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Abstract. We develop a rigorous semiclassical expansion to compute the radius
of convergence of the Borel transform for the pressure in (¢*), field theory. This
result gives a partial justification for the Lipatov method of finding large order
perturbation theory asymptotics in quantum field theory.

1. Introduction

The Lipatov method is an interesting formal technique for finding the large order
behavior of the perturbation coefficients in certain divergent perturbation series.
The real power of this method is that it is applicable to the perturbation series
which occur in quantum field theory. The basic idea of the approach, initiated by
Lipatov [1] and extensively developed by Brezin et al. [2—4], is to use a path
integral representation for the k'® perturbation coefficient in the perturbation series
and then to do a formal semiclassical expansion of the path integral as k— oco.
Knowledge of the large order behavior of perturbation theory may be combined
with summability methods, such as Padé or Borel summation, to do numerical
calculations (see [5] and other articles in the same volume for more details). Of
particular interest for field theory are the calculations of critical exponents done
by Le Guillou and Zinn-Justin [6—8] based on the perturbation theory asymptotics
of [2]. Our result described in the abstract gives a partial justification, for (¢*),
field theory, of these large order asymptotics and of the Lipatov method of deriving
them.

In order to state our result and describe its connection with the Lipatov method
calculations, consider a (¢*), field theory with partition function

Z(3) = [ e~ dyX
in which V(¢)= [:¢*x):d’x,A=[—T/2,T/2]>, and X =p (periodic), D
A
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(Dirichlet). The mean-zero Gaussian measure du* has covariance

[o(NPlg)dpt =< f(— Ay +1)""g),

where (,) is the L*(A) inner product, 4, is the Laplacian with X = p, D boundary
conditions on A, and the Wick ordering in V(¢) is with respect to du*. The (¢%),
pressure is then defined as

1
p(A)= lim —InZ (A
)= s g A

(p(4) is independent of the choice of boundary conditions for Z,(1) [9]). The
pressure has a divergent perturbation series [10]

P~ Y @l (1.2)

k=0

which is known to be Borel summable [11]. In particular, the Borel transform
B(?) has the representation

m-z;k (13)

for ¢ in a disk of non-zero radius R.
Next, we will need the functional S(¢) defined by

S(g)=3% | [(Vo)(x) + ¢*(x)1d*x —In | ¢p*(x)d*x (1.4)
R2 R2
for ¢ in the Sobolev space W -*(R?), which is the completion of CP(R?)in the norm

ol .= j [(Ve)*(x) + p*(x)]d*

We can now state our main result:

Theorem 1.1. Let R be the radius of convergence of the Borel transform defined
in (1.3). Then

1/k

R™' = lim =exp [ — infS(¢) + 2]

k— k'

in which the infimum is over all pe W *(R?).

Remark. It will be shown in Lemma 2.1 that S(¢) is bounded below and attains
its infimum.

In order to see how this result follows from a semiclassical expansion, we note
that Z,(4) also has a divergent perturbation series

Z (A~ Z b ()1
in which

(=1 (V"
bi(A) =" I VR@) kdu, (15)
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where the Wick ordering in V(qS/\/IE) has been scaled as in (1.14). The connection
between the two series will be shown by using

1 dk

ai(A) = AR, InZ (%) (1.6)

for X = p, D, which are the finite volume analogs of the perturbation coefficients
n (1.2).
Before stating the next results, we define the functionals

Sxld) = A[(qub )?(x) + ¢*(x)] d*x ln§¢>4(x (L7

where V, is the gradient obeying X = p, D boundary conditions.
Theorem 1.2. If X =p, D, then

lim ([ V*(¢p/\/k) dp)t/* = e~ infsx(®), (1.8)
k—

Remarks. 1. The infimum in (1.8) is taken over ¢peW 3% (A) for X =D, and over
pe WA (A) for X = p. If we consider the norm

JL(Vy)*(x) + ¢*(x)] d*x,

then W {-%(A) is defined to be the completion of C¥(A) in the above norm for X = D,
and W1%(A) is the completion of the periodic C! functions in this norm for X = p.

2. Our proof of (1.8) could easily accommodate other choices of boundary
conditions. However, X = p, D are the most useful choices for proving Theorem 1.1.

Corollary 1.3. Let X =p, D. Then
ai (A)
k!
Remark. (1.9) will follow from (1.8) by showing that

1/k
lim

k—

—exp[—infS (¢) +2]. (19)

1/k 1/k

a(4)

b¥(A)
k! ~

k!

as k— oo. The e? factor in (1.9) comes from Sterling’s formula applied to the
[k2%/(k1)* 1Y% term in [bE(A)/k! |-

Theorem 1.1 is an immediate consequence of Corollary 1.3 and the following
bracketing inequality.

Lemma 1.4. [12, Lemma 2] For all k and T,
(= DFa(4) = (= D, < (— D*af(A). (1.10)
Proof of Theorem 1.1. Combining Corollary 1.3 and Lemma 1.4 yields

1/k

exp [~ inf S,(¢) +2] < lim i’L <exp[—infS,@)+2].  (L11)
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In Sect. 3, we will show that lim (infS,(¢))=infS(¢), and this will
[A]= o0

complete the proof of Theorem 1.1. []

While the exact knowledge of the radius of convergence R for B(t) is of use in
the numerical calculations of [6—8], we feel that the real merit of Theorem 1.1
is as a partial justification for the formal but quite believable full asymptotic
formula K+ oo 2k

a ~ ab*k (1.12)

which follows from the Lipatov method calculations of [2]. If (1.12) is true, then
we have computed b= R~ *-e~2 We hope that the methods of this paper may
serve as a starting point for a proof of (1.12).

Our proof of Theorem 1.2 will be by a Laplace-type asymptotic expansion for
the functional integral in (1.8). The asymptotic expansion may be seen on an intuitive
level by dropping the Wick counterterms in V(¢), so that formally we have

) Vk((ﬁ/\/E) duX = je'ka(d’/«/k) dé,

where d¢ is a non-existent measure. Therefore, (1.8) is equivalent to the formal
computation

lim (f e ~kSx(d/vk) d(j))l/" = ¢ nfSx(®) (1.13)
k—

which is clearly a Laplace expansion.

In a field theory which requires renormalization, the treatment of counterterms
in a Laplace expansion is an interesting question. For a general polynomial
interaction V(¢, 1) which includes counterterms, the calculations of [2] proceed
on the principle: amongst terms in V(¢, 1) which are of the same order in A, those
which are lower order in ¢ will not contribute to the leading order asymptotics
(see the remark below). In particular, the calculation (1.13) will not be affected by
counterterms. While this is plausible for super renormalizable (¢*),, theories (our
result proves it for d =2), the fact that one must be careful is shown by two
interesting examples of Herbst and Simon [13]. They construct two anharmonic
oscillator-type hamiltonians of the form p?+x%—1+ V(x,1), where V is a
polynomial and p = — id/dx, which have ground state energies whose perturbation
coefficients a, = 0, for all k. However, if one follows the above principle and drops
lower order terms in x to a given order in A from V(x, 4), the resulting hamiltonians
have groundstate energies with perturbation coefficients which grow like k! (see
[13] for details).

Remark. While counterterms are not supposed to affect (1.13), the calculations of
[2, 7] show that there is a renormalization effect on the constant a in (1.12). That
is, the constant a is usually given by a determinant and counterterms will modify
this into a renormalized determinant (the det, of [19, p. 107]).

Our method of dealing with the Wick counterterms in V{(¢) will be to use the
lattice approximation to (¢*), [14, 15], but with the lattice spacing § depending on k,

6 = O(k™%) for small ¢. The interaction in V(¢/ ﬂ) will then be of the form

G-
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where ¢, is a lattice field and ¢, is the Wick constant. As is wellknown, ¢; = O(In§ ~ 1),
so the new Wick constant c;/k will obey

C; Ink

o)
We will be able to use this to show that only the (¢ 5/\/E)4 term in (1.14) contributes
to the Laplace expansion in (1.8).

The outline of the paper is as follows. In Sect. 2 we will derive upper and lower
bounds which will prove Theorem 1.2. Corollary 1.3 will then be proven in Sect. 3,
where we will also show that infS,(¢)—infS(¢) as (4| — oo, which is needed in
the proof of Theorem 1.1.

2. Leading Order Asymptotics for b¥ (A)

We must first establish a number of definitions for the lattice approximation,
mostly following [9]. Let A; = A L,, where L, = {dn|n =(n,,n,)eZ*} and 6 is the
lattice spacing. The lattice measure du} ;, X =p, D, is defined as the mean-zero
Gaussian measure with covariance

Gy=(A4%) T=(—45+17!
where 4% is the finite difference Laplacian with X = p, D boundary conditions.
Explicitly,
duX ;= e~2<a4ia> dgN* |
where N* is the appropriate normalization and {q,q>= Y &%¢%. It is

neds
convenient to be able to define the lattice theory in terms of the continuum theory

by the identification g, = ¢(f7;), so that
[ S 2D o) s = (G m = [ 4um 1 5
(see [9, Sect. IX.1] for f7;). Next, let
Vi) =0 Y :p5(n): =06 ) qy

neds neds

in which ¢,(n) = ¢(f,). The above Wick order will always correspond to the
measure du with which we are integrating Vy(¢) (i.e., the Wick lattice constant
¢5(n) = (G%),,)- We will also need

Vo,a(‘l)=52 Z ‘I:

neAds

and its continuum counterpart
Vol#) = | ¢*(x)d*x
A

(Vo(¢p) will only be used when ¢ is a function). Our last definition is

Siq)=13{q. A%q> —InV, (q), X =p,D.

We begin with an elementary lemma.
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Lemma 2.1. The functionals Sy(¢), S4(q), for X =p, D, and S(¢) all attain their
infimums.

Remark. 1t will be useful to have functions ¢°, ¢°, and 5 for which

Sx(¢c) = infsx(¢)’
S%(q°) = inf S3(g).
S(r°) = inf S().

We are suppressing the dependence of ¢¢ and ¢° on the different boundary
conditions, as this will not be important for our purposes. The above functions
are not necessarily unique, as S,(¢) and S(¢) are invariant under translations, and
S%(q) is invariant under translations mod §.

Proof. The proof will be given for S;(¢) as the other cases are virtually identical.
By the Sobolev inequality [17]

1/2
lolla= Const<j [(Vp)*(x) + </J2(x)]d2>¢>

(Ill4 is the L*(A) norm), it follows that S,(¢) is bounded below. The Rellich—
Kondrachov Theorem [17] then shows that a weakly convergent sequence in
W2(A) has a strongly convergent subsequence in L*(A), so if {¢,} is a minimizing
sequence for S;(¢) we have

Sp(¢°) = lim infSp(¢,) = infSy(¢),

n— oo

where ¢° is the function to which {¢,} converges weakly and we have used
the weak lower semicontinuity of the W} *(A) norm. This proves the lemma for
Sy(d).

The only case which needs further comment is that of S(¢), since W*3(R?) is
relatively compact in L*(4) only for A4 bounded. However, as in [16, Prop. 3.4]
we may use symmetric rearrangement to obtain a minimizing sequence for S(¢)
of symmetric monotone decreasing functions. By combining Lemma 1 of [19] and
Theorem 222 of [17], this sequence will be relatively compact in L*(R?) and the
proof proceeds as before. []

As mentioned in the Introduction, we will prove Theorem 1.2 by using the
lattice approximation, but with the lattice spacing § depending on k. The explicit
dependence we choose is

8 = TJQ[k] + 1),

where [-] is the greatest integer function and ¢ <4. The above choice of 6 is
consistent with the number of lattice sites in A being an integer and with the usual
convention that the sides of A lie midway between lattice sites. Note that § =
O(k™® as k— o0.

Proof of Theorem 1.2. Lower bound. We consider separately the cases of k odd
and even. For k even, the proof is quite simple and does not even require the
lattice approximation. Therefore, let k = 2j, with j a positive integer. We will obtain
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the lower bound by translating to the minimum of S,(¢) and then using Jensen’s
inequality. If we translate ¢ — ¢ + \/Ej)‘, then

j Vk(d)/\/%)d'uﬁ = e‘(k/2)<¢f,Ax¢‘>j' Vk((ﬁ/\/E + ([)c)e_\/"<4"Ax¢"> d//»il(
@2.1)

= o WA [Vt gle T VROA Ty
where Ay, = —A4,+ 1. Since the term inside the square brackets in (2.1) is

non-negative, we may apply Jensen’s inequality to obtain

FIVAS/ K+ ei VoS duX 2 [ [ V) /& + §9)e=Cr/ionsd duX ).
(2.2)
Combining (2.1) and (2.2) yields

([ V) dyif)! 1+ 2 e AL [Vt pe)e CHVRIOAD dyf T2
= e W AxsOY (b 1 4+ O(1/k)] V>
= e~ SX[1 + 0(1/k)], (2.3)

and this is the lower bound for k = 2j.

In order to obtain the lower bound for k odd, it will be necessary to use the
lattice approximation with our k dependent choice of §. We will start with a lemma
for which we define the set

A= {$IV(d//k) = Vi /R) <k~ P}.

In the following, C will be used to denote various k independent constants.

Lemma 2.2. Let 6= T/Q2[k*]+ 1), 0 <& <3, and choose 0 < f < ef. Then

) wi{glped™}se
(11) §XA~(¢)Vk(¢/\/IE)duﬁ ée—(‘kl+n
where 1= (¢0 — B)/2 and 0 is defined in (2.5).

Proof of Lemma 2.2. The proof of part (i) is based on the Nelson semiboundedness
argument [14, sect. V.2]. From the definition of the set A, we see that

pallped™ ) = ui{dlIV() — Vid) 2= k* 7}
S k=GP FIV(g) = Vi) duy
S kmCPrp — )PP V(P) — Vi) 5
< Czlak—(Z—li)pplpk—wp, (2.4)

where we have used hypercontractivity [14, Theorem 1.22] in the third line and
the standard estimate [15, sect. 9.5]

V() = Vi) |, = 059, 2.3)
with 0 <1 in the last line (|| ||, is the I(dp’) norm). The choice
p= C;l/z,e—l,k(z—pno)/z _ Cf1/2~e_1-k1 +

turns the final inequality of (2.4) into the claimed estimate of part (i).
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For part (ii), Schwartz inequality and hypercontractivity yield

[2a~@)VH /) ik < i {plpeA™ ([ V2Hg/ k) dy)'
< S {plpe ™} Pk — )™ V(g /)15
S i{dloe AT 222 V()15
and the estimate of part (i) completes the proof. []
Part (ii) of the lemma gives us
[ VMO0 = § 1 (@)VH($// 1 dus + 0"
= e-02 A5 [ 1 APV KD/ Sk + §)e=Vioa> dpX
+0(e= ") (2.6)

where we have translated, ¢ — ¢ + \/Ecj)‘, in the second line of (2.6) and

Ladd) = 14(¢ + k).
If pe A, then
V(d//k+ ¢ 2 Vi) k + ¢) — k%,

and so -
Vi k+ ¢ 2 TV DIk + 69— k1,
since k is odd. Combining this with (2.6) yields

N B PN AN R e
.e_\/k<¢,Ax¢"> d'ui{l + O(e_ckfn,). (27)

Remark. Since ¢y(n)=¢(f);), the summand in V(¢ /ﬂ + ¢ is o(f) a)/\/E +
PSS msd-
Ne):t, we define the set
B={p|V¢//k+ )2k},

so that (2.7) may be written as

JVHOIN I dyt Z et Ax [y BV b+ ) = kT
VKD Ax$D gy X jXAtnr(d’)[k“” _ V&(d’/\/k'*’ 9]¢

e VK Axe) XY 238)
and we are omitting the O(e~*'"") term from (2.7) for the remainder of the proof. We

may now use our previous Jensen’s inequality argument to obtain

§ 2 s @ DVad/n b + ¢9) — kP Tre ™ VECHAx dyX 29
9)
2 [ 1aers @V V@) ke + ) =k Pe™ 120400 ATy | pe ' BY
and we will show at the end of the proof of the lower bound that

ui{plped' nB} =1—0(e~*"). (2.10)
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By straightforward estimates such as (2.10) and
[ Hanp(@e* oAyl = [e=k""RoAxd dpy
— [ Xatem (P)e+oxs 4y
= e—(/2k™ P Axg"> — O(e—Cklla)
=1-0(1/k),
we may simplify the last line of (2.9) so that
jXA‘nB(¢)[I<§(¢/\/7(— + @) — k™ P]ke ™ VR Ax d,uﬁ
2 V5 {901 ~ O~ HT[1 = O(e™ "] 7~ (2.11)

The second term in (2.8) may be estimated by using

ik 09z o (%))

to obtain

2
0<k™’ ~ Vi@ /k+ )k + o<(l_k£> )
for peA'~B~. This yields
jXA‘nB~ (¢)[k_~ﬂ - V;s((b ﬁ + ¢C)]ke—\/k<¢,,4x¢c> d‘uﬁ

-8 Ink\*\ 1 — VKb Ax TS ], X
<{k*+0 T fXA‘r\BN(d))e ’ d/‘A

i ( k), (2.12)
jXAlI\B (¢)E Vi3, >d“'1 Se{/)<¢¢‘y‘1x¢c>'

Combining (2.8), (2.11), and (2.12) gives us
FVHOR/Rydyk 2 e 2040V ()11 = Ok ™HTHT = (e — 0k},
and so

(J VH(p/ /R k)M 2 =120 4x40Y, (G [1— O(k=#)]. (2.13)
By the remark following (2.7),

Voo(#9)=0% ) (K¢ fasd),

neAs
and so (2.13) will yield the correct lower bound as it easily follows from
[9, sect. IX.1] that ¥ s(¢)— V,(¢°) as k— oo (or § —0).
It remains to prove (2.10). This will follow from Lemma 2.2(i) and from
1i{plpeB™} = O(e= "), (2.14)

Since V;, ,(¢°) — V,(¢°) as k — oo, assume that k is large enough so that k=% < ¥, ,(¢°).
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This yields

W plpeB™ ) = {1V @/ k+ ¢) — Vo ) <k~ =V, 9}
= 1w {D1Vo o(69) = Vold/ /K + ¢ > Vi o) — k4
< [Vo 05 — k0177 [ Vo %) — Va(@/s/k + )17 dpu
é e—Ckl/“
by the same argument as in the proof of Lemma 2.2(i), but now using
§ Vo o(69) = Vi/n/k + ¢9)? dp < Ck
instead of (2.5).

Upper Bound. We will again use our k dependent choice of § for the upper bound.
First, we combine

FVHP/R) duX < [ V(g /RN  duk = [ V() /) Ik
with the estimate
V@B = 1V d/ /0 1 S IV(9//0) — Vil /R
< (k=12 V(G0 — Vb0 |15
< V() = Vi),

= 0(8%
= O(k=*9 (2.15)
to obtain
(§ VE// 1) Ak < (§ V(b)) F dpk)VE + Ok =*9). (2.16)

We have used hypercontractivity in the second line of (2.15) and (2.5) in the fourth
line. The same argument may again be applied to find that

HVAD/NBN— 1V b/ 0) 1 = 1Vib/K) = Vo b/ R
< (k= DIVid//K) = Vo b/ /)

k—1
= 1) = Vo)

- o<(lnkk)2 > 2.17)

where the fact that Vy(¢) — V, s(¢) is only quadratic in ¢ has been used in the
hypercontractive estimate. From (2.17), we obtain

2
IV /Ry < ([ V5 (/) dp) e + o(““ K > 2.18)

k
Now by using g, = ¢(f¥;) and the definition of du} ,;, we may write

[V b0 dus = [V fa/ /R du

= jekI“VO"‘(q/‘/k) dﬂi 5
= [e~*ska/VB dgN*, (2.19)
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and by scaling g — \/Eq, we obtain
[e=kt@ ViodgNX = |2 | e-kska dgN*, (2.20)
where n = (2[k*] + 1)® = O(k**). If we assume k > 1, then
k[S3(q) — S5(q)] = S3(@) — S
and this yields
je—ks‘;(cndq NX = e-k8%49 j e~ sk -S3aN dgN*
< e~ kska) 536 [ e~ S0 dgN'¥ . (2.21)
The integral in the last line of (2.21) may be estimated as
[eSx@dg N = § Vo o@)du 5
= O(In*(k)),

where the last line follows from (G%),, = O(Ink) by our choice of §.
Combining together (2.19)—(2.21) gives us the upper bound

§ V5 s/ 0 dp < Cemrsiarni - owai, (2.22)

in which we have used k"* = exp[0O(k**-Ink)] and ¢ < 4. Therefore we obtain from
(2.16), (2.18), and (2.22)

lim (] VHg//k) du) < exp[ — lim s;uqf)]. (2.23)

We will show at the end of -this section that S%(g°)— S,(¢°) as k— co (or §—0).
This will yield the desired upper bound

lim ([ V¥(p//k) du¥)'* < e~ Sx 9, (2.24)
k— o0
which finishes the proof of Theorem 1.2. [
The next lemma supplies the step from (2.23) to the upper bound (2.24).
Lemma 2.3. A4s § —0, S3(q°) > Sy(¢°) for X =p,D.

Proof. If we let ¢5(n)= ¢“(nd) for ned,, then S%(d5) = S%(¢°). The minimizing
function ¢° is smooth [18-207, so S4(¢5) — Sy(¢°) as § -0, since this is just saying
that the Reimann sums converge. Therefore,

lim §3(¢9 < S,(#). (2.29)
Now ¢° is a critical point of $%(g), so it will obey the equation
(= 4%+ Dg° =449’/ 24652(4?.)4~ (2.26)
Taking the inner product of (2.26) with ¢° yields
(g (= A5+ g > =4 (2.27)

It is useful to think of ¢ as a piecewise constant continuum function g°(x)
defined by ¢9(x) = g% when x is in the square of side ¢ centered at the lattice point
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on. It follows from this definition that &2 Zlq,,l"— j d?x|q‘(x)|P, and so the

continuum identification along with (2.27) shows that there exists ¢, e L*(A) for
which a subsequence ¢° — ¢ and (— 4% + 1)1/?¢° — ¥ both weakly in L*(A) as § —0.
Next, we consider
g — GY? Pl = G (= 4%+ 1) g — G2 ¥
< GYVH(= 45+ D2 = ¥) [, + 1((GH'* = GY P |,
S WGP = G2 I(— 45+ )2 — ¥,
HIGYH(— 45+ D¢ = V), + I(GP'? = G|,

The norm convergence of (G4)'/? (see for example [22, Lemma 3.9 and Appendix
B]) and the compactness of Gl/ 2 imply that for a subsequence ¢° — GY? ¥ strongly
in I*(A). This shows that ¥ =(—4,+1)"?¢ and so ¢°>¢ in L[* with
[(— 4, +1)?¢||, finite (i.e. ¢ belongs to the appropriate Sobolev space, as defined
in Remark 1 following Theorem 1.2). We also have L* convergence of ¢° — ¢ since
we may show that ||¢°| , is uniformly bounded as § —»0. This is a consequence

of (2.26), as
/ lg°lz

s / 121 (2.28)

where we have used [|G(x, (g9 |; = |GH%, )4l (@)’|l4/5- The G term in the
last line of (2.28) is bounded [15, Proposition 9.5.7], and |¢°|, 0, since S3(¢°)
is bounded. The same argument also shows that || @], is finite. Therefore, the L*
convergence and (2.25) easily prove that for a subsequence

lim $3(q) = Sx(¢) = Sx(¢). (2.29)

19, =4sup IG (x, 1)@ )d?y

<4sup
xed

[ 1G%(x, y)I*d*y

However, given an arbitrary subsequence of {S(¢%)}, the above argument and
(2.25) will allow us to extract a sub-subsequence for which (2.29) holds and so the
original sequence is Cauchy. [

3. Leading Order Asymptotics for a* (A)

The purpose of this section is to prove Corollary 1.3 by showing that the large
order behavior of af(A) follows from that of b¥(A).

Proof of Corollary 1.3. The proof is very similar to that of [16, Lemma 2.2], to
which we will refer for details. We will drop the X and A notation from ajf(A) and
b¥(A), since this dependence will play no part in the proof. To begin with, we may
use (1.6) and the Taylor series for In (1 + x) to obtain

1 k (_l)m—l

ak=m z

m=1

B(k, m), (3.1
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in which

Blk,m= Y ] b
ki H...thkm=ki=1

4

Our goal is to show that |a,|'/* ~ |b,|*/* as k— co. If we left
— 1)
b =" L Tv@tan

then g, may be written as

1 k -1 m—1
o=yt 1+ 6600 3 S B | 62
The proof of [16, Lemma 2.2] then yields
k . 1 m—1
> (__n)l (b%)~ ' B(k, m) = — 0(1/k) (3-3)

We have multiplied and divided by b} in (3.2) as it is important for the proof of
(3.3) that the functional integral in the denominator of B(k,m)/b} is an L*(du)
norm (see (2.8)—(2.10) of [16]). We also note that as in [16, Lemma 2.2] we may
show that |b¥| is log convex in k, and since [b,| < |b}¥| this will suffice for adopting
the proof of [16, Lemma 2.2] to showing (3.3). Briefly, the log convexity of |b¥|
shows that
[b¥ bl < 3B,

for 2<j<k—2, and so

k—1

[Bk,2) < ). [bFbf_ < 21b¥bi_ | + (k= 3)[b3bf_,| < Clb¥_ .
j=1

This bound and

k—m+1

Bk,m)= Y b,Blk—nm—1)

then yields an inductive proof that
IB(kam)lécmqllbf~m+1|‘ (34)
The remainder of the proof involves showing that

1D+ 1 _
Dhzmr 1l <(C/k)m 1,
b = (C/k)
which together with (3.4) yields (3.3).
In order to complete the proof of Corollary 1.3, we may use (3.2) and (3.3) to
obtain
ﬁc_ 1

1k
| (1 — /by O(1/k)TH™. (35

a7 =
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Since b}/b, is positive, dropping the O(1/k) term gives us
1/k

(3.6)

Applying the inequality (1 —x)"*=(1 —x'%)'* for 0< x <1 (to (3.5) yields the
lower bound
1/k

(1 — (b¢/by) " [O(1 /ky] T, (3.7

b
a

where we note that (3.2) and (3.3) show that 0 < (b§/b,)O(1/k) < 1. The upper and
lower bounds of Sect. 2 then yield

lim (bf/b)'* =1,

k— 0

lakil/k 2

and so
lim [1 —(b#/b) " [O(1/k)] ] = 1. (3.8)
k— o0
While it should certainly be true that (b}/b,) ~ 1 as k— co, we find it difficult to
show this with the bounds of Sect. 2 for k odd. This is why we have used (3.7).
It is worth nothing that the stronger upper bound

(=1
4]

follows from the Feynman graph representation for g, and b, (see for example [15,
sect. 8.1-8.3]), in which (— 1)¥b,/| 4] is the sum of all graphs with k vertices, 4 lines
attached to each vertex, and no line beginning and ending at the same vertex. The
graphical representation for (— 1)kq, is identical, but with the additional restriction
that all graphs are connected and this yields the inequality.

We may now combine (3.6), (3.7), and (3.8) to obtain |a,|'/* ~ |b,|'/* as k — co.
This may be used with Theorem 1.2 and the remark following the statement of
Corollary 1.3 to prove (1.9). [

The final step in the proof of Theorem 1.1 is to apply the following lemma to
(1.11).

Lemma 3.1. Let X =p,D Then |lilm (inf S (¢)) = inf S().
A|= o0

(= l)kak = by

Proof. We know from Lemma 2.1 that there are functions ¢° and #° for which
Sy(¢°)=1nf Sy(¢) and S(°) =inf S(¢) (we are suppressing the dependence of ¢°
on the boundary conditions). The proof will be given for X = D, since the periodic
case is similar. If we define

(x), xeA
o= [P0

then the smoothness of ¢ [18-20] implies that V,¢‘(x) = V¢$(x), xeA, and so
$e WHA(R?) with S(¢°) = Sp(¢°). Since S(¢°) = S(x°), this yields

lim S,(¢9)2 S (39)

|Al-
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Now it follows from [197] that we may take #° to be a positive, spherically symmetric,
monotone decreasing function which decays exponentially at infinity. Next, define
7= p,n°, where p , is a C§ function with support contained in A which is identically
one in the smaller box [—T/2+ 1,T/2—1]?% and p,(x)<1 for all x. We have
that i7°e W{?(A) and that S(7) = S(77) = Sp(¢°). This implies that

n lilm Sp(°) = S(r°), (3-10)

since S(7)— S(°) as |A|— oo follows easily from the uniform fall off of #° (see
Lemma 1 of [19]). This proves the lemma for X = D and it is not hard to show
that lim (infS(¢) —infSy(¢))=0. J

|A]= o
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