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Abstract. A Gaussian ensemble of Hermitian matrices depending on a para-
meter o is considered. When o = 0, the ensemble is Gaussian Orthogonal, and
when o =1, it is Gaussian Unitary. An analytic expression for the n-level
correlation and cluster functions is given for any n and 0 < o < 1. This ensemble
is of relevance in the study of time reversal symmetry breaking of nuclear
interactions.

1. Introduction and Summary

Wigner’s Gaussian Orthogonal Ensemble (GOE) of asymptotically large real
symmetric matrices has been the model for nuclear energy level fluctuations [1-4].
A large amount of data—mainly on slow-neutron resonances of medium and heavy
nuclei, but also on some proton resonances of light nuclei—has been used to test the
model. A very recent analysis indicates that the agreement between GOE and the
data is remarkably good [5].

It can be shown [6] on general symmetry arguments that if the Hamiltonian
governing the system is invariant under time reversal and space rotations, the
appropriate ensemble is that of real symmetric matrices. On the other hand, if it
contains a time reversal non-invariant part, then the matrices should have an
imaginary part as well. One such ensemble, namely Gaussian Unitary Ensemble
(GUE) of complex Hermitian matrices in which the real and imaginary parts are
sampled independently but with the same weight, has also been studied analytically
in great detail [ 1-47. It gives very different fluctuation properties than the GOE and,
in particular, has stronger level repulsion than observed in nuclear spectra, implying
that the nuclear forces are mostly time reversal invariant. Following a suggestion of
Wigner [2], the close agreement between GOE and the data may then be used to
derive an upper bound on the time reversal non-invariant part of the nuclear
interactions by studying ensembles of complex Hermitian matrices with a small
imaginary part.

Ensembles of Hermitian matrices in which the dispersions of the real and
imaginary parts are arbitrary and unequal have been the subject of several previous
studies [7]. It is only recently, however, that approximate forms for the two-level
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correlation and cluster functions have been given [8]. It is made plausible that the
transition from GOE to GUE in the (asymptotic) eigenvalue fluctuations is
governed by a parameter A which is the dispersion of the imaginary part of the
matrix elements expressed in local spacing units; see Ref. [9] for the relevance of this
parameter in more general ensembles. In this paper we derive an exact closed
expression for the n-level correlation and cluster functions for any » for ensembles
intermediate between GOE and GUE, and give, inter alia, a rigorous derivation of
the transition parameter.

In what follows we consider an ensemble of Hermitian matrices depending on a
parameter o. The matrix elements are Gaussian random variables and the relative
dispersion of their imaginary to real parts is a.. For & = 0, the ensemble is GOE, and
for =1, it is GUE. We restrict ourselves to the case 0 < « < 1. This restriction
enables us to write the ensemble as a sum of GOE and GUE, and consequently the
joint probability density of the matrix elements as a convolution (Sect. 2). This plays
a key role in the derivation of the joint probability density for the eigenvalues in
Sect. 3.

The joint probability density for the eigenvalues follows easily in the two
limiting cases from the invariance properties of the ensembles [ 10]; see Ref. [11] for
the third limiting case « = co. For arbitrary o, however, one needs to integrate over
the variables of the unitary transformations which diagonalize the matrices of the
ensembles. For the restricted values of «, the formula needed to do this is known
[12]. Then, making use of the method of integration over alternate variables [13],
we obtain the joint probability density as a pfaffian (Sect. 3).

The same method of integration can be used to derive the one-and-two-level
functions [13]. We briefly discuss this line of inquiry in Appendix I. For more
general results (Sect. 4), we rely on two theorems on quaternion determinants [14]
which have already been used to derive all n-level functions for « =0, 1 [15].

In Sect. 5 we consider the limits when the dimension of the matrices is large. It is
shown that the eigenvalue fluctuations (as described by the n = 2-level functions)
undergo a discontinuous transition at « =0. For all non-zero finite « we obtain
results characteristic of GUE. On the other hand, in the limit when «—0 but the
parameter A remains finite, the n = 2-level functions undergo a smooth transition
from GOE (1= 0) to GUE (A = o0). Except in the two limiting cases, the functions
are non-stationary owing to the variation of A over the spectrum [8].

In Sect. 6 we study the (asymptotic) two-level functions in detail and derive
expressions for the number variance X2 as well as for the ensemble average of the
least square statistic 4, which are useful in the analysis of data.

We do not consider here the data analysis for the breaking of time reversal
symmetry, as it is already part of a separate study [8]. Some other quantities, such as
the spacing distributions which follow from the cluster functions, will be discussed in
a later paper.

2. An Ensemble of Random Hermitian Matrices
Consider the ensemble of Hermitian matrices

H=A+B, (2.1)
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where A is an N x N real symmetric matrix with the probability density
p1(A) =2""2[2n(1 — a?)?] NV Db exp{ — TrA%/4(1 — oa?)v?}, 2.2)
dA=1]dA; ] dA,, (2.3)

ik

and B an N x N Hermitian matrix with the probability density

p,(B) =2""2[2n0?v?] V2 exp{ — Tr B/4av?}, (2.4)
dB=[1dB; |] (RedB;)(ImdB,). (2.5)
i j>k
The joint probability density for the matrix elements of H is then
p(H) = [p(A)p,(H — A)dA, (2.6)
dH = []dH; || (RedH;)(ImdH M) 2.7
i i>k

and on the average

” ImHHZ _ (N— 1>0(2 largeNaZ.

IReH|? \N+1 23)

The ensemble is symmetric in o. We consider therefore o = 0. Furthermore the
definition (2.1) restricts it to & < 1. When o = 0, B = 0 with probability one and then
H = A forms the GOE. Similarly a« =1 gives H = B which is the GUE.

Here v? fixes the scale. We shall choose

20*(1 +o?) =1, 2.9)

so that the results for GOE and GUE will be identical to those in [3].

We remark that the convolution integral in (2.6) can be evaluated easily and the
resultant form, giving explicitly the joint probability density of the real and
imaginary parts of H, is then valid for all «. However, it is the integral form in (2.6),
which will be used in the next section for the joint probability density of the
eigenvalues.

3. Joint Probability Density of the Eigenvalues

Let x,,...,xy be the eigenvalues of H:

H=U'xU,x=[x9,;],UU=1, (3.1
so that [10]
N o\-1
dH = <Hj!> "WV =2 A2(x)dxdU, (3.2
1
where
A() =[] (x; = x)),dx =dx, ...dxy. (3.3)

i>j
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Similarly if a,,...,ay are the eigenvalues of A4,
A=Q%Q a=1[a0,;],2"Q=1, (3.4
then [10]

N -1
dA=2-N<1‘[r<1 +%j>) VD4 A()] da dQ. (3.5)
1

To get the probability density p(x) of the x;, one has to further integrate over U in
Eq. (2.6). We have

)= [ S U

Xa? Tr(a— U'xU)?
41 — o?)? 4o%p?

= const Az(x)jexp{ - }lA(a)|dadU, (3.6)

where an intermediate step involves a trivial integration over Q. The constant in the
last step is the product of the constants in (2.2, 2.4, 3.2, 3.5). The integral over U can
be performed by using the formula [12]

1
_ det[exp{ ———(r,— Sj)z}]
deeXp[—iTr(R— UTSU)Z} — (NN -1)2 Nl_[lj! 2t
” O R | (3.7

valid for Hermitian R, S with eigenvalues {r}, {s;}. Note that the determinant has
the same sign as 4(r) 4(s). Then for the final integral over a, we have

jeXp< 4(12 2) >det[exp{ (ag;xz)z}]mgnd(a)da

a,Sa, < Zay
= Nlexp(— Zx}/4v*)Pf[e(x; x;)], (3.8)

where in the last step we have first integrated over alternate variables and then used
the theory of Pfaffians [13]. To avoid minor complications, we have taken N = 2m,
even. The antisymmetric function &(x, y) = — &(y, x) is a double integral:

0 z2 1
&(x,y) = _f dz, _f dzl{eXp< 4—(1—)2—2[( —(1=o?)x)*+(z, — (1 ‘dz)y)2]>

1

- exp( —m[(zl —(1=a?)y) P +(z,—(1— sz)x)z])}

1— o2 \/2
=4n(1 — a?)o?v? erf{(w) (x— y)}, (3.9)
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where
erf(x) = ?/2—1; ch exp(— t?) dt. (3.10)
]

In the last step of (3.9) the integral over z, was performed after introducing the new
variable t = (z, — z;).

The Pfaffian in (3.8) is the square root of the determinant of the antisymmetric
matrix ¢. Collecting all the terms and using the normalization (2.9), we have finally,
for even N,

2

p(x) = Cy CXP(— ZX?>|A(X)I{dCt[f(xi—xj)]}”z, (.11

4\1/2
f(x)zu:rf{(%)l x} (3.12)

N
Cit = 23N2(1 — g2V =DI4(] 4 52) "NV D4 TT [(1 4 1)), (3.13)
ji=1
We remark parenthetically that the limit « = 0 is trivial since, then, f(x) = sign x
and det f = 1. On the other hand for o« = 1 one should expand (det /)" in powers of

1 — o4 \172 )
(———) to obtain

with

and

402
lim (1 — o2) N0~ D/4(deg £)1/2 = VN + 34 7 = N2 H(r(lj+ 2J )IA( ). (3.14)
a=1 Jj=1

In both cases the standard results [10] are recovered.

4. Correlation and Cluster Functions

We shall use two theorems from the theory of quaternion matrices to derive the
correlation and cluster functions. For a proof of the theorems, and details of the
notions involved, one may consult either of the two references in [14]. The same
theorems have been used to derive the functions for GOE and GUE [15]. An
alternative derivation of the functions is outlined in Appendix I.

Theorem 1. In an N x N self-dual quaternion matrix o, replace its quaternion
elements by their 2 x 2 matrix representatives as follows

10 0 —1 0 —i i 0
1"’[0 1]"’1“’[1 0]’62"{—1' 0]’63”[0 —z} @

This gives a matrix C(o) of twice the size with complex elements. T hen

det C(o) = {Q dets}?, 4.2)
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where the quaternion-determinant Q det o is defined as the scalar

Qdeto =3 (- 1" ﬁ(aabdbc' ) (4.3)
P 1

Here P is any permutation of the integers (1,2, ..., N), consisting of | cycles of the form
(@a-b-oc—-—>s—a), 4.4)
and (— 1)¥ ! is the parity of P.
Theorem 2. Let the quaternion elements ¢ of an N x N self-dual quaternion matrix
o™ satisfy the following conditions:
(@) 0k = D(X;j, X,) = Gy (4.5)

(where the bar denotes the operation of quaternion-adjoint),i.. ¢ ;, depends only on the
variables x; and x,,

(ii) | ®(x, x)du(x) =c, (4.6)
(i) § (x, y)@(y, 2)du(y) = D(x,2) + P,(x, 2), (4.7)
D,(x,2) =7 D(x,z) — D(x, 2)1, (4.8)

where du is a suitable measure, ¢ a constant scalar and T a constant quaternion. Then
[Qdeta™du(xy)=(c— N+ 1)Qdeta™ 1), 4.9)

where o™ ~Vis the (N — 1) x (N — 1) matrix obtained from ¢™ by removing the row
and column containing the variable xy.

We exhibit now a self-dual quaternion matrix 6™ (x,, x,,..., xy) and verify that
its elements satisfy Egs. (4.5-4.8). Moreover, we shall show that

det C(e™) = {p(x) }2, (4.10)

where p(x) is given by (3.11). We can then immediately write down the n-level
correlation function [16]
Nl %

R,,(xl,xz,...,xn)=(-ﬁ_—n)‘— § ool pley, . xp)dx, oy dxy 4.11)

-
as a quaternion-determinant.
We write the quaternion elements of ¢ by their 2 x 2 matrix representatives

S(xjs xi) - Dl x1)
o (p ' _ N Xy N\Yjs ki 4
Ojk (xJ’ %) [JN(xf, Xi) S;v(xj’ x) | i

where

SN(X’ y) = S;V(y’ X)

m—1
= Z {(ij(x)(ij(y) - l/’zj(x)AZj(Y)}a (4.13)
j=0

Dy())= 3 (0o, Wa ) — Y002 0)} = — Dy(nx),  (414)
ji=0
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In(x, y) = Iy(x, y) + g(x, y) = — I (¥, %), (4.15)
m—1
IN(x,y) = z {¢2j(X)A2j(Y)_Azj(x)‘sz(Y)} = —Iy(y,x), (4.16)
j=0
1 1+052 172 _ 2032 4 2
g(x,y)=§(1—_-07> e~ WD f(x — y) = — g(y, X), (4.17)
with
9,00 = (271 /m)" e DY H(x)
) dy\
:(2Jjg\/;t)~1/ze(1/2)x2(__7) e (4.18)
X
L+ o2\ sad b
;(x) =(1 —oc2> ell/2)asx E{e U220 (X)), (4.19)
and
1—o?) SRt [ (1/2)2y?
Aj(x) = T e = | e Ye(x =y, (ndy. (4.20)

Here f(x) in (4.17) is as defined in (3.12), the H(x) in (4.18) are the Hermite
polynomials and e(x) in (4.20) is given by:

e(x) =% sign x. 4.21)

The ¢ {x) are orthonormalized harmonic oscillator wave functions:
1 o0 eHx =3, “2)
By a partial integration we find that
_O!? AN (x)dx = — 0. (4.23)

Moreover, since the parity of ¢ (x) is ( — 1), while that of /() or A;(x) is (— 1y 1,
we have

}0 QLN (x)dx = oj? Px)A(x)dx =0, i+ j=even. (4.24)
We now define, for any two functions f;(x, y) and f,(x, y), the composition
St = ()59 = | A0 2My (4.25)
Then using (4.22-4.24) we find that
Sy*Sy=Sy, (4.26)

Sy*Dy = Dy*S =Dy, 4.27)
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IyxSy=Sh*Iy=1,,

and
Iy¥Dy=1SY, Dyxly=Sy.
To evaluate g=Sy and g*D, we need the integrals (see Appendix II):

_T g, W (y)dy = @;(x),

and

Of g(x, y)o (y)dy = A(x).

ey

Using these equations we get:

g*SN =S}‘v*g = —1I,

and
g*DN:_S;rV’ Dy#g = — Sy,
so that
Jy#Sy =Sy Jy =0,
JyxDy=DyxJy=0.
Thus
pea=[ S D 5D,
InxSy+ SixJy  Jy* Dy + SL*Sh
Sy 2Dy
= :@
[0 o ] r o,
where
0
o, = V=10 — &1,
-Jy O
with

We also see from (4.22, 4.23) that
| ®(x,x)dx= [ Sy(x,x)dx=2m=N.

Thus Egs. (4.5-4.8) are satisfied with ¢ = N and 7 given by (4.38).

(4.28)

(4.29)

(4.30)

4.31)

(4.32)

(4.33)

(4.34)
(4.35)

(4.36)

(4.37)

4.38)

(4.39)
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To verify (4.10) we observe that the 2N x 2N matrix

G= l:SN(xp X) DN(xjf xk):l

In(x, %) S;v(xja X)

:l:(pZi(xj) “‘//zi(xj) 0} ©2dx)  Vadxi)

—Ax(x)  @afxy) O | Axlx) 02X (4.40)
0 0
has rank N. In other words, the last N rows
[ln(xj %) Sk(xj, %] (4.41)
are linear combinations of the first N rows
[Sn(xj5 x) Dy(x;,x,)]. (4.42)

The determinant of C(c®™),

o _ | Sn(xj %) Dy(x;,%,)
C(U ) B [JN(xja Xk) SL(xjt xk) ? (443)

is therefore not changed if we subtract from its last N rows the last N rows of G. Thus

det C(c™) = det[SN(xj’ x;)  Dy(x;, xk)}

g(xj’ xk) 0
= (— DVdet[g(x;, x,) Jdet[ Dy(x;, x,) 1. 4.49)
Moreover, from (4.17) we have
1+ 2 \N2 )
detlg(x,, %) = z—N( L a2> el [y - %)) (445)
and, since
(0,51 = o Vot 2% | (446

we also have from (4.18, 4.19)
det [DN(xj’ x)l=(— 1)N{det [‘Pzi(xj) ’abzi(xj)] }2

m—1 2\NN-2)/2
-_:(—I)N( 11 (Zk; 1>><itz2> (1 +o®)V{det[p,(x))]}*

k=0

=(- 1)”2*”({1 ra +%j)>_

ji=1
X (1 — o) NN=202(1 4 2)N*120 735 A2(x), (4.47)

where in the last two steps we have made repeated use of the fact that a determinant
is not changed if we add to a column a linear combination of the other columns.
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Thus in the second step we have used the relation

1 2\J
\/El/jj(x) =< +0¢2> {\/J‘(l ‘a2)¢j—1(x) —JVjit+1d+ a2)¢j+1(x)} (4.48)

l—a

to replace the column ¥r,; by ¢,;, ;. (Note that in the first step the index i runs from
zero to m — 1 whereas in the second from zero to N — 1; in both steps j is from 1 to
N.) The last form follows by reducing det [H(x;)] to det [xj.] which is the
Vandermonde determinant 4(x). Equations (4.44, 4.45, 4.47) now give (4.10).

All the conditions of the theorem being satisfied, we apply it several times to
obtain from (4.9-4.11)

R,(x,X,,...,X,) = Qdeto™ = {det C(c™) }'/2, (4.49)
where ¢™ js the n x n quaternion matrix
o™ =0"xy,X5,...,%,) = [P(Xj %) Tjk=1,.. om (4.50)
and C(6™) is the 2n x 2n matrix
C(O'(")) _ |:SN(xj’ Xi) DN(Xj> xk):! (4.51)
JN(X,', Xi) SL(xj’ Xy) qk=1,2,..., n*

Thus the level density is
R (x) = Sy(x, x)
N-1 0
= Y @?X)+ (1 —o?)/N2py_((x)e” V2> [ g(x —z)e! 2 ¢ (2)dz
j=0 —
! (4.52)

where the last form follows from the simplified expression for Sy given in (4.63)
below. The two-level correlation function is

R,(x,y) = Ry (x)Ry(y) — T5(x, ), (4.53)
where the two-level cluster function T, is given by
T,(x, ) = Sy(x, )Sy(y, X) = Dy(x, Y)In(x, y). (4.54)
As in [14, 15] the n-level cluster function is given by
T(X1, X5 ey Xp) = ;‘ D(x,,X,)D(x,, X3). .. P(X,, X1), (4.55)

where the sum is taken over all the (n — 1)! distinct cyclic permutations of the indices
(1,2,...,n). The functions satisfy the integral relations, namely

[ Ry(x1.%p,. s x,)dx, =(N —n+ )R, _ (X1, X5, .., X,_ 1) (4.56)
and

[ T Xgs e x)dx, = — 1) T, (X4, %550, X, 1), 4.57)
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with
o0 feel
[ Rixydx= | Ty(x)dx=N, (4.58)
— —

as they should [16].
One can use (4.48) and

1402}
V20,9 = ( i Z) (Vi =4, 400 = /T 11+ 024,40} (459)

to simplify the expressions for Sy and J,. We have

Wz;(x)Azj(Y) (sz+1(x)¢2j+1(y) +(1 - “2){< > f¢21 1 x)AZJ( Y)
2\2j+2
—<i i;) Vit 1@2j+1(x)A21+2(y)}’ (4.60)

1 2 2j
(sz(x)Azj(J’) A2]+1(x)(P2]+1()’)+(1”“2){< > fAZJ 1(X)A2,(Y)

o

1+0C2 2j+2
_<1 _ 2) Vit 1A2j+1(x)A2j+2(y)}, (4.61)

and

1 2 2j
U030 = = s Wy O+ 1= (T25) ooy 0
2\2j+2
_<i i-a2) Vit 1o, 1(x)<P2j+2(,V)}~ (4.62)

o

Then from (4.13, 4.60)

2m—1

Sve)) = Y 000, + (1 —02)/mpy_(x)e” 125
j=0

x [ e(y -z ¢ (2)dz. (4.63)

— @

Also, from (4.31, 4.61) we have

g(x,y) = Z AX)e(y) =3 Z {400 y) — @(x)4,(»)}

I|M8|

. {Azj(x)(l) 2,()’) (sz(x)A zj()’) }

[

{A2]+1 x)§021+1(,\’) (92j+1(x)A2j+1(Y)} (4.64)

uMg

[
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which along with (4.15, 4.16) gives

Inay) = 3 {A2,(002,(0) = 02;()4,,(x)}. (4.65)
j=m
The result (4.55) is already in the form given for «=0, 1 in [15]. For a =0,
g(x,y) = €(x — y), and Dy and I can be written, with the help of (4.61, 4.62), as a
differential and an integral, respectively, of Sy in (4.63). On the other hand for ¢ =1,
while Dy, diverges, its product with J, (4.65), is zero so that only Sy terms survive
in (4.55).

5. Limits when the Matrices are Large

The large-N limits of the n-level functions are known [15, 17] for « =0, 1. We follow
here the method of [17] where the limits for n( > 1)-level functions are derived for
every region of the spectrum.

We have, from (4.63), for large N

N-1
Sn(x,y) = .;0 ﬁoj(x)(l’j(}’)

=(@AN)12 {QN(X)(pN— 1) — on()en - 1(@}

xX—y
_(2N)"?sin 0 {sin (2N 60sin* ) 5.1)
- T 2N 80sin 6 '

Here the second form is obtained by the Christoffel-Darboux formula and the last
form, valid for small 66, by using the asymptotic formula [18] for ¢,

2 v 2N +1 . 4N —
¢N(x)=<m> [sm{( 4+ )(20—s1n20)—<

1)71} +O(N™Y],

(5.2)
where
959(x)=cos‘1<——x——>, O<bO<m, (5.3)
V2N +1
and
80 = 0(x) — 0(y) = (x — y)/2N)? sin 0. (5.4
Thus for the asymptotic level density, we obtain from (4.52, 5.1)
2N)'?sin 0
Rl(x)z%ﬁlm-l(zzv—xl)m, (5.5)

the famous semicircle of Wigner. Also, as N — co, (x — y) =0 while

2N 60sin? 0
r=(x—-yR(x)~x — (5.6)
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remains finite, we have from (5.1)

sin r

Sy(x,y)—> R (x) (5.7)
For non-zero finite o, we see from Egs. (4.14, 4.19, 4.20, 4.65) that
Dy(x,y)—> 00, Jy(x,y)—0, (5.8)
and
Dy (x, y)Jy(x, y) =0, (5.9)

implying that in the asymptotic-N limit the n-level correlation and cluster functions

for n > 1 are discontinuous functions of . For & = 0 we have the GOE results and for

o >0 the GUE results. However, D and Jy have finite limits when «— 0 and
(Im H, )™

A=Ax) = Local Average Spacing at x TR 1) (.10)

is finite [8]. These limits can be obtained by taking the Fourier transform of Egs.
(4.32, 4.33), using (5.7) for S,. Using the notation

0

Fhx)= | ™ h(x)dx (5.11)
for the Fourier transform of a function h(x), we have [19] for b >0

F (erf(bx)) = 2i }o sin 2rkx)erf(bx)dx = ;ilzexp( — n2k2/b?), (5.12)
0

and

sin bx @ sin bx m -, if 2nlk| <b,
g«‘( )=25cos(2nkx) dx=4m2 , if 2nlk|=b,  (5.13)
X 0 X 0 , if 2n|k| > b,

which, along with (4.32), give for the Fourier transform of I.

1, if k] <1/2,
F(Iy) =5 kexp(—8n2,12k2) 12, if k] =1/2, (5.14)
0 ,if |k]>1/2.
An inverse Fourier transform then gives
| A s 1% sinkr _, ...
Iy(o) & — = [dt [ dkcoskre ¥ = — = [dk "o e =227 (515)
o 0 o k
so that
¥ 0 212 0 3 k B 212
T, )~ J(r; 2) = —1§dt [ dk coski e™24% = —15 dk%—re 22%k2,
7TO T T

(5.16)
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Similarly from (4.33) we have
Dy (x,y) = (R, (x))*D(r; 4), (5.17)

d 1 3 252 1 . . 2,2
D(r;2) = —{—fdk coskr e2*°* } = — — [ dk ksinkr **"", (5.18)
dr (my Ty
Using the new variables
r= f R, (x)dx, (5.19)

we get, from (4.49-4.51, 4.55, 5.7, 5.16-5.18), for the n-level correlation function
Ro(F15725- - Tn3 A) EJEI:O{Rl(xl)Rl(Xz)"'Rl(x,.)}“an(xl,xz,m,x,.)
= Qdet[®(r,—rj; ) jm1 s, o (5.20)
and for the n-level cluster function
Y"(rl,rz,...,rn:l)zl\}grjo {R{(x)R(x5) " Ry (%)} 1 T(x15 X555 X,)

=2 Ory =1y MP(ry —r352) - B, — 15 0), (5.21)
P

where

sinwr  D(r;A)

nr
J@r;A) sinzmr
nr

with J(r) and D(r) given above, Egs. (5.16, 5.18).

The transition parameter A, Eq. (5.1), varies over the spectrum because of its
dependence on x. As a consequence, the fluctuation properties, described by the set
of #,0r Y, functions for n > 1, are non-stationary, the exceptions [17] being the two
limiting cases. In particular, the GOE (4 = 0)—> GUE (1 = oo0) transition then is seen
to be faster in the middle of the semicircle than at the ends [8].

D(r; 1) = (5.22)

6. Two-Point Fluctuation Measures
The two-level cluster function, namely

sin 7r

Y2(r;1)=< o

2
) — J(r; )D(r; ) = Y, (r; 00) = J(r; A)D(r; 2), (6.1)

is of particular interest in the analysis of data. Its asymptotic expansion can be
derived by partial integration in (5.16, 5.18). We have for |r| < 1

r2cos? nr — 16722* sin® nr

YZ(r; /1) - Y2(V; OO) = 1'52(7'2 + 167’52/14)2

6.2)
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valid for any value of 4 whether large or small compared to r (see appendix III). For

the Fourier transform,
blk; )= [ ™ Y,(r; A)dr,

we have [20]

® (sinzr . 1—1k|, |kIZ1,
bk — 2n1krd:
(°°)f<r> r{O’Iklzl,

and

b(k;A) — b(k; 0) = — }) J(r; A)D(r; 1) exp 2nikr)dr

o0 o)

k,
= — j dr j dk, jdk —=sin (nk,7) sin (nk ,r) exp (2nikr)
X exp[ 27t2/12( k%)]
o o
0 -1 kl

k
——12—2>exp [ —27222(k? — k2)].

Integrating over k, we get
b(k; A) — b(k; o0)

t—1+1/]k|
— 3k -8 2/12 k -8 21921,2 <
Yklexp (—8m?A?| l)_yl—t+l+1/k exp(—8n*A%k*r), |kl =1,
= t
—Lexp(—8n%i%k?) jdt 2|klexp(—8ﬂ2/12|k[t)> ki =1,

while integrating over k, we get a different form,

b(k; 2) — b(k; 00) = — ke "B (] 4 hk; )},

where
h(8n?A%k?
s+ B2k + 1), k<1,
1+ hk;4) = (87222 k)
SO A 10 jsm2 a2kl -k 4 E2 1k — 1,21kl + 1), |k| =1,
87‘62/12](2 + (Il l!"’)ll_
and

E(x, y) = exp (8n2A2(k? + | k| ))fexp( — 8242 lklt)%.

which can of course be expressed in terms of the standard E, functions.

6.3)

(6.4)

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

A quantity often used to measure the rigidity of the spectrum is the number
variance X2(i7), namely the variance of the number of levels in a given interval

containing on the average 7 levels [21, 22]. We have in the present case

22 A) =2 j (=10 — Y,(r; A))dr
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® sin? nnt
|

———(1—=b(t;A)dt

-

1 —connt \[ 1 —b(t/2m; 1)
= ( SN )
=X%(j1; 00) + [22(; 1) — 22(7; 0) ]. (6.10)

Here in the formal decomposition in the last form, the A-independent term, namely
the GUE result [22], is

2 —cosiit \[ 1 —b(t/2n; o0)
o= | (0
2n

DS

[log (2nn) 4y + 1 — Ci(2nn) + 2nn <5 — Sl(2nn)> —cos 27rn]

1
—2
1
7[og(2nﬁ)+v+ 1], (6.11)

whereas the A-dependent term is

22(;2) — Z2(7; OO)_LT<1—COSﬁt><b(t/2n;oo)—b(t/2n;,1)>dt
0

2 t t)2n

4

1 = (1 —cosi
=1 <——°°S”t>e~4m(1 + h(t/2m; 2))de
0

1 2 + 16m24* B
BTy +&(A) + p(A; 4)

1 A%+ 16m% 4%

The final asymptotic forms in (6.11, 6.12) are valid, with good approximations as in
(6.2), for iR 1 and A of any size compared to 7. The functions &(4) and p(71; 1) are
defined by

1< > dt
&) =5 J e h(t/2ms 2)— (6.13)
0
and
n 1< —4nA2t ~ dt
oA )= — —Zj g cos(nt)h(t/2n;/l)—{ 6.19)
0
4)2
== 6.15
ST (6.13)

For small A we can use an expansion [23] of the E-function of (6.9). After some
tedious calculations we get
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2

1
)=~ logdni? + —(logom 4y +1- " |—a22 + .. 6.16)
n? T 4

which in (6.10), along with (6.11, 6.12), reproduces for 2 =0 the well-known GOE
result [21]. We mention moreover that the final result in (6.9) has also been derived
in [8] but without an exact form for £(A).

Another commonly-used fluctuation measure is the 4 ;-statistic which for a given
i measures the least square deviation of the staircase energy function from the best
straight line fitting it [21, 22]. Its ensemble average, related to 22 [24], is given by

- 2
A, 7) =1_izj(ﬁ3 —2i%r +r3)2%(r; A dr
0

A2 4m)?

4n2? 2 + 167224
4 1 6.17
(H 7z >°g< 1672/ )} (6.17)

where the last term in the last form goes from zero to 9/87 as A increases from zero
to infinity, agreeing with the known limiting results [21, 22]. As indicated by the
numerical integrations [5] for GOE and GUE, the term ignored, namely the integral
involving p(77; A), may not however be very small for i < 10.

9 43¢ 2 i
—>%22(VEX) "ZT‘[‘Z” +?|:1 + —ntan“ ! (—{l—>

Appendix I. An Alternative Derivation of the Correlation and Cluster Functions

An alternative way to derive the n-level functions is to consider the integral

© N
Ly = § e xas-oo0y) [T e, (L1)

for an arbitrary function u(x). This integral can be evaluated by expanding
the pfaffian in (3.11) in terms of its elements and then integrating term by term by the
method of integration over alternate variables as in [13]. We omit the details. The
result for N =2m is

Ly(u) = [dety]"2, (L2)
where 7 is an N x N antisymmetric matrix with elements (i,j =0,1,...,m — 1)
14 a?\ " @
’72i,2j=2<1 - a2> [ Jdxdye,(x)p,(»)g(x — yux)u(y), (L3)

1 2\i—j o
i :L Zz) § §dxdye, (e, (g(x — yux)u(y),

N2i2j+1= —MN2j+1,2i= <
(14)
—i—j o

[ 1+0?
Na2it1,2j+1 =32 1-2 _f dedylpz;'(x)‘sz(Y)g(x — yu(x)u(y). (L5)
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The correlation functions now follow as functional derivatives of Ly(u) with respect
to u at u =1 [13]. In particular the one and two level functions, Egs. (4.52, 4.54),
were derived in this way which facilitated the task of guessing the N x N quaternion
matrix o™ in (4.12).

Appendix II. Proof of Equations (4.30, 4.31)

Consider the integral

o 1
_f exp{(2yz—zz)—§(1 + a?)y? —<14 3 )(x y)z}dy

_2a/x o2\, [1—a? 1
2l — Jxz—=(1 — o®)x? ¢ .
T p{ <1+a2>z + <1+a2)xz 2(1 oc)x} (IL.1)

Expanding both sides of this equation in powers of z, for which we use the generating
function for the Hermite polynomials [25]

- H(x)
j=0 J'

and using the definition (4.18), we get

1_ 4
f <p,(y)e><p{ —3a 2y2—< 40; )(x—y)z}dy
<2a\[><1—a > DR () (113)

1+0? J\1+a?

=¥ 7 (I1.2)

Then a partial integration along with the definitions (4.17, 4.19) yields (4.30).
For (4.31), it is convenient to write it as

1 l-f'OC2 Jt2) o 1/2)ay2 1/2)a2y?
§<W> 1 JGe= e8P (y)dy = 5 e(x — y)et 2 g (y)dy, (IL4)
where we have used the definition (4.20). Differentiating both sides of this relation
with respect to x, we obtain (IL3). Therefore the relation is true if it is valid for one
value of x. At x =00, f(x —y) =2€(x — y) =1, so that we have to prove that

L+o? YPUREReye (1/2)02y2
T I e @;(ydy = f e @, (y)dy. (IL5)

When j is odd, the truth of this equation is evident. For even j, we consider the
integral

® 1 2 \'/? 1—o?\2t
| exp {(Zyz —z%)— 5(1 + ocz)yz}dy = (l—i——az) exp{(H—aZ> 22}, (IL6)
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which along with (I1.2) yields

7 - 21 VU2 @)1=\
T ermou,ouy = (755) ey @ (5)

0 1+O(2

verifying (I1.5). This completes the proof of (4.31).

Appendix III
Asymptotic forms of J(r; 1) and D(r; ).
By partial integration

T o3 k @ . 2
[ exp (— 24%k2)dk = exp (— r2/8%)Tm | exp — | —242( k— ) (4K
0 x 42 k
2072 2 ir \?
=exp(—r*/81°)Im| expq — 24 k—m
1 ) Joo
X{ _\.4—...}]
422k k-1 n
4,2
) —1
— ___2/12 2 inr )~
exp ( n°)Ime {n(4n12——ir)+ }
1 rcosnr + 4nA? sinmr
=;exp(—222n2){ 627 112 +} (IIL1)
Similarly

| k sinkr exp (2A2k?)dk
0

(111.2)

— nexp2i’n?) {rcosnr — 4n? sinmr }

16m22% 4 12

Egs. (5.16, 5.18, 6.1) then give (6.2).
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Note added in proof. The ensemble of Hermitian matrices H with || ImH |2 > || ReH ||2, corresponding to

«? > 1, has now been studied. We find the same joint probability density for the eigenvalues as in (3.11),
and hence all the results which follow from it.





