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Abstract. The Yang—Mills fields considered by us in an earlier paper are
asymptotically non-interacting. Also any free field is an incoming field for some
Yang—Mills field.

Introduction

Interest in the classical solutions of the Yang-Mills equations in Minkowski
space has grown in recent years. The definitive global existence theorem
(solution of the Cauchy problem) has been found by Eardley and Moncrief [3],
following the local theorem of Segal [8]. Other existence results and methods
appear in [6], [4] and [1]. However, the scattering problem has so far been left
untouched. Christodoulou’s transform method can be used to derive some decay
properties. In [5] we showed how the conformal invariance directly implies certain
asymptotic properties of the fields, in particular, local decay of the energy.

In Sect. | of this paper we use these asymptotic properties, and the special
properties of the class of solutions discussed in [6], to prove that these solutions a
are asymptotically free fields in the energy norm. In Sect. 3 we show that any free
field o _ of our special type is the incoming field of some . In Sect. 2 we derive some
explicit pointwise bounds needed in the proof.

Our class of solutions is defined by a condition of the Polyakov-t’Hooft type for
the gauge group SU(2). We emphasize that there is no restriction on the size of the
solutions we consider. Specifically, the gauge potentials have the form

A= alr ot (k=1,2,3), A°=0.

where ¢ is time, xeR3,r = | x| and v* are certain vectors (see [6]). Such a field belongs
to both the temporal and Coulomb gauges. The field equations reduce to a single
scalar wave equation (see (I) below). Although this equation appears rather
innocuous, its asymptotic analysis is surprisingly non-trivial due to the singularity at
the origin. The free fields we consider are simply solutions of the Yang—Mills
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equations with vanishing coupling constant; that is, they satisfy the same equation
but linearized around zero.

Thus physically interesting phenomena such as solitons appear to be absent
from the pure Yang—Mills equations. It seems that a Higgs mechanism is necessary
to make them appear.

1. Asymptotic Freedom of the Yang—Mills Fields

We consider the solutions of the real scalar equation

2 2 3,
att—arr——ar+-_2_a—_a + =0 (1)
r r r
Denote the energy density by
1 1 1 ,/2 2
e= 8(7', t) =EOCIZ +5(X,_2 +‘—1a2<;—a> ,

and the inversional density by
1 2 2 2 2 2 1 2 2 2
I=1(r,1) =5(t + r?) (o} + o) + 2tro, o, + 2t 00 — +‘—1(t + e S —a ) .
r
Furthermore we denote xeR3,r = |x| and dx = 4nr?dr. Let

2
)2 = j<a3 o +r—2a2>dx ®

atany time ¢, where the integration is over all of space R>. Let /# be the Hilbert space
of Cauchy data provided with this norm. That is, 3# = Hr‘ @ I? in the notation of

(61.

Theorem 1. (a) If [edx < oo whent = 0, then there is a unique solution o = a(r, t) of (1)
with given Cauchy data at t =0 such that ae C(R; ), the energy [ e dx is independent
of time and

(i) B? =Ha2<§—a>2—i-dxdt< 00

(integral taken over all space-time).
(b) In case [(1 +r*)edx < oo when t =0, we have
(i) [ I(r,t)dx < [I(r,0)dx < o0.

Furthermore, | (1 +r?)edx < oo for all time and

(i) [ edx +jocz<g - oc)zdx = O(%)
r<ot r t

for large t, for any 60 < 1.

Proof. See [6]. For smooth o the last statements follow from (ii) because I can be
rewritten as

2

2 @\’ 2 x
M=+ oo+ )+ 00—
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2 2
+ (2 + rz)ocz(— — a) —2r 7 2[(t2 + r¥ra?],,
r

where the last term drops out upon integration. Hence

2
| [af + (ar + %) de =0(t " 2).
r<6t

But for R <0t

whence
| o?dx +4nRe*(R, 1) =0( ~2). 3)
r<R

By a free solution we mean a solution of the equation
2 2
LﬂEBtt_Brr—;ﬁr+r7ﬁ:0’ (4)

which is equation (1) with the nonlinear terms dropped. The main result of this
section is

Theorem 2. Given a solution o of (1) with | (1 + r*)edx < co. Then there exist a unique
pair of free solutions o._ and a, such that

oo —oyfl,, =»0ast— + .

Lemma 1. As t — oo we have

(a) supro? =0(t"2) for 6 <1,

r <0t

(b) fodx =0(n 1),

az
(c) fr—z dx =0(t " %Int),

(d) sup ra?=0(" '(Ing)/?).

OSrsow

Proof. (a) is immediate from (3). Next we rewrite I again as
l 2 l 2 1 2 2\ 2 2 g
I==(to, +roe, + 00)° + —(ror, + tor,)” + (> + r?)o*( ——
2 2 4 r
1
+ Lo, 00 — 27[r3<x2],.

In this expression the first three terms are non-negative and the last term integrates

O(2

to zero. So by Theorem 1(b) ¢ [ o,adx <c. This implies (b). By (b), | —Fdx=

r> 601
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0(t ~21In t). Next we write

o? = (ra?), — 2ro,a, (*)
whence
Ry2
[Fdx=dnr?|§ -2 | o, dx
Or r<R

|
<4nRo*(R,1)+2 | oc,zdx+5 | —dx.

r<R r<R

The last term is moved to the left side. The other terms are 0(t ~ %) by (a) and (3), if
R £ 6t. This proves (c). Integrating (*) once again, we have

2
ro? = j%dx + 2ja,9:—dx

'az aZ 1/2
§J;7dx+ 2(foc,2dx)”2<f;5dx>

=0(t 2Int+ [t *In]'/?)
which proves (d). Q.ED

(2o o] o

Eoc2 —ao? :éaz g—oc +1oc3,
r 2 r 2

Lemma 2.

Proof. We write

and estimate the I* norm of each term on the right separately. First,
6 2,4 «
faldx < sup rPa* [ —dx
r

=0(t " *In%t),

by Lemma [ (c) and (d). Second,

2 af 2 ?
A= | ot =—a) dx
r<t/2 r

2 2]
=< joc2 ——o | —dx- sup ro2,
r

r r<t/2
so that by Lemma 1(a)

s} 0 2 1/2
[Amdt < c j[j <E—oc> ldxil : ?§C3<X).
1 1

7
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Finally,
2 2 2 1
| oc“(z— oc) dx gjoc2<—— oc> dx- sup = sup ro*
r>1/2 r r r>127
=0(t " *In'/?1)
by Lemma 1(d) and Theorem 1(b). Q.E.D

Proof of Theorem 2. Let R(t) denote the Riemann operator for the free equation (4).
This means that the solution f of (4) with the initial data (r,0)= 0, 8,(r,0) = y(r) is
written as f(r, t) = [R(¢)y] (r). If we multiply (4) by f3,, we get the energy identity
2
] (ﬁf +B7+ —r;ﬁ2>dx =[y?dx

for all ¢. Thus R(¢) is bounded from I*(R?) into A}(R?) and dR/dt from I*(R?) into
L*(R?). Let a(r, t) be the given solution of (1). Let o, (r, t) be the free solution with the
same Cauchy data at time ¢t =0 as o(r, t) has. Then we have the integral form of (1)

alt) = oy (1) + j R(t — s)[%ocz(s) - oc3(s)}ds.
0
Now we define

0 (0= 5(0)+ [ Rt~ s>[§a2<s) - oﬁ(s)]ds.

0 r

By Lemma 2 this integral converges in the norm of # and

*® 3
locy (1) =@l < | |[;O¢2(S)—O<3(S) l[L2ds

tends to zero as t — oo. It is clear that, being a linear combination of free solutions, it
is itself a free solution. Q.E.D.

2. The Representation and L*-Estimates

In Sect. 3 we will demonstrate the existence of the free-to-perturbed wave operators.
For that purpose we need L*-estimates on the solution « of (1). Inverting the linear
wave operator does not suffice for this purpose, because of the singularity in the term

2
0 Therefore we will first find a fundamental solution for the operator L, given by
(4).

Lemma 3. A classical solution o of the problem
La=F(r,t)  in{r>0,t>0}
u(r,0) = o, (r,0) =0, )
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is represented by

t r+tt—1t

alr, t)=3w4 [ [ Klp,r,t —7)F(p,v)dpdr, (6)

2
(,057' 0lr—t+r1|

where the kernel K is given by
K(p,r,t) = p? +r? — 12, (7)

and where w, denotes the area of the unit sphere in R". T hus, in the notation of the proof
of Theorem 2,

alt) = f R(t — 1)F(x)dr.
0

Proof. Introduce the change of variables

o =¥ ®)
in (5). The Cauchy problem (5) then becomes
4 1 ~
Uy — =V, — U, =—F(r,t) = F(r,1). )
r r

We recognize (9) as the nonhomogeneous five-dimensional radial wave equation,
whose solution, as is well-known (cf. [2]), can be represented by

t 3t—1

1
olr,t) =37 gdfgig i [(t —1)* = p*1pQ(x, p,)dp, (10)

where Q(x, p,7) = (1/ws) | F(x + pw,t)do.
|

w|=1
When we carry out explicitly the differentiation indicated in (10), we get the result

6u(r,t) = 3[6()? — 00X, t —7,7) + 2t — r)zg%(x,t -1, r):ldr. (11)
0

Now we compute Q explicitly, using the fact that F (and hence F) is radial:
Qx,pr7) = % [F([xI2 + * + 2plx| cos §)'1% 1) sin’ g (12)
50

Making the change of variable
A=(|x]* + p* +2p|x| cos §)'/2,

we see that (12) is the same as

p+x|
L [ A2 =(p = Ix1*1L(p +|x])* = A*TF(2, 0)dA. (12)

= lIxl

Ax, p,7) =

45 p*|x|? Ip
Next, we calculate 0Q/dp using (12)'; the result is

a _3 pt+|x| ~
Q_=354 Oe 02— 07+ XPTE (L)
p p s p*1X17 1 71
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Substitution of this in the formula (11) for v gives

t |x|+t—r1
v, t)=—+—={ | AK(@I|x|,t — 1)F(4,1)dAdr.

3605[x 0 (x| ~t+71|

Now r = |x|. When we replace v by a/r here, and recall that F(r, t) = (1/r)F(r, t), we
obtain the statement of the lemma.

Corollary. The solution o, of the linear problem

Loy = 05 o4 (r, 0) = f (1), 0,(r, 0) = g(r) (13)
is represented by
0) r+t r+t
= K(p,r,t)g(p)d K(p,r,t 0. 14
ao(r, ) = 3w5r2,,j,, (o7, 1)9(p) vy ’rjt' (o,r,0)f(p)dp.  (14)

We now make the following standing hypotheses on the Cauchy dataf, g in (13):
(1 +r)g(r)eX(R}), r’ge L*(RY);
rf(r)eL®(RL), r3f'eL*(RL), rf e [{(RL)n [A(RL). (Hy)

In making the L*-estimates, we will need the following result, which is simply a
calculus computation.

Lemma 4.
t+r 8
f p—ZKZ(pa v, t)dp=§r3
t—r
Define
r+t
I,=r=%% [ K(p,r,t)g(p)dp, (15)
lr—t|
(3 r+t
If=r_3/2a [ K(p,r,t)f (p)dp. (16)

[r=t

Thus o, = (c//r), +1,).

Lemma 5. (Estimates on I ). Assume (H,). Then

rtt 1/2
(a) lIgléct_”2< | p3g2(p)dp> for all r, ¢

fr—1

t+r 1/2
(b) |Ig|§c< ] ngldp> for all r, ¢

[t=rl

t+r 1/2
© |L,I§ct_1< | p“gzdp> forr=

t—r

N =~ N =~

d) [, Sct™ ' r 2| p*g) Lw forr<
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Proof. Call a=|r—t|,b=r+t. We may assume that ¢ > 0. We first establish (a)
above in the case r > t/2. For, splitting the kernel, we clearly have

b b
[\ <r2[p?gldp +1 712 [r? = | [lgldp

b 1/2 /b 1/2
ér””(jpjgzdp) <Ipdp)

a

b 1/2 /b 1/2
+r‘3’2|r2—t2|<59392dp> <§p‘3dp>

b 1/2 rl/ltl/z
§cr_3/2<§p3g2dp> [r1/2t1/2+lr2_t2[.
a

=]

b 1/2 ) b 1/2
éct”zr”(jﬁgzdp) éct“2<§p3gzdp> ;
since r>t/2 by assumption. In order to prove (a) in the case r <t/2, write

b
[LI<r 32 (|p 22K p ?|g|dp

b 1/2 /b 1/2
ér”"Z(Ip*szp) (fp3gzdp>

But for r<t/2,a=|t—r|=t—r=t/2. Thus
b 1/2 /b 1/2
“glécr—3/2[~1/2<j"p~2K2dp> (j‘pf)gzdp)

b 1/2
éct””2<fp3gzdp> ,

in view of Lemma 4. This proves (a).
To establish (b) we write

b /K
S
(5 s
b 1/2 /b 1/2
ér‘3’2<§p’2K2dp> <§ngzdp>
b 1/2
éc(jngzdp>

by Lemma 4. This proves (b).

Note that (a) implies (c) trivially, since r < t/2 is assumed in (c). Clearly (c) implies
(d), which concludes the proof of Lemma 5.

Lemma 5 contains the basic estimates which we need to solve the nonlinear

=
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problem. However, we digress to estimate the integral I, appearing in (16), to

complete our study of the free equation.

Lemma 6. (Estimates on I ;).

(@) supll | <c(l+1)~ 12 for all t =0
rz0

(b) supr I [ Se(l+1)"! for all t 0.
r<1

Proof. We compute I, explicitly, with the result
I=2r" 12+ 0f(r+0)+Ir—t]f(Ir—t])]

ttr

tr=32 | f(AdA
|t=r|
The last integral is, after integration by parts,

ttr t+r

[ fOydi=@+nfe+r—le—rif(t—rD)— [ A (Ad2

|t —r| [t—r|
Using this in (17), we obtain
1, = 232007 = )f (4 1) +1r2 =21 f (1t =7])]

t+r

+2ur 32 | A (A

[e=r]

17)

(18)

In view of (H,), it is clear that I, = 0(t ~*/?) for large ¢, provided r > /2. On the set

r <t/2, we have from (18)

t+r

I=2r32 2 =) St —r) = f(t+ )]+ 207312 [ Af(A)dA

The first term here is equal to

t+r

22— 232 | f(A)dA

Hence I, can be written as

t+r

If=2r‘3/2 f [tA+r?—t2]f"(A)dA,
t—r
and so
t+r t+r
[1, | < 2rt/2 j" /Hf |dA+ 2tr 312 j /12|f [dA
t= " t—r

t+r

SO =) Ty, + 2007

(t—

Sert P MIM e T e T2 23 e o 2r
<cri?t 1,

|f'1da
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This estimate completes the proof of (a) on the set r<t/2, and establishes (b)
simultaneously.

Corollary. Let o, be a solution to the linear Cauchy problem (13) whose data satisfy
(Hy). Then we have the following estimates :

(a) supr'/?|og(r,t)| =0t~ 1Y?)  ast— oo,
rz0

(b) suplog(r, 1) =0(t 1) as t— oo.

r=1

Proof. The first estimate is a consequence of Lemma (5a) and Lemma (6a). The
second conclusion follows immediately from Lemma (5d) and (6b).

We now turn to the L”-estimates for the nonlinear problem. Let a._ (r, t) be a free
solution (Lo _ = 0) with data given at time t = — oo which satisfy (H,). In Sect. 3 (to
follow) we will convert (1) to integral form by inverting L, and will show that there
exists a solution o(r, t) to the integral equation

x=0o_ +

t 2
| ;K(p,r,t—r)<3%—oz3>dpdr, (19)

Wy
3wsr? 2y
where a=|r—t+7|, b=r+t—r1, and K is given by (7). We denote by Zo the
operator mapping o into the right-hand side of (19). Let T'< 0. We will show that Zo
is a contraction for sufficiently large | T'|. The resulting solution « will be asymptotic
to the given o _ in the energy norm || ||, as t — — c0. For our present purposes we
define a norm by

L® (R3)

} (20)
L2(R3)

Lemma 7. (A priori global L®-estimate). If ||a|, < o0 on an interval (— 0, T], then
the following estimate holds:

loallo=sup {ltl“zilr”zd(nt)ll

—w<tsT
lt]

a(r,1)
|In"/2 ]|

¥

I 2 (R — o), < el § + o)) Int 2 e e]
for all te(— o0, T).
Proof. From (19) we clearly have

t

[r2(Ro —a_)| Zc j (' +11")d
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where

b ('XZ
I = ',‘3/23.K,__dp’
a P

b
I"=r"32[K-o’dp.

Note that these integrals are of precisely the same form as those treated in Lemma 5
(i.e. I, there). Hence, by Lemma (5a),

b OC4 1/2
I <t — r)-“(jpB;dp)

b 1/2
st —T)_“ZHV”ZOC(I)Hgo<§°<2dp>
Set =) 22 ][] T2 falg

[t follows that

t 1
[ Idesclol [ (=0 "2 || ¥2 de

— — o0
Sclafglel ™ HInt 2],

which is the required estimate for this term. To treat I”, apply Lemma (5b):
b 1/2 b 1/2
1| < c< jpﬁﬁdp) <c|r'u)|?, <§ azdp)

Scllallg™?|In'2[x]].

Thus
! t |InY?|7||dx
[ dr<clofd | —L
ln' 2]
Sclallg———-
ot
as desired.

Lemma 8. (A priori local L*-estimates). Let |||, < o0 on an interval (— oo, T].
Then the following estimates hold :

(@) 2| R0 —o_| Scr (el g+ i) e[l ™t for r < 1te(— 00, T].

(b) Forr<1,te(—o0,T], |Re—a_|Sc(afg+ lalo)] " x

K *’“’(birm) |
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Proof. We split up the integral operator (19) as

t b 3 2

f ]jK(i—a3>dpdz
t—2rda p

Consider E,. By applying Lemma (5a) as above, we find

t b a4 1/2 b 1/2
|E,|<c¢ | (t——r)‘l/z[(jp"’-;dp) +<jp3a6dp> ]dr
t—2r a

a

c t=2r
r”z(%a—a_)z—s/—z[ |+
r — 0

=E +E,.

t b 1/2
<c | (t-f)_“z[lln“zlfll IlaIJ§|TI_3’2+flrl/za(f)llf(,(fdl)) ]df-
t—2r

a

Here we have used on the first term the estimate for I’ in Lemma 7. Therefore

|E,| < cllallgIn' /2 [e][ [¢] =3/2r1/2
t
+c|‘cx”8r“2 j" ITI—S/Z(t_T)—l/sz’
t—2r
since r < 1. Hence we find
[E,| S c(flafl§+ ol 2 (Int 2 [e]| e~/

forr< 1.
To handle E,, we apply Lemma (5c):

t—2r b a4 1/2 b 1/2
|E\|Zc | (t—T)_l[Op‘*'?dp) +(jp4~oc6dp> Jdﬂ:.

a

The second term here can be bounded as

b 1/2 b
(Ip“aﬁdp) érlr“za(r)lli<fpdp>

Scllalglt] ™22 — o)t

1/2

The first term we bound as

b 1/2 b 1/4 /b 1/4
(Ip"‘fx“dp> éllr”za(r)rli,”(Iade) <§pdp>

a
<cllof 2[Int 4 || [o| 544 — 1)t/E

Using (23), (24) in the estimate (22) for E,, we find
t—2r
|E(J<c | (=0 'Ll gint*fz]|[c] =34 rt/4 (e —1)t/*

—

Flal3lel -0 e

s et (ol g+ floclig)Mnt e,

(21

(22)

(23)

24)
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since r < 1. This and the estimate (21) for E, establish part (a) of Lemma 8.

It remains to prove part (b). Notice that the estimate (21) for E, is stronger than
that claimed in part (b) of Lemma 8. Therefore we need only estimate E, . Since the
second integral in (22) is dominated by ¢ || ot || 3r1/2|¢| *, as follows from (23), we can
write

t—2r 1/2
[Ed S clald+ (ol 2(e ™ +e | (¢~1)° (;pzawp) i

- ®©

The last integral is less than

1=2r t=2r -

b 1/2
| (r—r)'l||r“2a(r>u;<jdp> dr<clafr® |

o it —7)

2r
SC 2..1/2 t —11
sclolgr=t 'n(2r+,t'>,

3. The Free-to-Perturbed Wave Operators

and this establishes part (b).

Leto _(r, t) be afree solution (La _ = 0) with data given at time ¢t = — oo which satisfy
(Hy). Let — o0 < T <0, and let

a=|r—t+ztl,b=r+t—r,
K(p,r,t)=p>+r*—1¢?
We wish to show that there exists a unique solution afr, f) of the nonlinear equation
oc,,—%oc oc,,+2a—3—i~+ 3=0, (1)
such that

odt) = (8)]| , >0 as t— — oo.
Here the energy norm |||, is given by (2).
The existence of such an « will be achieved by first showing that the integral
equation,

w, a2
alt) =o_(t) + 3 j j"K p, 1t — 1) — — o’ |dpdt = Ro, (19)
3605 —wa P

has a unique solution on the interval — co <t < T, provided | T'| is sufficiently large.
This in turn follows from our showing below that the operator £ on the right-hand
side of (19) is a contraction for large enough | T|. The solution so obtained will be
shown to exist for all times teR, as follows from positivity of the energy.

Define a norm on functions a(r,t) (0 <r< oo, — w0 <t<T) by

o
elll=sup {supl\/rltﬂoq.ysup1 t_<__2r__>

-0 <t=T r
2r + |t]
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Izl

+‘/ln|t|

All spatial norms here are to be taken over R3. It follows from the corollary to
Lemma 6 and from estimates to be made below that |||«||| < co for a free solution
with data satisfying (H).

r

+||°‘”*+“0‘”2+|t12/3”’”_1/3°‘”3}- (25)
2

Theorem 3. Let o_(r,t) be a solution of the free equation La_ = 0, whose data satisfy
(H,). Then there exists a unique solution o of the perturbed equation

302
Lo ——+a> =0,
r
such that || o(t) — a_(t)||, = 0 as t — — co. Moreover, this perturbed solution enjoys the

following properties:
() 2eCO®, AY); 2,eCO(R, L2)

(i) the total energy is conserved:

2 2
| [%a,z + 3|Val? +ia2(a ——) ]dx =2 |2 = constant,
r

R3

(i) fljoclf < oo.

Proof. Consider the integral equation (19) on the interval (— oo, T). We will prove
that there exists a solution « of (19) for | T| large, and such a solution is certainly a
weak solution of (1). Notice that |« ||, < |||«||| and that the L*-estimates for Zo — o _
in the first two terms of ||| - ||| (cf. (25)) have already been given in Lemmas 7 and 8b).

Lemma9. Let |||a||| < oo on an interval (— oo, T']. T hen there exists a constant ¢ such
that
sup || Ralt) — (1) | S| TI7 2 2 T el + lel). (26)

—w<tsT

Proof. First we note that, given a solution u of Lu = f, where fe L} (R, L?), with zero
Cauchy data, we have

lu@) |, s cflf@)],dr, (27)
0

as follows from the proof of Theorem 2.
Hence, by applying (27) to (19), we get

t

EZORE NGl

dr. (28)

2

r

Now [l |, < 2o |3, llo/r |, < elllell®|z]~*In*/?|<]|, and
2

sup r~ 2 < clflllP [ Int 2 [ 2] 7302
2r21

= Hr”zalloo’

o
r

" llL2ge>1)
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The estimate for this term near the origin is made by using Lemma 8b):

o2 1
:c(foz“dr)”2
L2r<1) 0

2r
414
L
0

r

D) 7
In*|z|In* o !
2r + 1|
2 1/2
| 7| 2r !
< el n* dr) < Il in® e
Mol ——— g I r) o Slledl*In® )T

Using these estimates in (28) and integrating in t, we obtain (26).
To complete the estimation of ||| Za — o _ ||, we need the following [P-estimates:

Lemma 10. Let 8 be a solution of L = fin {t > 0} having zero Cauchy data. Then
t
@ 1 "_1/3ﬁ||L3(R3) sc j t—1) w3 ”Vl/a'f(f) [ L3/2(R3)df§
0

t
i) 1B L2mH= CI 72 f )| Liorga)dT.
0

Proof. As in Sect. 2, Eq. (8), introduce the change of variables f =rv into the
equation Lf =f. The equation for v becomes

4
1
U"—';U,._U”,—V fa

and the operator on the left-hand side here is again the five-dimensional wave
operator. Then as a special case of the estimates proved in [7], we conclude

t
[l v(t) [ Lamsy = ¢ f t—1)" lf(f) f L3/2(|R5)dT
)
and
t
[ v(t) ”LZ(RS) = C_f [r~ lf(T) [ L‘°/’(R5)d7~
0

Since f§ = rv, we then have

V@) | agsy =177 BB || LY(R3)>

and
10O | L2egsy = | BO 2

and these identifications complete the proof.

Lemma 11. Let |||o]|| < 00 onaninterval ( — oo, T]. Then there exists a constant ¢ such
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that
=13 (Re— o YO N5 S clllall® + lloll®)e] ™ for —oo<t<T.  (29)
Proof. Applying i) of Lemma 10 to (19), we find

B t 30(2
[r= 13 (R —a )O);=c | (=127 <‘r—+a3>r”3(f)
Now || #1722/ |5, = [lr~Pa |3 = c|t|~*?[lla]l, and
o PV e vl 2 T T

< clllol® e 7.

dr.

3/2

Putting these estimates together, we obtain

1743 R = o )(0) 5 S cllall? + WallP) | (c— 1) 3|3,

— 0
and this proves the Lemma.

Lemma 12. Let |||a||| < oo on an interval (— oo, T]. Then there exists a constant ¢
such that

(B — o) (@)l < cllloell? + MeelP)|el 1> for —o0 <t<T. (30)
Proof. Applying ii) of Lemma 10 to (19), we find

2/5< mEL + oc3>(r)
p

S Joll e Pall3® s elllell® (],
10/7

(e — o)D), =

dr. (31

10/7

Now

2
2/5,a

r

and
L P T PR PR BT
SclllallPle] 0.

Putting these estimates into (31), we obtain the result of the lemma.
There is only one more term in the norm ||| Z« — o _ ||| to be estimated. This is the
content of

Lemma 13. Let |||a|]] < o0 on an interval (— oo, T]. Then there exists a constant ¢
such that

Ir = (Ao — o) () 2y S el + [loellP) Int e e~ (32)
for te(— o0, T].
Proof. This result follows from already derived bounds. First, let

= [ r?|%a—o_|*dx.

rz1
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Then
1/3
Jléllr‘l”(%a—a_)(t)l)%( § V“4dx>
rz1

< cllledli + lloll®)?e ™2,
where we have used (29) from Lemma 11. Hence
=t (o — o )(0) 2z 1) = cClleelll® + llecllP) 2] 7, 33)

and this is stronger than the desired estimate (32). For the estimate on the
complement {r <1}, we have

|J2|E j (‘@L_)(ﬂ j

r<i r<1

rlﬂ’a o_|? P

Now bound r|%a — o_|* using a) of Lemma 8:
e | e 3 (e + )R It e 2d
r<t1
1
< el + Noell?)* I 2 {efje =2 § =2 dr.

0

Therefore

r= (Rt — o) (Ol 2 < 1) S clllleell® + o) 4 el e .

This establishes Lemma 13.
If we now examine the results of Lemmas 7-13, we conclude the following:

Lemma 14. Let |||a||| < o0 on an interval (— oo, T]. Then there exists a constant ¢
such that

| o — o |l < clln™ V4T (lecll® + [locl®). (34)

Itis now clear from the methods of Lemmas 9—13 and the corollary to Lemma 6 that
llec_ |l < oo for a free solution o with data satisfying (H,). Inequality (34) shows that
the operator a — Za given by (19) is a contraction for |T| sufficiently large. Thus
there exists a time T and a unique solution « = a(r, t) of the integral equation (19) for
— o0 <t < T < 0.Byconstruction and the definition (25) of the norm ||| ||| we see that

aeC((— oo, T);A}), and
%,€C((— o0, T); L}).

This solution « can be continued for all times — oo < ¢ < co. This follows exactly as
in [6] (from the positive definite nature of the energy density e). By (28), we have,

since Zo =a,
2
<§a_ —a )(r) dr
2

and the result of Lemma 9 shows that this integral tends to zero as t — — co.

e —o )@, = f (35)




482 R. T. Glassey and W. A. Strauss

References

1.

Choquet—Bruhat, Y., Christodoulou, D.: Existence of global solutions of the Yang—Mills, Higgs and
spinor field equations in 3 4+ 1 dimensions, (to appear)

. Courant, R., Hilbert, D.: Methods of mathematical physics, Volume II, New York: Interscience 1962
. Eardley, D., Moncrief, V.. The global existence of Yang—Mills—Higgs fields in 4-dimensional

Minkowski space. Commun. Math. Phys. 83, 171-212 (1982)

. Ginibre, J., Velo, G.: The Cauchy problem for coupled Yang—Mills and scalar fields in the temporal

gauge. Commun. Math. Phys. 82, 1-28 (1981),...in the Lorentz gauge (to appear)

. Glassey, R., Strauss, W.: Decay of classical Yang—Mills fields, Commun. Math. Phys. 65, 1-13 (1979)
. Glassey, R., Strauss, W.: Some global solutions of the Yang—Mills equations in. Minkowski space.

Commun. Math. Phys. 81, 171-1387 (1981)

. Marshall, B., Strauss, W., Wainger, S.: L7 — L7 estimates for the Klein-Gordon equation, J. Math.

Pures Appl. 59, 417-440 (1980)

. Segal, I.: The Cauchy problem for the Yang—Mills equations. J. Funct. Anal. 33, 175-194 (1979)

Communicated by A. Jaffe
Received November 16, 1982, in revised form January 28, 1983.





