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Abstract. The equations of motion of compressible viscous and heat-conductive
fluids are investigated for initial boundary value problems on the half space and
on the exterior domain of any bounded region. The global solution in time is
proved to exist uniquely and approach the stationary state as t — oo, provided
the prescribed initial data and the external force are sufficiently small.

1. Introduction

The motion of viscous compressible fluids is described by the system of five
equations for the density p, the velocity u = (u',u? u%) and the temperature 0:

p,+ (o), =0,

. o 1 1 . . .
u+wu +—p, =—{p(u +ul)+pu, 6V +f i=1,2,3,
J ,0 1 ,0 J t k J

) 0 ) 1
0,+ui0, +—0ul =—{((0,), + ¥}, (L.1)
J pcV J J

1447
where p is the pressure, u is the viscosity coefficient, " is the second coefficient of
viscosity, k is the coefficient of heat conduction, ¢y is the specific heat at constant
volume, all of which are known functions of p and 6, and ¥ is the dissipation
function:

V=L, ) ).

We consider the initial boundary value problem of (1.1) in the region ¢t = 0, xe Q.
The boundary condition is supposed

Ulgo=ul, =0, 0|,0=0,=0, t>0, (1.2)
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Research Center
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or 00

00
Ulpo =ul, =0, % =

=2 =0, t>0. (1.3)
o0 On

0

The initial condition is given by
(o, u, 0)(0, x) = (pg U, Op)(x), x€L. (1.4

The local existence theorem for the initial boundary value problem (1.1)—(1.4) is
proved by Tani [10] under full generality. Here we want to solve the problem (1.1)-
(1.4) globally in time under the following assumptions.

A.l. The domain @ is the half space R} ={xeR>, x,> 0} or an exterior domain
of any bounded region with smooth boundary. Here we note that the initial
(-boundary) value problems on the whole space and on the interior domain are
solved globally in time in [6-8].

A2, pu,u',x, p and ¢y are smooth functions of p,0 >0, and p, , ¢y, p, p,» Py >0,
WA+ 23)pz0.

A.3. The external force f is given by the potential @(x)e H3(Q),
fl==0, ., =123 xeQ, (1.5)
where, and in what follows, we use the Sobolev space

HY(Q) = { feL,(Q), D" f= (0% /ox% 6x%20x%", |o| = k} eLo(Q), 1 S k <1}

1 12
with the norm | f |, =< Y |D"f|2dx> .

k=09

A.4. The initial data are smooth functions close to a constant state (p, 0, 0), where p
and 0 (also appeared in (1.2)) are any positive constants, i.e.,

Po — P»Ug, 0, — e H*(Q), and || py — p,uy, 0, — 0| 5 is small. (1.6)
A.5. The compatibility condition on the initial and boundary data is satisfied as

follows:

Uglog =0, 04ls0=0,

_Pox | i{ (! j ki -
Mo(Uo , +uj )+ Hotlg }x, loo = Py 20
Po Po

0o(Po)o _ ; 1
———uf  +———{(ke0p ). + ¥ =0, 1.7
Polcylo o Po(cv)o{ oo oi b (&0
where we used the notation p, = p(p,, 0,)) etc. In the case of Neumann condition (1.3)
for 0 we need a necessary change of compatibility condition.
We use the following notations for the function spaces:
%°(Q): Banach space of bounded continuous function on Q

€(Q) = {fe€°(Q), D" feC(Q), 1Sk <1},

%'(t,,t,; B)=1{u(t): I-time continuously differentiable  function  of

>
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telt,,t,] with values in a Banach space B, where the norm is given by
max sup [(9/00)u(t,) [},

0<kglty Stt,
L,(t,,t5; B) ={u(t): L,-function of te[t,,t,] with values in B, where the norm is
t2
given by { [ [lu(t,)|5dt}""?}.

ty

The stationary solution (g, 0)(x) of (1.1)-(1.3) in a neighborhood of
(9,0,0) in HX(Q) x H*(Q) x H*Q) has the form (cf. Lemma 2.1)

)
i pp(Z, Vg + o) =0, =0, §=0. (1.8)

p

We can state the main

Theorem 1.1. Under the Assumptions A.1. ~ A.5there exists a constant ¢ > 0 such that
if
oo — P,uo, 0 _g‘|3 +[Pls=e,

then the initial boundary value problem (1.1)-(1.4) has a unique solution

(p,u,0) globally in time and a unique stationary state (p,0, 6), which satisfy
p —PEE°(0,00; H(Q))nE(0, 00; HX(Q)),
u,0 —0e%°(0, c0; H3(Q))n6*(0, 00; H(Q)), (1.9)
lp —p,u,0 — 0(1)| 40,3~ 0 as t — 0. (1.10)
The theorem is proved by the energy method which is similar to [6—8], but it
requires the estimates valid in the half space and in the exterior domain. We note
that the solution decays as in (1.10), but the decay rate is not known, cf. [6—8]. In the

following we only mention the arguments for the Dirichlet boundary condition (1.2),
because the Neumann boundary condition (1.3) for 6 can be treated similarly.

2. Stationary Solution

Let us write the equations and conditions for the stationary solution (g, ii, 0):

(pir’),, =0, 2.1)

PUAL + p, + pP, — (AL, + @) + A'd, 6Y), =0, i=1,2,3, 2.2)
peyi'd, + Opgul — (<0, ), —¥ =0, 2.3)
ilag=1l,=0, 0;0=01,=0, pl,=p (2.4)

where p = p(p, ) etc. The stationary problem (2.1)-(2.4) has a unique solution as

Lemma 2.1. Under the assumptions A.l1 ~ A.3 there exist positive constants e and C
suchthat if | @ |, <, =3, 4 or 5 the problem (2.1)—~(2.4) has a unique solution (p(x), 0,
0) in a small neighborhood of (p,0,0) in H*> x H* x H? satisfying

lp—pl,=C|®|,,[=3, 4 or 5 respectively, (2.5)
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where p(x) is determined by (1.8), i.e.,

Plx )
i )p—-——"(Z’ % dn + &(x) =0. (2.6)

14
Proof. Since we consider a small neighborhood of (5,0,0) in H?> x H? x H?, by
Sobolev’s lemma, we may suppose |j — pl, |iil, |§ — 0| <imin{p,d}. Then we can
estimate the equalities:

f[2.17 % jpp(”’ dndx =0,
[[22] x didx =0,
{1231 x [0 — B)dx =0, 27

where [2.17, [2.2]° and [2.3] denote the terms on the left hand side of (2.1), (2.2)° and
(2.3) respectively. Take the sum of (2.7) and integrate it by parts using the mean value
theorem and Lemma 4.1. We obtain the inequality:

IDi|? + | DA S CUIDA| + N1l +10 = lgo+ 16 =81 }(| D> + || DO ),
Therefore if |[Dg |, |4}, 16— G|, is small, we can conclude
i=0, 0=0. (2.8)
If we substitute (2.8) in (2.2), we have

5 _
{jp,,(n,ﬂ)dw(p} o,
P 7’] X,

which implies (2.6).

3. Local and Global Existence

Let us rewrite the problem (1.1), (1.2) by the change of variables (p,u,0)—
(p + p,u,0 + 0) using (2.6) as follows:

pe+ulp, +(p+ Pl +p, ul =0,

uj + ul —*{u(uxj +ul )+ 'y, 0V,
p+

Po_, 4 Po ~Gx_=<pp,,(pwfp,(?fr_f?)_ 1)(15“
p +p " ptp (b + P, (P, 0)
. 0+0 . 1
0, +uio, + 0oy Ly 1wy, (3.1)
7 (p+ Py (p + p)ey
(,0)]o0 = ,0)|,, =0, 3.2)

(P, u,0)(0,x) = (p, Ug, B)(x). (3.3)
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Further we rewrite the problem (3.1)—(3.3) as follows:

L(p,u)= p, +u'p, + pul, =f°, (3.4)°
Lip,u,0)=uf — fuy, . — (A + @l +pips, + 0205, =1, i=1,2,3,  (3.4f
L¥u,0)=0,- K0, , +psul =f*, (3.4
©,0)lo = ,0)|, =0,
(p,u, 0)(0) = (po, o, b,), (3.5)

where we denote the constant for the function g of p and 0 by g = g(p,0), and also
= p/p, i’ = ii'/p, K = K/pCy, p; = P,/P> P, = Pe/P and p; = Op,/pcy. The terms on
the right hand side of Egs. (3.4) are nonlinear and have the form:

fo(p,uaO)E(ﬁ —pP —ﬁ)uij - ﬁxjuja
R e
p+p o

/’t+:u/ A Ay i 1 i j
(B a4 )
<p+p ) o

+.u)/cju,;c;\5ij} + <p1 - l%)/)x. +<p2 - Po ~>9x,

p+p
<ﬁp,,(p +5,0+0)
(0 + Pp,(5.0)

. K
“(p,u,0)= —uh, +<—~—l€)9x,x.
JHe0) *\(p D)y ”

_(9__+9)Pe>‘ e aw (3.6)
+<”3 e )T o ey el )

Next we choose a constant E, by use of Sobolev’s lemma such that

1)4&,([, i=1,2,3,

I gllco < 5min(p,0) for any geH?, [g|, < E,.

Then the solution of (3.1)—(3.3) is sought in the set of functions X (0, co; E) for some
E £ E,, where for 0<t, <t, < o0, we define
X(ty,t55 E)={(p,u,0):
pEB(ty,t,; H?), DpeL,(ty,t,; H?),
pte(g(tl’tZ;Hz)mLZ(tlstz;Hz)’
u,ee(g(tl,tl;HsmHl)’ D(u79)€L2(t1’t2;H3)’
u,0,€%6(t,, tzQHl)mLz(tl, t,;H?) and N(t,,t,) < E},

where
N3(ty,t,)= sup o, u,000) 3+ [ p(0)1|2 + | u, 0,(1) 2

trststy

+ [ IDp() 113+ o) 13 + | D, 0)() 15 + [, 0,(s) 1 3ds. (3.7)

131
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Here and in what follows we do not write Q in H/(Q) and L,(Q).
We will obtain the global solution by a combination of a local existence theorem
and some a priori estimates for the solution in X, namely that for the norm N.

Proposition 3.1. (Local Existence). Suppose the problem (3.1)—(3.3) has a unique
solution (p,u,0)e X (0,h; E;) for some h =0, and consider the problem (3.1)-(3.3) for
t 2 h. Then there exist positive constants 1, ¢, and Cy(ey+/1 + C§ < E,)) independent
of h such that if N(h, h), | @ |, < ey, the problem has a unique solution (p,u,0)e
X(h,h 4+ 1;CoN(h, h)).

The proof is the same as that for the interior problem in [8] and is omitted.
Although the local existence theorem by Tani [10] is more general, we need it in the
form of Proposition 3.1 to extend the solution globally in time by use of the L,
energy method.

Proposition 3.2. (a priori Estimates). Suppose the problem (3.1)—(3.3) has a solution
(0,u,0)eX(0,h; E;) for given h>0. Then there exist positive constants ¢, and
C, (e < &0,8,C, S E,) which are independent of h such that if N0, h), | @5 < ¢, then
N(0,h) = C,N(0,0).

If Proposition 3.1 and 3.2 are known, then global existence of a unique solution
can be proven as follows: Choose the initial data (p,, u,6,) and the potential function
@ so small that

N(0,0) < min {&4,6,/Cp,¢,/C, /1 + C3} and | D |5 Se¢,.
The Proposition 3.1 with h =0 gives a local solution (p, u, 0)e X(0,7; C,N(0,0)).
Since C,N(0,0) < ¢, <¢,, Proposition 3.2 with h =1 implies N(0,7) < C,N(0,0).
Then Proposition 3.1 with &=t implies the existence of a solution

(p,u,0)eX(t,2t;CyN(t,7)), €X(0,27;4/1 + CZN(0,7)).

Hence, since . /1 + CZN(0,7) £ C, \/1 + C3N(0,0) < ¢,, Proposition 3.2 with h =21
gives N(0,27) < C,N(0,0), and Proposition 3.1 with h =2t gives

(0, u,0)e X (27, 31; CyN(21,27)), €X(0,37;./1 + CIN(0,21)).
Repetition of this process yields
Proposition 3.3. (Global Existence). There exist positive constants & and

C(eC £ E,) such that if N(0,0), | ®|ls <, then the initial boundary value problem
(3.1)~(3.3) has a unique solution (p,u,0)e X(0, co; CN(0, 0)).

4. A Priori Estimates
First we recall some inequalities of Sobolev type.
Lemma 4.1.
(i) Let Q be any domain with smooth boundary. Then
I/ o) = Cl S b2y 0=0<1/2,
IS l,@ = Clf lnig, 2=p=6. (4.1)
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(ii) Let Q be the whole space R*, the half space R3., or the exterior domain of a
bounded region with smooth boundary. Then

[/ lgoy S CIUDf gy 1 0= CUDSf L) (4.2)
where Q' is any bounded subregion of L.

Proof. See for example [3], [4].
Next we note some estimates of the elliptic system of equations for our domain,
when we regard Eq. (3.4), i=1,...,4, as elliptic with respect to x variables, i.e.,

ful o+ @+, =u+pp, + a0, —f i=1,23
kexjx, 61+p3ui1 _f4>

Ulog =l =0log =0, =0. 4.3)

Lemma 4.2. Let Q be the half space or any exterior domain. We have for k =2,3,
1D uf S C{lltlly—y + 11D(0,O) =y + IS ey + llull} (4.4)
DO S C{UOly—r+ [Dully—y + IS -2 + DO} 4.5)

The first estimate is well known, e.g. [1]. The last L, norm is contained on the right
hand side because of the unboundedness of our domain. The second one is given in
[5]. It contains the L, norm of the first derivative as the last term on the right hand
side and is stronger than that containing the L, norm of the function itself such as
4.4).

The last estimate for an elliptic system concerns stokes equation in Q which
comes from (3.4),i=0,...,4.

pul, =
_ﬁuijxj+p1px,:gis =123,
ul@!):ar ulao:() (46)

Lemma 4.3. For k=2,3,4,
D2+ | D ' > S CLIRIZ + 1 gl2-2 + @l Zs-seg+ | Dul}, 4.7)

where the last term on the right hand side is necessary in the case of exterior domain.

Proof. In the case of the half space 2 = R}, the lemma is proved by Solonnikov [9]
and Cattabriga [2], where the definition of the space H*~ '/?(0() is also given. In the
case of exterior domains Finn [3] and Heywood [4] obtain the lemma provided
h =0. Thus we only need a slight improvement for h % 0. Let us extend the func-
tion he H!(Q) to a function e H'(R?) with the estimate || R g &3 = Cllh] g1 Then
we approximate i by H'! functions h, with compact support, ie., h, —h in
HY(R?), as n— o0. Thus we can define the function

1 hW)
PR3|x J’|

¢,(x) =
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It is well known by use of Fourier transform
1D?¢, | 1wy < Cll Al a1 sy
Thus we have
D2, |l ey I Dol @y < Clih, Hm(m)’

where Q'is any bounded subdomain of Q (cf. (4.2)). Since C is independent of n, as the
limit of n— oo, we have

1D |11y | DDl 1y S Cllbl g

Now we can put u—V¢=v and g=p+h/p,p, which satisfy dive=0,
— fidv + p,Vq =g, and reduces to the above case. In fact we have

I DU“LZ(Q) < || Du HLz(Q) + | D2¢“Lz(9) = Du”Lz(Q) +Cllh “Hl(g),

and

Ivleallnsree = I| = VO loallw32@o) = CI DGl g2y = Cllhl g

where the boundary of Q' contains 9.
Now we begin to obtain the energy estimate for solution of Eq. (3.4), i =0,...,4,
with (3.5).

Lemma 4.4. We have for | =0 and 1

1030, u, ) I1* + i I DO, 0)() 11> + ”(7’ L) dS

dt

§C{H d:(p,u,0)(0) |2 +IIA1I+H5’f°HZdS} (4.8)

where

= 1B —wip, ) +uif i+ 22074 dx;
P P3

p : o
A =[P ~idp, )+l +z—29,f:‘dx,
3

d 4 .
71'? =p+wp, =f°—pul. “.9)

We have also for k =0 and 1,

I D&k, 0)() |12 + [ 110" (o, u, 0)(s) || *ds = c{ | D% (u, 0)(0) ]
0]
+ 10¥p(0) 1> + || Of p(1) | +HD5" u,0)(s)]*

HOF(f O = wp, )2+ 1108 f(s) l|2ds}. (4.10)
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Proof. Compute the integral

O ey

j Piyo — oy wwiri — 1y + 22014 — 4 dxde = 0.

3

Integration by parts using the boundary condition gives

#|DO|2dxdt

N | =
0 e—
bl[”U

PP+ (ul? + pz@zdx+HuIDuI2+(ﬁ+ﬁ’)(u) Pag
D3 D3

22208 + ol +2202dx + | Ayt
2°p Ps 0

where A, is defined by (4.9). If we use the notation dp/dt in (4.9), we can obtain (4.8),
=0 from this equality. The time derivative can be treated similarly, because it has
the same boundary conditions. Next compute the integral

t
[IPL =) +ui(L = 1)+ 0,(L* — f *)dxdt = 0.
o

Integration by parts gives, by use of Schwarz inequality,

. JR N ~ 1!
§AIDul® + (4 + 4) (W) )? + R|DO|? + p, pu?, dx +55 §of+1ul? + 07 dxdt
0Q

2

< [ 4lDug * + (i + @) (W), )* + £ DOy |* + py potth , dx
Q
1
C| [ 1D, 0)(s)* + |] [*dxdt,
0oQ

wheref = (f° — wWp f 12030 *). 1f we use Schwarz inequality for the term pu ,
we obtain (4.10), [ =0. The estimate (4.10), [ =1 is obtained similarly. ‘

In the following we first treat the case of the half space Q = R3 since it is easier to
obtain estimates in this case than for the exterior domains treated later.

Since the tangential derivatives of the solution of (3.4) satisfy the same boundary
conditions (3.5), we can obtain the estimates for these similarly to the above Lemma
4.4. Let us denote the tangential derivatives by d=(d,,,0,,) and integrate the
equality for each k =1,2,3 by use of integration by parts

PLotLo — £0)d#p + L — f 1)kl =0,
p
Thus we have
Lemma 4.5. For k=1,2,3,
2
ds

’ d
10%(p,w)(1) | * + I | D u(s) |2 + 8"—'—?(5)

§C{I|@k(p, 0)1|2+j||6"f ()% + ||3k_1f(S)H2+|Ak+1|ds}, 4.11)
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where

Aoy = j%@"p@"(fo —wp, )dx foreach k=1,2,3. 4.12)

Q

Then we have to obtain the estimates for the normal derivatives of solution. To
do that we use the following equations from (3.4).

dp o
—_— + u = ,
(dt)xJ p x,x; X3

u —ﬂAU _(#+:u) xx;+p1pxw+p2 X3 f3 (413)
If we eliminate the term u} , from these, we have
2A + At d 2 _|__
HTRCL) 4= —ud—py0,, +F i 0 +f3
poo\dt],, p
A, Fud) + R, Ul (4.14)

where we note the second derivatives of u at the last two terms on the right hand side
contain one tangential derivative. Multiply (4.14) by p,, and (dp/dt),, respectively
and integrate them respectively. We obtain after integration by parts

20+
j 2 Mpxjdx+fjp1px dxdt
RS U B .
= — x3dx+ Ee— —u’ x3+2u§3 . x;dxdt

t
+ jj{ _u!3 _p20x3 +ﬁ(u31x1 + uizxz +u;1X3
0

20+ 4

+u§zx3)}px3 +< 23 +f3>px3dth

<=

o=

oe_;.‘ [y

jpxsdxdrw{ 1Dp(0)]12 + f |Bo,oldt

El

+ [ llulI* + 1 Dou > + | DO|2 + | DF )| + | f 3 szS}

and

LR (Ao 2,
il Pryi o2
g_f 5 {(dt) }dxdt+2jpx3dx

_p
ST pddx+ H =l o, +ulp, )p, dxdt

2+ 4 (dp
=== ) {—ud - A +ud
gf P dt x3 “ pze,h +'u(ux‘x1 +ux2x2
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2044’
+u)1c1X3 +u)2czx3)+'—ﬁ" 23 +f3}dxd[

i+ 4L [dp\? :
<LHTH jj(d—’:> dde—C{HDp(O)IIZ+j|BO,0|dt
0 0

+ [ lu 2+ DO+ [ DOu| >+ I DF 112 + || /2 Ilzdxdt}
0

respectively. Thus we have obtained the following

d
6k6’3*‘(d—f>(s)

1
gc{u Dp(O) |12, + | 104104 Dul|> + || 604 u, |2
0

Lemma 4.6. For k+1=0,1,2,

t 2
1*05" Lo + [ 16057 p(s)II* + ds
Q

HID@,0) ) o+ 1w rar + 1S N2 + IBk,zldS},

where

d
B,,= j{akag(d—’t’> - 6"al3pm}6"013px3dx, (4.16)
and here the summation is not taken for k and 1.

Proof. For k+ =1 and 2 we differentiate Eq. (4.14) by ¢*0} and multiply it by
0% 1 p and 0%0%" ! (dp/dt) respectively. Integration by parts gives (4.15) and (4.16),
in this case similarly to that for k=1=0.

Last we use Lemma 4.3 for stokes equation (4.6) with u|,, = 0, where h and g* have
the following explicit forms.

dp
—f0_ =
h=f i
gi=—u+ P —pl, +fl =123 .17)
p

Lemma 4.7. For k+[=0,1,2, we have

| D2*13u]| + || D' *10*p | < C{n b1+

dp
o —
()

+11D6| +Hf°\|1+k+z+\\fﬂk+z}- (4.18)

1+1

Now we can combine the above Lemmas 4.1-4.7 to obtain necessary a priori
estimates. First we obtain the H? version of norm N(0,1), i.e.,
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o, u, 0013+ 1 o) I + 1w, 0,011
t d 2
+ f I 0.(s), Dp(s) 17 + 4, 0,(9) 1§ + || D(us, 0)(9) |13 + “;5(5) ds
2

<C{llp,u 000) 13 + Sup {10 =ulp 13,1 /(5)11%}

0ss=t

+§|If°ilz+llf1°!l2+l|f|i + llulp,, 1T+ ZIA|+ Z | By ilds. (4.19)

k= k+1=0

It is proved by fifteen steps as follows:

(i) By Lemma 4.4, | =0, we have

I, u,0(t H2+§HD(u 0)(s)11* + ds<C{llp,u,9 01> + IHfO Ol

dp
’dt()

+ IAolds} (4.20)
(i) By Lemma 4.4, k =0, and (4.20), we have

ID(u, )11 + [ 1| s u, 0,(5) |1 ds
0

<t c{nD(u,o)(O)HZ + 1O + [ /() Hst}. @.21)
0

where ... means the terms already appeared on the right hand side of inequalities
(4.20)—(4.32), especially (4.20) for (4.21).
(i) By Lemma 4.4, [ = 1, we have

‘ d
ot 0,0) 112 + [ I1D(u,,0)(s) 11> + “(f) (s)
0 L/

2
ds

< C{H Pt 0,001+ [ 11/ + IAllds}. (4.22)
0
(iv) By Lemma 4.2 for 6 and by (4.20)—(4.22), we have

ID26(t) 1> + [ IID*6(s)]*ds <+ + C{ I f*@)]?
0

+ [Ilf 4(s)!!zds}. 4.23)
0

(v) We have the estimate of tangential derivatives of p by Lemma 4.5, k =1,

dp
i)

+CM@f N2+ 1 £ )12 +14,]ds. (4.24)

2

1op(0) 1> + f | Déu(s) 1> + ds<-+ | 0p(0)|*

(vi) The estimate of the normal derivative for p and dp/dt follows from Lemma
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4.6, k +1=0, and from (4.24), (4.21) and (4.20)
2

ds

! d
103p(0) 1% + [ 105p()]12 + a3d—f<s)
(0]

<ot c{ 10:p@) 1+ JISNT+ L1 + |Bo,olds}~ (4.25)
0

(vii) Then we have the second derivative of u by Lemma 4.2 for u and k = 2, and
by (4.19), (4.21), (4.22), (4.24), (4.25).

ID?u@) > <+ Cl L)) (4.26)

(viii) Further since dp/dte L,(0,:;H"), we have by Lemma 4.7, k 4+ | =0, and by
(4.21), (4.20), (4.24) and (4.25),

[ ID?u(s) (2 + ([ Dp(s)Pds <+ [I1/O1F + IS [P ds. 4.27)
0 0
(ix) By Lemma 4.2 for 6, k =3 and by (4.27), (4.21) and (4.22), we have
JID0(s)[2ds <+ + [ 11/ %)) }ds. (4.28)
0 0

(x) By Lemma 4.5, k =2 we have

2

d
229l s

102p(@)1I1> + | | DO*u(s)|* + 7
o t

S C{Iaz(p,u)(O)ller Jlo2fo) 12 + 110 f (9)11* + |A3IdS}. (4.29)
0
(xi) By Lemma 4.6, k =1, I =0 and by (4.29), (4.22), we have

2 2 dp |?
005 p(t) 12 + § 1005 p(s) 1> + || 004 o (s))| ds
0

< +c{ 100, 00) 12+ [ILLO5) 12+ £ (5)13 + lBl,olds} (4.30)
0
(xii) By Lemma 4.7, k =1, I =0 and by (4.29), (4.30) and (4.22), we have
JID?0u(s) (1 + ([ Dop(s) [ Pds -+ + [ [ f2) 3+ 1 f(s)]3ds. (4.31)
0 0

(xiii) By Lemma 4.6, k =0, [ =1 and by (4.31), (4.22), we have

2

d
2229 ds

3dt

102p) 112 + [ 103p(s)]I* +
0

t
S+ C{!IP(O)H% + leO,lldS}- (4.32)
0
(xiv) By Lemma 4.7, k =0, | = 1 and by (4.29), (4.30), (4.32) and (4.22), we have

[ 1Du(s)? + | D3p(9)|2ds < - 4.33)
0
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(xv) Then by the Eq. (3.4)

lo @It + [lp)Iids <+ | fO—uwip, |IT
0

+ [ If0—ulp, (s)l3ds. (4.34)
0

Thus if we sum (4.20)~(4.34), we arrive at the H? energy estimate (4.19).

To elevate the differentiability once to obtain the estimate of norm N(0,t), we can
repeat the above argument beginning from Lemma 4.4, k = 1 and by use of Lemma
4.2, k=3, Lemma 4.5, k=3, Lemma 4.6, k+!/=2 and Lemma 4.7, k+1=2.
Therefore we arrive at the estimate for N(0,¢).

NO,0)* = pu0) |3+ o013 + lu,0,) 117
+ [ 1pDp(s) 113 + l1u,0,(5)[13 + | Dw,0)(s) [ 3ds
0

=C {Iip,u9(0)||3+ sup {IIf*~wp, ()13 + /()T

<s<[

+ j LFOSIE+ 1G5+ 14O + [wip, )l + wlp, 115

4
Z Kl + Z IBk,lds} (4.35)

k+1=0

Last we have to show

Lemma 4.8.

sup {1/°—wp, )3 +ISG)IT}+ f IFASZ+ 10 = wip, )s)I1?

0ss=srt

+”f5)”2+Hj?(5)”2+ Z [Al + Z IBkl,ds

=
S CL(N0,0) + || @1 5)N?(0,2). 4.36)

Itis proved by use of Lemma 4.1 and integration by parts. We show only the term A,
and omit the proof of the other terms which can be treated similarly. Let us recall
(4.9) and compute the following

[ p(f° —wip, )dx| =] p{(p— P)w’ — pul}, dx]|
=|[p.,{(p— Py — pu'}dx|
S IDpl{([ (P = p)*|ul?dx)"* + ([ p*lul*dx)*?}
SDpl{llp—= Pl lulip, + ol lull}
=CIDp[ I Dull{@ll5+ | pll} = CNO,)*{| @5+ N(©O,0)},
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) U A 1 }
u' T H u;cx +-—~',ux u.:c dx
J {<P+P > optp T
. U (1 .
é ul ~————ﬂ> ﬁul( ~> u;
I <p+p PP/

. 1
~— U ||Du||2+”< )
p+p 0 p+p X,

SCNOY)*{[[P]l5+ NO,1)}.

dx

S

l[ull Lol Dull

Ls

The remaining terms in 4, can be treated in the same way as above.

Finally let us turn to the case of exterior domains. In this case, since we cannot
generally designate a coordinate system over all of Q so that directions are consistent
with the normal and tangential directions on the boundary 012 as in the case of the
half space, we have to modify the Lemmas 4.5 through 4.7. To do that we shall
separate the estimates of the solution into that over the region away from the
boundary 0Q and that near the boundary 09Q. Let y,(x) be any fixed cut-off function
in €*(£) such that support y, = Q and y, = 1 outside of a bounded region Q. Then
we have the following as the estimate on the region away from the boundary.

Lemma 4.9. For k=1, 2, 3, it holds that

oD p(@))1% + [ | 2D p(s)II?ds < C{H D¥p(0)|1> + || D" u(0) ]| *
0

HID 1+ [0 =g Ey+ 1

+ 1 D(,0)] 7 - 1+|Ak+1lds}, (4.37)

d 2
1D L) ds

oD (pou)(0)[1* + { XoD* " tu(s)|? +
0 dt

= C{ ID(p.u)(O)I* + [ IID*~* f1I> + | D* f°))?
0

+xoD*p)I* + 1 DW.0) -, + IA}/H-lldS}’ (4.38)

where

Aper = j—xo PIDA(f° —u'p, )dx,
and here the summation is not taken for k.

Proof. Compute the integral

! 2;1 +4 :
iy KoL = [ )P, + 25 (L = f1)py dxds = 0.
0 QR
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After integration by parts, we have
i 20+ [
p 20

t
151Dpl? + xdu'p, dx|, + [ | prxdIDpl* dxds
0N

O — ~

F = 205070, x,4x, P, + 2820 X0 x,Us,Px, + 201 Px,
2

— P2x0POx + oo, W+ xoul )Wp, — [0+ pul )dx + ALds.
Since the support of Dy, is contained in €', we can make use of (4.2) and
consequently the Schwarz inequality gives (4.37), k = 1. The other cases k = 2, 3, are
obtained similarly. To prove (4.38), compute the integral

f (35 PADL = £0)+ 73D ~ f)dxds =0

0

Integration by parts gives
p W
zf X2 = [Dpl* + x4|Duldx |, + f jx AID*ul+ x5 + f)1Dul, | dxds

t

= | [ 18P (Dul)DO+ 2x0 10 ., P2(DuIDO + 25000 . Py (Du')Dp — 13 f 'l

0Q

= 2oXo,x, /Uy, dx + A% ds,

which implies (4.38), k = 1 after using the Schwarz inequality. The cases k =2, 3 are
obtained similarly.
Next let us establish the estimates near the boundary. To do that we choose a

finite number of bounded open sets {¢,}_ in R* such that

N
U 0,>09,
j=1
and in each set ¢; we choose local coordinates (y,¢,r) as follows;

(i) the boundary ¢/, n 0Q is the image of smooth functions y' = yi(y,¢) satisfying
(e.g., take the local geodesic polar coordinate)

=1, yiyh=0, [y,/26>0, (4.39)

where ¢ is some positive constant independent of j =1,...,N.
(ii) any x in (; is represented by

x'=x'(,,r) =rri(Y,0) + (Y. 9), (4.40)
where n'(y,¢) represents the external unit normal vector at the point of the
boundary coordinated (y,¢). Here and in what follows we omit the suffix j for
simplicity. Let us define the unit vectors e and e} by e} =y}, and e}, = y! /|y, |. Then
Frenet-Serret’s formula gives that there exist smooth functions («,f,y,2",5,7)
of (y,¢) satisfying
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0 € l 0 -7
— €, y 0
N n o B
o fe\ [0 =¥

—le | =1 0
a¢ n a/ ﬁ/
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— e,

-B =N
0 n

— o e\

=B €,
0 n

An elementary calculation shows that the Jacobian J of the transformation (4.40) is

given by

J= lx.p X x4>l = IY¢' + (al)’qs' + B)r + (ap’ —5“1)72

(4.41)

By (4.41) we can see the transformation (4.40) is regular choosing r small if needed.
Therefore the functions (,¢,r), (x) make sense and is calculated as

V=5

1 1 ,
S(xy xx) =~ (A} + Beb),

1 1 . .
¢xl :j(xr X xtf))i =j(Ce‘1 + De12)7

1

Xi

where 4 =
(4.42) implies

1
0., =(Ae} + Be)d, +

r. :j(xw X X )i = Hy,

(4.42)

ol +pr,B=—ra/,C=—fr,D=1+arand J = AD — BC > 0. Hence

(Ce +De})d, +n'd,.

Thus in each @; we can rewrite the equations {(3.4)'}7_, in the local coordinates

W, d,r) as follows

dp 4P
I°= o J((Ael + Beb)uy, +
L'=ul -I—J2

+ first order terms of u and 0

AT

+(Cél + Deyul, + Jn'ul) =£°,

((4% + B*uy,, + 2(AC + BD)u},, +(C* + D*)u}, + J2ul)

dt

r ., N 1. A+ Ad
——(Ae1+Bez)<g—_—”—~p+plp> +—(Cel+Dez)< - —p+p1p>
J p dt v J p b

———+D

i<ﬁ+u dp
n
p dt

+
p) LAHE
. P

l=fi5
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where we note that J? =(AC + BD)? — (A% + B?)(C? + D?). Let us denote the
tangential derivatives by d = (0, d,,) as before, and let x;(1 < j < N) be any fixed cut-
off function in ¥§(¢;). Estimating the integral for k=1, 2, 3,

t

J 1 EL@PINE =)+ 3O —f)] dgrds =0

[eX ]
in the similar way as in Lemmas 4.5 and 4.9, we can get

Lemma 4.10. For any positive ¢ and k=1, 2, 3, it holds that

1 dp (s)

1,040, w)(© I + § ;D u(s) | +
0
éc{”"f'ak(p’“)‘o)”z + el Dp IRy + (147 Dl O) 2.,
0

US4 + |A,~,k+1ads},

where A, = jl;l 27 (0 p)O*(f° —ulp, )dx, and here the summation is not taken
Q

Jor k.
In order to estimate the normal derivatives we make use of the equation

—f% =0 and ni(L' — f') =0, which have the form

d
<d[t)> + = {(Ae1 +Be2)u,,,,+(Ce1 +De2)u,¢+Jnu }

+ first order terms of u =172,
nii + %{(AZ + BIniul, + 2AAC + BDW,, + (C2 + DAnisd, , + J2niui, }

+ first order terms of u and 6

i+u [d . AR
+Lrli<—p> +p1pr=n’f’+uf?. (4.43)
p \dt), p

Eliminating n'y}, from (4.43), we get

20+ 4 (dp
dt

1 . .
5 ) +pip, = —nul + 75{(A2 + B*)n'uy,, + 2(AC + BD)n'uj,,,
+(C? + D'}y, — J(Ae; + Beu),, — (Cei + De"z)uid,}
+ first order terms of u and 6 +n'f’ + f 0 (4.44)

If we apply d*d'(k+1=0,1,2) to (4.44), mul‘uply it by y;0*0)(dp/dr), and y30*0,p,,
and integrate them respectively in the similar way as in Lemmas 4.6 and 4.9, we can
have

Lemma 4.11. For k+1=0, 1, 2, it holds that
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dp 2
kat+1f 4P
Xja ar <d[)(8)

= C{H Dp(O) |14y + [ 1l 2;0" " 1 0,Du|* + |l ;0 0u, |
0

t
;001 Lp() 1> + [ 1l 2,60 Lp(s) 112 +
0

F D@ + 1R res + IS+ IBj,k,llds},

where

j‘Xj<akal+1<Ljh> ak~l+1p’>akal+1pdx

and here the summation is not taken for k and 1.

Last we have to get a lemma corresponding to Lemma 4.7. Evidently the
statement of Lemma 4.7, k + [ = 0 holds also for the case of exterior domains, if we
add the term || Du|| on the right hand side of the inequality, (cf. Lemma 4.3). Next
operating y;0", k =1, 2 to Stokes equation (4.6) with (4.17) and u|,, =0, we have

A dp
p_(xjakul)x.' = Xjakfo ak<d >+ pX} X1 ak :

- .[‘(Xjak”i)x,x, + pl(Xjakp)x[ = - jakuzi - pZXjakex, + plXj,x,akp “ﬁXj,x,x,akui
. i + d 0+ '
— [0t 5,0 U, + ;00— At “ %0 <—p) + uxﬁ"fﬁ,,
dt 0
Xjﬁ"ulm =0. 4.45)

Thus we can apply Lemma 4.3 to (4.45) and consequently we have
Lemma 4.12. For [ =0, 1, 2, we have

dp
[D*"ul + [ D' p| £ C{H Ul + “EE

1SNy s+ 1 1+ 11 DG, 9)”}

1+1
and for k=1,2, 1+ k=1, 2, we have
;D> 1ok u | + || x; D H'o¥p |

d
éc{” Upllgs + Xjﬁkd—’; + | f0||1+k+l RaL A PRI o P 273 P

1+1

+ | D(u, 6) uw} :

Combining the above Lemmas 4.1-4.4 and 4.9-4.12 as in (i)~(xv) for the half
space, one can obtain the same inequality (4.35) and the same Lemma 4.8 modulo the
replacement of

ZIAkl+ Z [Biil by [4o [+ 14, + Z|A|+Z{Z|A,kl+ > lBszl}
=0

k+1=0 ji=1 k+1=0

Thus the proof of Theorem 1.1 is completed.
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