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Abstract. We study the ultraviolet stability problem for the two-dimensional
Yukawa interaction Af:cosag,:dé in the region 4n<o®<&’, where
6m <& <87 The results have a natural Coulomb gas interpretation, because the
counterterms do not depend on the field.

1. Introduction

The cosine potential

V(p)=2A[ :cosap,:dé, ACR? (1.1)
A

for the quantized 2-dimensional vibrating string has been widely studied for o* <4n
[1], as a perturbation of the elastic string, described in the euclidean formalism by a

gaussian random field on %/(R?) with covariance Kernel

1 | 1
ny= le{kmzﬁlogm +C+0(|X—y|). (12)
This theory is equivalent to the classical statistical mechanical problem for the
2-dimensional Yukawa gas treated in the grand canonical ensemble, the activity of
the +e-charges being 4 and the inverse temperature f8 being such that o? = fe?.
Since the Yukawa potential C,, imitates [see Eq. (1.2)] the Coulomb potential at
short distances, the theory in some sense describes the “ultraviolet” part of the
Coulomb system. The condition «? < 47 is equivalent to the condition that the naive
Mayer expansion has finite coefficients. For «> >4 (i.e. low temperature) it is no
longer clear that the classical Coulomb system does not collapse. One expects that in
fact the gas collapses but that the collapse takes place in a nontrivial and gradual
way, while o varies between 4n and 8.

A very qualitative and not obviously convincing argument might be the
following. Assume that the gas is formed by neutral clusters of 2n particles with
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diameter equal to the value 7, of the ultraviolet cutoff (so that in this situation one
would have collapse as £,—0). Then our gas will be formed by independent particles
of species n=1,2, ..., each with activity

2n

TR (13)
where U™ is the cluster energy
- nn—1) nn—1) ne? _
G _ —eZ[nZ— B o= — S togty! (1.4)

and (/3)*"~ ! is the phase space of (2n— 1) particles around the one which defines the
cluster’s position. The cluster picture will be consistent only if the cluster’s activity
does not vanish as N— oo, ie. if

. _(12__2) 2n -,
lim £y ‘4" /| ¢5°>0. (1.5)
N-ow
2n—1 2n+1 ) .. .
So we see that, if ocze8n[ k ,n—+——>, the maximum cluster size is 2n. Hence, if
2n "2n+1)

. L 20 .
a? < 6m, the only possible clusters are made of pairs ; if a* < —gz the possible clusters

are made with four particles, etc. At a? =8 one should have “full collapse.” Since
neutral pairs or clusters with infinite activity and zero diameter also represent a
collapsed situation, one may think that for «* < 87 one has only partial collapse : at

8n 2n—1 ..
the temperatures 8, = e—z _n2 n=1,2, ..., there should be phase transitions where
n

the nature of the “infinite density background” of clusters changes type. This
sequence of tresholds was discovered in [1] (Frohlich).

The above considerations show the interest of the cosine interaction’s theory for
o2 >4mand why it is a theory of the 2 dimensional collapse. In the following sections
we shall prove that the above heuristic picture is correct, as far as the stability
problem is concerned, at least for «? <&>, with

0l <@ =2n()/17—1)<a2, (1.6)

207
3
particles and six-particles neutral clusters [see Eq. (1.5)]. The value that we find for
&* has probably no special meaning and it may be an artifact of our estimate

techniques, see comment after (B.12).

where o2 =6n and o= denote the thresholds for the appearance of the four-

2. Nonperturbative Renormalization

The cutoff field ¢f”, ée R? will be defined, as in [2], as the gaussian field with
covariance

Cy=(1=D)"'=(*"*2-D)"*, (ORY)
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where D is the Laplace operator in R? and y>1 is a constant which will be chosen
later suitably close to 1. ¢ can be represented as a sum of independent, identically
distributed up to scale factors, gaussian fields

N
PP k=0,1,..,N|, o™= kp®, (2.2)
0

where, by definition, ¢ is the gaussian field with covariance:
1 A 1
(2n)? [ dpe™e= (y2k+p2 - y2k+2+p2>’ (23)

We call the “field of frequency k” the field . P, and P, (&, and &,) will denote the
measures (expectations) corresponding to the fields ¢® and @™, respectively.
Observe the scaling relation

Ce—n=

Cue—m=Coly"e—7"n) (24)
which implies, in particular, that the fields
28 =M., (2.5)

are identically and independently distributed with covariance éo(é —n). If Iisa cube
centered at the origin, we define:!

VN1=24{ :cosapl™:d¢. (2.6)
I
As a function of z, V§"} can be written in the following way [using (2.5)]
Vi =24y yi[’Icosoc(go(v]‘i;g)%—z‘é"”) dé, 2.7)
where . o
2w = (E-oN

Iy=der Ty TN =dytmyan 28)
will be called “effective coupling constant” for the frequency N. From Eq. (2.8)
follows that the theory is exponentially asymptotically free if a* <8n. For these
values of «® we can then hope that the renormalization group analysis used in [2]
for the % theory works. However for «®> Z4n the theory with interaction V§"} is
divergent in the limit N— co and we need to add some counter-terms in order to
regularize it. Call V™ the renormalized interaction and define
t
~ 1 -~ ~
V= anéa,,TH(V}"“’;n) h=-10,..,.N—1,
0 .

t

- ¥ (2.9)
Vi =V} >

where &T(- ;n) is the truncated expectation of order n? with respect to the measure

P,and [}, ¢,A"],is the truncation to order ¢ of the polynomial ), ¢,A". Suppose now
l<x2>

1 As usual, if x is a random variable: :cos x: =e2 COS X.

2 If f,..., f, are random variables we define

EN Sy )=
riondd= 551
where & denotes the expectation. If f,=f,= ... =f,=f, we put also §*(f,n)=&"(},f, ....f)
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that it is possible to choose the counterterms so that ¥ as a function of z®, is a
polynomial in 4, with coefficients weakly dependent on h, at least for a set of values
of "~ 1 of large probability. Then simple heuristic considerations suggest that, in
some sense:

8ya (") =exp(VP + RP) (2.10)
with
RP ~ 2y 1. (2.11)

This implies that we can hope to estimate the partition function
Zy(D)= &™) (2.12)

by successively integrating over 2V, V"1 7(® only if the right hand side of
Eq. (2.11) is summable in 4 that is only if [see Eq. (2.8)]

az
<——2>(z+1)+2<0. (2.13)
4n

These considerations also suggest that we need counterterms of order at most

052
2 / (2 4n)
on V{P by adding to V{"} only constant counterterms associated in the Coulomb gas
interpretation at the collapsing clusters. This is very important since the presence of
counterterms depending on the field would destroy the relation between the
renormalized theory and the Coulomb gas problem.

The idea of the possibility of a complete renormalization by the use of constant
counterterms only is not new : we learned it from Frohlich. For the massless case see
[5].

We conjecture that it is possible to renormalize the cosine interaction by adding
only constant counterterms for all o> < 8n. However we could not prove that much,
for reasons which will become clear in the following and which seem essentially
technical. We therefore assume the condition on o?:

It turns out that, if «> <@> [see Eq. (1.6)], we can satisfy the conditions

3
dn<o? <@ =2n()/17—1)< T" (2.14)

In this case we can choose in Eq. (2.9) t=4 and we define
1 1
VY =VE— Sy VB D - 4 6084, (2.15)

We are interested in proving the existence of the limit.

lim &y(exp(VV + ™) =Z(f) (2.16)

N—->w®

for fe D(R?), o'V(f)= [ of" f(£)dE.
The main part of the proof will be the following theorem.

Theorem 1. There exist two constants E (%), E_(A) such that, uniformly in N :
exp[ — E_()I[1= &ylexp ViV) <exp[E (D11, (2.17)
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where |I] is the volume and

- 1
T =V 8V~ 5 R V3). (.18)
Furthermore, Ye' >0:
LimA~3*¥|E_(J)|=0, (2.19)
=0
lim A~ *|E . (4)|=0. (2.20)
20

Observe that V™ differs from V™ by a constant finite in the limit N— co.
The proof that Z (f) exists will easily follow from the proof of Theorem 1, which
will be given in the following sections.

3. The Structure of V{®

In this section we shall collect the properties of V' that will be important in the
following.
V" has the following structure [if t =4 in Eq. (2.9)], as we show in Appendix A :

2 7
VI =V = WED + 00 Y WP+ 0 Y Wik + AP +CP . (3.1)
1 1

where, for F, GCR? and J CR arbitrary bounded sets:

1 () __ ~entMYT -
:[1—cos(agpt) —ap))]: (3.2

OME =g
Wi = | dE aé, dEul (&, &y E3) cos(apl —apd) cosapl,  (3.3)

FxJ

Wih = §d51 dEugM(ELES)
F

- n W\ <ir e
sin (ol — o) sinog

WE2h = Fijdgl A&, dEud2M(EL, E5, Ey) GiE—E (3.4)
Wik = [ d¢,dZ,dé;dZug ()
FxXG
1 —cos(opl) —ap?)
| e st sttt —ast): =

” :[1—cos(ap® —ap)]:
W(4~>22.h)= déu(4,2,h} [ &3 &q , 36
Fit= | A O e e (0

sin(epl) — a®) sin(ap® — op®
GME = &N (G =g e
) o)

1 —cos(apy) —opy) %) () }
—2-cos(aps) —api)|:, (3.8)
g, —Eris oOPs —a0e)

3 Inthefollowing expressions one sees terms, like (3.5) and (3.8) or (3.6) and (3.9), which look the same:
however they arise in a different way and they must be bounded through different estimates (see
Appendix A)

WikEP= | da>he):

FXxG

5, (3.7)

W= ] deu e |

FXxG
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[1—cos(ap? —ap®)]:
W(4>25,h)= déu(4,5,h) [ &3 7] , 3.9
P pic S g, g e
WGP = [ d&u*P(£) cos (ol — apl) cos(ap® +apl), (3.10)
FxG
sin () — o
Wiah= | deus ) ae g, |)ip—i)sm(ago<h>+oup”'>), (3.11)
X 1
4
AP = ;n Zrl /lﬁ] | Jdél“'dgna%l’ai """ R (SR
S T
-cos (fx 21: ei(p‘g’?) , (3.12)
4
CW=% 4 | dE ...dEPE,, ... 8. (3.13)
2 Ix..xJ

If e<2(1—a?/87) (see Appendix A), there exist two positive constants 4 and «,
independent of N, such that, for all 4,, ..., 4, belonging to a pavement Q, of R?
made of cubic tesserae with side size y~"

[ dE . dEutP(E) S Aexp{—rytd(4,, ..., 4,)} (3.14)

Ay X .. X4,
for n=2,3,4 and any iu® " =u®") and
y iy N

[ dg,...dejae )| S Aexp{—ry*d(4,, ... 4,)}, (3.15)

Ay X ... x4,

[ de, .. .de )@ SAexp{—ryd(d,, ... 4)},  (3.16)

Ay X ... X4,

where d(4,, ..., 4,) is the length of the shortest path connecting all the tesserae
44, ...,4

There is also a positivity property, which will be very important in the proof of
the upper bound:

uy P&, €,)>0. (3.17)

Equation (3.17) will be used together with the following bounds:

Jdts IO S AU PELE) =12, (3.18)
§d63d€4lu‘4”"(é)l<Au(“’(€1,52) %32, (3.19)

fdé déJu o (OIS AuF(ES, &) 1=2,3,4,5, (3.20)
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where J CRand F C R? are arbitrary sets and A is a suitable constant, independent of
N, h. Let us now define:

=B,("1¢, &N

D, = {(f_p E)elxI sin(2 o~ E(p(éi;)>

and B,(y"¢;—&,)! “éé}, (3.21)

where
B,=B(1+h?log(e+471). (3.22)
B and <1 will be chosen later.

The definition of 2, is suggested by the following considerations. If we define, for
JCI:

2
7(h) _ 1/(h) 2772, h) 3 (3,1,h) 4 4,i
V=V, — I Wy, + % Zi Wiign s+ A Z Wigi60s 12\a,

4117(4,1,h) 4y1/(4,2,h) 4pp4,6.h
+’1 VV}Z\-%;XJZ""1 W§2x12\@h+)°h Jz\ghXJZ

AW AP P 329

then from Egs. (3.2)-(3.16) it immediately follows that
[VPI< (2 + %) BE A(y*"J)) (3.24)

for some constant 4 independent of h and N.
After understanding Appendix A the reader will observe that the bound (3.24)
would be true also if we defined

PP =y~ J2WEE 492 z WD+ {124} 2
SRV e A Y, WD, 629
ie{6,7}
However the iterative procedure that we shall use in the proof of the upper bound of
Eq. (2.17) suggests the definition (3.23).

The proof of Theorem 1 will be based on the estimate of dP, exp (V™). However
¥ is not a simple function of ™ as it depends on $® through the set Z,. Therefore,
followmg the ideas developed in [2], we introduce another function Wthh as a
function of @™, has essentially the same structure as V', thought of as a function of
e®. We put, for JCI

(h)y _ 1/(h) 2y1/(2,h) 3 Wi3.Lh 4
HP=V®, - WSS, + 4 Z TG x s T Z o x11\@_

7
& 41p/(4,2,h 4 4k . "
}' W(Z\@" 1XJZ+/1 W(ZX‘n{@h 1+;Lh Zi WJ(Z\th_)liZ+A(J)+CJ .
6

(3.26)
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It is possible to see that H”, thought of as a function of ™® at fixed "~ ), has the
following structure:

4

a .
HP=% 5 [d& .. dEpsr9©) (COSE q)g‘l}) (sm2 go“”)
pi
qi

. a3
+ d mmpg -
22, 2, J A GO | g i

sin (2o - 20 sin (20— 501
OME =EDTF (MG

with the functions u(¢) satisfying the following estimate, for all 4,,...,4,€Q,,:

(3.27)

+ [ dE, .. .dE,0,(0)
J4

| L dE (OIS Hyexp {—ry'd(A,, ... 4,)}, (3.28)

Ay X, .. X A"
where, for a suitable constant H:
H,=(h,+AHHB2_,. (3.29)

Let us now consider the P,-measurable event
" _ g
E}= {40"” suplp{’|+ sup 195~ 75

&1, 8264 (yhlél é Dl ¢

where 4€Q,, and b>0. We shall denote by y% the characteristic function of E% and
by 74=1—yx% the characteristic function of its complement. If Z=(4,,4,,...)

denotes a subsets of Q,, which will be identified with U A, #° will be its
AR

<b(1+y"d(4, I))} , (3.30)

complement and we shall define:

=111 1= 11 21

4eR Ae K¢
. (3.31)
R={4eQ,ly"d(4, R)<b°}.

H% has an important property, which is expressed by the following lemma:

Lemma 1. Let y be fixed close enough to 1 and 0 <e<1. For any integer t =0 there
exist constants b*, G, g, ¢’ depending only on ¢, t, and k such that, if b>b* and R is a
subset of Q,

| dB b exp (HP;) < exp {8(b, H,)y* 1| +8'(b, H )y | R J|}

{Zk ¢ T(HS'”, k)}

(Bt 2, (3.32)
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where
8(b, H,) = GL(H bty +1 4 g™+ el

_ _ 3.33
§'(b, H,)=GH,b°. (333
Furthermore, if b>b*
[ dPyyb, exp (HP) = exp { —y*"{1|5(b, H,)}
& H""
{zk ( )}. (3.34)

Thanks to the scaling property (2.4) of the fields <p"", it is sufficient to prove this
lemma in the case h=0. The proof can be done exactly as the proof of Lemma 1 in
[2], using the support properties of »® proven in [3] and some stronger results
discussed in Appendix C, where the proof is sketched. In Appendix C the following
proposition, needed later, is also proven.

Proposition 1. Ve >0 there exist b, e,, e, such that, if b=b
[d Pyt < T1 exp{e,—e,b*(1 +d(4, 1))} (3.35)

AeR
for any 2CQ,.
4. The Lover Bound

The lower bound in Eq.(2.17) is obtained by recursively applying Lemma 1. We
start from the inequality:

| H (@)
h=
where x2(¢™) is the characteristic function of the event:
ot — o)l
suplof’l + sup i <
{ ‘554‘("161 G

and B, is defined as in Eq.(3.22). From Egs. (2.2), (3.30), (3.31), and (4.2) it follows
that

exp VM H dP,< [expV™Md Py, (4.1)

B,(1+y"d(4,1)), Vde Q,,}, 4.2)

G- @" @™ 210" Mg, h21, (4.3)

where
B R 1
bh=—2 (1+h*)logle+171). 4.4)

B
Then we have, by Egs. (3.26), (3.34), and (4.3), if 5>b*:

[ 1T 286™)exp 749) n ap,=] ﬂ 2Ho™) [ dF, 23 (exp V)
h=0
4 k-
> exp {—y2*(b,, 11} §exp{z L ET(i00n } I 2e™db,_,, @5
h=0
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and (b, H, ) is defined as in Eq.(3.33) with ¢t =4. Furthermore, by noticing that in
Eq. (3.28) the real bound is of order A}, for terms of order A" (see Appendix A), it is
easy to see that [see Eq.(2.9)]%:

2B (@* V) D~ in%éf(%kz n)| <y2*(by, ). 4.6)
Finally from the definition (2.9) it immediately follows that
i “:cf’N(VsN;H [EROEED). (4.7)
The lower bound in Eq.(2.17) follows Eqs. (4.6) and (4.7), putting
E_(A)= ik 92%5(b,, H,). (4.8)

By Egs. (3.29) and (3.33) E_(4) is finite for all «* <327 and satlsfy Eq.(2.19). Then,

as regards the lower bound, there is no necessity of restricting «? to the values less

than &? <32 n. Furthermore, by increasing the value of ¢ in Eq.(2.9) and doing the

algebra needed in order to prove the bound (3.28), it is also possible to obtain the

lower bound for all values of a*<8zn. The proof of the lower bound can be

extended to Z,(f) [see Eq.(2.16)] without any real difference, since exp e™(f)
N

= [ expd®(f) and
P"(N)= 2 th 2 fly~"E)de. (4.9)

4eQn P4

Proceeding as before, it is easy to see that

k k—1
[ TT 2B @™ exp(VP + o®(NdP = [ T 1x2(e™) exp(V* Y+ " 1(f) dP,_,
h=0 h=0
-exp { — (b H )| — G(H, +7~2*)bgIsupp f1-11 /1l } - (4.10)

which solves the problem.

5. The Upper Bound

Also the proof of the upper bound in Eq.(2.17) is reduced to Lemma 1. Now,
however, there is a problem which does not appear in the lower bound. In fact, in
order to prove that is possible to neglect in the “effective interaction” V(" the
regions &,, where the field is rough, we need some not obvious positivity
properties. An analogous problem was present in ¢35 theory (see [2]), where the
solution was much simpler. In this case we could extend the method used in [2]

4 In the following &(b, H,) and &'(b, H,) will denote the expressions (3.33) with a suitable value of G,
in general larger than in Lemma 1
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until o? =2, which is a not trivial result, since &?> 67, the threshold for the
appearance of four-particle clusters.
Let us define:

R (M) ={4eQ,|3¢,ne A such that |sin% (@ — P
=B, (ME—n)' T (1 +y"d(4,) or 3F¢ed suchthat [pP)]

> B,(1+y*d(4, I))}, (5.1)

where ,
B,=B(1+h?log(e+4™1Y) (5.2)

and B will be chosen later.
If we define V" and H{” as in Sect. 3, we can summarize the properties of the
effective interaction that we need, in the following Lemma:

Lemma 2. If o < gz, there exist positive constants C, 0, 9, 0, B, and an integer
valued function WB, A) such that, if h=h(B, 1), § <6,, B= B, and B=0dB (§ and B are
the constants entering in the definition (3.21) of 9,), VJ CI:

1) f/-J(N-l)é f/J(N—l), (5.3)
ii) V® < A4BHM R, +HP; (5.4)

where R, = {A€Q,ly"d(4, B(¢™) S B3} is identified with | ) 4,
AeR,
k

1 - P = .
iii) Znn—'co@hT(H(}');n)—V}h D<[y*s(B,, H,)+ cA* oy~ (1] (5.5

1
4
with ©< cx_f -4
iv) h(B,A)=0 if A is small enough (but this property does not hold uniformly in
B).
Proof. Equation (5.3) is an immediate consequence of Egs. (3.17)~3.20) and the fact
that for h large enough, the second order term — AZ?W!>" dominates the other

ones. In order to prove the bound (5.4), observe that it is possible to choose 6, <1
and ¢>1 so that, if <6, and B=0B:

) (EMED, N \B) = finS (0 o) Z B E—n)' (56)
with

B,=B(1+h¥log(e+4~Y), B>0, (5.7)

b) D \Dy_, CRy % Ry, (5.8)

Equations (5.6) and (5.8) are immediate consequences of the definitions (3.21) and
(5.1).
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Using Eq. (3.24), we can write:
Vi < A0, By "R T+ Vi, (5.9)

Furthermore, by Eq.(5.6) and Egs.(3.17)~3.20), we can prove that there exist
h(B, 4), such that, if h=h(B, A)

Vs = Vi (D) SV (2,0D,_ ). (5.10)
But Eq.(5.8) and the definition of H? imply that
V% (240D, ) =HY, . (5.11)

Equations (5.9)+(5.11) imply Eq.(5.4).
In order to prove Eq.(5.5) we first observe that, by the same argument used in
the lower bound [see Eq.(4.6)]:

4
1
2y
1

4

AL S )|
' T n! 4
<y*3(B,, HI . (5.12)

Then it is sufficient to show that there exists B, such that

k
1 -~
DERACIRY

1

—V#b<eaty o, BzB,. (5.13)
4

The bound (5.13) is at the origin of the restriction (2.14) on «?. In fact ¢—0 if
a?—&2, so that the “error” in the right hand side of (5.13) is not summable in h any
more. Equation (5.13), depends on the detailed structure of V" and will be proven
in Appendix B.

We can now prove the upper bound on the partition function. First observe
that the integration of @™ can be easily done, since VN'=H{ is bounded. By
Egs.(3.32) and (5.12), we have (see footnote 4):

[dByexp(V™) = Y [dPyi%y% exp(H)

RCON

< Y [dPB %, exp(H(, ) exp(iyAy* 10 ZRy)
RCQON

< Y exp(8(By, Hy)y* I+ (By, ﬁN)yzNIImé?N’) exp(V¥ 1)
RCON

([ d By (5.14)
The sum in (5.14) can be easily estimated using Eq.(3.27), which gives

@ZQ CXp((S/(BN, HN)VZN”“QNDG‘{ PNX@N)I/Z
COn

<1 [1 +exp (d’(E’N, Hy)+ % - %Eﬁ(l +yVd(4, I)))]

4eQn

<exp [c3e5 B+ 3 } . (5.15)



On the Massive Sine-Gordon Equation 399

The effect of this sum is then simply to modify the constant G in the definition of
d(By, Hy) and we can write, using also Eq.(5.3)

[d Pyexp(VV) < exp(VN V) exp[8(By, Hyy*™I1]. (5.16)
In the same way, using Egs. (5.4) and (5.5), we can prove that, if h=h(B, 1):
[ d P, exp(V®) < exp (V"™ V) exp[8(By, H,)y™{I| +ciy~|1]]. (5.17)

From Egs.(5.16) and (5.17) the upper bound immediately follows with:
E, ()= Y, [0(B,, A, +¢i*y = +sup sup (17171, (518)
W P
Equation (2.20) is at this point obvious. Also the extension to Z,(f) is easy.

Acknowledgements. We are indebted to R. Seiler for suggesting the problem and to J. Frohlich, R.
Seiler, and K. Schrader for useful discussions and comments.

Appendix A

In this appendix we shall give some details about the structure of 17,”'), defined by
Egs.(2.9) and (2.15). Given the n “vertices” {&,, ..., £,}, we define

__é:(ép sy én)> (p(h) ——(q)(h) B CD(.g':,)) §=(31, ...,8,,), (Al)

where ;= +1,i=1, ...,n. Furthermore, if X={i,, ...,i,} is a subset of {1, ..., n}, we
put

_éx :(615 R éiz)’ (h) _((P(ghl), e Qogl ) §X:(8i19 (Rt Sir)' (AZ)
If {X,, ..., X} is a partition of {1, ...,n}, we define:
k
Uy, ,k.)..,xs(é')_ Z Z &i€; Zr Co()’rlfi_éjl)- (A.3)
1=5u<v<s ieX, h
T jeXy

In the sequel we shall use the following relations, which are simple consequences of
the Wick product’s definition:

? (. iagxe™ iagxp -
(1K )= 1o *EXeX (A.4)
*? mi2
- pirexe P . =e7c5”;.([§x@<x>] )eiagw(?‘)
aZ
r 22U, (U ); £xe 0 (1) .
= (Y e @imexe® X ={j ..} (A5)

We recall also a well-known property of the truncated expectation:
Geaf)= X ()PTHDI=DTE, ([14) (A.6)
Ded(1,...,r) veD iey

where 2(1, ...,r) is the set of partitions of {1, ...,7} and |D| denotes the number of
elements in D



400 G. Benfatto, G. Gallavotti, and F. Nicolo

Using Egs. (A.4)—(A.6), it is easy to show that, given a partition { X, ..., X;} of
{1, ...,u}

1 -~ . . . _
ET(a@hT(:e‘“éxl‘i’({? G @O Y= FO(X X ) et (A7)
where
1 - >
F®(X,,...X;8)= S—'e"“”&?;" RO UG 0] (A.8)

[e @)= ¥ (=)P(DI=D! [ e M (A9)
De9(1,..., s) (yeD i)
Y=L e ip

Equation (A.7) allows us to obtain very easily the expression of 17}h’ for any t. For
simplicity we shall give the result for t=4:

N 4 my,

V(h) V(h) + Z Z Zlu v Z I d51 déqu:)lu(é 8)
h+t1 2 1y =11 IX . XTI
. :eiaﬁ'Q(h):_ 1+(—1)"

h 4 my 1\
Sy S o EE) s e a6 e, (AL0)
0o 2 1

2 1y by=1t1 IX .. XTI

where m,=1, my;=2, m,=35, and

G, (&) =F91,2;¢), (A.11)
GO (5,8 =F(1,2,3;2), (A.12)
(')2(€ &)=2F"9(1,2),3;¢) Z,F(J)(I 28, 2)) (A.13)
i+1
G(i) 1& 8 )=F9(1,2,3,4;¢), (A.14)
(') 2 8)= 2F((1,2,3),4;¢) ZJFU)(I 2,3584,2,3)> (A.15)
it1

G488 =F9(1,2),(3,4);¢) ZJIF‘J (1,2584,2) Z_,Z FY9(3,4565.,4), (A.16)

it+1

GRED=3FO(1,2)3,430) T, FO1, 21z 1), (A.17)

it1

GG D= 4P(1,2,3),438) 3, FO((1,2) 3551 2.2) ZJF‘ ((1,2520,2) (A18)

i+1

In Egs. (A.13) and (A.15}-(A.18) is understood that the left hand side is zero if the
right hand side is meaningless. The expression (3.1) of V" is obtained by singling

out the terms depending on ¢® of “total charge” Q=) ¢=0 and the terms
1
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containing the function FYXr,s;g, ;) with ¢,+¢&,=0, which give rise to the W "

terms. The other terms are collected in A% and C{. We have:

N
AL E)=(ME = &N T924% Y, GY (& (+, —), (A.19)
h+1
Eh 2,,(0,h) N .
P2 1) =2)3y 4 @IV S0 S GO (¢ 4 ), (A.20)
e=x1 h+1
. 302
AU M) =223ME, — &) oy
h N ..
S Y (—ger RS0 VG (¢ 4 ), (A21)
e==+1 h+1

’13“5\?’ 1,h)(§) = j~4.(Vh|61 - ézl)z(l -9

N
246G (6 + — + =) +6GL,(E + -+ )

h+1

+2ng3(é1é3ézé4, + -+ —)+2Gg14(51535254, + -+ _)

+2G9 §(€,838,8, +— + =) H4GP (& + — + —)

+2G£25@’ +—-+ _)+2Gg35(é1525453a +—+ ‘)] > (A.22)
T2 (E) = = AHME =l Y

N
: Zi[6Gg21@’ +—+ —)+6G£32(§> +—+ ‘)

h+1

+2ng3(élé3ézé4: + -+ —)+2G£P,4(51535254, + -+ _)

+2G9 (8, 83658, +— + )1, (A.23)
Aulh Q) =24 0ME = LD THONE —E T (A.24)

-[all four order terms with Q=0],
N
Aquh HINE) = = 2 NE = ED? T4 Y GPLE +— + —), (A.25)
h+1
B P = — A0ME, — £

N
- Y [4GDH(E + = + =) HAGD G + — + )

h+1
+2G95( +— + —)+2G£3N5(51625463, +—+-), (A.26)
“h 2y, —¢e i
e = iyt 3 A T 1460+ e
e==%1 h+1
+2GQ(E, + —ee) +2GP5(E, + —ee)], (A.27)

_ 277(0,h) _
Iyl T = 22 OME —EN T Y (e U e

e==t1

N
- 2i4GY (6 + —ee) +2GY L(E, + —ee) +2GF 5(E, + —e6)].(A28)

h+1
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The bounds (3.14)(3.16) are a straightforward consequence of some properties of
the covariance C,(x) defined in Eq. (2.3). The first property is that there exist
a,,a, x>0 such that, Yxe R?

a,e < Co(x) Sa,e . (A.29)

Furthermore, given 1 >0, there exists a>0 such that, V&, &,£,6,€R?

|Co(&, — €)= ColO) Sale, — &, 77, (A.30)
1Co(¢,—E5)— Col&,— &) Sal, — &, (A.31)

1Co(&;— E3)— Col&,— E3)— Col&, — )+ Co(é,— &)
Sa(lE, —ElIE &N (A.32)

Equations (A.3), (A.9), (A.29), and (A.30) are sufficient to show that there exist
positive constants a;, a4, 4,, such that

(e $.07) Ry )

|[F®(X,, ... X8| S A,y T
[H H 1_[ (1+a3léi_éjla4) s (A.33)
u<v ieXy jeXv
where Q= Z, ¢ Q;= ) & and d(&y,,....{x) is the length of the shortest graph
jeX,
connecting the sets of points {y , ..., £y . The bound (A.33) can be improved, using

Eq. (A.31),if, for some i, |X|—2andQ =0; for example, if X, ={1,2} and Q, =0, we
have:

1+1 42

OO o Xy A &) 2 i O H0D) mmagy, ey
'[H I H(1+a3|€,-—éjl“4), (A.34)
u<v ieX, jeXy

where F®(F®) is obtained from F® by symmetrizing (antisymmetrizing) in the
exchange &, ¢,
Finally, using Eq. (A.32), we can prove that

IFP((1,2),(3,4); + — + =)= A,L0ME, = EDOMNE — £,
[ [T 1 (I+aslg—gj]-e o 6.0, (A.35)

ie(1,2) je(3,4)
where F® is obtained from F® by symmetrizing in the exchange &, +>¢,:

The bounds (3.14)—(3.16) are obtained very simply from Egs. (A.29)~(A.35). In
fact, for the functions u{> %" and u${> ", Equation (3.14) should be true also if we
define them without the factor (y"lé —ﬁ [)* % This is linked to the fact that the
corresponding terms in ¥/ have total charge Q #0 and all the terms with Q +0 are
bounded for any value of the field ™. This explains the observation following
Eq. (3.24).

The positive property (3.17) immediately follows from Eq. (A.19), while the
bounds (3.18)+3.20) are again a straightforward consequence of Egs. (A.29)-
(A.35).



On the Massive Sine-Gordon Equation 403

Appendix B
In this appendix we shall prove the bound (5.13). Let us define:

4
A0 = Zuié’,f(th“);u) -V, (B.1)
T oul (4)
From Egs. (3.23), (3.26), and (A.10)-(A.28) it follows that
4
AP = — (@) +V(@,) + CVD,) + Y, TN, (B2)
1
where
WE@) =277 | ddEG83 61t )i —cosalol!— o): (B3)
(h)( W= -2t _“ déu z)df(a 4){ [1—cos ‘X((/’(ghl) <P(¢’f)] Cos a((P(h) <P(¢'f,))
D xJ
+ :sina(@® — o) sina(pl) — ) :}
'[6G(h+1)(éa + -+ _)+2G(h+1)(61>é35 &2’ 54’ + -+ _)] (B4)
TP(D)=—2* [ déy 5)dEs, 4{:[1—cosa(pf — ®)] cosa(pd — o) :
DpxJe

+ :sina(@f — o) sina(@f — o)} [6GLTV(E + — + —) (B.5)

268 €5l + — + =) F2GEED(E 8 G + — + )],

TP@)=—2* | d&y 5dls 41— cosa(of) —pf)1:[6GLTV(E + — + —)

J2X Dy
+6G(h+1)(€ + +_)+2G(h+1)(flaé3>€25 643 + + )
+2GLL(E, 85, 85, ED)F2GESV(EL 65,658+ — + )], (B.6)
Téh)(@h): _/14"7\@[ diu 2)d5(3 4)- 1- COSO‘((P(h) <P(¢'f,))] 5[4GE{',Z“(§,+ —+-)
+2G(h+”(§,+ + — )+2G”’+”(g1,g2,g4,g3, +—-+-)], (B.7)

Tih)(@h) =i* j dé, 2483, 4y sin O‘((Pfgh) (P(f?) sin O‘((D(h) (}?) :

J2N\ Dy x Dy,
{6GY IV + —+ —)+6GE LV +—+ )
+2G3 50 €30 0y + — + ) F2GEEVEL G5 6 Gy + — + )
F2GYEE L85 8l +— + —)HAGEIVE +— +—)
+2GETVE + -+ )26 G Ll — ), (BS)

C"™9,)=—2* ) j d_é(llz)dg(3,4)[4G§{‘Z)”(£ +—=+-)

+2G“”(é+ + ) H2GY L €580 8y + — + )]
— )% j dtf(1 2)d€(3 4)4G"'+“(Z; +—+—). (B.9)

(DnxJ2)U(J2 X Dp)



404 G. Benfatto, G. Gallavotti, and F. Nicolo

Using Egs. (A.29)-(A.35), it is easy to show that there exists 4 >0 such that
4

Y T(@,)| SABEWI(D,). (B.10)
1

Furthermore, if B is large enough, Vh=0:

w(2,)20. (B.11)

Equations (B.10) and (B.11) imply that there exist h(B, ) and B, such that, if
B2 B, (recall that B=¢B) and h=h(B, 1):

P < =3WD,) + WP(2,)+CP(2,). (B.12)

The point now is that W(2,) and C*"(2,) do not satisfy a bound like (B.10)
uniformly in N. Then it is not clear if A% is negative for any choice of Z,, or not.
We did not solve this problem; however we can prove that 4 is bounded by
something which is summable in h, at least for «? small enough (but larger than
6m). Of course, if 4% were negative, the proof of Lemma 2 would be finished
without any restriction on a?.

Let us define

DY ={(&,, E)e P|IE, =&, <y~ ™A} (B.13)
It is easy to show that there exists ¢ >0 such that

W@, n DO < a4 3, (G =) ool (B.14)

4+(4—2-;)n|1|y[(%;—2)+a(%*4)]", (B.15)

ICY(2,nDP) < ch
(@D < i’ Gr I, B2\, (B.16)
Co@ D =e 3T 5 g, o). (B.17)

From these bounds and Eq. (B.12), it follows that, if

8 4n
—, N<—, (B.18)
o o

a<
there exists /i(B, 1) = h(B, A) such that, if h> (B, A)

40 <2c; B o (B.19)

where

o <4_ %i) — (ﬁ _ 2) (B.20)
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and h(B, A)—=5—0. Since we want ¢>0, we have to impose on a the condition

2

% -2
a>—-, (B.21)
4
2n
which is compatible with (B.18) only if
ou? <2n(}/17-1). (B.22)

Appendix C

In this appendix we show how it is possible to reduce the proof of Lemma 1 to the
proof of Lemma 1 in [2], which the reader is supposed to be familiar with.

Let Q,, Q,, O, be three pavements of R with cubic tesserae with side size 1. We
suppose that the centers of the tesserae of such pavements are on the step —1
lattices of R? with origin, respectively, at the points

_ 2k— 1
&= T (1 1) k=123 (C1)
and with edges parallel to the coordinate axes of R% After constructing such
pavements we turn each tessera into a smooth region by some deformations, so
that different tesserae are separated by a corridor and the intersections between
the boundaries are smooth. The exact definition of the deformed tesserae can
immediately be deduced by the analogous definition in Sect. 5 of [2], where the
three-dimensional case is treated. We call Q1 » Q2 o Q3 . the sets of deformed
tesserae, scaled by a homothety factor 7. On each DGQ,, B 1—1 2,3, we introduce a
covering of O[] with regular line-elements, regularly spaced as /—o0 (see
Appendix A of [2], Definition 3), which will be denoted o,,0,,.... To each line
element we associate its local system of coordinates (see Appendix A of [2],
Definition 3 and Fig. 1). If f is a distribution in 2'(0[]) and if «,,2,,, ..., is a
partition of unity on 0[] associated with the regular, regularly spaced covering, we
consider the distribution o, f with support on ¢ and call a,_f its representative in
the local system of coordinates associated with o: o, fe Z'(R?)

Fig. 1 t
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The following norms will be used, VseR, Vee(0, 1):
1 gerioy= H“cr_f”%g)(m, (C.2)
191l seom =11=02) 2 glzwg) (C3)

h(x)—h
”hHC“)(G)sup & Mh(x)| + sup. A ]__(_)__(Ey_)l
Ixx §T< 1 x= 1

. GeR‘. (C4

We shall need the following proposition

Proposition C.1. If 0<e<s<1, there exists a constant c,, such that, for any
ue€®(R)
H”H‘c‘m(a)_ s, Jlullmm), (C.5)

where
=S—E&. (C.0)

Proof. If ue #¥(R), there is a function ze C®/(R) such that
+ oo
u(x)= j N,(x=y)z(y)dy, (C.7)

where N,(x — y) is the Kernel of (1 —0%)~*2 N (x) has the following properties:
i) N ) =|x[*""(x*)+J(x?) |x|=1, (C.8)
ii) |OPN (%) Sc,e ™, vp=0, |x|=1, (C9)

where I(x?), J(x?) are smooth functions and x>0 is a suitable constant. (C.5) is an
easy consequence of (C.8), (C.9) and the estimate:

Jodyllx =yl 7 =T, = P Sclxg —x, (C.10)

vl=1

valid for any x,, x,€[—1/2,1/2] and a suitable ¢>0. If o, belongs to the partition
of unity on 0[] defined before, we call &, an extension of &, to a C* function on R?
with support within distance 1 from o, chosen in a “canonical” way (see [4,
Sect. 2]). Then, if ue &'(R?) we define:

D0, ) =o (x, t+7(x)) (8Vu) (x, t +7y(x)), J=0,1, (C.11)

where ¢t =1v(x) describes the surface element ¢ in the local coordinates (see Fig. 1)
and 09 denotes the normal derivative of order J. We put also
s—J—¢

0P, 0)=(1-03) 2 (VAx,1), J=0,1 (C.12)
for any seR and &€(0,1). Then we define (see [4, Sect.2]), for G=R? or
G=[elJQ,,and G'=R? or Rx [0, o) respectively:

i,t
1
ull g, o= 20 1051EHG), (C.13)
0

H”“cg(g)(g,a[)):su;p flu G, 01) > (C.14)

where, in Eq. (C.14), the supremum is taken on all the surface elements of d[].
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We shall need the following proposition

Proposition C.2. If 0 <e < s <1, there exists two constants I, ¢ and 6 such that, if £,

is large enough, for any (e U UQ~i,t’
£2to i

”u”c(ra)(sg)érg,s“u”%(p([j,ag)a (C.15)

where

So={&eOld(&,00) <5}

Proof. By the “canonical” definition of the functions &, (see [4, Sect.2]), it is
possible to choose 4, at least for ¢ large enough, so that, if (e S, G, ({)=c for a
suitable o CA[, with ¢ independent of 6. Then the proof of Proposition 2 easily
follows from the following lemma (the independence of I} ; on / is a simple
consequence of the exact definition of «,).

Lemma 3. Let u(x,t) be a function defined on the half-plane t =0, such that

u(x,)=(1—02) %Bo(x, 0, (C.16)

—~1

du(x,)=(1—202) 2 0'(x,1), (C.17)

where O,u denotes the derivative in the sense of the distributions and
0,eC*ARx[0,00), i=0,1, (C.18)
O<a<l, £=0. (C.19)

Then there exists a constant c, such that

1
“u”c(oe)(xx [0, w)) = Czi l|9,-lias)(m [0, ®)) * (C.20)
0

Proof. By Prop. C.1 and Eq. (C.16), ¥ x,, x,€ R:

Ju(x 1) — u(x, 1) S [0l |x; —x,|* (C.21)
for a suitable ¢, uniformly in ¢ > 0. Then it is sufficient to show that u(x, t) is Holder
continuous in ¢ of order o, uniformly in xe R. Let x(x) be a C* function such that

1
suppy=[—1,1], x=0, and | y(x)dx=1.If u=t,—t, >0, we define Xu(X)= ;X(f);
u
then we can write:

u(x, t,)—u(x, t;)={ 1,(0)dd[u(x, t,)— u(x+9, t,)]
+ [ 1 (8)dS[u(x + 6, t,)—u(x+6, t,)]
+ 1, (8)do[u(x + 6, t ) —ulx, )] (C.22)
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By Egs. (C.21) and (C.17), we have
lu(x, £5) = ulx, £)] = 2¢)0, || | 6*x,(8)dd

ta

a—1
+ [ dSy,(0) j[1—af)“791} (x+6, 7)dr

< 2¢O llp* [ x*x(x)dx

+ull6, fdxl(l T ) (C.23)
Then it is sufficient to show that:
pfdx|(1— 22 gx#(x) =(2m)~ 2 [ dx|[ dhe™(h) (u* + hz)%
' <costu*. (C.29)
Equation (C.24) can be easily proven by standard calculations. []
Let us now consider the elliptic operator
A=(*-1)(1-D)(»*-D), (C.25)

where D is the Laplacian on R?. In the theory of A a “canonical regularity”
parameter, ©(y), appears which tends to 0 as y—1 (see [4, Sect. 2]). We shall
therefore choose the value of 7, so far arbitrary, so close to 1 that all the tesserae

Oe Q~i’ , are conically regular with respect to the cones with opening O(y). We
it
are interested in the Dirichlet problem:

Au=0 in

C.26
My=:9 on 00, J=0,1. (C.26)
It is convenient to introduce the “space of boundary data”
1
€)= [ % 00, (€27
J=0

where we used the definition:
”f”@(g)(au) =Slgp ”f”fg(;)(,,i) . (C.28)

If z=(z9,zV)e €P(0[]), we put also

1
1Zllgoray =2 12 4 sy - (C29)
0

The following proposition contains what we need to solve the problem (C.26)

Proposition C.4. There exist positive constants £, ¥, ¢, , such that, if £ =2¢, and
ze€¥(0[), the problem (C.26) has a unique solution with the following properties :
(i) VseR, Yee(0,1), if s'<s,

”u”g(;:)(g,ag)§Es,s',g”Z”(g(g)(aD) (C.30)
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for a suitable constant ¢ . ,,
(i) if O<e<s<1,VAcO, 4 open, Yo,Co]

”u”as—e)(d).S_Cs,ge—Kd(A’gi)“Z”(\:(g)(a 1 (C31)
(ifi) if o€ [T, o) C I, VseR, Vee(0,1), Vs <s \
”Q““o:(ssl)(alj) §Es,sf,ge_Kd(alJ’ 7 “Z”(E(g)(a,) > (C32)
where Qu=(0"u, dMu) denotes the traces of u and 0u on 07

Proof. The points (i) and (iii) immediately follow from Prop. 1 of [4], where it is
also proven that

el =¢s,e " izl gro - (C.33)

Since u(¢) is a C® function for £e[]\SH, Prop. 2 and Eq. (C.33) imply
Eq.(C31). O

Let now P be the gaussian process on %'(R*) whose covariance operator is

A~ [cf Eq. (2.3)]. There is a support property for P, which plays an essential role

in the proof of Lemma 1. Call Z; ,i=1,2,3 the family of surface elements of 8Q~i’ .
3

and call Z,=( J,X, ,. Given a square I centered at the origin, let:
1

EP o = {ze S (RO [122] ¢pioy < Bo} » (C.34)

where 6€ X,, B, = B(1 +d|o,I)) and 0z=(0'"z, 0V)z) denotes the traces of z and 0"z
on o.

Let 35"/ be the characteristic function of E®*™¢, which we shall abbreviate
¥5:5¢ or 55 or ¥8. Then:
Proposition C.5. Fix #€(0,1/2) and s<1, n<s. There exist constants c;:i=1,...,6
and ¢ such that, if £ 2¢,

(i) VB=cy+c,logs

[Pz) [] 75 zexp{—c e 2P1]}. (C.35)
gel;
() If SCZ, VB, =c3+c,logl, oes
jP(dz)]—[S(l—)—(f’s)g HSCXP(Cs_Cst)~ (C.36)

(iil) Let % be the characteristic function of the event
Ef={ze ' (RO 2ll cs- may < BU+d(4, 1))}, (C.37)

where A€Q,, the pavement made of square tesserae of size 1. Then, if
B,=B(1+d(4,1)):

I P(dz)< I xﬁ)(ﬂ zf) >exp(—c,e”P|I)), (C.38)
4eQ, ozX
VBzcy+c,logl and, if #CQ,:
P[] (1 =2)] = [T exples—coB). (C39)
AeR AeR
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(iv) The estimates (C.36) and (C.39) hold also if P is replaced by the probability
measure P%, associated with the operator A considered with zero boundary
conditions on 0[].

Proof. Proposition C.5 is essentially a particular case of Propositions 3 and 4 of
[4]. The only difference is in the estimates (C.38) and (C.39), which were proven in
[4] with # instead of s—# in the definition (C.37) of E&.

If s—#>n, the stronger result of Proposition C.5 follows from Proposition C.4
(where the stronger bound (C.31) replaces the bound (C.33) used in [4]) and from
the following simple property of the covariance Co=A4"":

ICo(x)— Co(0) Sc fx|? 2 (C.40)

for any £>0 and a suitable constant ¢, Equation (C.40) implies in fact that P and
P?, have support on the functions, which are Holder-continuous of order 1—e.
Then the proof goes exactly like in Sects. 5-7 of [4], choosing e so that s—n=1—e¢.

Remark. The conditions on s and # allow us to make s —#=1—¢ with ¢ arbitrary
small. This result does not follow from [4], which would allow us to prove
Lemma 1 only for ¢>1/2. At this point the proof of Lemma 1 can be continued
repeating word by word, with some obvious changes, the arguments of [2] which,
there, follow Proposition 2 in Sect. 5.
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