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Abstract. The concept of gravitational energy and the proof of its positivity are
reviewed. The relationship between Witten’s proof of the positivity of mass and
supergravity is explained with reference to the group of global supersymmetries
of a spacetime. A formula for the mass is given, in terms of the change of the
supercharge under global supersymmetry, which has a simple positivity theorem
and which reduces to Witten’s expression. An interpretation of Witten’s
constraint on the spinors used in his proof is given.

Introduction

In special relativistic theories there is a conserved total 4-momentum and angular
momentum associated with the translational and rotational invariance of flat space
[1]. These first integrals of motion give important constraints on the dynamics,
independent of the details of the mechanisms involved.

In general relativity, on the other hand, space—time is curved and in general has
no global group of isometries. If the space—time has suitable asymptotic behaviour,
however, one can define conserved charges associated with the generators of the
group of motions of the asymptotic region. The case most often considered is that of
a space whose metric tends asymptotically to that of Minkowski space, de Sitter
space or anti-de Sitter space with the Poincaré group or the (anti-) de Sitter group
as the asymptotic group. In particular, the energy is the charge associated with time
translations.

Gravitational potential energy is negative since gravity is attractive. In
Newtonian theory, the potential is unbounded below so that the energy of a
gravitating system can be made arbitrarily negative by reducing its size, while in
Einstein’s theory the potential is even more negative. The energy of the gravitational
field is non-local, since the Equivalence Principle implies that the strictly local effects
of gravity can be removed by choosing a local inertial frame. The total energy
receives positive contributions from matter and negative contributions from
gravitational potential energy and so could, in principle, be of either sign.
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There are two types of mass that can be assigned to an asymptotically flat (AF)
space which tends at infinity to Minkowski space giving the total mass in different
three-surfaces. The ADM mass [2] is found by integrating an appropriate density
over a space-like three-surface and gives the total mass of a space—time, including
that of radiation, and is conserved. The Bondi mass [3] is associated with an
asymptotically null three-surface and gives the mass not yet radiated away by a
certain retarded time. The Bondi mass decreases with retarded time and cannot
exceed the ADM mass.

Asymptotically anti-de Sitter (AAdS) spaces, however, only have one type of
mass which was given by Abbott and Deser [4]. Since these spaces are not globally
hyperbolic, information can both enter and leave at infinity and so the mass can
either increase or decrease, only being strictly conserved if appropriate boundary
conditions are imposed at infinity [5, 22].

An important recent development in gravity theory has been the establishment
of various positive mass theorems. These prove that the total mass is non-negative,
with a unique zero-energy configuration with appropriate boundary conditions,
provided that the dominant energy condition holds, that is

T,,U*V* 20 (1.1)

for all non-space-like vectors, U%, V¥, where T,, is the stress energy tensor. Such
theorems have been proved for AF spaces for both the ADM mass [6] and the Bondi
mass [7], with Minkowski space as the unique zero energy state, and for AAdS
spaces for the Abbott—Deser mass, with anti-de Sitter space as the unique AAdS zero
energy configuration [5, 8].

The positivity of the Bondi and Abbott—Deser masses implies that gravitational
energy can never become negative for AF and AAdS spaces, so that a system can
never radiate away more energy than was originally present. It is believed that the
reason the energy cannot be made arbitrarily negative by shrinking a system, as it
could in Newtonian theory, is that if a system collapses beyond a certain size, a
horizon forms, giving rise to a black hole which would appear to have positive mass
to an observer outside the horizon. Regions of large negative energy and possible
singularities would thus be hidden inside an horizon.

These theorems also imply the stability of the zero energy configuration to any
decay process which preserves the boundary conditions, since there is no state of
equal or smaller energy to which it can decay. [Note that both hot flat space [9] and
the Kaluza—Klein vacuum [10] are unstable.]

The positive mass theorems can be generalised to hold for extended, gauged
supergravity theories [5]. These theories have scalars with a potential that is
unbounded below and so the scalar sector on its own would be pathological.
However, the coupling to gravity stabilises the theory, with appropriate AAdS
configurations having positive energy, and anti-de Sitter space can be a stable state
in these models. Such classically and semi-classically stable ground states provide
possible ground states about which one can attempt to construct a quantum theory.

Witten has given a simple proof of the positive energy theorem for AF spaces
[117 which makes essential use of spinors and which was motivated by a formal
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argument [12, 13] based on the supersymmetry algebra which expressed the mass as
a sum of squares.

It was by no means clear, however, why Witten’s remarkably simple spinorial
expression should give the ADM mass and how Witten’s proof and the algebraic one
are related. The purpose of this paper is to investigate these points. It will be seen
that the mass of a system is given by the change of the supercharge under a global
supersymmetry transformation, and the global algebra can be interpreted in this
way. (In the Hamiltonian approach to supergravity, the Hamiltonian is given by the
Dirac bracket of the supercharge with itself [14].) On the elimination of unphysical
degrees of freedom this expression becomes a sum of squares and positivity of the
mass follows.

The paper is organised as follows. In Sect. 2, the proof of the positivity theorem is
reviewed, in Sect. 3, the conserved charges are discussed and in Sect. 4, the algebraic
proof is given. In Sect. 5, the algebra of global supersymmetries is investigated and a
spinorial expression for the mass is derived. In Sect. 6, the positivity of this
expression is shown, while in Sect. 7, the condition that Witten imposes on the
spinors is interpreted. Section 8 is a conclusion.

2. The Positive Mass Theorem

Nester’s formulation [157] of Witten’s proof is fully covariant and avoids technical
difficulties involved in taking the three-dimensional truncation of the four
dimensional divergence theorem. It is also readily extended to the cases of the Bondi
mass [16] and to AAdS space—-times [5]. It will be assumed that the space—time is
topologically trivial, with no horizons—this condition will later be relaxed.
Consider the antisymmetric tensor!

E* =2(8y%y V6 — V, &)%) 8), 2.1

where ¢* is some commuting Dirac four-component spinor tending asymptotically
to some constant spinor &,.

e+ 00 1) 2.2)
The total ADM four-momentum P, of an AF space—time is given by [15]

P gov"e, = | SEXYAE,,, 2.3)
S

where the surface integral is over the two-sphere at spatial infinity S and the measure
is given by

1
dZ,, =3€,,,.d%" > dx°, 24)
1
dX, =§8,,,,dx"dx"dx°.
1 The metric signature is (+ — — —). Greek indices u,v,p,. . . =0,1,2, 3 refer to space—time components,

o,B,7,. . . refer to spinor components, and Latin indices a,b,c,. . . refer to frame components,

("r}=20" ¥ =19 tons=e=/—0, 0u=4lrwr) 81G=1
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Note that this includes a factor of the vierbein determinant since

80123=e=\/"9- 2.5

Using the divergence theorem, (2.3) becomes a volume integral over a three-
surface ¥ with boundary S,

Prgoytey = [V, E*dZ, = [ [y%y V|V 16 + V. 8y, V,e]dZ,
b ¥

+ (complex conjugate) (2.6)
= }fG”véy“adZ Y+ gVﬂé(vva“” + ")V edZ, 2.7

where the Ricci identity has been used
[Vv’ Vn']e = %Rvaabaabs’ (2‘8)

along with the identities

A o'yt = E”V’w)’,)’s, (2_9)
%sﬂv‘pra'abeabcd = *R*M"cd, (210)
e:*R*uvabz Gvb~ (211)

where GV, is the Einstein tensor.
As a result of the field equations

G,=T,, (2.12)

the first term in (2.7) is non-negative if T, satisfies the dominant energy condition
(1.1) as &ye is non-space-like for Dirac spinors. Choosing co-ordinates so that the
normal to X is in the x° direction, the integrand in the second term in (2.7) becomes,
with spatial indices i, j=1,2,3,

3 2
2V&y°0' Ve =2(Ve) 6 Ve =2|Viel> —=2| Y ¥/Ve| . (2.13)
j=1
This can be made positive by choosing ¢ to satisfy the “Witten condition”
3
Y 9'Vie=0. (2.14)
i=1

It has been shown that this can always be done [17], that is, that the elliptic
differential equation (2.14) can always be solved, subject to the boundary conditions
(2.2). Then, by (2.7), the energy integral is non-negative.

&' P, 20, (2.15)
This must hold for any choice of constant spinor ¢,, and so P, is non-space-like and

the energy of the space—time, P is non-negative.
Further, P* is zero if and only if both

T,,=0

uv
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and
V,e=0. (2.16)

Equation (2.16) must hold for projections on to all possible surfaces ¥ with
boundary S and this is only possible [11] if

V,e=0. 2.17)

The integrability condition for (2.17) for AF spaces is that the Riemann curvature
vanishes and so the space—time must be flat.

If the three-surface X is chosen to be asymptotically null, so that the two-surface
§ is at null infinity, Egs. (2.3) and (2.6) give the Bondi mass and the positivity follows
in a similar manner [ 16]. It will be seen later that the Abbott—Deser mass is given by
replacing the covariant derivative in (2.1) by an “improved” derivative, given by
(3.14), and again the proof proceeds as before [5, 11].

3. Conserved Charges

If a vector density J* satisfies 0,J* =0, then {d°xJ° is a charge which will be
conserved if appropriate boundary conditions are imposed. For AF spaces the
charges are conserved if the integral is over a space-like three-surface but not for
asymptotically null hypersurfaces. In the AAdS case, by choosing the fields to satisfy
certain boundary conditions [22] the integrals over space-like surfaces become
conserved. In this paper, asymptotically null hypersurfaces will not be considered,
although it seems that a similar analysis to that presented here should go through.
The charges here discussed are associated with space-like surfaces and for AAdS
spaces need not be conserved. In this section, following [4], charges will be
constructed corresponding to the symmetries of the asymptotic region.
Suppose the metric g,, tends to a “background” metric g,, at large distance

I = Gy + My (1)
where g, is a solution of the Einstein equations (G,, is the Einstein tensor for §,,)
G, +4§,,=0. (3.2)

Of particular interest will be the spaces of constant curvature, since they have
maximal symmetry. In flat space, or anti-de Sitter space with the metric in the
globally static form [5], an appropriate asymptotic condition is

h,=0(r"") as r—oo. (3.3)
The energy momentum tensor of the gravitational field ¢,, is defined by
G* =G" + G¥ —t*, (34)

where GY” is linear in h,, and t,, consists of terms of second order and higherinh,,,.
All operations such as raising and lowering indices and covariant differentiation are
with respect to §,, and will be until further notice. The linearised field equation is
then

G + AW = T + t* = O™, (3.5)
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The background Bianchi identity implies
v,e" =0, (3.6)

where V“ is the covariant derivative with respect to g,,. Let k;‘(A,B =1,2,...)be the
Killing vectors of the background metric g,

V kit +V ki =0, 3.7)

so that the symmetries of the background metric correspond to Lie dragging along
the integral curves of the Killing vector field. Then

JA =20,k (3.8)

is a conserved vector density where & =,/ — 7 is the determinant of the background
vierbein, since
0,(e0"°k?) = év (0*k{) =0 (3.9)

as a result of (3.6) and (3.7). Then

K(k*) = K* = [d*xef"°k{ = [0*"kAdx (3.10)
z z

gives a set of conserved charges, one corresponding to each Killing vector field k. If
k4 is time-like, K gives the energy relative to the zero-energy background state.
The conserved charges resulting from invariances of the background under
supersymmetry transformations can be obtained in a similar way. In analogy with
Killing vectors, Killing spinors [4] can be defined as spinor fields o generating local
supersymmetries J,(x) leaving a configuration invariant. The infinitesimal super-

symmetry variation of the gravitino field is given by

8o, =V 2, (3.11)

which must vanish if o is to be a Killing spinor, where V is some differential operator.
For N =1 supergravity [18]

Va=V,a, (3.12)
where V is the gravitational covariant derivative with torsion [18]
Thy= =30,y (3.13)
and for N =1 supergravity with a cosmological term 4 < 0, [19]
V.=V, +iJ/(—4/12)y,. (3.14)

In the N =1 theories, the gravitino field and the spinors « satisfy a Majorana
(reality) condition.

Of particular interest are purely bosonic backgrounds with y, =0, and hence
vanishing torsion, so that V reduces to the usual gravitational covariant derivative.
The supersymmetry variations of the bosonic fields are proportional to the
fermionic fields and so vanish. From (3.11), a necessary condition for a spinor « to be
a Killing spinor for a bosonic background is

V,2=0, (3.15)
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where ¥, is the V for the background g,,. For N = 1 supergravity, the Killing spinors
are covariantly constant spinors. The integrability condition for (3.15) is

ViV 0 =0. (3.16)

The super curvature VI”WVJ vanishes if g, is the metric for a space of constant
non-positive curvature, with V“ given by (3.12) or (3.14), with A being the
appropriate cosmological constant. There would then be a four-space of linearly
independent solutions to (3.15).

The anti-commuting Killing spinor « can then be expressed as a linear
combination of terms of the form p™a™(x), m=1,2,..., p"p" = — p"p™, where p™ is
an odd element of the Grassman algebra and the ¢™ form a set of linearly
independent commuting spinor fields, each of which satisfies (3.15).

The Rarita—Schwinger equation can be split into linear and non-linear parts as
follows

ghraysy ¥ W, =R, (3.17)
where
P =EYq (3.18)

and R* consists of non-linear and source terms. Here Vi, is a super-covariant curl
[20]. Then R* satisfies

V.R* =0 (3.19)
from (3.17). Then for a commuting Killing spinor o™
aa"R = & ey, V0, = eV (@ y 5T 0,) (3.20)
=0,(ea™e"" Y5y W,)-
Then from (3.20)
d,(ea™R*) =0, (3.21)
so that
Q" = [d*xea"R® = [a"e**°F V y,dZ, (322
z z

gives a set of conserved anti-commuting supercharges, one corresponding to each
Killing spinor o™ The supercharges can be expressed as surface integrals using (3.20)
over S =02X,

Q" = [3a"e s I W2, (3:23)
N

The charges K* given by (3.10) can also be re-written as surface integrals [1,4].

Let I'*, = I';,dx* be the connection one forms for h,,, so that
Fab = Fab(huv) = Fab(guv) - Fnb(g_uv) (3'24)

and so is a tensor. Then [15], for A =0,
KA =4 [T ez, 329
N
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which gives (3.10) on using the divergence theorem where

Ot = &7, e (3.26)
Defining the forms
e’ =eidx*, k*=kidx", R, =3R, ,dx"dx’, (3.27)
the conserved charges can be re-expressed as
K* = [R}, , =(k* ;& @), (3.28)
z
KA = [T, *(k*, & &) (3.29)
N

Expressions for A + 0 will be given later.

The surface integrals (3.23) and (3.25) remain unchanged if the metric g,, is
replaced by g, in these expressions and all contractions are performed with g,,.
There would also be no change if the Killing vectors and spinors were replaced by
vectors and spinors that tend asymptotically to Killing vectors and spinors. For AF
spaces, asymptotic Killing spinors would be constant spinors plus terms of order 1/r.
With these replacements, there would be extra terms if the surface integrals were re-
expressed as volume integrals, resulting from the derivatives of asymptotic Killing
quantities.

In the case of space—times with non-simple topology, as is the case when
horizons are present, the background splitting

9= t+h, (3.30)

becomes problematic, but it is still useful in the asymptotic region where (3.30) still
holds with h,, small. The volume integral expressions for the charges, (3.10) and
(3.22) are then not well-defined and the charges should be defined by their surface
integral expressions in terms of asymptotic Killing vectors and spinors.

On using the divergence theorem these expressions give a volume integral
together with surface integrals over internal boundaries. Since it is only the
asymptotic behaviour of the asymptotic Killing spinors and vectors that is
important, they can be chosen so that the surface integrals over the internal
boundaries vanish.

In the following sections it will prove useful to first consider simple topology and
use the volume integrals (3.10) and (3.22) and then relax the assumption and work
with the more general surface expressions.

4. The Global Super-Algebra

The quantum operators generating the global symmetries and supersymmetries
corresponding to the background Killing vectors and spinors satisfy a global
supersymmetry algebra.

The action of these symmetries on fields will be generated by the graded
commutators of the fields with the surface integrals given in Sect. 3 only if all local
gauge freedom is eliminated from the fields present, [12]. Only then will the
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variation of a field at infinity determine the transformation everywhere. In the AF
case one obtains the super-Poincaré algebra consisting of the Poincaré algebra
satisfied by the set of charges K consisting of the global 4-momentum P and the
global angular momentum JMY¥= _— "M M N =0,1,2,3, together with the
relations

[PY,Q"] =0, (4.1)
(M7, Q"] = ha™N",Q", (42)
{Q". Q") = hyyy P 4.3)

In the AAdS case, the appropriate relations are these of the graded anti-de Sitter
algebra, OSp(1/4), with bosonic generators J,,y = —Jy,, and J,,,, M,N =0,..., 3,
satisfying the 0(3.2) algebra. Relation (4.3) is replaced by

{Q™,Q"} = hymnJM* + ihain, JMN. 44)

Since the fields, e, , are constrained by the gauge conditions imposed, their
commutation relations are modified and the brackets occurring in the algebras
are the quantum analogues of Dirac brackets [21].

The relations (4.3), (4.4) lead to a simple algebraic proof of the positivity of energy
in quantum supergravity [12]. Taking the expectation of (4.3) for a physical state |s >
and multiplying by y° yields

hCSI{Q™ QM s> =(MyO)™ (5| Py ). 4.5)

The manifest positivity of the left-hand side implies the positivity of the eigen-
values of y%y“ P, which are P® + | P|. The positivity of the expectation value of P° can
also be obtained by taking the trace of (4.5). The positivity of the energy J°* for
AAdS spaces can be shown in the same way using (4.4), [4, 22]. This suggests the
positivity of energy in classical Einstein gravity [13], since one may consider the
expectation value (4.5) for purely bosonic states |s), with vanishing gravitino field
and hence zero supercharge, and then take the limit A— 0. This is not rigorous,
however, since it requires the existence of a consistent, supersymmetric quantum
theory of gravity.

Witten’s proof resulted from an attempt to find a rigorous classical version of this
formal quantum argument. Classical supergravity can be considered as a field
theory enjoying local supersymmetry, with fields taking values in a Grassman
algebra and the graded commutation relations of the quantum theory replaced by
graded Poisson brackets without factors of h.

In the Hamiltonian formulation [23], constraints are imposed and the Poisson
brackets become Dirac brackets. The surface integrals then again satisfy a global
supersymmetry algebra, [ 14]. Witten’s argument can be understood as arising from
this interpretation of the algebra (4.3). (This has also been noticed in [24].) However,
it is much more illuminating to consider the graded Lie algebra of global
symmetries. Since these symmetry transformations can be represented by the Dirac
bracket, or corresponding quantum commutator, of the charges with the fields, this
approach will imply the results of the interpretation of the super-algebra in terms of
both classical and quantum Dirac brackets.
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5. Global Symmetries

The commutator of two vector fields U, V is given by the Lie derivative £V
U

[U,V]= 5V. (5.1)
The commutator of two Killing vector fields of g, will again be a Killing vector field
Lk kgl = CinC (52)

for some constants CG,. Consider the “conjugate” operators K4 which generate
infinitesimal isometries by Lie dragging along the integral curves of the vector fields
k“. Infinitesimal general co-ordinate transformations depending on some in-
finitesimal parameter ¢ are then given by

tRA = 8gop(kyt) =tEys, (53)

and finite group elements are obtained by exponentiation. Since Lie derivatives
satisfy the relation, for any vector fields U, V,

££-££= £,

uvv vu U,v1

the symmetry generators satisfy the algebra
[KAaKB] = CﬁBKC (54)

with the same structure constants CS, as in (5.2). For AF spaces this will be the
Poincaré algebra and for AAdS spaces it will be the anti-de Sitter algebra (the
algebra of 0(3,2)).

The background space—time will transform as a massless representation of this
symmetry group, while the asymptotic region of the full space—time will in general
transform according to a massive representation.

One can also consider the transformation of the charges K under the global
symmetries K,

[K ., Kp]l=06gcrlky)[0,k4d2” = C,p°Ke. (5.5)

Thus, as one would expect, the charges K are just “rotated” into each other by the
global symmetries. This analysis extends readily to classical supergravity. The
commutator of two local supersymmetry transformations d,(¢;) and d(g,) is given,
if acting on on-shell states, by

[0g(e1), 0g(e2)] = Fgcr(E") + dg(— &4 + 0, C ), &* =387"1,  (5.6)

where I'% is the spin connection and § , represents a local Lorentz rotation. If g, and
&, are Killing spinors, the right-hand side must be a pure gauge transformation and
so £* must be a Killing vector and £*y, must be a Killing spinor.

This implies a relation between the commuting Killing spinors o, and the Killing
vectors k ,

Oty = S mukt (5.7

for some constants f# . The basis of Killing spinors o™ can be chosen [4,22] so that
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for flat space

G0 = VK (58)
and for AdS space
&myuan = yrlt;lnkM + iarl:/r[nNkMN' (59)

Here M, N =0,...,3 and the k,, are the four Killing vectors generating global
translations. The charges corresponding to these Killing vectors are

K(kMy=PM, [or K(kM)=JM* for AdS case], K(kM¥)=J"N  (5.10)

The y) are the usual gamma matrices satisfying {y™, y¥} = 2»™". Consider the
generators of infinitesimal global supersymmetries generated by Killing spinors

O =05(G)s O =30(a™. (5.11)
These will satisfy the algebra
{Qm’ én} = fanM (512)

with the same structure constants f asin (5.7), thus giving the same algebra as (4.3)
or (4.4) in the appropriate cases.

Inanalogy with (5.5) one might expect the transformation of the supercharges Q,
under the action of the global supersymmetries §,, to be given by

{0 Ou}y =300 Q= f K 4- (5.13)

This will be shown to be the case and (5.13) can be used to express the mass in
classical supergravity in terms of the change of the supercharge under super-
symmetry. This is defined even for systems with vanishing gravitino field, and hence
vanishing supercharge, and in this limit the expression reduces to those of Witten
and Nester for the mass in general relativity.

The supercharge is given by

Q"= [a"RHdZ,. (5.14)
z

The result follows essentially since, under the action of supersymmetry, fermionic
field equations transform into bosonic field equations and in particular the
linearized gravitino field equation R* transforms into the linearized Einstein field
equation G4' + Ah*". In the AF case, factoring out Grassman parts,

@™, =V, a"+0W?), (5.15)

where V, is here the covariant derivative for the full metric g,, without torsion. The
torsion (3.13) is of quadratic order in the gravitino field ¥, such terms being
represented by O(y?). [Note that Vo™=V, ™ =0 but V,a™ #0.] Then

SR =&y y V V00, + O()%) = P& R “(y*y. 0 )a™ + O?), (5.16)

where
V[pVo]oc = %R;‘“bo"’a, (5.17)
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and Rt

ooab 18 the part of the curvature tensor linear in h,,. Using

YOap = %(nac'})b ~ NbcYa + gabcdysyd)ﬂ (518)
Egs. (2.10), (2.11) and the Bianchi identity ¢, .
Bola™R: = ¥R, ** & i + O()?) = Glyy's + O (5.19)

Then the variation of the supercharge, regarded as an active transformation acting
on the fields leaving the co-ordinate systems and Killing fields invariant, is

R%"7 =, one obtains

SglemQ" = [ &8 4(aMRHAE, = [9Ra" amdZ , + OY?) (5.20)
z z

=y PM +0(y?).
The variation of the vierbein gives rise to terms quadratic in the gravitino field.
If one instead considers the surface integral form for Q" (3.23).

5Q(am)Qn = I%S#VPG(&n.y5?pvaam)dZuv + sz)a (5'21)
N
using (5.18) and
Vaam = anm + (ngaab)am = (szo-ab)am7 (522)

where ' is the connection for h,, given by (3.24), one obtains

b0@MQ, =% [y @i aryPamdz, + OW?) (5:23)
S

uvp

so by (3.25),
80(a™Qy = YumPry + OW?). (524

In fact (5.13) holds quite generally since it is a consequence of the fact that fermionic
field equations transform into field equations and for systems with vanishing
gravitino fields

ks = [560°@,0°5,V 0 dZ . (5.25)
N

with Va as defined in (3.11). For AF and AAdS systems, the mass can be obtained by

multiplying by y°, and summing over m and n. The expressions for the mass used in

positivity theorems will derive from the simple expression (5.25) in terms of Killing

spinors.

6. Positivity

The total mass given by (3.10) is not manifestly positive since §°° can have either
sign. It is therefore desirable to try to find expressions in terms of the stress-energy
T* which satisfies the dominant energy condition (1.1), or in other words to work
with the full field equations rather than the linearized ones.

The values of the charges given by (5.25) remain unchanged if all contractions,
derivatives etc., are performed with respect to the full metric g, instead of g,,,, since
h,, has appropriate asymptotic behaviour. The Killing spinors can also be replaced
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with asymptotic Killing spinors, y,
200 =Y Am(¥)0(X),  AmlX) = 2 @S r— 0 (6.1)

for some constant 9. Then
(o S VK 4 = [ 36707 77%y V, 1dZ .,
S

where here, and for the rest of the paper, all operations are with respect to the full
metric. The simple expression (6.1) for the mass holds for arbitrary asymptotic
Killing spinors y and in the presence of a negative cosmological constant. Since for
commuting Majorana spinors a Fiertz rearrangement gives

a,°7,V ot = = (Vo077
by taking complex valued functions y,,(x) so that y becomes a Dirac spinor, Nester’s
expression for the mass (2.1), (2.3) is regained.

On using the divergence theorem, if the topology is trivial, (6.1) can be put into
the form

(ToS mnrd)Ka = [ Lir*y, Y Vo + (Voy®y,V,ox1dZ,,. (62)
z

For AF and AAdS spaces, with V given by (3.12) or (3.14) respectively, the first term
on the right hand side of (6.2) yields, on using the field equations,

[ Teyxdz,, (6.3)
z

which is positive if the dominant energy condition (1.1) is assumed to hold. A result
similar to (6.3) obtains, with some modification, for other supergravity models
[5,25] sinceit is again just a result of the fact that the supersymmetry variation of the
Rarita—Schwinger equation gives the Einstein equation. The remaining term in (6.2)
is positive, by the reasoning presented in Sect. 2, if the Witten condition

3
Y pVix=0 (6.4)
ji=1

is imposed, as can always be done in the AF case [17] and is presumably also possible
in the general case. Then y5 /2 vo' K 4 is positive for all spinors y, which implies the

positivity of the mass for the choices of {2 of interest. On using the Witten condition
(6.4), the expression (6.1) reduces to

(S At K 4 = § 1TV 2d2?, (6.5)
S

a generalization of the formula for the mass given by Witten [11], where the co-

ordinates are chosen such that the surface of integration S is the boundary of a three-

surface X given by x° = constant and i = 1,2,3 labels the spatial components.
For the mass given by (6.1) to be zero it is necessary that y, which is an asymptotic
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Killing spinor of the background space, Vy — 0, also be an exact Killing spinor of the
full space

V. =0. (6.6)
For V as given in (3.12) or (3.14) this implies that h,, = 0 and the full space must be
Minkowski space or anti-de Sitter space respectively and these are the unique zero
energy AF or AAdS configurations.

If the topology is non-trivial, expression (6.2) will be modified by the addition of
surface integrals over internal boundaries. It has been shown [8] that, if the internal
boundaries form an apparent horizon, (the possibly disconnected outer boundary of
closed trapped surfaces) the spinor y can be chosen so that it satisfies the Witten
condition (6.4) and such that the surface integral over the apparent horizon vanishes.
If the space—time is regular outside the apparent horizon, the proof proceeds as
before and the mass is positive.

7. The Witten Condition

At first sight it seems strange that in the classical proof the Witten condition (6.4)
must be imposed, for there seems to be no analogue in the algebraic argument of
Sect. 4. In fact such a condition is needed since | s) in (4.5) must be a physical state. It
is necessary to impose gauge conditions and constraints on the fields to remove non-
physical, “longitudinal” degrees of freedom which may have negative norm. Then
and only then does the space of states have positive definite norm. Since Q is an
Hermitian operator on that Hilbert space, it then follows that the mass of all
physical states is positive.

To this end, it is appropriate to make a canonical decomposition or 3 + 1 split
[23] tailored to the three-surface X, the mass associated with which is being
considered. The time-component of the gravitino field i, is then non-propagating
and the dynamical part of the Rarita—Schwinger field is given by ¢, j=1,2,3,
subject to a gauge choice such as

3
Y. Yy =0. (7.1)

The parameters ¢ of local supersymmetry transformations must be restricted so
as to maintain the constraints and gauge conditions. Condition (7.1) is preserved if

yVe=0, (12)

Mew

]

ji=1
which is precisely the Witten condition. Transformations given by Dirac brackets
with the global charges will automatically preserve these conditions.

The mass of a source-free gravitational field is given by (6.1) in terms of the
change of the supercharge y¢Q,, by an arbitrary global supersymmetry d,(y) with
parameter y, where y is an arbitrary asymptotic Killing spinor.

(To S mt K 4= [ (VI (Vied®x — [ (379, 0) 0V jp)edx. (7.3)
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If the gauge condition (7.1) is imposed, y must satisfy (7.2) so that (7.3) becomes a
“sum of squares” and is positive. If, however, (7.1) is not imposed, the gravitino field
transforms into a gravitational field composed of both positive-energy, physical
parts and negative energy, unphysical parts. Since supersymmetry transforms
physical states into physical states, the positive term on the right hand side of (7.3)
gives the total energy of the physical part of the gravitational field, while the negative
term gives the negative energy of the unphysical parts. The negative term thus gives a
gauge-dependent contribution to the mass that can be set to zero by choosing a
physical gauge for the gravitational field.

8. Conclusion

The mass of any classical supergravity configuration that tends asymptotically to a
supersymmetric background space-time can be given relative to that of the
background by the change of the supercharge under an infinitesimal global
supersymmetry transformation. In particular this has been seen to be true for
general relativistic systems which have vanishing gravitino field and hence
supercharge. (A supersymmetric background is one that is invariant under global
supersymmetry and so admits a Killing spinor). If all the non-physical degrees of
freedom are eliminated, then this expression can be used to show the positivity of
mass of systems consisting of Einstein gravity, coupled to any matter distribution
satisfying the dominant energy condition (1.1) that is regular outside an apparent
horizon and has appropriate asymptotic behaviour. For AF and AAdS spaces, the
maximally supersymmetric space—time is the unique zero energy state. It is, of
course, not possible to compare the energies of spaces with different asymptotic
behaviour.

A key role in the analysis was played by the fact that the supersymmetry
variation of the Rarita—Schwinger equation is proportional to the Einstein equation
in N =1 supergravity (and similarly for the linearized field equations) which is a
result of the supercurrent and the energy-momentum tensor lying in the same super-
multiplet. Since the charges can be expressed in terms of the linearized field
equations, the relation between mass and supercharge follows.

The proof of positivity cannot be extended to spaces with positive cosmological
constant since the operator V given by (3.14) with A4 > 0 no longer has the necessary
properties. This is related to the fact that the de Sitter group 0(4, 1) cannot be graded.

The results discussed here can be extended in various ways. By including all the
terms of quadratic order and higher in the gravitino field, a proof of the positivity of
mass in classical supergravity can presumably be obtained. In extended supergravity
theories, a lower bound for the mass can be given in terms of the central charges. For
example, in N =2 supergravity, which reduces to Einstein—-Maxwell theory for
purely bosonic configurations, the mass M satisfies

M —(Q*+ P32 20 (8.1)

with equality if and only if the system is globally supersymmetric, where Q is the total
electric charge, P is the total magnetic charge and it is assumed that the local mass
and charge densities satisfy an inequality similar to (8.1) [26].
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The inequality (7.1) is further modified if there is a non-zero NUT-charge or
magnetic mass [25]. Finally, the methods discussed here extend to give the
positivity of mass and hence the stability of gauged extended supergravity [5] and of
supergravity coupled supersymmetrically to super-matter [25], even if the scalar
potentials are unbounded below.

Acknowledgements. 1 would like to thank G W Gibbons and S. W Hawking for useful discussions. I
would also particularly like to thank M Rocek, a conversation with whom suggested many of the ideas
developed here

Note Added in Proof. S. W. Hawking has recently shown that for a space—time to admit an asymptotic
group of motions that is 0(3,2), it is necessary that the gravitational field satisfy one of the boundary
conditions given by Breitenlohner and Freedman [22] These boundary conditions are then necessary for
the existence of asymptotic Killing vectors and spinors and should be used in the positive mass theorem
for AAdS spaces

After completion of this paper, I received a paper by S Deser giving an alternative discussion of
Witten’s proof in terms of classical supergravity
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