
and consider a typical term. Using the splitting Lemma 2.1, we can write it as

j 1—[1 dzjc(gk)F(ulﬂuZ; ceesUm— 15 um)A(yk) (Xq, yq»ZhZu s Zgs Zf) . (332)
j=

Here (uy,ty,...olhy_ 1, U,), m=2(q—1+7¢), stands for some permutation of
(xlsyl" i q 1’yq I’Zlazl"'vzhzé’)-
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We can now use the series (3.15) for N=M —k, p=q—1+¢ to get

M-k

(23)s X (—/1)"'92 «(LIe(Sr)

¢
i ];[1 dz;A(L0) Uy, ., )AL (Xgs -0 Z0)

M-k
=2 (V" ¥ At A i) (1 V1 X vg) . (3:33)

S+

By Lemma 3.1, %, ., is a skeleton graph. By Lemma 3.3, adding all the terms (3.33)
up and inserting them into (3.29) yields

M
Fx 0153 %0 0 S Z(= A si0xp, p15 5% V), (3.34)

with the s,(x4, ..., y,) having the form (3.17). This proves (3.15) for N=M and p=gq.
By induction it thus holds for all p.

As a trivial corollary, it follows now that (3.13) also holds for N= M, and the
inductive step in N is completed. Thus (3.15) holds for all N and all p which, by
(2.10) proves the theorem. []

A few remarks are in order:

(1) The above proof mimics the actual constructive process one could go
through to derive explicitly the skeleton inequalities. Of course, in order to derive
the bounds for finite p and to some finite order N, the process is finite, since there is
no need to complete the induction over p each time we proceed to higher order in
N. In fact, to construct the bounds for, say, u, up to order N, we need the bounds
for the 2¢-point functions only up to order N —q+2.

(2) Inthis proof, we show explicitly that all the bounds are in terms of skeleton
amplitudes. In principle, this can also be shown by an abstract argument similar to
the one used to prove Corollary 3.1.

(3) In [11] we have also proven the skeleton inequalities for the zero-
component model (Edwards model). In that case the proof is simpler, since no
induction over N was necessary. The reason is that we have the relations

z(t' + 1*) =z(t")z(1*) exp(— 24 t1t2dx),

and
k

—Aix L ka
e >Z(_/") a:

which replaces (3.13).

IV. Asymptotic of Perturbation Theory

We will now use the skeleton inequalities of the preceding section to give a new,
simpler proof of asymptoticity of the Feynman perturbation expansion of the
Euclidean Green’s functions to all orders, for the weakly coupled A¢* model in two
and three dimensions.
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As in [6] an essential role will be played by the Schwinger-Dyson equation,
GA(x,y)=Gx,y) = [ dzG(x, 2)<(Ap*(2) +omP)p(2)p(y)> . (4.1)

Before we state our results, let us first recall some facts about renormalized
perturbation theory. One is interested in constructing the continuum limit a—0 of
the lattice Green’s functions {¢(x,)...¢(x,,)>. To do so one has to let diverge the
mass counterterm ém?*(4, a), with

Sm2(4, a)= —34G(0,0), for d=2,
m*(4,a) (0,0) 42)

Sm2(), a)= —32G(0,0) + 642 [ dx[G©(0,x)]*, for d=3.

Existence of the continuum limit for small 2 and m, >0 (and a suitable sequence of
lattice spacings a) can be proven by using the skeleton inequalities to lowest order
(see [6]). We will see that the mass insertions (4.2) produce in perturbation theory
Feynman diagrams that cancel the ultraviolet divergences of the self-energies:

Q and R (4.3)

(We use the graphical notation of [6], i.c. x @~ ey=GHY(x,y), x6———e0 )
=G, y).)

In fact we will see that in the formal perturbation expansion of the Green’s
functions

CPlx1).. p(x3,)) = nio/l"fn(xl,...,xzp), 4.4
the coefficients f, can be written as a linear combination of Feynman diagrams
with all divergencies removed by counterterms, i.e. with no loops present
and with subdiagrams @ coming only in the combination

x@yzx@y—&(x—y)xO@z), 4.5)

which is ultraviolet finite. We call these diagrams “properly renormalized”. For
example, the lowest order terms in the expansion of the propagator can be
expressed as

xd\/\/\/\f‘y
:xo———-oy+6/12x.-—®—ay—54l3xo—@_¢y

—184%x e —oy+.... (4.6)

Power counting shows that amplitudes of properly renormalized diagrams
converge to well-defined distributions in the continuum limit. This shows that the
coefficients of the perturbation expansion are finite.

2 We adopt the convention of integration over unlabeled points
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Asymptoticity up to order 2 for the propagator was proven in [6]:

Theorem 4.1 (Brydges, Frohlich, Sokal). Let G*(x, y) be the lattice two-point
function. Then

1G*(0,-) = G0, |, + 1 G(0,) — G(0,) |, Sci?, “4.7)
where ¢ is a constant, independent of the lattice spacing a.

This theorem can be proven using the skeleton inequalities to lowest order
together with the Schwinger-Dyson equation (4.1).

Theorem 4.2. Let {¢(x,)...4(x,,)> be the lattice 2p-point function, and let

G2~ L L 510) @)

be its formal Feynman perturbation expansion. Then for any test function (e (R?),

I[<¢<x1>...¢(x2,,)> - % Ao, ...,xz,,)} 1 CCepd| 6,07, (@49)

where c,({) is independent of a.

Note that independency of a implies that the bounds (4.7), (4.9) carry over to
the continuum limit.

Proof of Theorem 4.2. First we prove the theorem for the propagator. To do this
we insert the skeleton inequalities for the four-point function into the Schwinger-
Dyson equation, producing this way Feynman diagrams which contain free as well
as full (interacting) propagators. Let us thus extend the definition of a properly
renormalized diagram to this case: We say that a diagram is properly renormalized,
if all divergent subdiagrams come together with the corresponding counterterms,
i.e. the insertions

/7N
\ —_———
l\.// and x(—:—_:-)y (410)
X
(xe— — — —ey denotes cither xe———aey or xe e y) come only in the
combination - N
/ = \ / - Q

and

xé}/ﬁfyyzxezz-:ay—(S(x—y)x0@- (4.11)

In order to prove the theorem, we will prove inductively bounds of the form

m+3

GH(x,y) = Z A+ X A7), (4.12)

= k=m+1

m+3

ez At X (), (@.13)

k=m+1
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m=0,1,..., where the f(x,y) are given in terms of properly renormalized
Feynman diagrams with free propagators (we will see later that they are really the
coefficients of formal perturbation theory), and the f,*(x,y) are also given by
properly renormalized diagrams, but may contain full propagators as well.

To prove (4.12), (4.13) we replace the four-point function in the Schwinger-
Dyson equation (4.1) by the skeleton inequalities of order m and m+1:

XONNNA <X 0—@)—m’Xe——eNNBY
m+1

+ 2 (= [dzGx, 25, 4(2,2,2, ), (4.14)
k=1 a

XONNNNS )2 X0——8 ) — M’ X e——e NN By
m+2

+ 3 (=) dzGOx, 2)s,_1(z,2,2, y). (4.15)
k=1 a

(We assumed m to be odd. If m is even the inequalities are reversed.)
The skeletons do not contain any self-energy insertions. However, identifying
three arguments of the s,’s produces in (4.14, 15) two divergent diagrams, namely

——3&x>ﬁl\ay and 6/1%0—%\/\/\)},

but for these diagrams we have the counterterm ém?xe——e ey [see (4.2)]
and (4.14,15) are bounds in terms of properly renormalized diagrams. To lowest
order (4.14,15) become

xu\/\/\f‘oygxo—oy—&{x’ﬁ/\-y

+642x k_%v. v, (4.16)
X NN JZXO—8 ) — 3Ax$—&n

+64%x o—%vuy 544 xo—@mwy 4.17)

which proves (4.12, 13) for m=0.

Now assume that (4.12, 13) hold for m=0, 1,...,n—1. We want to use these
bounds to eliminate successively the full propagators up to order n in (4.14, 15)
with m=n. This will give (4.12,13) for m=n, thus proving the induction step.
Consider a full propagator which appears in a diagram of order k, 1 £k <n, with ¢
full propagators, on the right-hand side of (4.14) and (4.15). Replace this
propagator by the bounds (4.12, 13) with m=n— k. Expressions (4.14, 15) become

n+3

xmxv\ny<k§:0/1"fk(x y)+k S 1/1"fk (x,y), (4.18)
n+3
X eNNNNe Y= 2 Phean+ X (k). (4.19)

k=0 k=n+1
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All f,, f,* are given in terms of properly renormalized diagrams, by induction
hypothesis, and the new diagrams we produced are either of order k>n, and are
thus included in f;* or of order k<n and have #—1 full propagators. Then we
repeat this procedure for all full propagators which are still present in the f’s,
1 £k <n, until we are left with bare propagators only, up to order n. Thus the proof
of (4.12) and (4.13) is complete.

The generalization of (4.12, 13) to higher 2p-point functions

m m+3
<¢(X1)~-¢(X2p)> = kgo lkfk(xlﬁ "'9x2p)+ kzZHi"f;f(xl, ) x2p) , (4.20)
G002 X o) T I (o). (42D

is easily proven by replacing the full propagators of the skeleton inequalities for 2p-
point functions (3.4) by the bounds (4.12, 13). To conclude the proof of the theorem
we have to estimate the remainders f,*(x, ..., x,,) which, as we have seen, are
linear combinations of amplitudes of properly renormalized diagrams with bare as
well as full propagators. Writing for these full propagators G¥(x, y) = G%(x, y)
+ E(x, y), with E(x, -)e ' n [* with norm bounded uniformly in a, by Theorem 4.1,
we sce that fi*(xy, ..., x,,) can be expressed as a sum over amplitudes of properly
renormalized diagrams with, as propagators G°(x, y) and E(x, y). We know from
power counting that properly renormalized diagrams with G© propagators
converge (when smeared out with test functions of &) in the continuum limit, and
so do a fortiori diagrams with E propagators, which have no small-distance
singularities.
Thus one has the bound

ffki(xn ""x2p)C(xl)'"g(XZp)dxl”'d'pr =0,

with ¢,({) independent of a. As in Corollary 3.1, it follows from the uniqueness of
the asymptotic expansions on the lattice that the coefficients f; are really the ones
given by perturbation theory, and the proof is complete. [J

V. Conclusions

In this paper we have pushed the new “random walk”-approach to the
construction of superrenormalizable ¢*-models of [ 6] a little further, showing that
the asymptoticity of perturbation theory can be obtained easily in this context
from correlation inequalities that follow from the random walk expansion.

Still, however, the results of this new, simple approach do not match the ones
previously obtained. Probably the most embarassing shortcoming of this method
is its restriction to one- and two-component ¢*-models, and its failure to allow for
a proof of Euclidean invariance in the continuum limit.

Both these shortcomings are consequences of the dependence of this method
on the Griffith’s inequalities as the basic input in the proof of the skeleton
inequalities. This restricts us to one- and two-component ¢*-models, and forces us
to use the non-rotational invariant lattice cut-off.
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As an exception, the zero-component model (Edwards model) is also tractable,
without having to use any a priori inequalities. There, the weights on the local
times z(t) are known explicitly, not only as ratios of partion functions. In [11], all
results of [6] and of this paper were derived for the Edwards model. Furthermore,
in this model it is possible to prove also Euclidean invariance of the limiting theory.
To do this, one defines the model directly in the continuum, as a measure on the
space of paths

T
dul), r(w)=exp [ -2 (j) g} drdsd (x,(w) — x(w)) —m? T] AW, , (o),

where dW, , ;(w)is the conditional Wiener measure on paths which reach y from x
in time T, and x,(w) is the position of the path w at time t, 0<t<T. Here ¢, is a
rotational invariant, non-negative regularization of the ¢ function, e.g.

x2

8,(x)=(2me?) e 2.

One can again prove a Schwinger-Dyson equation and the skeleton inequalities,
and hence, by the same methods used in [5] and here, show the existence of the
&¢—0 limit, which will be manifestly Euclidean invariant.

A similar procedure could be adopted in the field theory case only if Griffith’s
inequalities were known for a rotationally invariant cut-off, which is not the case.

Appendix
In this appendix we give the proofs of Lemmas 3.2 and 3.3.

Proof of Lemma 3.2. By hypothesis we have

gAfAs Z(=A)"f(Dg(4) .

Now since f,(4) is non-negative by assumption,

IDSDE S (~IAD S (=1 gDE L (A T fleeld).
K=
and similarly
2k+1
oNDZ T (A flDgeld)

for 2k, 2k + 1< N, which proves Lemma 3.2. [J
Proof of Lemma 3.3. We have by hypothesis

2k—n

2k 2k
f)= §0 (=D = go (=4 EO (=" fuu (D)

2k
ST AT fld),

e
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and similarly
2k+1

fhz 2 =" 2 fueld), for 2k2k+1<N.
n=0 Kk
K+k"=n

This proves Lemma 3.3. [J
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