Communications in
Commun. Math. Phys. 85, 73-86 (1982) Mathematical
Physics
© Springer-Verlag 1982

Local Aspects of Superselection Rules

Sergio Doplicher

Istituto Matematico G. Castelnuovo, Universita di Roma, I-00185 Roma, Italy

Abstract. We study a theory of short range forces in terms of local observable
quantities ; among the superselection structure determined by the algebra of all
local observables, to each additive independent charge we associate local
observables having a meaning analogous to the regularized integrals of charge
density fields over a finite volume. Among other assumptions, we require that
parastatistics are absent from the theories considered.

1. Introduction

The central role of the principle of locality in quantum field theory has long been
stressed by Haag [1]. As formulated in [2] by this principle it is meaningful to
consider (the algebra generated by) all the observables in a given theory that can
be measured within a fixed bounded space-time region; moreover the cor-
respondence so obtained

O—>AO) (1.1)

between regions and algebras of observables should contain all the physical
information about the theory. In other words, the relevant specification on local
observables is their spacetime localization and not their particular interpretation
[1,2].

This point of view proved to be extremely fruitful over the years, in analyzing
matters of principles and the general structure of quantum field theory. In
particular it has been possible to see how important features of a theory, that are
usually described in terms of non-observable quantities like charged fields, are
actually determined by the correspondence (1.1) alone.

We refer e.g. to the features of particle statistics and superselection structure.
The superselection quantum numbers appear as labels of the equivalence classes of
special irreducible representations of the algebra of all local observables, and are
global data; they can be viewed as eigenvalues of “charge” operators Q, a
posteriori determined by the algebra of quasilocal observables but not belonging
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to it. These charge operators are the generators of gauge transformations of the
first kind, which leave pointwise invariant the algebra of observables but act on the
field algebra determined by it [3-57.

In Lagrangian field theory, an internal symmetry leaving the Lagrangian
invariant determines a conserved current #, by Noether’s theorem and considering
the regularized integral of 4, over a finite volume

7o(frds) = j/o(X, t) fr(X) g5(t)d>xdt (1.2)

[where fr, g; are nonnegative smooth functions with compact support, fr(x)=1
for |x| SR and g4(1)=0 for || 29, [ g,()dt=1], we obtain local charge operators
which as R— oo, approach the global charge Q in the sense that

QFQ= }lgn [fo(fxga)a FlQ, (1.3)

where Q denotes the vacuum state vector and F is any quasilocal field operator.
Equation (1.3) is a simple consequence of the basic property of the operators (1.2):
if y is a field operator localized near the origin and destroying » units of the charge

considered, then /,(frgs)¥p — w7 ,(frgs) = —nyp, or equivalently
exp(i07 o frgs)w exp(— 07 o(frgs) =€~ " (1.4)

By Eq. (1.4) the operator (1.2) is a generator of a unitary group inducing gauge
transformations of the first kind on a specific local field algebra.

In this paper we propose to associate to the global superselection quantum
numbers ¢ determined by a local quantum theory @— () local observables J,
having the same properties (1.3) and (1.4) of the operators (1.2). By this procedure
one proves the existence of local measurements with specific physical interpre-
tation'. This is a step on the way to proving the existence of local Wightman fields
#5(x) having the meaning of charge density for the superselection quantum
number £&.

In a Lagrangian theory the operator (1.2) is an observable only if the gauge
group is abelian ; accordingly we will assume that no superselection sector obeys a
parastatistics [4, 6]. Then to each additive independent charge there will be
operators J, and we show that they can be chosen to commute with one another ; a
simultaneous measurement of all of them is possible, determining the charge
contained in a region ¢; by a measurement in a larger region 0,.

In a theory of strictly localizable charges with parastatistics a similar
discussion should be possible; since the gauge group would not be abelian, the
operators J, would not be observables, but should generate a local current
algebra.

We will need several assumptions described in detail below. The most severe
restriction from the physical point of view is the limitation to strictly localizable
charges, described in [3, 4]. The present scheme is not applicable to abelian gauge
theories or theories with massless particles. In a massive nonabelian gauge theory
it is possible that charges enjoy a poorer localizability property [5]. An example of

1 There is an obvious duality between these measurements and the operations defined by charge
transfer observables [4, I, Sect. 3]
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our charges would be the baryon number in the old meson theory (and
presumably also in QCD). However we feel that the restricted framework of this
paper is the natural case to study first.

The local charge operators J, are located in the relative commutant (0)* of
A(0) in the C*-algebra A generated by all local observables. The subalgebra A(0")
generated by the observables spacelike separated from @ is dense in A(O)*
[assumption (1) below] but J, is not in (). Actually under a natural conjecture
(Sect. 5) it follows that A(O)* is generated by A(¢’) and the J,.. This is in agreement
with a proposal made long ago by Haag [7] that gauge theories (of the second
kind) should have as a characteristic feature 2(0)°=W(O"). By [3, I, Sect. 5] this
condition amounts to absence of superselection rules associated to localizable
charges.

As mentioned at the beginning our main postulate is locality: there is an
inclusion preserving correspondence

O0—A(O) (1.5)

between Oe . (the set of all double cones in Minkowski space; Oe " if O=x
—V*ny+ 77, x—yeV") and von Neumann algebras acting on a separable
Hilbert space #, (the vacuum Hilbert space). The algebra (0) is generated by
local observables in (0 and the quasilocal algebra 2 is the C*-algebra generated by
the union of A(0O), Oe A"

For the sake of extending the correspondence (1.5) to arbitrary regions we
introduce on A a topology 7 which we regard as the natural one for dealing with
local normality. 7 is the strongest among the locally convex topologies on A
which are weaker than the norm topology and weaker than the inductive limit of
the ultraweak topologies of A(0), Oe " *. For any SCIR* define

AS)= {/{QI((O)/(OE%,(QCS}, (1.6)

g
where \/M, means the J -closed subalgebra of 2 generated by M,C2L.

Our assumptions on the correspondence (1.5) are the following
(i) Duality: WO)=WCO'Y, Oc A", which embodies FEinstein causality and
maximality of the net () (O' is the open set of all points spacelike to 0).
(i) Additiviey: if 0, 0.,..,0,ex and OC |J) 0, then
i=1, n

A(O) C Azlﬂv} A(0,).

(iii) Time Slice Axiom [1,9]:if S={xeR*/x "€ (a, b)} with neR* timelike and
a<b, then

vees

A(S)=A.

(iv) Translation Covariance and Spectrum Condition: there is a continuous
unitary representation %, of R* on #,, a unit vector Qe #,, such that o(%,)C V",
Uy(a)Q=Q, acR* and for each Oe X", ac R*

Uo(a) WO) Uo(a)™ ' =AU +a), (1.7)

2 Cf. [8, 3.14 and 3.15]; properties of the topology 7 will be discussed elsewhere
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ie. %y(a) induces the translation automorphisms o, on . The vector state w,
induced by Q on U (vacuum state) is the only a-invariant normal state, i.e. U is
irreducible.

As described by [3, 4] in our case the superselection structure is described by
covariant localized morphisms of 2. A localized morphism g leads to a sector &
obeying the ordinary Bose or Fermi statistics iff ¢ is an automorphism.

We restrict to theories for which:

a) All localized morphisms are covariant and can be localized in any double cone
by a unitary equivalence.

b) There is no sector obeying a parastatistics.

c) There are countably many superselection sectors.

By a) our charges are transportable and carry no minimal length preventing
their localization in small regions. Point b) says that the set of superselection
sectors is the dual & of a compact abelian gauge group %; by c) 4 is separable.

To A we can associate a normal field group &, unique up to equivalence,
which determines a net 0— §(0), of field algebras fulfilling normal commutation
relations at spacelike distances [3, II]. By assumption a) we have for each Oe "
the twisted duality property [3, II, Proposition 6.2]

Oy =F)". (1.8)

Our last assumption is more technical, and is related to a conjecture of
Borchers:
) If Oy, O,ex’, O, Clnterior (O,), there is a type I factor N such that

&O)CRCHO,).

This property is known to hold for free fields [10-12]. It is elementary (cf. Sect. 5)
that it implies the analogous property for the net of observables:
() If Oy, O,eX’, O Clnterior (O0,), there is a type I factor MM such that

A(0O,)CIMCA(O,).

Unlike our other assumptions we will specify when we use (v) or (v'); we feel that
our results should be freed from these technical assumptions.

Assumption (v) is tightly connected with local implementation of symmetries.
It is implied by the local implementability of the flip v, ®y,—yp,®p, in the
theory § ® & [12] and implies that any isomorphism ¢ of F(O,) onto F,), O,
0,e’, is implemented by a unitary in some F(O,), by the implementation
theorem [15, Chap. III, Sect. 8, Corollary 8] (see e.g. [10]). Specifically if
0O, Clnterior (0,) to each gauge transformation ge ¥, there is a unitary V,e §(0,)
such that

AdV,IFO,)=0,, ie VuV =&, (1.9)

for each field operator ye §(0,) destroying the charge & (Se G, ge 9 (¢, g{ is the
duality between ¥ and ¥).

Our problem is first to show that we can choose V, gauge invariant, ie.
V,eWd,); furthermore, if we have continuous homomorphisms
fcR—e’e Te2g,e%, we have to choose ¥, to be a continuous one parameter
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group. Then by the Stone theorem V,,=¢"? and J is the desired local charge
operator.

By using the powerful results of [16] we can even choose V, to be a strongly
continuous representation of ¢ so that, by such a special choice the operator J has
pure point spectrum, the integers; this is different from the operator (1.2).

If the operators V, belong to A(0,) by (1.9) we have

VeWO,)nWU,), vV '=<&g)Y, (1.10)

for each unitary field operator pe §(¢,) destroying the charge &.

In view of Eq. (1.10) we have to study the action on A(O,)NW(O,) of the
automorphisms of A localized in ¢,. It is easily seen that this action factors
through an action 7 of the group @ =T /f of superselection sectors [3, IT]. This fact
is discussed in Sect. 2. Existence of a unitary ¥, fulfilling (1.10) for each ge% is a
strong property of 7 called dominance by Connes and Takesaki [16]. In Sect. 3 we
show that 7 is dominant if (v) holds. In Sect. 4 we discuss the properties of local
charge operators when 7 is dominant. In Sect. 5 we comment upon the
assumptions (v), (v') and interpret some of our results as Galois relations.

2. The Action 7 of the Group of Superselection Sectors

Denote by I'(0) (respectively #(0)) the group of automorphisms (respectively inner
automorphisms) y of A localized in ¢, ie. y|UA(O')=identity; let = ) F(0),

Gex’
I'= U I'(®). By assumption a) in the Introduction, for each Oe#" we have a
Ve
section

teG=r/I—>y,el(0), (2.1)

then for each pair ¢, {'e /. there is 0, € #(0) such that
Ve =O0geVers (22)

and setting
o=y, AOY (2.3)

we get a (section independent) homomorphism 7% of the commutative discrete
group 4 into Aut((0O)°).

2.1. Remark. If 0, 0,€ A" have nonempty common interiors, t* and %> coincide
on A(O,NAO, ).

It suffices to define t% and 7% using a section (2.1) with y ¢ localized in Oye A,
0yCO,NO,.

2.2. Notation. With 0, 0,e A" we write O; C C0O, if O, Clnterior (O,). For each
xeR* call I the set of pairs w=(0,, 0,), (9 , 0, e% such that 0,,c C0,, and
xe€ Interior ((0 ). If u, wel, we write u<w 1f(9 C C(O C C@ C C(O
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To each point xeIR* we associate a C*-algebra ¢ generated by a net of von
Neumann algebras {R;wel, } setting

w?

R,=A0,)nAO0,,); (2.4)
A= { UI ‘.RW}‘ norm (2.5)

By the Remark 2.1, the actions (2.3) define an action 7* of & on A¢ leaving each
R, wel,, globally stable.
By translation covariance we have for each aeR*

a (U=, 5 oo, P=T7"C (2.6)
With U _C AL the C*-algebra generated by (@), Oe A", xelnterior (0), we
have 2 C(A2)™, the t*-fixed points. Since N{W(O)/Oe A", xeInterior (0)} =C- I by

[17], A, and A are irreducible.
Whenever confusion is not possible we will write t for t*

2.3. Proposition®. Assume (V). Then for any wel, we have
Kernelt| R, ={e}. 2.7)
Proof. Let uel,, u<w and M, M, type I factors such that
A(O,)CM, CAD, )M, cA@,,). (2.8)

With ye I'(0,,), 7|0,y nU(0,)=identify we have to show ye.#. We first show
POy =,. ~ ~

If AeM,, y(A)eWO,)CM,. Since A0, )CA(O,)CIM,, M, NAWO,)CR,, and
Y, NA(O,,) =identity. Then

PWA)C (B NAD,)) NI, C (M NI,) NI, =M,

Hence y(M,)CM, and replacing y by y~ ' we have p(M,)=9MM,. Then there is a
unitary UeIN, such that, setting n: n(4)=UAU !, AU, we have

WA)=n(4), AeI,. (2.9)

By (2.9), #{2(0,,) "M, =identity and Ue(W(O,,) nI,) "M, =A(0O,). Therefore
y=n on WO,)CIMM, and y=n=identity on WA(P.,). By the following remark we
have y=# on U and ye ~.

2.4. Remark. £ 0, 0,e A", 0, C CO, and g, n are endomorphisms of A coinciding
on W7,) and WAW(O), then g=n.

Note that g, 1 are locally normal [20] and isometric, then ¢—# is a linear
bounded map from A to B(H#;,) whose restriction to each A(O) is ultraweakly
continuous. By [8, 3.14 and 3.15] ¢ —# is continuous from (2, ) to {B(H#;), ow*}.
Since g, # are morphisms, ¢ —# vanishes on the subalgebra generated by %(¢,) and
A(¢,), which is I -dense by (ii) and (iii); hence o=#. [

The following facts will be of frequent use.

3 Compare [3, I, Sect. 5]; see also [18]
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2.5. Remark. The fixed point algebra R}, wel,, is properly infinite.
In fact if Oe A", O CO,,N0O,, then W(O)CR;, and W(O) is properly infinite [22].

2.6 Proposition. Let Ec R}, be a nonzero projection and w<u€l; then
E~Imod®R;. (2.10)

Proof. This is a special case of a theorem of Borchers [14], which applies here since
the relative commutant of R}, in R’ includes A(O) if Oe ", O CO,N0O,, and since
for some neighbourhood #°(0) of O in R* we have by (2.6) %,(a)R%,%y(a)~* CR;,
acA(0). O

The reader will note that the foregoing discussion would also apply with a
trivial change in Proposition 2.3 in the presence of parastatistics.

As discussed in the Introduction, our basic problem is the following: given any
wel, to each ge% does there exist a unitary Ve R, such that

(V)= g>V,; ¢e%, and ge%. (2.11)

According to Connes and Takesaki [16] a continuous action of a separable locally
compact abelian group on a von Neumann algebra is called dominant if it has the
above property (2.11) and the fixed point subalgebra is properly infinite (cf.
Remark 2.5). Such actions have the following properties.

2.7. Proposition [16]. Let © be dominant ; then

(i) R,, is generated as a von Neumann algebra by the fixed points R, and any
collection of unitaries {V,; ge %} fulfilling (2.11).

(ii) There is a choice V', g% of solutions of (2.11) such that ge%—7V is a
strongly continuous unitary representation of 9.

[Condition (ii) is equivalent to the assertion that {R,,t} is isomorphic to
(M x %, 0}, the w* crossed product of a von Neumann algebra 9 by % equipped
with the dual action; 9 can be identified with R, and 6, with Ad¥".]

We briefly discuss the freedom in the choice of the representation ¥~ of
Proposition 2.7, (ii), when 7 is dominant. We define an action 0 of 4 on R, by 0 (T)
=7, T7, ', ge¥%, Te R:; then (see [16, I11.3] and [13]) {R:, 6} = (R, x ¥, 7} and
0 is dominant since R, is properly infinite. With ge%—77] another continuous
unitary representation in R, fulfilling (2.11), we have that % =77 'eR} is a
6-cocycle and 0, =Ad%,0, By [16, Corollary 2.4] there is a unitary % e R}, such

that 0,= Ad%0, Ad ™" 2.12)
Since e R, wig)="7,%V ;U belongs to R, and by (2.12) also to (R;). It

follows that all choices 77, induce the same action 0, on the center R;,N(R}); any

two choices 77, ¥ are related by
Vy=w@UV A, geb (2.13)

with % a unitary in R}, and ge ¥—w(g) a unitary 6,-cocycle in the center of ‘R,
If the R, are factors [which would follow from a) 2(0) is a factor, and b)
I'(t)=% or equivalently 0, is trivial] Eq. (2.13) simplifies to

V=Ll DUV U,
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where multiplying by a fixed character amounts to adding a constant to the local
charge operators.

3. When is the Action 7 Dominant?

In this section we show that 7 is dominant if @ is finite under assumption (v') and
for any countable ¢ under assumption (v).

3.1. Definition. For wel,, ge¥, define
M (g)={BeR, [1(B)=¢ g)B,EeF}, (3.1)
H,={ge%/ 4 (9)+{0}}. (3.2)

3.2. Lemma. Let u, wel,, u<w; with 9(H,) the subgroup of % generated by H,, for
each ge9(H,) there is a unitary element in #,(g).

Proof. 1If Be 4,(g), t(B*B)=B*B and t(BB*)=BB*, (€% ; hence if W|B] is the
polar decomposition of B, we have |BleR] and We.Z,(g). Since also W*W,
WW+*eR;, by Proposition 2.6 there are isometries V;, V,eR with final pro-
jections equal to WW*, W*W respectively ; then the operator V¥WV, is a unitary
in ,(g). Since obviously .#,(g).4,(g)CM,99) and M (g)*=.MH (g~ "), the
assertion follows. [.

3.3. Proposition. If G is finite and we assume (V') then t is dominant.

Proof. By Fourier analysis R, is the linear span of .Z (g), g¢%. Hence ioe?,
(&y,g) 1= for each geH, implies . =identity on R, and by Proposition 2.3
¢y=e. In other words, Hy={e} and ¥(H,)=%. By Lemma 3.2, for any u>w,
H,=% and each .Z,(g) contains a unitary, i.e. 7 is dominant. Since w was arbitrary
t is dominant on any R,. [

3.4. Proposition. Assume property (v) and that % is connected. Then t is dominant.

Proof. We first extend the action 7 to the field algebra. With # the normal field
group, recall that we have the exact sequence 1—&—F —%—e; under the
assumption a) for each double cone we also have the exact sequence
1—.(0)—F(0)>FG—e; here () denotes the unitary group in A(Y) and
oA = (M{ /(0). We can choose a section &e ?—»wge &(O,), v, unitary; then p.p,.
= o WPer, Ug, » €T(A(O))*. Define the action 7 on n(A(Y,)) NF(0,), for O, C CO,,
by 7,=Adw, The action T is a (section independent) representation of ¥ by
automorphisms of #((0,))NF(@,) whose restriction to w(W(O,)NWA(,)) is
ntn” L.

We will drop the symbol = when confusion is not possible.

Note that T commutes with the gauge transformations o,

4  With ée@ —y.€I a section, m=Pmy°y,, where m, is the vacuum representation, the field algebra
acts on Hy= P Hy, H,= A,
ée@
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By assumption (v) to each ge%, wel,, there is a unitary Ve g(@w) such that
AdV,&0,)=a,; (3.3)

hence Ve n(QI((QW))’F\C&(@W) and applying (3.4) to the section v, defining 7, we get
(V)= V,, g%, &ed. (3.4)

Hence 7 is dominant and we have to show that its restriction 7 to R, is also
dominant.

By Proposition (2.7) (ii) we have a continuous unitary representation
geY -7 LEMA(O,)) NF(O,,) fulfilling (3.4). By continuity there is a neighbourhood
N(e) of the identity is ¢ such that

(@Q,7,2+0 for geA(e). (3.5)

With m the average over the gauge group action we have
m:(W0O,)) NFO,)~R,, mi,=t,m; hence setting T,=m(¥)), ge¥, we have
T,e M (g) and T *0 for ge A (e) by Eq. (3.5).

Hence A"(e)CH,,; by Lemma 3.2 if u>w, uel,, .#,(g) contains a unitary for
each ge %(H,,); since ¥ is connected, 4(H,,) =% and t is dominant on ‘R, ; therefore
this holds for all uel,. [

3.5. Theorem. Assume property (v). Then T is dominant for any countable 2

Proof Denote by #7 (respectively #7) the subspace of #, spanned by all #, with &
a Fermi (respectively Bose) sector, and define

A(g)={Fen((0,)) nF0,)/7F)={E g>F,tc%}.

We divide the proof in three steps.
H,={ge%/.d,(9)2¢ #7) .

Let B e.#,(g) be not a Fermi operator. By the Reeh-Schlieder theorem, if
0C0,n0,, there is a Bose operator weF) such that (pQ,B,Q)+0. Slnce
peF0,), we have p*B, e, (g); then T,=m(yp*B,)*0, T.e 4,(g) and geH,,;
proved one inclusion and the opposite one is obv1ous and 1. follows.

Let hye% be defined by (£, h,»=+1 or —1if £ is Bose or Fermi respectively.

2. The subset H,,C% is a closed and open subgroup and either H =% or
G=H, {e,hy} ~H XZ,.

Note that, with (96 1” 0cao, n(O ,  a unitary Fermi operator in &(¢), we have

Ady[FG,) =0, F(,,).

If h¢H,, and 7, is a unitary in . (h), V;, is Fermi and 7, is a unitary Bose
operator in §(0,,) inducing oy, on FO,); then hhoeH,, and ¥=H,UH h,.

If H,, and H h, are not disjoint, the subgroup generated by H,, contains h, and
then equals 4. By Lemma 3.2 and arbitrariness of w then 7 is dominant.

Let H,nH,h,=0.If he H,, hh,¢ H,, and there is a Fermi unitary in ./, M, (hho);
by the argument above there is a Bose unitary in M W(hho)hy)= M. ().

Bose unitaries form a group and, by the multiplication properties of ./ (9, H,
is a group. By Proposition 3.4 H, D>.A'(e) and H,, is open and closed. Since



82 S. Doplicher

Y=H,VH h,, H,nH h,=0, we have the direct product decomposition ¥=H,,

{e,ho}
3. 1f u>w, M, (hy) % {0},
If H,+%, 9=H, {e,h,}, and g={e, ho}l “HL, where {e,hy}*=%,~H,,

denoting by % the subgroup of Bose sectors. Hy,~ {e,hy}"~Z,, hence there isa
Fermi sector 50, &a=e, such that

G=9Gyle,80}; e oy =H.

Letu>w;if geH M (g) contains a unitary operator ¥, by Lemma 3.2. Hence
the action tlé? is dominant on R, and ‘R, is generated by the subalgebra B of
1|%-fixed points and by {7 geH } Slnce T (V)="7,al geH ={e, Eo)tyif 7,
is the identity on B it follows that 7, is the 1dent1ty on ‘.Ru contrary to Proposition
2.3.

Let Be®B, 1, (B)=+B; setting T, =B—1,(B) we have

TC(T;‘,O)=<6,]’10>T;‘0, éega

namely T, €.4,h,), T,,+0 and hye H,.
Since H,DH,,, H,=%; by Lemma 3.2, 7 is dominant on R, v>u, hence on any
R, O

4. Local Charges

By the results of the previous section, under the assumptions made in Sect. 1, for
each pair of double cones ¢, C CO,, we have a continuous unitary representation
ge9—-v,eW0) NAU(0,) inducing the gauge transformations on F,). This
representation is unique up to the transformation (2.13).

Since ¥ is abelian and ¥~ is a representation, ¥~ generates an abelian
subalgebra of observables in A(?,), by a simultaneous measurement of which we
can determine the charge localized in ¢,. In the spectral decomposition

V= &ZG & 9)E; (4.1)
E.eU(0,) nAU(0O,) is nonzero for all £ and expresses the local property of a state of
having exactly charge ¢ in ¢, plus some specifications in ¢, N0,, depending upon
the choice (4.1) of the solution to our problem. The vacuum state cannot fulfill any
such specification by the Reeh-Schlieder theorem.

The representation 77, can be described in terms of local charges in a more
familiar way when 9 is finitely generated. In this case ¢ has independent
generators 1y, ..., 1, &5, .., &, with ;" =e and ¢; aperiodic, i.e. the #; are multipli-
cative charges, ¢; additive charges The correspondence

(my, ..omgny, .., n)—>nyt el .Cr 4.2)

is an isomorphism of the Kronecker product
Z, % .. XL, XLX.. XL

onto 4 ; accordingly we can identify ¢ with the topological product of the duals
GL, X XL, xTx ... xT. (4.3)
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Let ¢; be the first v, root of 1; with ée@ 9€%, E~(my, ...,ny), g~(my, ...,m,
e, ”’P) the duahty between % and ¢ is given by

(G gy =apms. gamiginit gt
By the identification (4.3) we have
=Cp...Crae®) &% geg, (4.4)

where C,e(@,)nW(0,) is a unitary with C}'=1I and J WO, NW(O,) is a
selfadjoint operator with spectrum equal to Z.
If wée i}((Ol) is a field operator destroying the charge {=#7"...C7» then [cf. Eq.

(9] ¥ w7t =<& 9oy, and
Cywe=¢"p:C;,  i=1,...,q, 4.5)
Jpe2pJy—md), k=1,..,p. (4.6

By letting 0, =0, ,1R* as n— oo in the above choice we get for each quasi-
local o
DjypQ= lim CPpCMQ, 4.7)

Q= lim [J;",]Q, (4.8)

where D,, Q, are the generators of the global representation %(g) of 4, defined by a
formula analogous to (4.4).

Note that by acting on a choice Cy, ...,J, with a space time translation we get a
choice for the translated region. . .

Any set of p commuting self adjoint operators J,,...J, affiliated to
WO,)NnA(0,) and fulfilling (4.6) have a similar interpretation. We get all such
p-tuple of operators as follows. Let %, be the connected component of e in %, %,
its simply connected covering ~Rx ... xR, and ¢ the canonical homomorphism
of %, into ¥. Fix a reference continuous unitary representation
ge9->v e W0 nU(O)=NR fulfilling t(%,)=<{¢ g>%,, ge¥, and define the ac-
tion 6 of go on R* by 9 =0, 0,=Ad%,|R". The generlc choice J, .. J are the
generators of the un1tary representation

geg —>V =X,V €N, 4.9)

g” a(g

where X, is a continuous unitary 9-cocyc1e in R*. This wider class of operator
systems J, ...,J, should be the natural tool in an approximation procedure to
construct p Wightman fields having the meaning of charge densities for the
additive independent charges &, ..., ¢,

5. Comments on the General Assumptions

As mentioned in the introduction, the validity of the present analysis is limited to
the case of charges which are strictly localizable in bounded regions. (Assuming
duality, we also do not discuss broken gauge symmetries or soliton sectors [19].)
By the work of Buchholz and Fredenhagen one is led to consider charges
localizable at best in spacelike cones [5]. In this case we cannot expect the
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existence of the analogs to the operator (1.2). Actually by [5] the relevant
representations are normal on the relative commutants of subalgebras associated
to spacelike cones, unlike our case.

We next discuss assumption (v) and (v'). By twisted duality (1.8), (v) is
equivalent to the following: if 0, 0,e ", O, C C0O,, the linear map defined by

Vi, =Y ®p,, v eFO,), w,eF(0)), (5.1)

is normal [12]. By restriction to m(2W(0,))CFO,), n(W(0?)) CF(P3), reduction to
Hy @My CH QA and duality, one easily gets (v') from (5.1) and (v)=(V').

Conversely if (v') holds and 7 is dominant, then (v) holds. It suffices [10] to
show that there are normal product states on §(0,)V F(0))~, faithful on each
algebra.

With ge ¥—77,e§(0,) a continuous unitary representation of ¢ inducing the
gauge transformations on §(¢,), m, the normal conditional expectation of B(H#)
given by the average over Ad? ge{é we have for p, e FO,), p,eF(0,)~

m (lPﬂPz):m(‘M)lh; mem,(1p1,) =m(p)m(yp,);

with w a normal product state over (0 ,) V W(O’,)~, wemeom, is a normal product
state over §(0,)V F(0,)".

Assumption (V') has strong consequences on the structure of A. With 5# a
separable Hilbert space and B the C*-inductive limit of B(#®") by
BeB(A#®")—»BRIcB(A® 1), for any theory fulfilling (v') we have that U is
isomorphic to B.

At the local level, duality together with assumption (v') imply that (0O) is

injective. For by duality A(0) = ﬂ W(0,), if 0,eA, 0,,, Clnterior (0,) and ﬂ o,
=0. With M, a type I factor such that
A(0), .., CIN,CAWO,),

we have (0)= ()M, and A(0) is injective’.

Concerning assumption a) one could argue that, in a Poincaré covariant
theory, under an assumption closely related to (v') and to the existence of local
densities for the generators of Poincaré transformations, any irreducible localized
morphism would be covariant.

The other part of a) should be related to additivity (ii) whereby (0) for any
small @ generates with its translates all the observables of the theory.

Our last comment is the interpretation of some statements in this paper as
Galois relations. With .# CU and A" C Aut() define .4+ = {ge Aut()/o(4)= A,
Ae My ; N*={AeW/o(A)=A, ge N}.

Since each ye. /" is locally normal, for any 4" CAut(2), &+ is a I -closed
subalgebra of A With BCU a *-subalgebra and &/ =B, it is easily seen that
of =.o/*+. Hence by duality

A(0) = A(O)-* . (5.2)

5 R.V.Kadison was the first to note that (v') together with continuity would imply hyperfiniteness
[211
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Since .#(0)* =A(O)*, by Proposition 2.3 we also have
F(0)=F(0)*+. (5.3

By definition, I'(0)=UA(C')* and m(W(O) ) =FO) "n(Y). The following re-
lation is a natural conjecture

WO)=WO)*+. (5.4)
By intersection with 2(0,),0,> D0, it follows from (5.4)
{A(OY " WO )} =WO)NWO,). (5.5)

Proposition. Let O, O, O, be double cones, 0 CO, C CO,. Under the assumptions in
the Introduction and (5.4), for any choice of unitaries ¥ ,€ W(0,) "WU(O,), such that
(V) =& gV, EeY, ge Y, we have

WOy =) V {¥,/ge %}, (56)

ie. A(O)* is the F-closed *-algebra generated by W(O') and any choice of local charge
operators in (O)°.

Proof. Since A(0) is injective it is generated by an amenable group of unitaries;
averaging over the induced automorphism group gives a conditional expectation
¢ from B(H#,) onto W(O)' such that

HWO))=WO)NWO)Y foreach 0O,ex’, OCO,.
Since ¢(A)=A(0)° and | ) A(O,) is norm dense in A, by norm continuity of ¢
[
also ) W0O,)NA(O) is norm dense in A(0). By Theorem 3.5 and Proposition

et

[
2.7, (ii), AW(OY nA(O, ) is generated as a von Neumann algebra by A(0,)nW(¢’) and
g

¥ g€ 9. It follows that A(O)* CU(O") V {7, ge %} and since A(O)* is 7 -closed by
the above remarks and (O)CA(O), ¥ ,eW(0)°, we have also the opposite
inclusion and (5.5) is proved. [

Assumption a) might be essential for conjecture (5.4). The rest of the paper
could easily be modified replacing a) by : there is e 2" such that I' (0)— % is onto.
However if such @ cannot be chosen arbitrarily small, there is little hope of
recovering charge density Wightman fields.

Note added in proof. In a forthcoming paper in collaboration with Roberto Longo, some results of
this paper are generalized and the arguments given here in Sect. 3 are considerably simplified. Dealing
with the case where parastatistics are possibly present, i.e. the gauge group % is not assumed to be
abelian, we prove that for each pair of double cones ¢, C C0, there is a continuous unitary representa-
tion g—¥, of ¢ with values in §(0,) inducing the gauge automorphisms «, on F¢,) and such that
(V) ="Vgn-1, h, g€ G. If in particular ¢ is a Lie group the generators of ¥ provide a local current
algebra in W(O,) NFO,). The center of the von Neumann algebra generated by ¥, ge %, is an abelian
subalgebra of observables in W(O,)NU(®,), and these observables determine the superselection
quantum numbers contained in the region @; by measurements in the region @,.
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