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On GL(4,R)-Covariant Extensions
of the Dirac Equation*

Jouko Mickelsson**

Mittag-Leffler Institute, Djursholm, Sweden

Abstract. Infinite component generalizations of both massless and massive
Dirac equations are constructed which are covariant with respect to the double
covering of the general linear group in four dimensions. These generalized
Dirac equations can be made covariant with respect to the full diffeomorphism
group of the spacetime manifold by replacing ordinary derivatives by co-
variant derivatives in the usual way.

1. Introduction

When w is a Dirac field transforming according to the complex four-dimensional
spinor representation a—S(a) of the covering group SL(2,C) of the connected
(restricted) Lorentz group SO, (3, 1), then by

(D@)p) (x): = S(a)p(0(a)” 'x)

one defines a representation of SL(2,C) in the space of Dirac fields; here 6 is the
real vector representation of SL(2, €). The Dirac operator iy*0, +m commutes with
the representation D [we are used to saying that the Dirac equation
(iy'0,+m)p =0 is covariant with respect to Lorentz transformations].

A natural question to ask in a general relativistic contex is whether the
representation S of SL(2,C) could be extended to the group G=GL(4,R)
[universal covering of the general linear group GL(4,IR)] in such a way that the
Dirac equation would be G-covariant. What would then be the generalized Dirac
matrices? Assuming that the extension is carried out, the Dirac equation will be
covariant with respect to an arbitrary diffeomorphism J in (IR*, g) (g is a Lorentz
metric). One has only to replace 0, by the space-time covariant derivative V,,
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determined by the metric g and by the representation S, and define

oJ _ -
DUYH:=S (501 2.
It is easy to check that D is a “two-valued representation” of the difffomorphism
group DiffR* in the space of Dirac fields. This is not a true representation since S

is not a representation of GL(4,R) but of GL(4,R). To make things more precise
we can define G(IR*) as the group of all pairs (w, J), where Je DiffR* and w:R*—G

aJ
is a function such that O(w(x))= 6—(J ~1x) for all xelR*; the composition law is
pe

(@, ) (o', J)=(0",J"), where @"(x) = w(x)w'(J " 'x) and J" =J-J". One can define a
proper representation of G(IR*) by

(D(, N)w) (x): = S((x)p(J ' x).

The discussion above can be generalized to the case of an arbitrary space-time
manifold (M, g) which admits a principal G bundle F as the double covering of the
frame bundle F of M. If ¢ : F—F is the covering map then ¢(p-a)= ¢(p)- 0(a) for all
peF and ae G. Let V be a linear space equipped with a spinor representation S of
G. The associated vector bundle F x ;V consists of all equivalence classes [(p,v)],
where (p,v)e FxV and (p,v)~(p",v), if p'=p-a, v'=S(a”")v for some acG, [1,
Sect. 1.5]. Fix a basis {e ,e,, ...} in V. Given a local cross-section x—p(x) of F one
can define a local basis of F x ;V by é,(x): =[(p(x),e,)]. In particular, if x,,...,x,
are local coordinates on M then the vector fields % % form a local cross-

1 4 .
section of F and one can choose (one of two) a local cross-section p(x) of F such

-

0 o .
that ¢(p(x)) = (g ...,é—), and thus in this way to any coordinate system on M
1 4

there is associated a basis {¢,} of the spinor bundle F x V. Since the kernel of
0:G—GL(4,IR)is Z, and in a spinor representation it is represented (by definition)
by the operators 1 and — 1, the second choice for p(x) leads to the basis {—¢,}.Ina
coordinate transformation y = y(x) the basis {¢,} is transformed to {S(w)é,}, where
the function x—w(x)eG satisfies O(w)= % Thus working with a principal
G-bundle enables us to define spinors and their transformation properties in a
holonomic way, [6]: to a given set of local coordinates is always associated a basis
(unique up to the sign) in the spinor space, in a natural way. This is in contrast to
the case of ordinary SL(2,C) spinors, where one has to choose a section of the
principal SL(2, €) bundle and the choice of the section is not related in any natural
way to the choice of local coordinates on M (this corresponds to the fact that in
general there is no natural choice for a set of local orthonormal vector fields on M,
related to a given coordinate system).

A first obstacle to constructing G-covariant spinor field equations is that there
are no finite dimensional spinor representations of G; this is due to the fact that
the three fundamental representations of the simple subalgebra sl(4,R)Cgl(4,IR)
consists of the vector, covector and the natural representation in the space R* AR*
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and these are all integrable to true representations of the group SL(4,IR). On the
other hand there are lot of infinite dimensional spinor representations of G. In fact,
“half” of the principal series belongs to this class.

If we wish our G-covariant field equation to be in some sense an extension of
the usual Dirac equation, we run into a second difficulty: no irreducible
continuous representation of G contains a Dirac spinor representation of the
subgroup SL(2,C) (or any other finite dimensional spinor representation). We
shall not prove this here; it is really a simple argument based on properties of the
spectrum of a non-compact generator of SL(2,C). There are at least two ways
around this obstacle. The first alternative is to replace the Lorentz metric by an
euclidean metric and to consider SU(2) x SU(2) spinors instead of SL(2, €) spinors
[SU(2) x SU(2) is the universal covering group of the rotation group SO(4)]. We
shall follow this route in Sects. 2 and 3. The second alternative is to work with
non-integrable representations of the Lie algebra gl(4, R); we shall consider this in
Sect. 4.

In Sect. 2 we describe certain representations T (e= +i,veC*) of G in a
Hilbert space H,. The space H, is a subspace of the space L*K) of square
integrable functions on K=SU(2)xSU(2), but it turns out to be more con-
veniently realized as a space of homogeneous functions of degree one of a Dirac
spinor z=(z,...,z,) and its complex conjugate z. The vector z transforms
according to the representation D/29@ D12 of SU(2)x SU(2). The repre-
sentation T" contains the irreducible K-components D*/%% and D '/? with
multiplicity one. In general, the multiplicity of DY:/? in T® is equal to
(1/2)dimDY"72 if j, +j, is a half-integer and is zero otherwise. The Lie algebra
al(4,IR) is realized as an algebra of first order differential operators on z and z.
Simple and explicit formulas are given for a set of generators of gl(4,R).

In Sect. 3 we shall first construct a massless G-covariant field equation
4.

0 . .
Y X ka——lp=0 such that the field p transforms according to the representation
k=1 X

T of G in H, (veC* arbitrary). The vector operator X ={X,} can be defined
simply by X,ip=2""?R, i, where the functions R, (1 =k, 1<4) are the matrix
elements of K in the vector representation (written as functions of z) and A~ 2 is a
normalizing factor. It turns out that in order for the corresponding massive

0 .
equation (ZX "E + A) =0 to be G-covariant, the “mass” A has to be defined as
k

an intertwining operator between the representations T and T, where
V. — TV @ TV
T =TY@T®) and

(VL Vv, V)=, v,, V5 vy +1).

This in turn is possible only for special values of v, which are determined. We shall
show that the massive field equations can be obtained from a Lagrangean by a
variational principle.

In Sect. 4 we shall discuss the reduction of the representations T with respect
to the subgroup SL(2, C). In particular, in the unitary case v— g purely imaginary
[o is half the sum of positive roots in sI(4,IR)] the representation TV |SL(2,T) is
equivalent to twice the regular representation of SL(2, €); in the non-unitary case
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the equivalence is only infinitesimal. Via the “Weyl trick” one can construct from
T new representations V" of the Lie algebra gl(4,R) [essentially ix, is replaced
by time ¢; the generators of so(3,1) will be represented by complex linear
combinations of the generators of so(4) in the old representation]. The operators
X, will be replaced by X,’s which transform like a vector when commuting with the
generators of sl(4,R) in the representation V™. We shall show that the submatrix
of X, corresponding to the four dimensional Dirac subspace in H, is just the
ordinary Dirac matrix y,. Our field equations are thercfore in a definite sense
extensions of the usual Dirac equation.

The group GL(4,IR) has been suggested as a gauge group for theories of
gravitation, see [2] and references therein. The use of GL(4, R) and its semidirect
product with the translation group IR* as a unification of gravity and strong
interactions has been proposed in [7]; in this connection there has been some
activity on the spinor representations of G, especially on the multiplicity free
representations (representations of G in which each representation of the subgroup
K occurs with multiplicity 0 or 1) [7, 8].

2. On a Class of Induced Representations of GL(4,R)

Let GL, (4, R) be the group of real 4 x 4 matrices with positive determinant and let
G denote its simply connected double covering group. In the Iwasawa decom-
position GL , (4,IR)=KAN the group N consists of all upper triangular matrices
with diagonal elements=1, A is the group of all positive diagonal matrices in
GL,(4,R) and K=SO(4). Similarly G=KAN, where K=~SU(2)xSU(2) is the
double covering of K. Let 6:G—GL, (4,R) be the covering homomorphism. We
4
shall identify R* with the space of quaternions through x— ) x,q,, where the unit

quaternions g, are defined by k=l

_[o i} 0 —1 i o
Bl T o BT - %70 1

in the space of complex 2 x 2-matrices. By this identification the group K acts
in R* as

O(g)x=axb*; g=(a,b)eSU2)xSU(2). 2.1

Thus the kernel of the homomorphism 6 consists of (1,1) and (—1, —1). Since
G/AN =K =~ S3x §° (as C*-manifolds; S* is the real 3-dimensional sphere) G acts
as a Lie transformation group on the manifold S* x 3. The differential of this
action (from the left) defines a set of first order differential operators on K which
gives a realization of the Lie algebra g =gl(4, R). Explicit but complicated formulas
for the differential operators have been given in [3] in terms of the spherical
coordinates on S*. Here we shall use a different set of coordinates which gives
simple formulas and is more convenient when discussing the reducibility and
equivalence questions of representations of G in the function spaces on K.
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The elements of SU(2)~ S? can be parametrized by unit vectors z=(z,, z,)e C?,
z,1?+]z,/=1. To the vector z one can associate the element
1 T2 esuq).
Z Zy
We shall extend in an obvious way the action of G on §3 x §3CC? x C2=C* to the
whole space €* by demanding the action to commute with the dilatations
(z,2)—(Az, A, Z'), where z,2€ €% and A, A’ are real positive numbers. In this way the
Lie algebra g will be realized as an algebra of first order differential operators in
four complex variables z; (1=<j<4) and their complex conjugates z,. For the
generators of the subalgebra f (the Lie algebra of K and K), one gets easily the
following standard expressions (j=1,2,3):

- S
0z ____|oz
L;=[zz2,]q; 81 +[2,2,1q; 81 ,
2.2
- - (2.2)
0z __ . _lo0z
M ;=[z,2,]q; 03 +[2,2,4; 63
The commutators [M, L, ] vanish and
[L,,L,]=2L,, [M, M,]=2M,, (2.3)

and the other non-vanishing commutators are obtained by a cyclic permutation of
the indices (123).

We shall need also the corresponding differential operators L’ and M’ defined
by the right action of K on itself; they turn out to be

Mo 07
_  L_l0z _ 0z
L;z[zzzﬂqj‘ 62 +[2221]qj' 02 )
=l = »
0 Mo .
ez, _ 0z
M;‘:[Z4Z3]q1' 64 +[Z423:|qj (34
102, ] 07, ]

These operators commute with L, and M,. We denote by ¢;; the 4 x 4-matrix with
1 in the (i,j) place and all other matrix elements ZeT0. The subalgebra

f~so(4)Cgl4,R)

is spanned by the elements [;;=e¢,;;—e;, = —;; and the adf invariant complement of
f is spanned by a'.—e..+eﬁ—a In the left realization of K we have the
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correspondence
L= L =(1/2)(L,+M,), (ijk) a cyclic permutation of (123),
la—=Ly,:=1/2)(L,—M,), i=1,273.

The operators Lj; are defined similarly. The commutation relations are

[Li; Lyl = 5jkLiz - 5iijz + 5:’1ij - 5j1Lik > (2.5)

ij

and similarly for L{;s.
By a tedious but straightforward computation from the defining relation

d
(Aip)(2) = wle™ 2l 0.

where 1 is a differentiable function of the variable ze C* and the dot means the
action of G extended from K CC*, one arrives at

= Z f,k’Lil, (2.6)
k<l
where
A=(z,1? 412,12 (|z2]* +|z,]?),
‘ (141" + 12,509 (25| +12,]7) 2.7
ij =Rikle+Rilek7
and
R, =R, (2):=(1/2)trg¥|! __Zz}q.[ 73 Za (2.8)
S z, z; =z, z4

Thus the functions R;; divided by the normalization coefficient W are just the
matrix elements of SU(2) x SU(2) in its vector representation. Because of the factor
1/4 in (2.6), the coefficient of each L, is essentially a function on K CC* only [they
are invariant with respect to the dilatations (z,,z,,z3,2,) (A2, 42,5, A'z5,4'2,)].
Instead of reproducing the computations leading to (2.6) we shall give a simple
proof that the 4,s satisfy correct commutation relations. This means that the
following relations should hold also for the 4;/s and L;j’s:

LLij a] =0 yay— 03+ 0 34— 0,1y (2.9)
Laip @] =0l + 0yl + 0yl + 6,1, - (2.10)

The case of (2.9) is easy : Since / is K-invariant we have L, .- ;+A=0. Since for a fixed j
the functlons R;; transform like a vector with respect to the left action of K, the
functions (for fixed k and I) behave like a symmetric second rank tensor upon
commutatlon with the L’s; the rest follows from the fact that [L, L"]=0.

We shall now attack the case (2.10). Using the fact that the functions f;, now
for fixed i and j, transform like a symmetric tensor with respect to the right action

of K and using the relations (2.5) for the L};’s, one gets first

a, 1

(4 Ayl = A2 Z— (i H =1 1 yﬂ)L (2.11)
ﬂ



Covariant Extensions of the Dirac Equation 557

From the definition (2.8) follows that
gRiaRjazkéij. (2.12)

Inserting (2.7) in (2.11) and using (2.12) we get

1
(4 Ad= 2 Zﬁ [0(Ri,Riy— RigR,,)

+0,(R;,Ris—RyR,,)+6,(R,R;;— R ;yR,,)
-I—5ﬂ(RiaRkﬂ—Rkaa)]L;B. (2.13)

Denoting by L(X) and L'(X) the left and right realizations of an arbitrary element
Xef one has

LX)=L"(R™Y2)XR(2)), (2.14)
and in particular
1 ¥
L=L({;)= Lgp (Ri,R;3—RyR )L, (2.15)

Combining (2.15) with (2.13) one gets the desired commutation relations (2.10) for
the operators 4.

Next we shall construct certain reducible representations of G closely related to
the principal series. Let V be the linear space consisting of all linear combinations
of functions of the type A~ W Vp(z, Z), where p is a homogeneous polynomial of
degree n, n=0,1,2,.... Elements of V are therefore homogeneous of degree one.
Clearly Vis invariant under the action of the differential operators L;; and 4, ;. Let
S be the linear operator in V defined by (Sh)(z, z) := h(iz, — iz) and let V.C V' be the
eigenspace of S corresponding to the eigenvalue ¢ (e= +1i, +1). It is easily seen
from the definitions that the operators L;; and

1 4
M. — kk
Aij '—Aij+ E}(:El ij Vk (2.16)

commute with S for any v=(v,,v,,v;,v,)e C*. By (2.16) we have in fact defined an
induced representation of G in the space V,. The inducing subgroup is PAN, where
PCSU(2) x SU(2) consists of the powers of t =(q,, g;) (thus P contains exactly four
elements). The subgroups P and 4 of G commute and one can define a
{-dimensional representation U of PAN by setting U"(g)=1 for ge N,

UM =(—¢)", and UY(g)=g]'g2959%

for g=diag(g,, ...,g,)€ 4. Let T denote the representation of G induced by U

Let dk be the normalized Haar measure on K. Then the carrier space H™ of the
representation T is the space of square integrable (with respect to dk) complex-
valued functions f on K such that

flkx™H)=UY(x)f(k) V¥ xeP. 2.17)
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Since K is compact the space of functions V, (restricting the domain of functions
from C* to 3 x $?) is clearly dense in H" : it is enough to note that f(kt)=(Sf) (t).
Computing the differential dT'” at a;; gives just the expression (2.16). The operator
dT"(l;) is of course equal to L The representations T are not quite principal
series representatlons since the latter are induced by the subgroup MAN, where M
is the centralizer of A in K, [4]. The group P is a proper subgroup of M ; the latter
consists of 16 elements (+¢;, +q,), all signs, j=1,2,3,4.

Let us next consider the reduction of the representations T%) with respect to
the maximal compact subgroup K. The irreducible representations of
K =SU(2) x SU(2) are characterized by a pair of numbers (I,,1,) (highest weight)
such that the dimension of the corresponding (equivalence class of)
representation(s) D) is (21, +1)(21,+1), where [,,l, can obtain the values
0,%,1,2,.... According to [5, Theorem 3.5], the multiplicity of D/**2 in T is
equal to the multiplicity of the restriction UM p,n=U, in D412 this does
not depend on veC* and we denote the multiplicity by x(/,,1,). In a (2I+1)-
dimensional irreducible representation of SU(2) one can define a basis wv(m),
m=—1, —1+1,..., +1, such that the action of the group element diag(e”, e ) is
given by a multiplication of v(m) by e*™; thus in the tensor product basis
v(m,)®uv(m,) for SU(2) x SU(2) the element (g5, q5) is represented by the multipli-
cation operator e'"mi*m) The number of pairs (m,, m,) for which ™™ ™) = —¢ is
equal to 52/, +1)(2l,+1) (when ¢==£i) if I, +[, is a half-integer and it is zero
otherwise; it follows that x(I,,1,) =3 dimD"*" when [, +1,eIN+% and y(I,,1,)=0
otherwise. In particular, the sum of two lowest dimensional representations D"t/?
in T{) is the “Dirac representation” D/> 9@ D2, with multiplicity one. The
carrier space of this subrepresentation is spanned by the monomials z,...,z, in
the case e=+i and by Zz,,...,z, when e=—i Because of the restriction
I, +1,eIN+13, TV) contains no proper I-valued representations of SO(4). Similarly
T‘”) contams only proper representations of SO(4).

3. GL(4,R)-Covariant Field Equations

Let Tand T be two continuous representations of G in Hilbert spaces H and H’,
respectively. A set X ={X,};_, of four linear operators X,:=H—H’ is called a
vector operator if

4
T@X, 1§ )= ¥ 09),X, (3.1)

for all geG and k=1, 2,3,4 [remember that 6(g) is a real 4 x 4-matrix]. Let
C”(R* H) be the linear space of all C*-functions 1 :R*—H. We can define a
representation D of G in C*(R*, H) [and similarly D’ in C*(R*, H')] by

(Dig)y) (x): = T(g)y(B(g) ™ x). (32)
We shall consider the differential operator
4
D= X"i:C‘”(lR“, H)-C*(R* H'), (3.3

k=1 Ox,
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where X*=Y h*X, and h=(h") is a space-time metric. It follows easily from (3.1)
that !
D(g)2Dlg~ =2 VgeG, (34)

where & is again given by (3.3) but using the transformed metric h=0(g)h0(g). If
is a solution of Py =0 then ZD(g)y = D'(9)%w =0 so that D(g)y is a solution of the
same differential equation with respect to the metric h; therefore we shall call a
differential operator which satisfies a condition of the type (3.4) a G-covariant
differential operator. The field equation Py =0 could be thought to describe a
massless particle. The corresponding massive field equation would be

(Z+ Ayp=0, (3.5)

where A:H—H' is a linear operator. If the time coordinate is x, and X, is
invertible then the spectrum of X ; ' 4 would give the different masses associated to
the field p. Assuming that

T(9)AT(g"')=A4 Vgegq, (3.6)

the field D(g)y is a solution of (3.5) whenever p is a solution for all ge G. An
operator A satisfying (3.6) is usually called an intertwining operator for the pair
(T, T'). In particular, if A is invertible, then from (3.6) follows T'(g)=AT(g)A~* so
that T'and T are equivalent representations.

For any ve C* and v'eC* such that

v=v, k=123, V,=v,+1 (3.7)

we can associate a vector operator X to the pair of representations (T, T')
=(T™, T"")). The carrier space of both of the representations is the same
H,=H"=H"", defined in Sect. 2. We define

Xof:=(/)/DRef, feH,, 1=k<4. (3.8)

Since K is compact and each 2~ /2R, is a continuous function with maximum
absolute value 1 on K, the operators are bounded and || X, || =1 (with respect to the
L*-norm in H,). In order for (3.8) to make sense we have to show that the subspace
H,C L¥K) is an invariant subspace for X. By (2.17) this is so if

(A~ 1/2Rk4) (ax)= (A~ 1/2Rk4) (a)

for all ae K and xe P. Since P is generated by t=(q5,q,) it is enough to consider
the case x=t. Looking at the definitions (2.7) and (2.8) of the functions 4 and R,,
we notice that both functions are indeed invariant with respect to the right action
by t.

Since we are dealing with differentiable representations of the Lie group G it is
sufficient to prove the infinitesimal version of (3.1). Setting g =g(s) in (3.1), where
g(s) is one of the 1-parameter subgroups of G generated by the vectors /;; and a;; in
g, and taking the derivative with respect to s at s=0 we see that (3.1) is equivalent
with

[Lij’Xk]zéiji_aika’ (3.9)
AS )Xk_XkAg):éiji'HSika- (3.10)
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Now for the operator X, defined by (3.8), Eq. (3.9) follows immediately from the
fact that the functions A~ */2R,, transform like a vector under the left action of K
(they are matrix elements of the vector representation). We shall verify (3.10) by a
direct computation.

v’ v 1 o, r 1
Agj )Xk_XkAgj)= Za;ﬂ [fijﬂLap’Xk] + :{f;‘;!AXk

ij

=" s/zfi‘;‘LRm +2A732 Z fa'ﬁLrﬁRM
o<p

=4" 3/2101'74Rk4 +AT2 Y fia;“tRka

a<4

4 4
=473 Zl fiakaa =273 Z (RiaRj4 + Ri4Rja)Rka

a=1
=34 V2R, +6,47 2R,
=5ika+5iji-

On the third step we have used the fact that the R;’s transform like a vector under
the right action of K (for any fixed i). The orthogonality properties (2.12) have been
used on the sixth step.

In order to be able to construct massive G-covariant field equations we have to
double the space. Here we are more interested on the spinorial case ¢ = +i and we
define

T : =TV T")

—i

H:=H,®H_,. (3.11)

Slightly modifying Lemma 8.10.8 and using Theorem 8.10.16 in [4] we can
conclude that the restrictions of T and T"" to the subgroup SL(4,R) allow an
intertwining operator if

V—o~a(v—g) forsome ogeW, (3.12)
and

(v—0);>(v—g); for 1=i<j=4. (3.13)
Here W is the Weyl group of SL(4,IR) associated to the Cartan subgroup
A,=ANSL(4,R), and ¢ is half the sum of the roots of A4, in N. Explicitly,
0=1%(3,1,—1, —3)and Wacts in C* as a group of permutations of the coordinates.

The equivalence u~ y' is defined by
p~p s Wo=pte, 1554,
for some ce €. By (2.16) A{)=A{" if i+ and
W _ 40— AW) _ 4w
A - A=Al - AL,

when u~ g [a simple application of (2.7) and (2.12)]. Thus the restrictions of T%
and T*) to SL(4,R) are equivalent when pu~ y'.

Ifnow v and v" are related by (3.7) it is an easy exercise in linear algebra to show
that (3.12) and (3.13) are satisfied if and only if

V_Q~é(3’ 19 - 15 _3)=ig
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In this case the vector v —p is obtained from v—g acting by the permutation

0p= (; i i T) and then adding the vector (1,1, 1,1).

Lemma 8.10.8 in [4] gives an explicit formula for the intertwining operator
A:H—-H. Let M’ be the normalizer of 4 in K ; then M C M’ is a normal subgroup

and W~ M'/M. Let m, be a representative of the class o,e Win M’ (for example,
1 .
m,=—=(q, +45,q9,+q,)eSU(2) x SU(Z)) and let f denote the extension to G of a

"2

continuous function f on K given by

f(kan):=UY(a)f(k); keK, aeA, neN. (3.14)

Let N,:=Nnm,Nm, ' and dn a N-invariant measure on N/N,. Then
(Af) (k)= | flknm,)din. (3.15)
N/N,
The vector Afis really in H because the subspace H C L%(K) is characterized by the
eigenvalue — 1 of the operator S? and

(*N)(k=f(ke?), *=(-1,-DeKk,

so that the operators S? and 4 commute (the element t* commutes with AN). This
could be expected of course from the fact that no intertwining operator can mix
the spinorial representation in H with a vectorial representation characterized by
§?= +1. We can make (3.15) a little bit more explicit by first computing

0 1 0 0
00 —-10
0(m,)= K
M=o o 0 1|
10 00
and
Loxy, X3 X4 L =x55 x4 O
0 1 x, X,y 110 1 —Xx3, O
Wm0 1 | % 0 0 o)
0 0 0 L] X1, —X;3 X4 1

so that m,Nm, 'nN consists of those elements n=(x;) for which x,,=x,,
=x,,=0. Setting
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we can write (3.15) as

(Af) (k)= jf(kn(x)mo)dxlzdxlzdxladx14 (3.16)

Of course, any scalar multiple of A is also an intertwining operator for SL(4,R).

Obviously the formula (3.6) is not valid for an element g 1 in the centre of G:
4

if g=¢*-1 (2eR) then T™(g)=exp (oz Y vj) -1 and T"(g)AT™ (g~ ')=e"A for any

ji=1
operator A when v and v are related by (3.7). Thus we have
T (g™ AT (g)=(detg)™ /*A (3.17)

for all ge G. This generalization of (3.6) is perfectly acceptable on physical grounds
since A is assumed to be related to the mass of the system and the mass is
multiplied by e™* in a dilatation x—e”x in IR*.

To complete this section we examine the Lagrangian density associated to the
field equation (3.5). Let A* denote the hermitian conjugate of an operator A in H
(with respect to the L2-scalar product). Then g— T®(g)* ! is also a continuous
representation of G in H; we denote it by W™. Since Tz is unitary, we have

WO (k)= T (k) VkeK.
On the other hand, by a partial integration from (2.6) and (2.16)

AE.;)* — Ayt Z K(v—29),

for any real vector v. Thus W®=T(""29 for any real v. Denote by o, the
. 1234
transposition (3 )1 4). Then for v=3p and v =v+(0,0,0,1) we have

—V +9¢~0,(v—). The permutation ¢, is realized through a—mam; "' (a€A),

1
where as the element m, e M’ we can take for example m, = —2(q2 +d4 —q,+4,)

We can now define an intertwining operator Q:H — H such that

WY (g~ HQTY(g)=(detg)” /4Q. (3.18)
The operator Q is given by (3.15) with m, replaced by m,. The analog of (3.16) is
(Qf) (k)= ff(kn(x Ddx 5dx,dx, 5, (3.19)
where
I x, x5 0
N 0 1 x,; O
=l 0 1 o
0 0 o0 1

For a differentiable function y:IR*—H we define the density
L, =L,y X o,p+ Ap) . (3.20)
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If o= X k0, + A)p then, by the covariance of the differential operator, ¢ trans-
forms according to the representation T®” of G when v is transformed by T
Thus for any ge G [denoting x'=60(g) ™ 'x],

L ZL(x)= QT (ghw(x), T*(9)e(x')
=T (gy* QT ghp(x), p(x')>
=W H(QTY(ghp(x), ¢(x')>
={(detg)” " Qup(x), (x'))
=(detg) " '*ZL(x).

It follows in particular that the functional
L(y) =f Zw(x)d“x (3.21)
is invariant with respect to all ge SL(4,IR). The ordinary Dirac Lagrangian is

P(iy"0, +myw =y, ([iy"0, + myp),

where now < -, - > is the euclidean inner product in C*; thus the operator Q in (3.20)
plays the role of y,. Analogously to the Dirac case the field equation (3.5) is
obtained by a variational principle from (3.20) and (3.21) through an independent
variation of y and Q.

4. Reduction with Respect to the Lorentz Subgroup

We shall first ask the question which irreducible representations of the subgroup
SL(2,C)CG [the double covering of SO (3,1)CGL, (4,R)] are contained in the
representations T In this section we shall keep ve C* arbitrary.

We cannot apply the Mackey subgroup theorem [5, Theorem 3.5], since it is
valid only for unitarily induced representations. Instead, we shall use a more direct
orbit method which gives also a concrete decomposition in the space L%(K).

The group J=S80,(3,1) consists by definition of those matrices ue SL(4,R)
which preserve the quadratic form g(x)=xj+xj;+x3—x; and u,,=1 (the
direction of time x, is preserved). Let the group J act on K=GL , (4, R)/AN from
the left. There are exactly six J-orbits in K,

K=J10J -k, UJ -kyud (= )T -(—k,)0J -(—ky),

where
1o 0o 0]
1 0 0 0 0 1 0 0
0 1 0 0 1 1
S P S Lt N VS V5
00 -1 0 1 1
T
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The orbit J- 1 consists of those matrices ue SO (4) for which the subspace V(1) CIR*
spanned by the first three column vectors of the matrix u is space-like [i.e. g(x) is
positive definite on V(u)] and the fourth column vector is on the side of the positive
x,-axis from the 3-plane V(u). The orbit J-(— 1) is characterized in the same way
except that the positive x,-axis is replaced by the negative x,-axis. The cases
J-(tk,) [respectively J-(+k,)] differ from the first two in the way that the
restriction of g(x) to V(u) has signature + + — (respectively it is degenerate,
signature + +0). Since JNAN = {1} and Jnk,ANk;*={1}, the orbits J-(31)
and J-(£k,) are difffomorphic with the group J. On the other hand Jnk,ANk; *
consists of the matrices

;  oa=coshé, p=sinh¢,

S O O =
S O = O
=™ R O O
R =X © O

for £eR. Therefore the orbits J-(+k,) are lower dimensional and they are of
measure zero in K.

Let kl, k € K such that O(k )=k, (j=1,2). There are again exactly six SL(2, €)-
orbits in K, each of them contamlng precisely one of the elements 1, kl, kz, t, k t,
k t, where t=(q5,q;)e K as earlier, 0(t) = — 1€ K. [ Note that the kernel ker0 ~7Z, is
contamed in SL(2, €).] Let us denote Q(k)=SL(2, )k, ke K. The right action of t
on K defines a difffomorphism [which commutes with the action of SL(2,C)]
between the orbits Q(k) and Q(kt). On the other hand f (kt)—sf (k) for a function
feH,, therefore f'is completely determined (in the L? -sense) giving its restriction to
the two orbits Q(1) and Q(k ). The orbits Q(k ) and Q(k t) don’t count since they
are of measure zero. Denoting by dg the SL(2, €) invariant measure on Q(1) and

. k .
Q(k,) induced by the Haar measure of SL(2,T), let j—q be the Radon-Nikodym

derivative of dk with respect to dq. We define a unitary isomorphism

T H,—~L*Q(1), dq)@Lz(Q(El)a dq),
dk 1/2 dk 1/2
T(f)3=l/(flg<1) ( q) f|Qa€1)'(d_6) )

The factor ]/5 is included since Q(l)uQ(IQI) is one half of the space K (in measure).
The subalgebra so(3, 1)=sl(2,C) in gl(4,R) is spanned by the vectors [, ,, I,,
Iy, and a,, a,,, a;,. By an abuse of notation we denote the corresponding right
invariant differential operators on SL(2, C) [or on Q(1) and Q(k )by L;;, A;,. The
mapping 7 pulls the restriction of T to SL(2, €) into a reducible representation of
SL(2,0) in the subspaces LZ(Q(I) dg) and L*Q(k,,dg)) of t=(H,). The repre-
sentation of the Lie algebra sl(2,C) is given by the operators L, (i,j < 3) and

(4.1)

":11'4 =Ay+ Z fNiIZk(v — 0> (4.2)
k=1
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where f}} % denotes the restriction of the function f ¥ to Q(1), respectively Q(k ). A
function f on Q(x) (x=1,k ;) can be considered as a function on SL(2,C) via the
diffeomorphism g—g¢- x (ge SL(2,C)). The weight v is shifted by — ¢ because of the

dk\/?
factor (d—) in (4.1). To proceed we need
q

Lemma. For each integer 1 Sk =4 there exists a C®-function h, on SL(2,C) such
that L; b, =0 (1=i,j<3) and A, h, —fH(1Zi<3)

Proof. By a simple computation from (2.6) and (2.7) we get
Aufid=AuLid (4.3)

If we set Z,=A;, (i=1,2,3), (Z£,,Z5,Zs)=(L,,, Ly3, Ly,) and fi=fl5 (j=1,2,3),
J;=0forj=4,5,6 then we are looking for a function A such that Zh=f;(1 <j=6).
The Frobenius integrability conditions for this first order differential system are

Zfi—Z,f;= z Ck s 4.4)
where Cf/s are the structure constants,
[Zi’ Zj] = Z C:'(jZk

Using (4.3) and the commutation relations (2.10) it is easily seen that (4.4) are
satisfied. Thus the existence of a local solution & to Z h=f; is clear. Since L; h=0
(1=1i,j=3), h is really a function on SL(2,C)/SU(2). The homogeneous space is
difffomorphic to R, xIR? and therefore we are effectively dealing with a
Frobenius problem on R, xR2 The vector fields Z,, Z,, Z, are linearly

. . . 0
independent and thus the system Zh=f, will be equivalent to a—h‘m =f{%
y.

. . ']
(j=1,2,3), where y,,y,,y; are the Cartesian coordinates on R, xIR? fj(o)

. 0 0 .
i=1,2,3) are some functions on IR, xIR? such that — f(¥=_— 1 Since
* oy, ! oy, ™’
Y Vi

R, xIR* is starshaped, the global existence of the solution 4 follows from
the Poincaré lemma. []

Let H = C*(K)n{fe H,|Q(x)nsuppf compact for x=1, x= k 1} (suppf denotes
the support of f). By the differentiability of the SL(2, C) action on the orbits Q(x),
the dense subspace H:C H, is SL(2, €)-invariant.

Theorem. The representation of SL(2,C) on H¢ defined by T is infinitesimally
equivalent to a direct sum of two regular representations on the space C(SL(2,T))
(C®- functions of compact support) by an unbounded operator F; if v— o is purely
imaginary the operator F© is unitary.

Proof. Let h,,....,h, be as in the lemma and define

4
h™: =exp ( - > (= Q)khk> .

k=1
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Now h"~ 14, i =A,, and h® 'L, =L, for 1<i, j<3. We can set

FO(f):=hY-2(f), feH.
For each fe H¢ we have
FO7 A, FO(f)= AR,
FOTULF(N=Lyf, 1=ij<3.

tj

Clearly the multiplication by A%, and thus also F', is a unitary operator when
v—g is purely imaginary. []

Next we wish to relate the field equations described by the representations 7"
to the Dirac equation. As a first step we note that using the Weyl trick one can
obtain a new (nonintegrable) representation V" of the Lie algebra gl(4,IR) from
dT™. The representation V" has the property that it is composed from finite
dimensional spinor representations of SL(2, ). Let g¢ be the complexification of
the real Lie algebra g=gl(4,R). Define a IR-linear injection

n:8—8¢

nl) =1, nay)=a, for 1=j, k=3, (4.5)
nl)=ilyy, nlay)=ia, for 1=j=3,

Magq) =y

If g=diag(l,1,1, —1) then the linear mapping 7j:9—g¢, 7j(x): =#(gx), is a Lie
algebra homomorphism and the image of so0(3,1) is contained in the com-
plexification of so(4). We define

V(x): =dT(i(x)) (4.6)

where d T is extended from g to g¢ by C-linearity. Then V™ is a representation of
g in HY, and there is a one-to-one correspondence between the finite dimensional
irreducible subrepresentations of $o0(4) contained in 7" and those of sp(3,1)
contained in V™. In particular, the (reducible) Dirac representation of so(3,1)
occurs with multiplicity one in both of the cases T

Let us define the operators X, :H,—~H,,

5 i
X f= ﬁ
1
%
Then X = {X,}#_, is a vector operator with respect to the representations ¥ and
V) of g [again, v’ is given by (3.7)]. Let n be the projection of H ; onto the four

dimensional subspace 5, , which is the carrier space of the Dirac representation
D/2:0@ p0-1/2) 'We define the linear operators (¢= +1)

Ve Ao A,y fi=4nX,f. 4.8)

R.f, 1=k<3
(4.7)

X, f=—=R,,f (feH).

In the realization of H, by functions on C*, the space #,, is spanned by the
monomials z,,...,z, and J_, is spanned by Zz,, ...,Z,. We claim that with respect
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to these bases the operators y, are given by the matrices

0 : iq,, 0 : d4
he=|= = | (1Zk=3),  pu=|- - - (49)
—ig,, 0 4s 0
in the case ¢= +i, and by their complex conjugate matrices in the case ¢ = —i. This

means that the projections of the operators X, onto the Dirac subspace are just the
Dirac matrices. From (4.5), (4.7), and (4.8) follows that {y, } transforms like a vector
operator with respect to so(3, 1), and consequently it is sufficient to verify (4.9) only
for one operator, say y,. For that purpose consider the functions R,,z; on the
sphere |z,]* +]z,|? =|z,|* +|z,)*=1. From (2.8) we have

Ry z,=%z,2,+2,2, + 2,2, +2,2,)7,
=iz3(|2112+122|2)+%Z3(|Z1|2_ lzzlz)

+3(222,+2,2,2, +2,%,2,). (4.10)

Using the explicit expressions (2.2) for the generators it is easily seen that the last
two terms in (4.10) transform according to the representation D1/ and thus

Y42, =4nR, .2, =z5(z,)* +]2,))) =2,

By a similar computation we get y,z, =z,, 423 =2, Y42, = 2z, and so we are done
with the case e= +i. The case e= —i is treated analogously.
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