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Abstract. We prove existence of Gibbs states for a large class of continuum
many-body potentials through a limit process of hard-core approximations to
the potential. Dobrushin uniqueness techniques [ 1] for the decay of correlations
are then extended to a very general class of continuum potentials.

Introduction

Ruelle [11] proved existence of grand canonical Gibbs states for a large class of pair
potentials in continuum statistical mechanics. In this paper we prove, by a different
method, the existence of Gibbs states for a large class of continuum many-body
potentials. The approach we take is to add a “hard-core N-body component” ¢, to a
given potential V. @, has the effect of restricting the number of particles that can
accumulate in a spherical region of space of diameter r, to no more than N.Existence
of a Gibbs state g for the potential V + ¢, is easily established for each positive
integer N. Using some standard theorems on convergence of probability measures,
we prove that the Gibbs states {oy } converge to a Gibbs state ¢ for the potential V.

We then apply these methods to extend results on the decay of averaged two
point correlation functions established by Gross [4], Kiinsch [6], Follmer [3], and
the author [5] via Dobrushin uniqueness techniques [1]. In addition we show that
the grand canonical pressure P, for V +¢,, converges to the pressure P for V as N
approaches infinity.

Section 1. Notation and Definitions

For a Borel measurable subset 4 = R% let X(A) denote the set of all locally
finite subsets of A. X(A) represents configurations of identical particles
in A. We let (¥ denote the empty configuration. Let B, be the o-field on X(A)
generated by all sets of the form {seX(A):|snB|=m}, where B runs over all
bounded Borel subsets of A, m runs over the set of nonnegative integers, and
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|'| denotes cardinality. For later convenience we let (R,S)=(X(R?), Bga)
The measurable space (£2,S) is the same one considered by Preston [9],
Ruelle [11], and the author [5] in their studies of Gibbs measures. For any
Borel subset A of RY there is a natural isomorphism between (2,S) and
(X(A),B,) x (X(A9), B .), where A° is the complement of A (see [9, 11]). We will
identify these spaces and write

(€, 5) = (X(4), B) x (X(A°), B 4.). (1.1

Similarly if {4;} is a set of unit cells partitioning R’ we make the natural
identification

@)= [1(X(4).B,). (1)

Let B, denote the inverse projection of the g-field B , under the identification (1.1),s0
that B, is a o-field on Q.

A many-body potential V is an S-measurable map from the set of finite
configurations Q, in Q to (— oo, o] of the form

28]

V)= 3 3 o), 1.3)

N=1 yex
[y|=N

where the function ¢, on configurations of cardinality N is called an N-body
potential.

Definition 1.1. For a configuration x = (x;, X,,...,Xy) in Q, let

oo if max || x; — x; [ <r,
- ij 14
on() {0 otherwise, (14
where || - || denotes Euclidean distance in R? and r, > 0 is fixed. A potential V which
can be expressed in the form

V(x)=V'(x) +on(x)

for some potential V', and all xeQ, is called a potential with hard-core N-
component.

We define the S-measurable set R , = Q associated with the potential I exactly as
in [9, p.97] (see also [5]), and we let V (x|s), as in [5], be the energy of the
configuration xe X(A) interacting with the configuration seR , N X(A°) outside A.

The following definition of the finite volume Gibbs measure u ,(dx|s) with
external configuration seQ and A a bounded Borel set is similar to that given
in [5]. Let X,(A) denote the configurations of cardinality N in A, and let
T:AY - X (A) be the map which takes the ordered N-tuple (xi,...,Xy) to
the (unordered) set {x,,...,xy}. In a natural way T defines an equivalence
relation on AN and X,(4) may be regarded as the set of equivalence classes
induced by T. For n=1,2,3,..., let d"x be the projection of nd-dimensional
Lebesque measure onto Xu(4) under the projection T:AY - Xy(4). The
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measure d°x assigns mass 1 to X ,(4) = {}. Define, as in [5].

v )= Y -dvx, (L.5)
n=0 n '
where z is chemical activity. Corresponding to the potential ¥ and seR N X(A°),
define
exp(— BV [(x]s)
Z )

where f is inverse temperature and Z ,(s) makes u (dx|s) a probability measure on
X(A). Note that 1 < Z (S) < co0. If sn A°¢ R ,, define p ,(dx|s) to be the zero measure.

,u'A(dx |s)= VA(dx)’ (1.6)

Definition 1.2. Let {n,} denote the specification associated with f,z, and the
potential V (see [9, p. 16]) defined by

’IIA(S, A) = j ,uA(dxls), (17)
b
where AeS and A’ = {xeX(A):xU(snA)eA}.

Definition 1.3. A probability measure ¢ on (2, S) is a Gibbs state for the specification
{ma} if
o(r (5, 4)) = o(A) (1.8)

for every AeS and bounded Borel set 4 c RY.

Definition 14. A functionf :Q — Ris a cylinder function if there exists a bounded set
B = R? such that f(s) =f (s B) for every seQ. A set AeS is a cylinder set if the
indicator function for A4 is a cylinder function.

We note that any function on X(A), where A is a bounded Borel set, has a natural
extension to a cylinder function on Q via (1.1).

Definition 1.5. Let F(Q2) be the class of real valued, bounded, S-measurable functions
on Q, which can be uniformly approximated by cylinder functions.
Following Preston [9], we make the following definitions.

Definition 1.6. Let C, be the hypercube in R? of length 2n centered at the origin, and
let v, denote the volume of C\C,_,. Let

Unm = {SG.QIIS('\ Cn\cn—l | é mvn}'
For a given potential V, we let

D={seQ:V(y)<oo forall yeQ, with ycs}.

Define
Um = D ﬂ Unm’
nxz1
and
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Definition 1.7. A Gibbs state ¢ corresponding to a potential V, inverse temperature
B, and chemical activity z is tempered if o(U )= 1.

Section 2. Gibbs States for Potentials with Hard-Core Components

In this section we prove the existence of a Gibbs state, for any g and z, associated
with a potential with a hard-core N-component. We will refer to the following
conditions on a potential ¥ in what follows.

Condition 2.1

a) V is stable, i.e., V(x) = — D|x| for some D >0 and all xeQp.

b) For any bounded Borel set A, any xeX(A)nU,, and any m21,
|V (x]s) =V (x|snC,)| S ek)|x|, where (k) converges uniformly to zero for all
seU,, N X(A) as k— co.

¢ Y Y ¢x»)= —clx||s| for some ¢ >0 and all x,seQy.

N=2 ycxus
ly|=N
ynxXns¥ed

Condition 2.2V has a hard-core N-component for some N = 2.

To prove existence of Gibbs states associated with potentials satisfying
Condition 2.1 and 2.2 we verify hypotheses to theorems of Preston [9, chapter 3].
For convenience we express Preston’s results in a slightly modified form using our
notation.

Theorem 2.1 (Preston). Suppose the following three conditions hold for the specifi-
cation {m ,}:

A) Given ¢> 0, there exists an m = 1 such that = (s, U,,) = 1 — ¢ for all bounded
Borel sets A= R* and all seU .

B) For any bounded Borel set A = R® and any & >0, there exists a probability
measure w on (©,B,) and a 5 >0 such that if AeB, with w(A4) <3, then nc(s, A) <e
for any bounded Borel set C > A and all seU .

C) For any bounded Borel set A = R* and any cylinder set AcS and any m > 1,
7 4(+, A), as a function on U, is the uniform limit of a sequence of bounded S-measurable
cylinder functions.

T hen the set of tempered Gibbs states for {r ,} is non-empty. Furthermore, for each
seU, and all cylinder sets AeS,

lim 7, (s, A) = 6(A), 2.1
k— o0
where ¢ is a tempered Gibbs state (possibly depending on s).

We verify now that potentials satisfying Conditions 2.1 and 2.2 satisfy
hypotheses A), B), and C) of Theorem 2.1 for any f and z.

Lemma 2.1. Let A = R? be a bounded Borel set. If Condition 2.1 holds, then for all
m = 1 there exists a constant D,, >0, depending only on V, A, and m, such that

Vix|s) 2 — D,|x]| (2.2)
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JorallxeX(A)nU  and all seU,, n X(A°). If Condition 2.2 is also satisfied, then there
exists a D > 0 depending only on V and A such that

V,(xls) = — D|x| (23)
for all xeX(A)NU , and all seU "X (A°).

Proof : Condition 2.1b implies that we can choose k large enough so that C, > 4
and
V(x18) 2V (x[snC — |x]

for all xeX(A4)nU_ and seX(A9)nU,,. The proof of (2.2) now follows from
Condition 2.1.c. Condition 2.2 implies that for m sufficiently large U, = U and
hence (2.3) follows. This concludes the proof.

Remark 2.1. Lemma 2.1 improves Theorem 3.1 of [5].

Remark 2.2. When V satisfies Condition 2.1, Lemma 2.1 guarantees that
R, > U, and therefore m (s, -), is a probability measure for any seU _ (see Sect. 1).

Corollary 2.1. Conditions 2.1 and 2.2 imply that hypothesis A of Theorem 2.1 holds for
any f and z.

Proof. For seU N X(A°) and any z and g,
7.L'A(S’ Um) = j luA(dx’S)’
v,

where U,, = {xeX(4):xuUseU,,}. As in the proof of Lemma 2.1, U, = U_ for m
sufficiently large. Hence U,, = U’ . But U’ = X(A). Thus

T, U,) =1
for m sufficiently large because g (-|s) is a probability measure on (X(A),B ).
This completes the proof. ’

Corollary 2.2. Conditions 2.1 and 2.2 imply that hypothesis B of Theorem 2.1 holds for
any B and z.

Proof. Recall that
exp[ — BV (x1)]

m,(t,A) = J' Z 0 v (dx),
so that
_ e exp[—-prxn] 2",
7 (t,dx) = n;} Z.0 py dx, 24)

when restricted to B,,. By Condition 2.2 V ,(x|f) = +co for all |x| sufficiently large.
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Thus

o exp [ — BV (x|t)] z"
t,dx) = B —d"
mbd)= Y, Z0) nl
for some positive integer M.
Let w(4) =v ,(A’) for AeB . By consistency of the specification {r,} (see [9,
p. 90]), and Corollary 2.1,

(s, A) = | m,(t, A)nc(s, dt).

Uy

Thus
mie(s, A) S supr ,(t, A).

teUy

By (2.4), Lemma 2.1, and since Z ,(s) = 1,

exp[ — BV [x]1)]
(s, A) < ,s;;f ,af 20

< efPMy (A) =M (A),

v 4(dx)

where the right side is independent of C. This concludes the proof.
Lemma 2.2. Condition 2.1 implies hypothesis C of Theorem 2.1 for any B and z.

Proof. Let m=1 and seU,, N X(A°). Define

_cexp[ =BV (x|snCy]
s = ,{ Z (5nCp

v 4(dx).

Then f,(s) is a bounded S-measurable cylinder function on Q. Also

exp[ — BV, (x[snCy]
Z,(sNnC))
_exp[— BV,(x19)]
Z )
From Lemma 2.1, Eq. (2.4), and since Z ,(t) > 1 for all ¢, it follows that given ¢ > 0,
we can choose j = m sufficiently large so that

exp[ — BV (x[snCY] exp[ — BV (x|s)]
X(A)NUS Z,(snCy Z (s)

Ifk(s) —7'CA(S, A)I é j

X(4)

v (dx). 2.5)

v, (dx) <e. (2.6)

Combining (2.5) with (2.4) gives

exp[ — BV  (x|snCy]
| fils) = (s, A)| < Mfm . Z,(50Cy

_exp[ — BV (x]9)]
ZA(S)

v (dx) +e. (2.7)
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Recall that U, = U; when m < j. It follows from Condition 2.1b that the integral
on the right side of (2.7) converges uniformly to zero for all seU, N X(A) as
k—oo. Thus by choosing k sufficiently large, |f(s)—=,(s,4)|<2¢ uni-
formly in seU,, n X(A°). This completes the proof.

Combining the above results we have the following theorem.

Theorem 2.2. Let V satisfy Conditions 2.1 and 2.2. Then the set of tempered Gibbs
states for V at any inverse temperature [ and activity z is nonempty. Furthermore,
SJormula (2.1) holds.

Proof. The proof follows directly from Theorem 2.1, Corollary 2.1, Corollary 2.2,
and Lemma 2.2.

Remark 2.3. It can be shown that, for any § and z, the set of Gibbs states for a
potential V satisfying Conditions 2.1 and 2.2 satisfies a sequential compactness
property, and that if V is translation invariant, then the set of translation invariant
Gibbs states for V is nonempty. This follows from Theorem 3.4 and Chapter 4 of
Preston [9].

Remark 2.4. In[5] we proved the high temperature uniqueness of the Gibbs state for
a class of many-body potentials satisfying the hypotheses of Theorem 2.2, via
Dobrushin uniqueness techniques [1]. The proofin [ 5] for uniqueness (as well as the
proofs for decay of correlations) depended on the existence of the Gibbs states
considered there. Thus Theorem 2.2 validates the results of [5].

Section 3. Gibbs States for Potentials without Hard-Core Components

In this section we prove the existence, at any temperature and activity, of a tempered
Gibbs state for any many-body potential V satisfying Conditions 2.1 and 3.1 (given
below), but not necessarily satisfying Condition 2.2, i.e., we do not assume that V" has
a hard-core N-component. The method of proofis via the limiting process described
in the introduction. We will refer to the following condition.

Condition 3.1. The specification {n ;} corresponding to V, B, z satisfies the following.
Given ¢ >0,

e (DU 21 —¢ (3.1)
for all m sufficiently large and allk =1, 2, 3,....

Remark 3.1. Condition 3.1 may be interpreted to mean that the probability,
corresponding to free boundary conditions, of configurations of particles in C, with
high density is small. Condition 3.1 is fulfilled for all § and z by any super-stable
lower regular many-body potential, as shown by Ruelle [11] and Preston [9,
p. 108].

Let a potential V satisfying Conditions 2.1 and 3.1 be given and let

W= V+oy, 3.2



302 D. Klein

where ¢ is given by Definition 1.1. It is easy to check that V" satisfies Conditions 2.1
and 2.2. For fixed B and z, let o, be the Gibbs state for V¥, shown to exist in Theorem
2.2, satisfying

ox(4) = lim =, (3, 4), (3.3)

for every cylinder set AeS, where {n}} is the specification corresponding to V¥, B, z.
It follows from (3.3) that

on(f) = klim e (D5 f) G4

for every bounded measurable cylinder function f on €, since such functions can be
expressed as uniform limits of simple functions.
For simplicity in notation in what follows, let

. (-) =g (D, ). (3.5
Lemma 3.1. Let V satisfy Conditions 2.1 and 3.1 with B and z fixed. Let f be a bounded
measurable cylinder function on Q. Then given ¢ >0,
I (f) — e, (B N <e (3.6)
Sor all N sufficiently large, uniformly in k.

Proof. From (1.6) and (1.7),
Ny exp[ — V(%]
Ty (f) - X(j;‘k)f(X) ng(g)

where Zp () is the normalizing constant in (1.6) corresponding to the
potential V. To simplify notation in what follows, let us denote Z} =Z{ (Q),
Z,=Z.(D), and v, = v,. With this notation,

exp[ - BV(x)]
zy
_exp[ — V()]
Zk

By the triangle inequality and since Z,=Z) and exp[—pgVx)]<
exp[ — pV(x)],

Ver (dx),

()~ 2o (B NNE N f e |

X(Cr)

(). 3.7

exp[ - pV(x)] exp[ —BV(¥)] Wd)s | <exp[ - BV )]
X(Cx) Z;(V Zk , = X(Cr) ZkN
LAV
Z, *
y <exp[—ﬂV(x)] _exp[—ﬁV“(x)])vk( w68
X(Ck) Zk Zk

Performing the integrations on the right side of (3.8) and using the definitions of zy
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and Z,, we have

exp[ — pVN(x)] exp[ —pV(x)]
z z,

y(dx) < 2( 1 _2_’7> (3.9)

X(Ck)

It follows from the definitions of ¢, and U,, (which depends on V') that given any m
we can choose N large enough so that

A JEY
Z v, Z,

The desired conclusion now follows from (3.7), (3.9) and Condition 3.1.

vi(dx) =nc, (B, U,). (3.10)

Lemma 3.2, Let V satisfy Conditions 2.1 and 3.1 with f and z fixed. Then the sequence
{on(f)} is a Cauchy sequence for every bounded measurable cylinder function f on Q.

Proof. For any M, N, j, and k
[k (f) = 7' (N £ 7 () = 2 ()] + (=) () = 7} (- (3.11)

By Lemma 2.1 {n}(f)} is a Cauchy sequence in N (uniformly in k) for each bounded
measurable cylinder function f. Thus

|7} (f) = 7} (f)| >0 as M, N- oo,

and the rate of convergence is independent of j. By Theorem 2.2 {n}(f)} is a Cauchy
sequence in k for each fixed N and hence with N fixed,

lmy (f) — =} (f)>0 as k,j—oo.

Thus by first choosing large values of M and N, and then sufficiently large values of j
and k, the left side of (3.11) can be made arbitrarily small.
By the triangle inequality,

lon(f) = ou(N] £ loy(f) = BN +|m(f) = 7} (N +| 7 (f) — o (f)]- (3.12)

From Theorem 2.2 and the preceding arguments, it follows that by choosing M and
N sufficiently large and then k and j depending on M and N, each term on the right
side of (3.12) can be made arbitrarily small. It follows that {sy(f)} is a Cauchy
sequence. This completes the proof.

Theorem 3.1. " With the same hypotheses as in Lemma 2.2, there exists a unique
probability measure o on (L2, S) such that

lim oy(f) = o(f)
for every function fe F(Q).

Proof. As in (1.2) we write

(@5 = [1(X(1).B,) (3.13)
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For any subset K of the positive integers we let B = B (), so that BX is the ¢-field

1€k

on Q generated by the factors
[1(x(4),B,)
ieK
in (3.13). Let us denote the restriction of g to BX by g%. By Lemma 3.2 {ocK(4)} isa
Cauchy sequence for each AeBX. Thus by the Vitali-Hahn-Saks Theorem
[2, p. 160], there exists a unique countably additive probability measure ¢¥ on
(@, B¥) such that
lim oX(A) = o¥(A)
N-
for every AeBX. Since linear combinations of indicator functions of sets in BX are
sup-norm dense in the set of bounded BX-measurable functions, we also have
a%(9) — o¥(g) for every BX-measurable bounded function g. The family of measures
{o*}, where K runs over finite subsets of the positive integers, is consistent.
Furthermore, for each factor (X(4,),B,) in (3.13), B, is generated by a locally
compact topology on X(A,). Thus by Kolmogorov’s consistency Theorem (see for
example [7, p. 251]), there exists a unique probability measure ¢ on (£, S), whose
marginal distributions consist of {¢¥}. Furthermore ¢,(g) - o(g) for every bounded
measurable cylinder function g. Since such functions are sup-norm dense in F(Q), it
follows that o(f)— o(f) for every fe F(Q). This completes the proof.

Corollary 3.1. With the same assumptions as in Theorem 3.1, o(U ) = 1, and for any
bounded measurable cylinder function g,

lim e, (&, 6) = o(6).

Proof. By the triangle inequality,
lo(9) — 7. (B, 9)| < |0(g) — on(9)] +Ion(g) — 7 (9)]
+n}(9) — 7, (D, 9)|- (3.14)

By first choosing N and then & sufficiently large, each term on the right side of (3.14)
can be made arbitrarily small by Theorem 3.1, Theorem 2.2, and Lemma 3.1. Hence

an(gv g)ﬁa(g) (3‘15)
for every measurable cylinder function g. From (3.15)
e (D, A)— o(A)

for any cylinder set A. Since U, is a countable intersection of cylinder sets and since
by Condition 3.1, given any ¢ >0

e (S, U, >1—¢

provided m is sufficiently large, it follows that g(U,,) > 1 — ¢ for m sufficiently large.
Thus since ¢ is arbitrary and U_ = |J U, a(U_)= 1. This concludes the proof.
m21
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Corollary 3.2. With the same assumptions as in Theorem 3.1, o is a tempered Gibbs
state for V, 3, and z.

Proof. Let A be abounded Borel set in R%. By Lemma 2.2, for any cylinder set AeS,
7 ,(s, A) can be uniformly approximated on U,,, for each m, by a bounded measurable
cylinder function. It follows from Condition 3.1, Corollary 3.1, and the triangle
inequality that

lim me, (5, 7 (s, A)) = (7 (s, 4)). (3.16)
k— 0

But by the consistency of the specification {r ,} we can write, as in the proof of
Corollary 2.2,

an(Qv 7IA(S, A)) =TCC;((®’A) (317)

for all k large enough so that A = C,. Combining (3.16) and (3.17) and letting
k— oo gives a(A)=o(n (s, A)) for any bounded measurable cylinder set A.
A standard argument in measure theory shows that o(4) = o(n (s, 4)) for any
AeS. Temperedness follows from Corollary 3.1. This completes the proof.

Remark 3.2. If g, is translation invariant for each N, then the Gibbs state ¢ of
Corollary 3.2 is also translation invariant.

Section 4. Applications

In this section we give two examples in which behaviour of a potential V'™ with hard-
core N-component implies similar behaviour for a related potential ¥V without any
hard-core component. The basic tool for this is the convergence result of Sect. 3,
namely, if gy is the Gibbs state for V¥ =V + ¢, described in Sect. 3, then

on(f)—a(f) (4.1)

for fe F(Q), where ¢ is a tempered Gibbs state for V.
We begin with an extension of a theorem on the decay of correlations givenin [5,
p. 244].

Theorem 4.1. Let d(-,-) be a translation invariant semimetric on 7° = R*. Let VN be a
translation invariant potential satisfying Conditions 2.1 and 2.2 and Condition 3.1 a
and b of [S]. Then for sufficiently small values of B and z, there exists a unique Gibbs
state o for VN satisfying

lon(f9) — ax(Hon@)| = Cne™ "2 f1allg “.2)

foralla,beZ?, f,geF(Q)such that | f ||, | g|l, < oo for each ceZ%, and some constant
Cy depending only on z,  and VN. The norms |- ||, for ceZ* are defined in [5].

Remark 4.1. This slightly improves the result in [ 5] by removing the restriction that
the N-body components of V for N> 3 be of finite range and by guaranteeing
existence of the Gibbs state gy.
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Proof of Theorem 4.1. Condition 3.2 of [5] holds by Lemma 2.1 of this paper and by
Remark 3.1 of [5]. Also, by Condition 2.1 and Lemma 2.1 of this paper, the left side
of inequality (3.11) of [5] converges to zero as n — oo, establishing the conclusion of
Theorem 3.2 of [5] for potentials considered here. It follows from this, that the
conditions given on the top of page 244 of [ 5] are satisfied and hence the conclusions
of Theorem 4.1 of [5] hold for potentials considered here. Existence of g, follows
from Theorem 2.2. This concludes the proof.

Remark 4.2. The above proof extends the stronger result given by (4.3) of [5] to
potentials satisfying the hypotheses of Theorem 4.1, but we will have no need of this
result in what follows.

A variant of inequality (4.2) can now be extended to a Gibbs state for a potential
V without a hard-core component. In the theorem below we let VY =V + ¢ ;0 and
o are the same as in (4.1).

Theorem 4.2. Let V satisfy Condition 3.1 a and b of [5] and Conditions 2.1 and 3.1.
Given'f, ge F(Q) such that | f|., |9, < oo for all ceZ* and ¢ >0, N can be chosen
sufficiently large and B and z sufficiently small so that

lo(f9) — a(f)a(@)| < Cye™ V| flLllgll, +e “43)

for all a,beZ". The quantities Cuw -l I NIy, and d(-, -) are the same as in Theorem 4.1.
Proof. The proof follows directly from (4.1) and Theorem 4.1.

Remark 4.3. Theorem 4.2 extends Dobrushin uniqueness techniques for the decay of
correlations to potentials on the continuum without hard-core and without any
positivity restrictions. We point out that smaller values for the constants C, than
those given in [5] could be obtained through the analyses given by Kiinsch [6] and
Follmer [3].

As a second application of the techniques of Sect. 3, we show that the grand
canonical pressure P, corresponding to the potential V'Y = V' + ¢, converges to the
grand canonical pressure P corresponding to the potential ¥, as N — co.

The pressure P(z, B) for z, f and a potential V is given by

1
BP(z,B) = khm i logZ,, (4.4)
— 00 k

where Z., = Z, () is the partition function defined in (1.6), and the hypercube C,
with volume |C, | is given in Definition 1.6.

Theorem 4.3. Let V satisfy Conditions 2.1 and 3.1. Assume that the grand canonical
pressure Py(z, p) corresponding to VN =V +qy, exists for every N. Then the grand
canonical pressure P(z, B) corresponding to V exists and

A}im P\(z, B) = P(z, B). 4.5)

Proof. As in the_proof of Lemma 3.1, let Z} = Z{ () and Z, = Z (). We first
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show that {P(z, f)} is a Cauchy sequence. By the triangle inequality,

[BPx(z, B) — BPy(z, B)| < |BPN(z B) — WIOgZN ﬁlogzN
k
ﬁ log ') + el Zy' — BPu(z, ﬁ)’ (4.6)
k
The second term on the right of (4.6) can be rewritten as

1 1 zy

——log ZY — ——log Z}!| = £
ICl ICl ICyl
Asin (3.10), for sufficiently large N and M, this is small umformly ink. Now choose k
large enough and depending on M and N so that the first and third terms on the right
side of (4.6) are small. Let P(z, f) = lim P,(z, §). It remains to show that

N- oo

lo 08

P(z,p) _khm ic |log Z,. 4.7
- 00 k

This holds by the following applicatlon of the triangle inequality.

1
——logZ, ———log Z¥

08— PP < | T
k

ICI

1
log Z — BP(z, B)| +1BPy(z, B) — BP(z, B)I.

+‘_
|Cil
By choosing N first and then k we see that (4.7) holds. This concludes the proof.

Remark 44. The existence of the grand canonical pressure P is already known for
superstable, lower regular potentials V (see Ruelle [11]). We include Theorem 4.3
to establish further the relationship between V and V™.

Theorem 3.1, Corollary 3.2, Theorem 4.2 and Theorem 4.3 show that some
statistical mechanical properties of continuum potentials may be studied by
investigating related potentials with hard-core components. These hard-core
approximations give rise to models which more closely resemble standard lattice gas
models. It may be expected then that some techniques successful in the study of
standard lattice models could be extended to yield results on continuum models via
this process, as was demonstrated above in the case of Dobrushin uniqueness
methods.
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