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Abstract. We study the 3-dimensional pure U(1) lattice gauge theory with
Villain action which is related to the 3-dimensional Z-ferromagnet by an exact
duality transformation (and also to a Coulomb system). We show that its string
tension « is nonzero for all values of the coupling constant g2, and obeys a
bound a=const-mpf~' for small ag? with B=4n*/g> and
m3,=(2p/a)e” Fre»(9/2 (g =]attice spacing). A continuum limit a—0, m, fixed,
exists and represents a scalar free field theory of mass my,. The string tension
amp, ® in physical units tends to co in this limit. Characteristic differences in the
behaviour of the model for large and small coupling constant ag? are found.
Renormalization group aspects are discussed.

1. Introduction and Discussion of Results

In this paper we will study the Z-ferromagnet on a 3-dimensional cubic lattice
AC(aZ)? of lattice spacing a. The spin variables n(x) of the model are attached to
the sites x of the lattice. They take values which are integer multiples of 2z. The
partition function is

1
Z,= ) expL(n), with Ln)=- = [[V,n(x)]>. (L.
ne(2nZ)4 2ﬁ x
We use the notations (e, =lattice vector of length a in y-direction)
f=a*); V.nx)=a '[n(xte)—n(x)]. (1.2)
x xed

f has dimension of a length, whereas n is dimensionless. Formula (1.1) must be
supplemented by boundary conditions. We choose to immerse the system into an
infinitely extended heat bath which is described by a massless free field theory, see
Egs. (2.3) of Sect. 2. [Formally, the partition function for the combined system is
also given by Eq. (1.1), but the variables n(x) are integrated over the reals outside

*  Work supported in part by Deutsche Forschungsgemeinschaft

0010-3616/82/0082/0545/$12.40



546 M. Gopfert and G. Mack

A.] These boundary conditions break the global Z-invariances of the model,
because the symmetry ¢(x)—@(x)+const in a massless free field theory is
spontaneously broken. We will take it for granted that the co volume limit A /(aZ)?
exists, and can be performed in the Kirkwood Salsburg equations (see Sect. 6).
They define a state and will be shown to admit a unique solution in co volume.

Three dimensional U(1) lattice gauge theory was investigated by several
authors after Polyakov’s pioneering work [4]. It is now well known [5] that the
Z-ferromagnet (1.1) is related by an exact duality transformation to 3-dimensional
U(1) lattice gauge theory without matter fields with Villain action (in a heat bath
that is described by noncompact electrodynamics, see Appendix A). The coupling
constants are related by

p=4n*/g? (1.3)

(B can be interpreted as an inverse temperature for the lattice gauge theory, and as
a temperature for the Z-ferromagnet). Moreover, the string tension « in the U(1)
gauge theory equals the surface tension in the Z-ferromagnet®. More precisely, the
Wilson loop expection value is transcribed as follows.

Let C be a closed loop which is a boundary of some surface Z on the dual
lattice®> A* of A. Let U(C) be the parallel transporter around C in the U(1) lattice
gauge theory, and y, (U)=U* for Ue U(1), k integer. Then®

Uy =24k, E)/Z,. (1.4)

Z [k, E) is the partition function of the Z-ferromagnet with a modified action. It
depends actually only on C and not on =, and Z,=Z2,(0, -).

Z kE)= ) exp <— %j LV, n(x)— kju(x):lz) , (1.5)

ne(2nz)4

where

—~

2na” ' if (x,x+e)eZ,
Jx)=3—2ma~! if (x+e,x)EE, (1.6)
0 otherwise .

1 The surface tension of a ferromagnet is given by the free energy per unit area of a domain wall
between domains with different spontaneous magnetization. The Wilson loop definition of «
corresponds to a mathematical definition of surface tension that is not quite the standard one [22],
unless the loop C lies on the boundary of A

2 By definition, the sites, links, plaquettes and cubes of A* are the cubes, plaquettes, links and sites of
A. Therefore = consists of links in 4 and C consists of plaquettes in 4. We write 0* for the boundary
operator on A*. It is called the coboundary operator on A. For further explanation of the dual lattice
the reader is referred to [18, 27]

3 This formula can be generalized as follows. Let & be a 2-chain with integer coefficients on A*,
E=Yc(p)p (sum over plaquettes p in A*=links in A) and 0*Z= n,C,, where C, are closed paths on
A*. Then

<H an,-( U(Ci))> =2,k E)Z,,

where Z ,(k, £) is given by Eq. (1.5), with j,(x) = c(p)2ra” Yfor p=(x, x+ e,). Truncated expectation values
of this form will be briefly considered at the end of Sect. 7
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The string tension is obtained by considering a rectangular loop C in a lattice
plane of side length L, L,.

o=— lim lim
Ly—w Li—~® 2L1

1
L,L,

In <y, (U yy

= —lim

In[Z,(1,8)/Z ], .7

in the infinite volume limit.
Finally we define a mass m, by*

a*mp=(2p/a)ePrertO2, (1.8a)

vep(X)=(—4)"1(x0) is the Coulomb potential on the infinitely extended lattice
(aZ)®. Its numerical value at zero distance is known [11]

vep(0)=0.2527a" " (1.8b)

Now we are ready to state our main result.

Theorem 1. The surface tension o of the Z-ferromagnet (as defined by Eq.(1.7))
satisfies the following inequality with a constant ¢ >0 for f/a sufficiently large

a=cmpft. (1.9)

We believe that the right hand side of (1.9) represents the true asymptotic
behaviour of o, apart from the value of the constant ¢, but the estimates to prove it
are lacking. A classical approximation based on the effective action (1.22) (without
the correction terms ...) would give

o =8mpB "

class. approx.

in the limit a~*>M>m,

Corollary 2. The string tension o in the U(1) lattice gauge theory with Villain action
is bigger than zero for all values of the coupling constant g*>0.

The corollary follows from Theorem 1 and the remarks preceding it because
®a® is a monotone decreasing function of B/a by the 3-dimensional version of
Guth’s inequality (Lemma 4.1 of [18] with K=4"1).

We will see from Theorem 4 below that m, is asymptotically equal to the
physical mass (=mass gap, or inverse correlation length). It follows that the
coupling constant g and the string tension « in units of physical mass (squared) go
to infinity in the continuum limit a—0,

a/m3 = cgXdnimy)”t =c(2p%/a®) "V 2efrerl 0t s op (1.10)

as f/a— 0. To the best of our knowledge, this kind of behaviour of the string
tension had not been anticipated.

4  The Z-ferromagnet and U(1) lattice gauge theory are also related to a Coulomb system by another
exact transformation [5]. mj! is equal to the prediction of a Debye Hiickel approximation for the
screening length of that Coulomb system
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Fig. 1. An example to illustrate the construction of L and L

The proof of Theorem 1 is based on a rigorous block spin calculation. (The
block spin method was invented by Kadanoff [14]. It forms the backbone of
Wilson’s renormalization group procedure [13,15]. The Glimm-Jaffe-Spencer
expansion [9] of constructive field theory also employs it. Other rigorous
applications have been made by Gallavotti et al. [17] and Gawedzki and
Kupiainen [16].)

The first step in the proof is to integrate out the high frequency components of
the field ¢(x)=~"?n(x). This produces an effective action L, (&) for a real field
@ with Pauli Villars cutoff M=A4""m,, of order my, L, ,(®) is obtained in the form
of a series expansion. It is a nontrivial problem to establish bounds on the correction
terms in this expansion. Such bounds are needed in the second part of the proof.
Our solution of this problem is based on splitting the Yukawa interaction «(xy)
=(—A4+M?*)~(xy) that is mediated by the high frequency parts of the field into
pieces of decreasing strength and increasing range, and treating one after the other
of these pieces by cluster expansion. This is our method of iterated Mayer
expansions which was described in [6]. We will obtain bounds which show, in
particular, that no interactions of range significantly larger than the cutoff length
M~1 are generated by integrating out the high frequency parts of the field. (We
come back to this point in Remark C below.)

To state the bounds we need a measure L(a;, ...,a,) of the spatial separation
between subsets a, ...a, of A. Let T be a tree graph with vertices i=1...t2n. It
consists of t—1 ordered pairs (i,i,) such that all but one of the vertices i=1...¢
occur exactly once as i,. Set

Li(ay,...a,)=min Y |x;—x;|, (1.11a)

(xr€ar) (ij)eT

with (x[|=37123 |x |, and
m
La, ... an)zmTin Liag,....a,). (1.11b)
The first minimum is over all ¢-tuples x,,...,x, with x,€a,, ...,,x,€q,, x4 for

n<s=t. The second minimum is over all tree graphs with n or more vertices,
i=1...t=n. Figure 1 illustrates the construction.
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We use the notations (1.1) and the following definitions of f, J,

f)=[vex—V_ i), (1.12)
J(X)=¢,,.V/(x), (1.13)
o vendy HJ (X)eepx— Y, (), ete. (1.14)

J, is a current supported on the Wilson loop.
We use the abbreviations

E=(m,x) (m==%1,%2,...;xed), [di= [ (1.15)

=+1,%+2,... xed

A=—V_,V, is the lattice Laplacian on (aZ)?, see Eq. (1.2), and Vol(a)= | 1.

xXea

Proposition 3. Fix A sufficiently small, and suppose that B/a is sufficiently large
(depending on 4). Set &(&)= —1+exp[imB~2®(x)]. Then

Z (k)= 2o [y o (D)o Ver @), (1.16)
where du, (®) is the Gaussian measure with mean g and covariance u,
u=(—A)"1—(—=A4+M*"t,  M=1"1my,

and V,; ; is of the form

Vers(@ Z fdél- LAEE(E)) . elE )y, - ). (1.17)

Given Kk < o0, u< oo arbitrarily large, and C >0, § >0 arbitrarily small and <1, then
the following bound is true for s =1, uniformly in A

[ oae, . dEJofé,, ... E e rEImb

x1€ay XsEag

<s!Vol(a,)mip~ le~ (1~ ML, wa) —uls= 1)1 _ 0)=s710 (1.18)

provided A is sufficiently small (depending on x, u, C, 8) and f/o is sufficiently large
(depending on x, u, C, 8, and A). Finally

2pmpto (1, x)>1 if Pla—co and MB—O0.
The effective action L, (@) is the sum of —V, (&) and a kinetic term that

comes out of the Gaussian measure. V,, (@) does not depend on £, E, and it still
has the global Z-invariance of the model under

D(x)>P(x)+2np~ 21 (I€Z). (1.19)

The heat bath, which breaks this symmetry, is incorporated into the Gaussian
measure. Formally

it (@)= 1exp[ Yd—gu (@—g)] [] do), (1.20)

xe(az)?
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where

(fi. f)=a"> (ZZ) J1)f2(x). (1.21)
xe(@z)?
[ The reader should imagine that the sum and product over x run over a subset 4,
ACA, C(aZ)® to begin with, with 0-Dirichlet boundary conditions which put
@(x)=0 on the boundary 94, ; then the limit A,7(@Z)* is taken. This limit
procedure is already incorporated in the construction of the Gaussian measure on
(@Z)3.] The effective action is therefore of the form

Leff(di)=—%(¢,—A(1—%)@>—%é jA[l—cosﬁl/zd"(x)]-i— ... (1.22)

The terms represented by dots come from terms with s=2 in (1.17), and from the
part of the s=1 term with |m,| = 2. In addition, the deviation of ¢,(+ 1, x) from its
asymptotic value leads to a small change of the coefficient m3/B. The bound (1.18)
shows that these correction terms can be suppressed by making f/a large (and
mp/M and M small). In the further analysis of the theory with action L, the
part of the s=2 term that is quadratic in @ —2nf~ /2 integer is treated as a small
correction to the first term in Eq. (1.22).

The second step in the proof of Theorem 1 consists in the analysis of a theory
with the action specified by Proposition 3. Such an analysis has already been
carried out by Brydges and Federbush [2], and we can use their results. (They also
derive this effective action for a dilute Coulomb gas. The derivation of this part of
their results requires a small value of the reduced fugacity Z though (z=a?-fugacity
when the self-interaction of the charges is included in the potential) or, if Z=1 as in
the Coulomb gas representation of our model, a cutoff length M~ ! that is less than
one lattice spacing a — see the discussion in the introduction of [6].) Their analysis
is based on the Glimm-Jaffe-Spencer expansion around mean field theory. The
expansion and its convergence proof are readily adapted to cover the case of the
Wilson loop expectation value [the ratio (1.4) of partition functions].

We will now give a brief and informal discussion of the main ideas that are
involved in this analysis in order to explain how the string tension comes out.
Technical aspects such as justification of approximations and control over
correction terms are discussed in later sections.

Imagine that a lattice A’ of lattice spacing L is superimposed on the dual lattice
A*. L is chosen of order M~ !, LM = sufficiently small constant. The presence of the
Pauli-Villars cutoff M in the effective action ensures that the ®-integral, which
gives the partition functions, is dominated by functions @ of x which are very
nearly constant on block cells of side length L. Therefore

o Vers@ H e—%eff(q_)(x/))’ (1.23a)
x'ed’
B, (D(x)=m3p~ 1 L3[1—cos f1/2d(x')], (1.23b)

where_@(x’)=average of @ over the block cell specified by x'e A. We see that
B, , (P(x')) has isolated minima at &(x')=2nf~ '/*1, I integer, which are separated
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by maxima. These maxima are very high. We choose M, L~ ! of order m, so that
maL3/B is of order (mpf)~* which grows exponentially with f/a. Based on this
observation, the field @(x) is decomposed into a sum of an “integer” part h(x),
B'2h(x)/2n =integer and constant on block cells, which selects a minimum of V. ,,
and a spin wave part that describes fluctuations around it.

We see now that there are two kinds of excitations, spin waves and domain
walls. The domain walls consist of those plaquettes on the block lattice A" where
h(x) jumps by 2nB~ Y2 integer.

In the Glimm-Jaffe-Spencer expansion [9], the domain walls are treated by a
low temperature expansion (Peierls expansion), and the spin waves by a cluster
expansion [10]. The presence of a domain wall costs very much energy per
plaquette in A’, due to the presence of the high maxima in ‘Beff(d_)(x’)). The
configurational entropy of the domain walls on the block lattice cannot compete
against this. As a result the density of domain walls on the block lattice is very low,
the surface tension o (=free energy of domain walls per unit area) is not zero and
the Peierls expansion converges.

The cluster expansion converges because the spin waves interact weakly. The
large factor m3L3/p in Eq. (1.23b) implies that the Gibbs measure assigns sizable
probability only to values of the average field &(x') which are close to a minimum
of B, . Since the dominant field configurations @ are nearly constant on block
cells [see before Eq. (1.23)], the same is then also true for @(x). For such ®(x) the
later terms in the Taylor expansion of the cosine in Eq.(1.22) around this
minimum are very small compared to the leading term. The leading term tells us
that the spin waves have bare mass my,

The same method also enables us to derive a result about the existence of a
continuum limit. For the purpose of deriving a lower bound on the surface tension,
it was most efficient to use a ratio M/m,=21"" of cutoff M to mass m,, which is
sufficiently large but independent of /a. If we want to construct a continuum limit
by letting f/a— oo, we must at the same time remove the Pauli-Villars cutoff. We
do this in such a way that the cutoff M goes to infinity in units of physical mass
(slowly) and to zero in units of inverse lattice spacing a~ ! (fast). We define a new
field

P(x)=p"1?sin 12 P(x). (1.24)

Theorem 4. Let the field Y(x) be defined by Eq.(1.24) with a choice of cutoff
M=(B/a)**2my,. Then the correlation functions (¥(x,) ... P(x,)> for fixed nonzero
distances mp|x;— x| (in units of mp ') approach the correlation functions of the
( Lorentz invariant) Euclidean scalar free field theory with mass my, as f/a— co. The
string tension in units of physical mass squared goes to infinity in this limit.

We see that only the spin waves survive in this continuum limit. For their
interpretation (as a “magnetic matter field”) in gauge theory language see
Remark D below. An infinite string tension means that the Wilson loop operator
U(C) — renormalized by a perimeter law behaved factor to remove the self-energy
of the static quarks — is zero.

Theorem 4 is concerned with a continuum limit in which the inverse physical
mass (=mass gap) is taken as the standard of length. One could think of trying to
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construct another, massless, continuum limit by taking the string tension as the
standard of (length) ~ 2. Again one would have to let the cutoff M— oo in physical
units. It is not clear that this limit will exist because the sine-Gordon theory is
nonrenormalizable in 3 dimensions [compare Eq.(1.22)]. Finally there remains
the canonical limit in which the unrenormalized electric charge squared g* =4n%/p
is taken as the standard of (length) ™! while a—0. We conjecture that this limit for
&, (Wilson loops) reproduces ordinary free electrodynamics. It has zero mass and
string tension.

We conclude this section with some remarks about A) symmetry breaking
aspects and physical interpretation, B) a possible roughening transition and
characteristic differences between the behavior of the model for weak and strong
coupling, C) renormalization group aspects, D) the interpretation of our effective
action in gauge theory language, E) mass generation, F) unicity of the equilibrium
state, and G) our choice of cutoff.

Remark A (Symmetry Breaking). The spin waves are Goldstone modes of a
spontaneously broken symmetry. They need not be exactly massless because there
exists explicit breaking from a continuous symmetry IR to a discrete symmetry Z.
The approximate symmetry IR can be seen by replacing = /?n(x) in Eq. (1.1) by a
field ¢(x) that is integrated over the reals, and replacing the Boltzmann factor by a
serrated Gaussian which depends only on the integer part of BY/2¢(x)/2n. If B/a is
large then its saw teeth, which break the symmetry ¢(x)— @(x)+consteR are
small. If the explicit symmetry breaking were switched off then the R invariance
would remain spontaneously broken — the result is a massless free field theory
which is known to have a spontaneously broken symmetry ¢— ¢+ const. Note
that the global Z-invariance is always spontaneously broken if {n(x)) exists at all,
since the equation <{n(x)>» = <{n(x)) + 2=l has no solution for I+0. So the explicit
breaking from IR to Z is not important to get spontaneous magnetization
(symmetry breaking) but it is important to produce a surface tension.
Ferromagnets with spontaneously broken continuous symmetry have no surface
tension. (This is of course trivial for the massless free field theory. It can also be
proven in general, for Heisenberg ferromagnets etc. [24].)

When [/a is small then the R-invariance is completely destroyed. In this case
the only excitations of our Z-ferromagnet are a dilute gas of small domain walls on
the original lattice (see Sect. 5), and there are no spin waves.

Remark B (Roughening Transition etc.). We have made no attempts to prove the
existence of a roughening transition [23], but we emphasize that nothing in our
results speaks against its existence. In particular the convergence of the Peierls
expansion does not imply that a domain wall with prescribed boundary C is not
rough. (It is called rough when the amplitude of the fluctuations in its position in
the transverse direction tend to infinity when the area enclosed by C becomes
infinite.) Convergence of the Peierls expansion requires that energy and chemical
potential of a domain wall are bounded below by positive constants times area.
Such a bound alone is not even sufficient to guarantee that among all surfaces with
prescribed boundary the one with least area is also the one which costs the least
energy, and it certainly does not imply that all others cost so much more energy
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that they are assigned negligible probability by the Gibbs measure. An argument
for rough domain walls which starts from an effective action like Eq. (1.22) has
recently been given by Ogilvie [25].

It is instructive to compare the behavior of the Z-ferromagnet for small and
large coupling parameter [“temperature” — see after Eq. (1.2)] f/a. At low fi/a the
theory can be analyzed by Peierls expansions on the original lattice (see Sect. 5),
these are related to the familiar high temperature expansions for the U(1) gauge
theory by a duality transformation. The only excitations are domain walls (on the
original lattice), and these are dilute. Domain walls with prescribed boundary are
not rough when they are aligned with the lattice planes. The proof of this property
makes essential use of the fact that there is only nearest neighbour interaction
[single plaquette interaction in the U(1) gauge theory]. At large f/a the low lying
excitations are spin waves. In addition there are domain walls on the block lattice.
They cost much energy and are very dilute. In principle, the spin waves can be
integrated out, the result is an effective action Lezf Ah) for a Z-ferromagnet on the
block lattice with 2n-integer spins. However, the spin waves have a mass my, less
than one inverse lattice spacing L ~*, so they mediate interactions between domain
walls over a range larger than one lattice spacing L (see Remark C below). As a
result, L Ezf (h) does not have nearest neighbour interaction only and the argument
against rough domain walls does not carry over to it.

Moreover, comparison of the excitations suggests that there is also a change in
bulk behavior when one goes from small to large fi/a. The question naturally poses
itself whether it is associated with a phase transition. The methods of the present
paper are not powerful enough to decide the question whether the free energy is
indeed nonanalytic in § at some value = .. This is so because we do not have the
region of intermediate fi/a under control, except for some pieces of information
that rely on correlation inequalities, like Corollary 2 and the results of Frohlich
and Spencer [12].

Padé analysis of high temperature series for the free energy of the
3-dimensional U(1) gauge theory with Wilson action has not produced any
evidence for a phase transition [34].

Remark C (Renormalization Group Aspects). All our results are perfectly con-
sistent with the general principles of the renormalization group. This will become
evident from the discussion at the end of Sect. 2. In addition our results contain
dynamical information that is specific to the model and could not be deduced from
general principles alone. All this is as it should be. It must be emphasized, however,
that a good choice of the block spin (=the field that appears in the effective action)
is absolutely crucial. What is a good choice and what is not depends on the low lying
excitations of a model. If, by mischief, one integrates out degrees of freedom that
are associated with low lying excitations in the course of an iterative re-
normalization group procedure, then one will encounter disaster — the effective
action becomes very nonlocal. If the disaster goes unnoticed by courtesy of
uncontrolled approximations, then one may get qualitatively wrong results. We
will now illustrate the danger with the example of our model.
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For large f/a the low lying excitations are spin waves. This is not a priori
obvious, especially not if one starts from the U(1) gauge theory. (Imagine that you
had never heard of duality transformations....)

Suppose that someone wanted to set up a renormalization group procedure in
which the effective action at each intermediate step does not depend on a real field
@, but on an integer valued field on a block lattice. He might be motivated by the
hope of obtaining effective actions which are approximately of the form of the
original action (1.1), except for the replacement of f by a ruaning coupling
constant. Such an action would be the dual transform of a U(1) gauge theory on a
block lattice with one-plaquette action of the Villain form, with a running coupling
constant. It would predict a string tension proportional to the physical mass
squared, in contradiction with (1.10).

Our Proposition 3 is valid for arbitrarily large values of the ratio M/m,, of
cutoff to mass. Therefore it also gives us information about what the effective
action L,, (@) would be at some intermediate stage of a renormalization group
procedure when M/my, is still very large but M is already small. To get an effective
action Lff 4(h) for a theory with integer valued block spins one would need to
integrate out the spin wave part of @. But this leads to disaster. The spin waves
always have mass xmy, as soon as M < 1, as a result they will lead to interactions
of range my ! rather than M~ ! in the resulting effective action L%, (h).

For the purpose of illustration we can use the approximation (1.23), and
substitute a periodized Gaussian for the exponential of the cosine so that

e Vers® = Y exp[—%mﬁj(@(x)— h(x))*+ ...)]|. (1.25)
he(2nf—1/27)A x

h is constant on cells of the block lattice A'. Its lattice spacing L is taken of order

M1 If the correction terms ... are dropped the resulting Gaussian integration can

be performed with the result that (mpxmp, M'~M, r~1 if M>mp)

LE ()= —3m3(V,h, GV, h)+ ...

A (1.26)
G=ri(—atmy (=M1 ) Sy

We see that the spin waves have generated an interaction of range mp, ' between
domain walls. (The domain walls are where h jumps, i.e. V,h=0.)

If one wants to determine the surface tension o one has to integrate out the spin
waves eventually. The above considerations show that one should not do this in
the course of an iterative renormalization group procedure which lowers the cutoff
sequentially, but postpone this step until the cutoff M has been brought down to
order my, (physical mass). This is what we have done. One obtains an action for an
effective Z-theory of the form (1.26). [Actually the periodized Gaussian is not a
very good approximation for the purpose of computing Lfff, because it over-
estimate the height of the maxima of B,,, by a factor ~=n*/4. Therefore the
correction terms represented by dots in (1.26) are not small. But one proves that
they can at most reduce the surface tension to a finite fraction >0.] Of course, the
resulting LZ“ still does not have nearest neighbour interaction only. But it is
interesting to note that it can be replaced by the action of a simplified effective
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Z-theory® which has only nearest neighbour interaction for the purpose of finding
a lower bound on the surface tension®. Since h is constant on block cells, we can
replace G by G in Eq. (1.26) with the kernel of G equal to the block average of the
kernel of G. The assertion follows now from the fact that G, when considered as an
operator in the Hilbert space of functions on the block lattice, is bounded below by
a multiple of the unit operator 1,

G=c, L1, (1.27)
For details see Sect. 7.

Remark D (Effective Action in Gauge Theory Language). To obtain the effective
action in gauge theory language, we should apply an inverse duality transfor-
mation. We do not know how to do this for the action given by Proposition 3.
Instead we present here the solution of another simplified auxiliary problem. We
consider the action L, (®) which is obtained from L, (®) by substituting a lattice
cutoff L =1 for the Pauli Villars cutoff M. Thus, @ is regarded as constant on cells of
the block lattice A’ of lattice spacing L, and u=(—A4')""', where A'= -V’ .V, is the
Laplacian on the block lattice,

AF(X)=L"? ) [F(x't+Le,/a)—F(x)].

The other formulae are the same, for k=0.

We perform an inverse duality transformation on this modified action. Such a
duality transformation is a Fourier transformation on the symmetry group Z. To
apply it one must decompose Ra®(x") into Z-orbits. This is achieved by writing

O(xX)=h(x)+0x)B~ 1, —nZO0(x)<r, hx)e2nf Y2Z. (1.28)

The symmetry group acts only on h. Therefore the “spin wave” variables 6 remain
unaffected by the duality transformation. We note that V, (@) depends only on 0
or, equivalently, on the field y to be introduced below, because

&)= —1+exp[imB?P(x)]= —1+exp[imO(x)] for E=(mx). (1.29)

x'e A" specifies the block cell in which is xe A.

It is straightforward to perform the duality transformation. The result is a U(1)
gauge theory on a block lattice with Villain action which is coupled nonminimally
to a “magnetic” matter field y(x'). The action becomes

2 — — ! ! l N (_7 ’
Leff(Fp,vJ X): —L ? 'Z/:y* {%g ZFuv(x )Fuv(x )+ Z}; 8vaF;4v(x )X(x )lVQX(X )}- Veff'
(1.30)

5 In [7] an effective Z(N) theory of quark confinement in pure SU(N) Yang Mills theory on a
4-dimensional lattice was presented (=2, 3). It uses only the simplest of approximations. Nevertheless
it is hoped that it will become possible one day to prove its validity mathematically, with rigorous
bounds in place of approximate equalities. The effective Z(/V) theory is a Z(/V) gauge theory on a block
lattice with positive coupling constant and the standard one-plaquette action. It can be subject to a
duality transformation. The resulting Z(/V) gauge theory can be regarded as an analog of the simplified
effective Z-theory mentioned in the text. Z(/V) gets replaced by Z because the dual of the center of the
gauge group U(1) is Z

6  This is not the first such result. The inequalities of [29] are another example. They bound the string
tension of an SU(N) theory by that of a Z(/V) theory
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A'* is the dual of the block lattice A". If y’ is the site of A"* which corresponds to
the cube of A" with corner points x', X'+ e, X' +e,, x'+ e, uvg =123 or cyclic, then

x(y)=expib(x’). (1.31)

Under space reflections
2(xX)= (=X (1.32)

in accordance with its “magnetic” character. V,, is a power series in y and %
because &(¢) is a polynomial in y or ¥ by Eq. (1.29). F,, depends on the auxiliary
Villain variables 1, (x")e2nL ~*Z,

Fo=VA~VA,~l,; —nl '<A,<nl”! (1.33)

and the partition function is obtained by summing over [,, and integrating over 4,
and y.

Apart from the appearance of the matter field y the most spectacular feature of
expression (1.30) is that the last term in { } is pure imaginary. It would be real in
Minkowski space because the antisymmetric tensor ¢,,, ensures that always one of
the indices u, v, ¢ is 3 (time).

Remark E (Mass Generation). The result (1.10) indicates that the mass is “too
small” in the present model. Some years ago one of us suggested that mass
generation in nonabelian gauge theories could be understood as a dynamical
Higgs mechanism [26]. In an abelian pure gauge theory this mechanism cannot
work because the gauge field carries no colour charge.

Remark F (Unicity of Equilibrium State). Convergence of the infinite volume
cluster expansions (of Sect. 6) for the Z-ferromagnet at low temperatures makes it
most unlikely that its equilibrium state is nonunique (in the sense that there is
another one which assigns expectation values to Z-invariant observables that are
different from those determined by solution of the infinite volume Kirkwood
Salsburg equations of Sect. 6. Z-invariant observables do not distinguish between
Gibbs states that are obtained from each other by a symmetry transformations.) A
proof of unicity would be desirable.

Remark G (Choice of Cutoff). For a block spin calculation, it might seem
appropriate to define a field @(x) on a block lattice (LZ)* by

D(x)=L"> [ B '2n(x).
xeblock
Since n(x)/2n is integer, such a choice would require that @(x') is an integer
multiple of 2r(a/L)*p~ /2. We avoid this by the use of a Pauli Villars cutoff. In this
way we can work with a real field and a smooth action for it.

2. Yukawa Gas Representation

The most convenient starting point for a rigorous treatment of the 3-dimensional
U(1) lattice gauge theory and its dual transform, the Z-ferromagnet, is another
well-known representation of this model which is intermediate between the
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Coulomb gas representation and the Z-ferromagnet. It uses the gas picture to deal
with short distance problems (up to M~1!) and the ferromagnetic language for
longer distances. This idea was used by Frohlich [30] in his work on
2-dimensional Coulomb systems, and later also by Brydges [1] (see also [31]). In
this section we review the derivation of this representation. Some informal
remarks on renormalization group aspects are added at the end.

Since we are only interested in ratios (1.3) of partition functions, we will allow
ourselves to add constants to the action, and redefine the partition function by
corresponding factors independent of k, E, without introducing a new notation
each time. We set the lattice spacing

a=1 throughout Sects. 2-5. (2.0

Accordingly, the scalar product (,) in the space of square summable functions on
the infinitely extended lattice takes the form

(f9= 2 f(xg(x). (2.1)
xeZ3
Using Eq. (1.13) and completing the square, the action in Eq. (1.5) can be rewritten
as

1 . 1 .
35 §[Vn(0) —kj, (x)1? =ﬁ(n —keeyV fp — Aln—kuveyV_ ,j, 1)

kz
+ ﬁ(‘/w vepd,). (2.2)
We introduce a real field ¢(x) on the lattice Z* which is going to replace B~ 1/?n(x).
The integrality condition on n(x) for xe A will be imposed through é-functions. Let
du, (@) be the Gaussian measure with mean f and covariance ». We can use it to
write the partition functions for the Z-ferromagnet with boundary conditions as
described in the introduction in the form

Z ,(k,B)y=e KWwrerdi207 (k 5), (2.3a)
2k E)=]dp,, 4p-1nr @) ] {277:/3‘ Y2y e~ 2nx)} (2.3b)
xed nxe2nZ

with f'=v¢,V_,j, asin Eq. (1.12). f depends on Z. The periodized é-function can be
expanded in a Fourier series. This gives

H{Znﬁ””z y 5((p(x)—ﬁ“”2nx)}= Y eiftHme) (2.4)

xeA nxe2nl mezZA

One inserts this into Eq. (2.3b) and performs the ¢-integrations with the help of the
well-known formula for the characteristic function of a Gaussian measure

~[d‘%’f((p)ei(g,q:)=e—%(g, vg) +ilg, f) (2.5)

In this way one obtains the Coulomb gas representation of Banks et al. [S]. The
partition functions become

Zyk,E)= Y ektm o= pmvemi2 (2.6)

meZA
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For k=0 this is the partition function of a Coulomb gas with insulating boundary
conditions [12]: »,(x—y) is the Coulomb potential on the infinitely extended
lattice Z°, but the charged particles (monopoles’) are constrained to be in A;
m(x)=0 for x outside A.

Now one splits the Coulomb potential into a Yukawa potential » of range
M~! which dominates for distances much shorter than M~ !, and the rest

vopy=v+U, 2.7

with
p=(—A+M?)1, (2.8)
U=(—A) (= A+ M?) 1, (2.9)

Inserting the split (2.7) into (2.6) one obtains
ZA(k,E)z z otkm, )= 3pm,um) , = 3p(m, vm)
meZA
Now one uses the formula (2.5) for the characteristic function of a Gaussian

measure again to reexpress the first factor

Z(kE)="Y [duyip- 1 (@)eiP m D= sbmum (2.10)

meZA

& is a real field on Z3. m-summations and ®-integrations can be intercharged (by
the dominated convergence theorem). Using Eq. (2.3a) we can therefore write

ZA(/(, g)= e KW vendi2B f duu,k[r 1/2f((p)ZA(¢) (2.11)
with
Z (D)= Y o m®)pmplomomi2 (2.12)
meZA

Z (®) is a partition function of a Yukawa gas with complex space dependent
fugacity. It turns out to be positive [12] so that one can define
V(@)= —InZ,(®). The problem is to show that V, - admits an expansion with
the properties stated in Proposition 3. The natural thing to try is a Mayer
expansion, as in the work of Brydges, and Brydges and Federbush. Unfortunately
the known methods for proving convergence of such a Mayer expansion fail for
the values of f and M in which we are interested. Therefore a new piece of
technology had to be developed. This is discussed in the next section.

We add some informal remarks. Inserting Eq. (2.4) into Eq. (2.3b) with k=0
one can write

Z,=[du, o@)[]{1+2cosp"?p(x)+terms with [m(x)|>1}.  (2.13)

xed

7  They are monopoles of the gauge theory, see [4, 5]. Monopoles in SO(3) lattice gauge fields are
discussed in [33]
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For temporary use only we introduce normal ordering: : with respect to the
Gaussian measure du,  =du, . It is defined by

D0 = i) if.9)
e =0 dp, (p)e

— e%(f, vep N pilds @) (2'14)
Equation (2.13) becomes
Z,=| du,. (¢) [T{1+2z:cosp?¢p(x): +terms with |m(x)|>1}  (2.15)

xeA
with
z=e P22 B (2.16)

If we could neglect the monopoles with |m|> 1 and also the hard core of the others,
we could approximate this expression by

Z,=[du, (p)exp|mpp~" [icosfPo(x):]+ ... (2.17)

This formula was first derived in Appendix A of [5]. (Normal ordering is
presumably tacitly understood there.) The normal ordering is crucial here, it is
responsible for the exponentially small factor 2z=m3/B, compare Egs. (2.15) with
(2.13). It absorbs the self-interaction of the charged particles.

The integrand in (2.17), which is a smooth function of ¢, looks like a very
drastic approximation to the exact integrand in Egq.(2.3b) with k=0, which
involves d-functions. But it is instructive to compare Eqs. (2.17) with (1.22) for the
effective action. This reveals that the main effect of integrating out the high
frequency components of the field ¢(x) is that ¢(x) in (2.17) gets replaced by a
cutoff field @(x), and the correction terms ... in (2.17) get suppressed. [One can
rewrite Eq. (1.22) in normal ordered form, but this makes little difference there
because of the presence of the low cutoff mass M.] There are other correction
terms appearing, including some that could be absorbed in part by mass and wave
function renormalization, but they are all small so long as the ratio cutoff/physical
mass > 1 and f is large enough — see Proposition 3. All this is perfectly consistent
with the general principles of the renormalization group [13-15]. The presence of
the ultraviolet cutoff M will make it possible to write down convergent expansions
in domain walls on a block lattice with lattice spacing L of order M~ 1. A similar
expansion on the original lattice would not converge if ff/a is large, because a jump
of the spin n(x) by 2n across a link costs very little energy.

3. Iterated Mayer Expansions

We wish to examine expression (2.12) for Z (P). We interpret it as a partition
function of a Yukawa gas on A with a complex space dependent fugacity. It
consists of particles with a hard core which prevents two of them occupying the
same lattice site. They can exist in infinitely many states labelled by charge
m==+1, +2, +3....
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We introduce abbreviations

G=myx); [de(.)= ¥ ., (3.1)

m=x1,%2,... xed

+oo if x;=x;, iFj
&)= ! ) 32
Ve ) {mim w(x;—x;) otherwise. G2)
With this notation we can rewrite Z (&) in grand canonical form
Z(P)= ) ZY(P)
N=0,1,2,...
N
= Y fdé ey TNELL L N TT [1+e(&)], (3.3)
N=0,1,2,... j=1
with
8(&)=—1+exp[impB?®(x)] (3.4)
as in Proposition 3, and
INE F )= L bs 3.5
(Cla"'aC_N)_mexp _5 Z V(épé])] ( . )

iLj=1

We split the potential v into R pieces of increasing range and decreasing strength.
R—-1

V(&i, 51) = Vo(éia é]) + Z Vr(fia 51) . (3.6)
r=1

v° incorporates the hard core.

+oo if X;=Xx;, %]

3.7
0 otherwise . S

Ve )= {

The other pieces of the interaction shall assume finite values only. They will be
specified below in Egs. (3.19)—(3.22).

We write down an iterated cluster expansion [6]. We consider clusters of
clusters of ... of clusters of particles=constituents. They are called [-vertices,
[=0,1,..,R. A O-vertex is a single particle i which is its own constituent.
Associated with it is a variable &,=(m;, x;) which specifies its state and position,
and a vertex function

a(&)=1. (3.8)

Higher vertices are defined inductively. An [-vertex o is a nonempty finite
collection {a} of (I—1)-vertices such that no two of them share a constituent. There
is an associated variable

b= a1 dE, (39)

aea’
A particle i is a constituent of o if it is a constituent of one of the (I—1)-vertices
aea’. We write ieo’ in this case, and C(o) for the set of all constituents of o’. One
also defines the type [«'] of an [-vertex. [«'] is an equivalence class of [-vertices. All
0-vertices are equivalent. Two [-vertices belong to the same equivalence class if
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they contain the same number of (/—1)-vertices of each type [a]. We write 7, for
the set of all types of l-vertices. To every Il-vertex a there is an associated vertex
function ¢'(¢,). It is defined inductively as follows. Write

Viay)= Z Z Vi(&, €) (3.10)
and
exp[ — pviap)]=1+71,,. (3.11)

Then one defines, for [=0,

ot { ____}ZK“ ole —Bv'(aa)/2>< 1l folw)}, (3.12)

[BleTy N[B] Lo (@y)eFor

Summation is over all connected graphs %, on vertices aeo’. Such a graph is
specified by a set of links =unordered pairs (oc B), with oo+ 8, and o, fea’. Ny, is the
number of [-vertices of type [f] in the (I+ 1) vertex o'.

The idea of the iterated cluster expansion is to treat one after the other of the
pieces v" of the potential by a cluster expansion, short range interactions first. In
each step one uses (3.11) and expands in products of ’s. The result is a sum of
contributions which can be represented by graphs,-and each such contribution
factorizes according to the decomposition of this graph into connected pieces. The
final result of this analysis is a formula for the Boltzmann factor Z¥(¢&,, ..., &y),
Proposition 2 of [6],

INEy, e = )Y (H Nﬁ,]!)”S“) IT ok&,). (3.13)

{o} [BleTrR aefa)
LC@={1...N}

Summation is over partitions of the set 1 ... N of N constituents into R-vertices.
(We write 2 for the union of disjoint sets ; R =numbers of pieces into which v has
been split.) The prime ' indicates that only one representative {a} out of every
collection {[a]} of types of R-vertices is to be included in the sum. (This restriction
could be dropped, but the combinatorial factor would then be different.) The
symmetrizer S© averages over all N! permutations of the N constituents 1 ... N.
Nﬁ,] is the number of R-vertices of type [f] in {a}.
From Eq. (3.13) it follows that

ZNE, o0 T T +aE)]

- ¥ (I Nf},]!)“lS‘C)]_[{of(fa)]—[[1+s(é§j)]}.

{o} (BleTr ac{a} Jjea
YC@)=(1...N}

This can be inserted into Eq. (3.3). 1+¢(&) is a complex number of modulus 1.
Proposition 3 of [6] generalizes therefore to assert that

Z (P)=exp Z o CE T +e(E)T, (3.14)

[aleTr Jea
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provided ) [d¢ |oR(é )< oo. We write |C(a)| for the number of constituents in «,
[o]

and we assume in the rest of this section that the following stronger bound is

satisfied

Y, 3N dg Jof(E) < oo (3.13)
[aleTr

Its validity will be proven in the following sections. The final step is to expand the
product

[101 +e(&;)] ‘; ( )S‘%(é e(&y). (3.16)

j=1
S symmetrizes in the arguments ¢, ... ¢, This is inserted into expansion (3.14).
. t . N
Since Z( )2523‘, the bound (3.15) assures that the resulting series is absolutely
= \s

convergent and may therefore be reordered. Define

o0&, L E)= Y, dReEy. (3.17a)
C B{]l )
and
0 nl)=s! Y C)jd&m o dEG(EL ). (3.17b)

Then it follows from Eq. (3.14) that

ZA<@>=exp{Qo+ y j—,fdél.-.dés,s(él)‘..e(ésms(él...59}. (3.18)

$=1,2,...°0"

The series in the exponent is absolutely convergent if the inequality (3.15) is
fulfilled.

If we insert Egs.(3.18) into (3.11), we obtain formulae (1.16), (1.17) of
Proposition 3. To complete the proof of Proposition 3 we must show that
inequality (3.15) holds and that the bounds (1.18) are satisfied, for a suitable split
(3.6) of the Yukawa potential. In addition we should determine the asymptotic
behavior of ¢,(+ 1, x) for f/a— co. This will be done in the next section.

We will now specify the split (3.6) of the potential. There are three intrinsic
length scales in our problem: the lattice spacing a, the Landau length 8, and the
Debye length m; ' [m, was defined in Eq.(1.8)]. If f/a is large then we have
a<f<<myt. We split the potential v into R=3 pieces. v° incorporates the hard
core — i.e. an interaction of range a — and is defined by Eq. (3.7). v! will have a
range of order B. The rest of v is called v?, it has range M~ = Am,, *. Explicitly

if x;=x;, signm;=—signm;

m;m o Yx, —Xx;) otherwise,

Vi, &)= {

v —x)=(=4+M})"'(x,x), with M,=—4nf"'In(1-C), (3.20)

(3.19)

and
Vz(gis ij):mi’njvz(xi_xj)a (3.21)

v (x;—x)=(—4 + M) Hx, x)— (=4 +Mf)'1(xi,xj). (3.22)
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C is a constant; the same constant appears in the bounds of Proposition 3. In
Eq. (3.19) use is made of the presence of the hard core to adjust the value of the
potential at zero distance conveniently.

To study fall-off properties of vertex functions we introduce the distance

Ixl =372 Ix,l, (3.23)
u
and norms depending on a constant A =0,
ol g= [ 1 Cole (3.24)
xe(az)?

We will need information on the energies

N

1
E"(m)-———;—(m,v'M):E Y VI(ELE)

i,j=1
of a charge configuration m,

N
m(x)= ) md,, .
i=1
It is provided by the following lemma. It tells us in particular that among all
possible configurations of N =1 particle, a single particle with charge m, = + 1 has
the lowest possible energy £' =1+(0). In particular, neutral dipoles have higher
energy E'. We state the lemma for an arbitrary choice of lattice spacing.

Lemma 5. If aM | is sufficiently small and M=M, <M, then there exists a constant
e, >0 such that the following inequality holds for 1=1,2

N
! Y v’(éi,é-)gyl-l—ela‘l(—lJr Y m?> for Nz=1, (3.25)
2 1=i, j=N ! i=1
with y,=¢,=0, y, =42(0).
Moreover, +(x) =0 and
It 2M =A% 2], S2M-A)2 (3.26)

for A<(1—=0)M, 6 >0, and B/a sufficiently large, depending on 9.

The proof of the first part of this lemma is given in [6] (Proposition 8). The
proof of the inequalities (3.26) is based on explicit computation in momentum
space. Details are given in Appendix B.

4. Estimates for Vertex Functions

Equations (3.17) express the coefficient functions ¢,(¢, ... £,) in the series expansion
(1.17) of V,; , in terms of vertex functions o%. In this section we will derive recursive
bounds for vertex functions o’. Validity of inequality (3.15) [which was assumed in
deriving (3.17)] and of the bounds (1.18) in Proposition 3 will be deduced from
them.
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We start with the 1-vertex functions. They incorporate only the hard core and
are known explicitly, see Eq. (3.2) of [6]. There is only one type of 1-vertex, and

Gl(él» "’7£n) (_1)" ! _léxle" XnX1 (41)

for the choice (3.8) of O-vertex function.

To obtain estimates for higher vertex functions, it is convenient to start from
the tree formula, Eq. (4.3) below. The tree formalism was used extensively in
constructive field theory. Proposition 4 of [ 6] asserts that the tree formula (4.3) for
the (I+1)-vertex function (/= 1) is equivalent to the defining Eq. (3.12).

Consider the set of all functions # which assign to every integer a=1...t—1a
positive integer 7(a) satisfying #(a) < a. Every such function specifies a tree graph T
with ¢ vertices. Its links are the pairs (a+1,7(a)); a=1...t—1. One also introduces
real variables s, ...s,_, which take values 0...1.

Consider now an (/+ 1)-vertex o’ which consists of ¢ /[-vertices. We shall label
them in some arbitrary way o, ...«,. The symbol S will stand for symmetrization
on labels o, ...o, It acts on symbolic expressions F carrying such labels. The
defining expression (3.12) for the vertex function ¢’ is symmetric in the labels

0y ... 0Ly
Given the potential v!(x,0,) of Eq. (3.10) one defines a partially decoupled
interaction W' It depends on s=(s,, ...,5,_,)
1 t—1
! 1 d
Wl(§|oc)=5 Z vi(er, o, Y SuSasyeee Sy VHo0t) 4.2)
a= 1§a<b§t
The tree formula reads for [=1
oift= g (4.30)
* [T~ )
er,
t—1
e = - B) S{ds,...ds,_, (4.3b)

n Vl(% + 15 %y(a)

t
— sWi(sla’
e F (sla )} H O-ab(éab

> {f(n, s)

n

Summation is over trees # as described above, and

t—1
f1,8)= 11 [Sa-1Sa—2 - Sy] - (4.4)
a=1

Empty products which arise when n(a)=a or t=1 are read as 1.
As a consequence of their definition and of inequality (3.23) in Lemma 5, the
partially decoupled interaction W'(s|o') also satisfies the inequalities (see Eq. (4.3)

of [6])
Wi(slo') =2 6,+¢, ), m?, 4.5)

Jeo
where
0=7—g. (4.6)
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Inserting the bound (4.5) for W!(s|o’) and the definition (3.10), (3.17), (3.19) of
v, o) into Eq. (4.3b) one obtains the inequality

-1 ﬂ(61+ezzleumj) ! 1
6, M ENNS ﬁ {bﬂ |a;b(5%)|}§£ ds,...ds,_,
=1

; 1:[{ Z Z Sa—lsa—Z"'Sn(a)lmjmkvl(xj_xk)l}. 4.7

Je€ta+1 kEan(a)

In Eq. (1.11) we introduced quantities L,(a,,...,a,) and L(a,,...,a,) which
measure the spatial separation between subsets a, ..., a, of A. If g, consist of single
sites x;, we write Lp(x,,...,x,) in place of L (a,,...,qa,), etc. It is convenient to
introduce also

L(x.ooyx,)=minLy(x,, ..., x,)=min Y llx; — ;1
T

T (ijeT
minimum over tree graphs T
with exactly-n vertices 1...n. (4.8)
It follows that
L(a,,...,a)=min  min  L(x,,...,x,). (4.9)

t=n (x;)
X1€EA1...Xn€an
Let o be some [-vertex with n constituents i, ...i,. The variable £, specifies the
position x; of every constituent ica. We set

Lie)=Llx,, 0x;). (4.10)

Lemma 6. Let o' be a (I+ 1)-vertex which consists of t l-vertices o...o,, and let n be a
map as described above which specifies a tree graph with t vertices 1...t. Suppose
that constituents ja)e o, ., ; and k(a)e o, ,, are chosen in some arbitrary way for every
a=1...t—1. Then

t—1

A= L L) T T e =Xl 4.11)

t“z

Proof. By definition (4.8) of L, there exist tree graphs T, whose vertices are the
constituents of o, such that

L) =Ly ((X)ica)-

We construct a tree graph T whose vertices are the constituents of o', and such that

t t—1
Lp(x,)= ) Ly (x,)+ ) X0y = Xl -
a=1 a=1

Inequality (4.11) follows from this by definition (4.8) of L. The tree graph T
consists of all the links of all the trees T,, plus the links (k(a),j(a)),a=1...t—1. [

Now we return to our vertex functions. We define norms (n=number of
constituents of )

l04gee= | dEolENlexp[AL(x)+ X 2xlm|—em})1o,, . (4.12)

XoE€Z3N jea
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and
0= 2 N0klas e (4.13)
[aleT;

In formula (4.12) the x-summations run over the infinitely extended lattice Z3, and
not only over A as would be implied by the notational convention (3.1). i is an
arbitrary constituent of «. The result does not depend on x or i because of
translation invariance of the potentials. Summation in (4.13) is over all types of
l-vertices.

We will derive recursive bounds for these norms from inequality (4.7). First we
incorporate factors exp[AL(-)] into inequality (4.7), using Lemma 6. This gives

64 1(E, e o)

ﬁt 1 61 tery m ! v
jex [T lo,, (&, et =
b=1

t

1 t—1
.Sgds1 cds,_ Y I:[ { ooy s, ..s"(a)lmjmkvj(xj—xk)l}, (4.14)

a €og+1 k€ay(a)

where
vh(x—y)=2'(x—y)eAlI (4.15)

From here on the procedure is literally the same as in Sect. 4 of {6]. One carries
out the x-summations, the s-integrations and #-summations (using the tree
estimate, Lemma 5 of [6]), and the m-summations. This produces a recursive
bound for [|6}| 4., .. Then one carries out the o-summations in two steps. First one
sums over (I+ 1)-vertices which consist of a fixed number t=1 of l-vertices, and
finally one sums over ¢. As a result one obtains the following generalizations of
Proposition 6 and its Corollary 7 of [6].

Proposition 7. The following inequalities hold for any l=1...R—1 and for
arbitrary choice of 1,>0, provided the argument of the logarithm is positive

o' Mg = = DBl 4 /P 1 e 7P In(L = Bllet sy 216"l 4,4 poy,ot) - (4:16)

¢, and §,=7y,—¢, are the constants in the bounds (3.23) for the potentials v/, and
[V!]| 4 is defined in Eq. (3.22).

R-1 R-

Corollary 8. Set K,= Z k. E,=P Z &, and A= Z d,. Suppose that the following

inequalities are fulfllled for some A >0 0< C<1 K ZO

o lasoh o SA, (L= O, (4.17a)
B!Iv’HArcl_Zé c(1- C‘)’Al’leﬁ“"1 for I=1...R—-1. (4.17b)

Then
%) p;0,0 SA (1= C)Re™Par-r, (4.18)

The next step of our analysis will be to show that the hypotheses of Corollary 8
can be fulfilled by making B/a and A~ '=M/m, sufficiently large. We choose a
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constant C in the interval 0< C<1, as small as desired. This constant C will
appear in the bounds (1.18) in the end. We set

K, =k,=—In(1-C). (4.19)

The intermediate cutoff M, is chosen as in Eq. (3.18), with the same C.

We begin by estimating the 1-vertex function. Consider a 1-vertex o made of
constituents 1...n. Since al({)=0"(&,,...,&,) is nonzero only for coinciding
positions x;, according to Eq. (4.1), we have

0, (E)e =0 (). (4.20)
There is only one type of 1-vertex, summation over [o] amounts therefore to

summing over the number of constituents n. Thus, by Eq. (4.11)

HO-I le;ﬂal,K": “0.1 “O;ﬁax,K”
1

n=1 n(q=i1,12,...

e~ Berg®+ 2K”]q|>n )

Setting k" =«'+x, +x,=x"+K, and noting that £, = fe, by definition, we find
that

lo'lae, ko0 =A1=0)71, (4.21)
with
Ay =2e7ba 2 =g Pt 2 (| 0) 7, (4.22)

provided f is sufficiently large (depending on C, «'). This establishes hypothesis
(4.17a) of Corollary 8, for arbitrary A.
Next we turn to hypothesis (4.17b) with [=1. Since 4,=0 we must show that

Bllotla S C(1 - C)[In?(1— C)hef™ 2 423)

Lemma 5 asserts that this is fulfilled for A<(1—-06)M, and f sufficiently large,
depending on C, x’, and 4. Similarly, for [=2 we have 4, =4,, and we should show
that

Blo?ls = C(1— C)°[In (1 — C)lgef ~2¢. (4.24)
We have (see Eq. (5.6) of [6])
11=301(0)=3v¢,(0)—(4m) " M, + O(M?).
Therefore, with the choice (3.18) of M,
By, =3Bve(0)+2In(1— C) (4.25)

if B is large enough. We assume that f3 is large enough so that M <M,. Lemma 5
tells us that inequality (4.24) is fulfilled for A<M(1—9) if

1152 C3(1 — C)Be™ 2 MPp~ LePren(®)2
=302 C(1— C)%e™ > M?/mj,

by definition (1.8) of m,, (a=1in this section).
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This is true if A=mp/M is small enough, depending on C, «’, and 4.

Having verified validity of its hypothesis, we can now apply Corollary 8. By
definition, f(e, + 4,) = By,. Using inequality (4.25) again and setting «'=x +u we
obtain (R =3 always)

Proposition 9. Under the hypotheses of Proposition 3
0™ 430, + 1 S (mp/ B (1 — €)~° (4.26)
for AS(1—-0)M.
Now we are ready to proceed to the

Proof of Proposition 3. First we note that m?>1 implies
7] p

Y m?z|C). (4.27)
Jea
Therefore
loRllgs0,5,= ¥, eMC@ | d&JoR(E)l. (4.28)
[«leTr (xed™)

Setting u=In3 we see that Proposition 9 ensures validity of the bound (3.15),
under the hypotheses of Proposition 3. Therefore, InZ ,(®) can be represented by
an absolutely convergent series (3.18). We set

—V,, (®)=InZ,(®). (4.29)

Then Egs. (1.16) and (1.18) of Proposition 3 follows from Egs. (2.11) and (3.18), and
Eqgs. (3.27) give the following formula for the coefficient functions g,

0éy . E)=s1Y (;) Y [dé,.,...dEcRE,. (4.30)

t=s [a]
C)y={1...1}

If s= 1, it follows from expression (4.9), (4.10) for L(a, ...,a,) that

[ [ dEydEY Jo €, ... & e Eim

X2€az Xs€as

__<_S!e—u(s— 1) [Z (t) e—u(t—S)

tzs S

e—A L(ai ...as)

ALGe) = D+ 26 8 my
)

oR(E ),

t2s

‘max )y [dée
i

o)
Cy={1...t}

t
1,—u(s—1),—AL(a1 ...as) —u(t—s) R —u
<sle e ! [E (s)e ](Ia la.0.c+1.€

t2s
5 (t)e—u(t—S)

t=s

és!e—u(s~ 1)e-AL(a1 "'”5)(m12,/ﬁ)e2K(1 _ C)*Q

(4.31)

by Proposition 9. Without loss of generality we may assume that p is large enough
so that

y (t)e_“(‘_s):[l—e_“]_s_1é(l—— o)t (4.32)

t=s
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The bound (1.18) of Proposition 3 follows from inequalities (4.31), (4.32) by
summing over x,€da,.

It remains to determine the asymptotic behaviour of ¢,(¢) when f/a— 0. We
single out the term with t=s=1in Eq. (4.30). There is only a single type of I-vertex
o with a single constituent i =1, and recursion relation (3.12) specializes in this case
to

o, (&) =0l (&) exp[ — pm*}(0)2] for E=(m,x).
With Eq. (3.8) it follows that
oR(&)=exp[ — pm*(0)/2] if Cla)={1}. (4.33)
Thus, Eq. (4.30) gives

@1(51)=exp[—ﬁm%v(0)/z]+Z(i) Yo fde . diokE).  (434)

122

The second term is bounded by

e-wno"uo,o,éu[‘; (i)e”] SeTH(l—e ™M) PmppTI(1—-0)°
122

by Proposition 3. C can be chosen arbitrarily small and yu arbitrarily large, if § is
large enough. Since »(0) =12, (0)— O(M), the first term in (4.34) is asymptotically
equal to

exp[ — fmive,(0)/2]=(mp/2)"™

if f— o0 and fM—0. The last assertion of Proposition 3 follows from this. [

5. Low Temperature Behavior of the Z-Ferromagnet

When f/a is small then the U(1) lattice gauge theory can be treated by high
temperature expansions and the area law for the Wilson loop expectation value
(1.3) follows. This was proven by Osterwalder and Seiler [19]. Under the exact
duality transformation, the U(1) lattice gauge theory at high temperature ! goes
into the Z-ferromagnet at low temperatures 8, [see the remark after Eq. (1.2)], and
high temperature expansions for the gauge theory become low temperature
expansions for the Z-ferromagnet. They are expansions in domain walls =Peierls
contours on A. In this section we will write down these low temperature
expansions. We indulge in this pedagogical exercise because it will be instructive to
compare the result with corresponding formulae that will be valid for large f/a.

We start with expression (1.5) for the partition functions. Setting a=1 it
becomes

1
Z,kE)= (ZZZ)A exp| — % ZA Y (n(x+e,)—n(x)—kj,(x))*]| . (5.1)

For simplicity we consider Dirichlet boundary conditions, n(x)=0 on 04, instead
of the heat bath described in the introduction.
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N,
s%’a
N

Fig. 2. A link b and its coboundary 0*b=p, + p, +p; + p,. p, are the four plaquettes with orientation as
shown. The plaquette with reversed orientation is called —p,

The domain walls are positioned at those links b=(x,x+e,) in A where

2nN(b)=n(x+e,)—n(x) —kj,(x)*0.

These links may be considered as plaquettes of the dual lattice A* so that the
domain walls become surfaces. To specify them completely, one must also specify
the magnitude of the jumps across. In order to maintain a simple geometrical
picture, it is most convenient to do this by counting every link b in the domain wall
with the (positive or negative integer) multiplicity N(b). We introduce the 1-chain 7
with coefficients in the abelian group 2z~ Y?Z by

T=218"">Y Nb)b
’ (5.2)
N(b)=Q2n)" "{n(x+e,) —n(x)—kj,(x)} for b=(x,x+e,).

In the following we will also call this 7 the domain wall for short. The reader
may picture it as a surface in A* which passes N(b) times through the plaquette b
of A* [The sign of N(b) gives the orientation of the surface.] Application of the
coboundary operator d* amounts to forming the boundary of 7 on the dual lattice
A*. The result is a 2-chain on A (=set of plaquettes counted with multiplicity). For
a single link b, 0%b is the sum of the four oriented plaquettes shown in Fig. 2, and
0*¥T=2nB~ 123 N(b)0*b. An example is shown in Fig. 3.

b

It follows from its definition (5.2), (5.3) and expression (1.6) for /, that
0*T=2mp~Y%kC. (5.4)

C is the Wilson loop in 4%, it is a sum of plaquettes in A.

Conversely, every 1-chain 7 with the prescribed coboundary (5.4) specifies a
unique spin configuration with Dirichlet boundary conditions n(x)=0 on 0.
Using the notation

IT)?=4m*~" Y N(b)*, (5.5)
b
the partition functions (5.1) can therefore be rewritten as

Z,kE)= Y exp[—3TI?]. (5.6)

T
o*T=2np~ 1/2kC
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s s o

47///.&7
437///2(_37

“BoioE

Fig. 3. A 1-chain 7=2Xb (sum over the dark links) and its coboundary 0*7=C (formal sum of the
plaquettes shown with the orientation inherited from the links b). As an object on the dual lattice A*, C
is given by the dashed line

Summation is over all 1-chains (5.2) on A with the prescribed coboundary. As a
special case we have for k=0

Z,=2,0,)= Y exp[—3ITI*]. (5.7)

7
o*T=0

Next we decompose the domain walls into connected components. The notion
of connectedness used here is the obvious one on the dual lattice A* where the
domain walls are surfaces. Two such surfaces are disjoint if they do not touch
along a link of A*, and a domain wall is connected if it cannot be decomposed into
two that are positioned on disjoint surfaces. In the language of chains on A this
can be formulated as follows. We say that

T, AT,=0

for two 1-chains 7,=2nf" ) N/b)b if there is no plaquette p on A with the
property that there are (not necessarily distinct) links b,, b, in the boundary of p
such that N,(b,)#0 and N,(b)#0. The 1-chain 7 represents a connected domain
wall if it is impossible to find 1-chains 7,, 7, such that 7=7, +7, and 7, AT, =0.
If C is a simple loop on A* we may decompose any domain wall 7 with
coboundary 2nf”'2kC, k+0, into a connected piece 7, with coboundary
2nf~Y2kC, and a rest T, which is disjoint from 7, and has no coboundary:

T=T,+T7,, (5.8)
such that
0*T,=2np~'2kC, T, is connected (5.8a)
and
O*T,=0, T, AT,=0. (5.8b)

It can happen that 7,=0.
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Correspondingly the partition functions become, for k=0

— —2({T112 1
Z,k 5)= Y e~ HIITI Y e HITIE (5.9)
Ticonn. 7>
0#Ty = 2np ~ 1/2kC *T>,=0,TiAT2=0

Comparing with Eq. (5.7) we see that the second factor is a partition function of a
system on a smaller lattice A —X(7,) which is, roughly speaking, the complement
of a neighbourhood of 1 lattice spacing of the domain wall 7,. More precisely, let
T,=2np~ Y23 N,(b)b. We define X(T,) as the union of all cubes ¢ of A such that
there exists an edge b of ¢ where N,(b)=0.

Any domain wall 7, which satisfies the conditions (5.8b) lies completely inside
the smaller lattice A—X(7T,). Conversely any domain wall 7, in A—X(7,) with
0*T , =0 fulfills (5.8b).

Therefore we can write

Zyk = Z, -X(Ty)
= —S KT 5.10
ZA A c%:nn. ZA ( 1) ( )
&7y =2np - 1/2kC
with
K(T,)=exp[—3IT,1I*]. (5.11)

Summation is over connected domain walls with coboundary 2z~ "%kC. Z, _y 7,
is the partition function of a system on A--X(7,) with zero Dirichlet boundary
conditions on the part of 4 that is in its boundary. It has no dependence on the
Wilson loop.

Equations (5.10) and (5.11) are the desired low temperature expansions for the
ratio Z ,(k, Z)/Z , which determines the surface tension o by Eq. (1.7). It follows
from formula (5.7) that

24w/ Zi=1, (5.12)

because every term in the sum over (coclosed) domain walls 7 on A includes in
particular all (coclosed) domain walls 7 on A —X(T)).

A lower bound on the surface tension o can be obtained from Egs. (5.10)~(5.12).
We formulate the result for general lattice spacing a.

Theorem 10. There is a constant ¢ >0 such that for f/a sufficiently small
azchfla . (5.13)

Proof. We set k=1 and observe first that the leading term in the expression (5.10)
comes from 7, =2nB '?Z (Z is the minimal surface on A* with boundary C).
With the definition (1.7) of « we obtain for the leading term

2n?pt (5.14)
in units where a=1.

Now we come to the proof of inequality (5.13). Inserting inequality (5.12) into
(5.10) with k=1 we obtain

<X1(U(C))>U(1)§ Z eXp _%”7-1 “2] . (5.15)

7; conn.
&*Ty=2rp~V2C
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Any T, which appears in (5.15) obeys
IT,1?z4rp~"IZ], (5.16)

because Z is the minimal surface in A* with boundary C. We choose some ¢€(0, 1),
arbitrarily close to 1, and define «(N) as the number of terms in the sum over 7, in
(5.15) which satisfy ||T, [|>=4r*~'N. We conclude that

G (UC)y Se 2P =L 3 o(N)e 2728 = oN, (5.17)
Nz1
Standard combinatorial arguments [10, 28] (Euler’s solution of the Konigsberg
bridge problem) assert that

K(N) < eV (5.18)

with some constant ¢,. Therefore the sum over N converges for sufficiently small 8
(depending on ¢, and ¢). As a result, the surface tension « defined in Eq. (1.7)
satisfies

a=2n?f e, (5.19)

This proves Theorem 10 (with ¢=2n?%¢). For general lattice spacing a the factor
a~ ! appears on dimensional grounds. [J

6. The Glimm-Jaffe-Spencer Expansion

Now we turn to the analysis of the theory with Pauli-Villars cutoff M and an
effective action given by Proposition 3. We assume that A has been chosen
sufficiently small and f/a is sufficiently large so that the hypotheses of
Proposition 3 are fulfilled. We adapt the analysis of Brydges and Federbusch [2].
It is based on the Glimm-Jaffe-Spencer expansion around mean field theory [9].

The idea is to find a substitute for expansion (5.10) of Sect. 5 which is valid for
large f/a. It will take the form

A(ka —

A

z
=Y Y KT (6.0)
X A

T
o*Ty = 2mp~ 1/2kC

It differs from expansion (5.10) in the following respects. 7, are domain walls on a
block lattice of lattice spacing L. There is a summation over neighbourhoods X of
the support of the domain wall 7,. This is due to the effect of the spin waves; they
can mediate interactions between the domain wall 7, and its surroundings. They
can also mediate interactions between different connected pieces of the domain
wall; therefore 7, need not be connected now. Finally, K(X,7,) is much more
complicated now ; in particular it will involve an integral over dynamical variables
associated with the spin waves. Equation (6.35) below should be thought of as an
expansion of the form (6.0) in which the summation over domain walls 7, inside X
has been carried out, viz. #(X)= ZK(X 7))

To obtain a bound on the surface tension o one needs bounds on the factors on
the right hand side of (6.0). First one needs a bound on K(X, 7,) for fixed 7, that
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ensures convergence of the X summations when the volume A is infinite. It should
suppress contributions in which X (minus a standard neighbourhood of the
domain wall) is large. In addition one needs bounds that replace those of Sect. 5 —
a bound on K(X, T,) that suppresses large domain walls (by a factor e ™“™F1 with
F,oc||T, %) and allows us to pull out an area law behaved factor as in Eq. (5.17),
and a bound on the ratio Z,_ /Z, that replaces inequality (5.12). The bounds on K
are combined in Lemma 15, which in turn depends on the bound of Lemma 12 for
F,. The bound on the ratio Z,_,/Z, of partition functions is supplied by
Lemma 17.

After these preliminaries we return to Proposition 3. To be in agreement with
the notations of [2] we rewrite the result in terms of a Gaussian measure with
mean zero, using the identity du,, (®)=dp, (P —g),

Z ,(k,E) = KWwrerddl2B{ gy ()™ Vers@IKE) (6.1)

Because of the shift in the field, V, ry now depends on &, E. In terms of the vertex
functions it is given by

— Vs (PlkE)= Zr [ de,oR(E e tmDEeihon ), 6.2)
[«leTr

see Sect. 3. It is convenient to introduce
gk(é) — IMBPPX) TS _ 1 (6.3)

As a result of the shift one obtains the following replacement for Eq. (1.17)
_ 1
—V,  (PkE) =04+ ~1Zz S—!jdél cdEo &y EYelEy) o glEY). (64)

We superimpose on the dual lattice A* another lattice A" with lattice spacing L
(an integer multiple of a). We call it the “block lattice”. Its cubes are typically
denoted® by Q,. We consider Wilson loops which are positioned in such a way that
E is a union of plaquettes of the block lattice A".

In addition we superimpose on A* a lattice of lattice spacing iy, * with i, given
by Eq. (6.7) below. It is called “unit lattice” and its cubes are denoted by 4,. It will
suffice to consider values of § such that iy ! is an integer multiple of a. We choose
L such that mpL is small and independent of f3/a.

The Glimm-Jaffe-Spencer expansion consists of three basic steps: The Peierls
expansion, the translation of @, and the cluster expansion.

A. The Peierls Expansion
We split the effective potential

— V[ PlkE)=[dEg, (&) [P PRI 1] E' (6.5)
E' includes the terms with s=2 in the expansion (6.4). For simplicity the

®-independent constant g, is dropped (it cancels after taking expectation values).

8  Indices o will label cubes on some lattice from now on. We will write 04* for the boundary of A%,
etc. (instead of 0*A%)
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We introduce functions h(x) that are constant on cubes ©,. On each of them h(x)
equals an integral multiple of 27~ /%; h=0 outside A*. [2ﬂ:ﬁ' 12 is the period of
&(&), considered as a function of tD(x)] The leading term of —V, (®kZ), i.e. the
first term on the right hand side of (6.5), is approximated by a periodized Gaussian
via the following identity:

~ 2
i —1mp [ (D(x)+KkB~1/2 f(x)— h(x))?
fEnOUI _ Y A e (6.6)
h
with

=) 0,(m x=0m*p. (6.7)

By Proposition 3, my, 'im,—1 if f/la—c0 and MB~'—0.

% is a correction factor (close to one for the most important fields @, at least
away from the domain walls). It differs from that of [2] due to the presence of f in
(6.6) and due to the slight dependence on x of ¢,(m,,x) for a finite lattice A.
Therefore we give an explicit expression:

G=G,+G,, 1=]]r(4,, (6.8)
%2 =exp {[ déo,(m,0) [¢™* " — 1 —im§(x)B1/2 +1m? ( )2B]
+ ] déo, (m,0) [m P AT 17 [¢m 3P — | —im3(x)5"/?]
+[d&(o,(m, x)— g, (m, 0)) [e"™# 7P SN 1]} , (6.9)

where §(x) = d(x)+kp~ V25 (x).

exp {Zo m, 0) L3[eim(ﬁ”2"‘“+kf“)—1]}

) S o (3 L, kT, 2 T

neZ

A(x) (f(x)) is the average of @(x) (f(x)) over the cubes Q,, and (x) (6f(x)) is its
fluctuating part:

AX)=L"3 | d(x)=4,  dx)=d(x)—A4
X< (6.11)
f=L72 | f)=1; 0f()=/(x)=](x)

x€02,

(6.10)

for xeQ,. We use charge symmetry which implies that ) o,(m,0)m=0.

B. Translation of &
The combination of (6.5) and (6.6) yields [Z 4 1s related to Z, by Eq. (2.32)]

= —3md —kp-12f—p2
7k E)=Y [dug@)e AT g6 (6.12)
h

For any h we define a function g(x) =g,(x). It differs from that of [2] and its precise
form will be given below. We write

P(x) = p(x) +g(x) (6.13)
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and include in the Gaussian measure the quadratic terms in 1, namely — 37, | ?
A

and — % [yvy. The second expression is the part of E’ which is quadratic in y and
comes from the term with s=2 in the expansion (6.4). We obtain the explicit form
of v if we write g(&)=&(&) +im 1 *p(x) with

B (&)= ™B PRI ] _im B12y(x) (6.14a)
This gives
— LT pvp=—1[dE dE, (&, E)mymyBy(x,) plx,). (6.14b)
We define the quantity E by the split
E=E—5{ypwp. (6.14c)

We introduce new covariances (), is the characteristic function for the region A)
Col=ul+imZy,, C'=Cq'+v, (6.15)

and the normalized Gaussian measure du(yp) with covariance C, i.e.

~ 2
—smpfw2—%fyvy

Ndu(p)=dufple 4 : (6.16)

(" is a normalization factor.)
Putting everything together we obtain finally:

Z(k,2)=Y N [du(p)eFele Fie 2, (6.17)
h
Fi=3mj [ (g—h+kB™ 2 )2 +3fqug, (6.18)
A
Fy={yCyg—g), (6.19)
with
g.=mpCoxs[h—kp~ 2 f]. - (6.20)

If we set g equal to h, then F, is zero. For technical reasons we define g to be
slightly different from g,. For any h we define a 2-chain 7 on the block lattice with
coefficients in the group 2z~ 12Z

T=T(h)y=2ap~ 2y NV (p)p= Y Sh(p)p—2nkB ™ *Z. (6.21)
p

In this formula, = is to be read as “sum of oriented block plaquettes in the surface
Z”. Summation is over all plaquettes p of the block lattice A". dh(p) denotes the
discontinuity in h across p. For later use we introduce the abbreviation [compare
with (5.5)]

ITI?=dn?p~1 Y N (p)*. (6.22)
p
The domain wall X is a union of blocks plaquettes p where A4 (p)=0. In contrast with

the situation in [2], 2 has a boundary which is given by the Wilson loop C. (More
precisely, d'T=2np"'2kC, &' = boundary operator on the block lattice A’,
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C=sum of block links in C.) We let 2" be the union of unit lattice cubes in A*
whose distance from X is less than L'. L' is a new parameter. It will be chosen later
on, such that m,L’ is large and independent of f/a. 2" is a neighborhood of the
domain wall 2.

Now we will define g. We introduce the propagator

Coo=(u""+mp)~".

We consider first the case when no domain wall comes near the boundary of A*,
ie. 04*NX"=0. In this case we set & =2". We let {R,},., be the set of connected
components of the complement of % in the infinitely extended lattice (aZ)3, and
{S;} s, the set of the connected components of Z”. The union of unit cubes inside
S, having non-empty intersection with dS, is denoted by BS;. We choose a smooth
function y, for every e J such that

Osyy=1, yy=OoutsideS,, y,=1onS,—BS, (6.23)

and all finite difference derivatives of y, are uniformly bounded (by powers of 7,
times constants that are independent of X7). For every set §; we define hj to be
equal to h inside S;, and constant on connected components of its complement in
(aZ)®. We define g by

h in R,
kB2 f =3 m2Cyoh i -B
g+kp=7f = mpCoohy in S, Sﬂ. }if EnS,;=0. (624
15MpCoohy+(1=xph in  BS,

If £nS;=+0 the following definition is used instead
52 e__ -1/2 : _
_ {mDCOO(hB kp~'%f) in S,—BS, . } it ZnS,+0.
Xﬁmécoo(hz—kﬁ_”zf)“‘(l—Xﬁ)(h“kﬁﬁ 1/2f) n BS/}
(6.25)

If 04*n2" 40, & 1s chosen to consist of X7, the complement of A*, and the union
of unit lattice cubes in A* that have a distance less than L’ from the boundary 04*
of A*. The other definitions are the same, except that C,, is replaced by C, on the
set S, which contains 04*.

The usefulness of this definition comes from the properties of the quantity

Fy=Co'(g—g.)- (6.26)
We note that Cy ' and Cq, agree as differential operators in the interior of 4. We
distinguish five possibilities for the arguments of F’(x):
(i) xeR,
Fy=u"Yh—kp~ "2 f)=M"X—A+M*V_ V,h—kB~"?)=0, (6.27)

because V,h—kB~'/%j, has its support in " [in deriving (6.27) we made use of the
decomposition (C.13) of Appendix C]J.
(ii) xeS,— BS,, ZnS,=0,

Fy=—u" kB~ 12 f =0, (6.28)
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because v~ ! f has its support in a neighborhood of two lattice spacings a around
Z. This is a pleasant feature of the Pauli-Villars cutoff.
(iil) xeSy;—BSy, ENS,+0,

F,=0, (6.29)

which follows by inspection of (6.25).
(iv) xe BS;, EnSy;=0,

Fy=—Cq ' xyCoott” "hy+u~ (h—kB™ 2 f)= = Coo 25Coot ™ *h5  (6.30)

by the same arguments as in case (i).
(V) xeBS;, ENS,=+0,

F,= _C0-01XpC00U*1(h73_kﬁ_1/2f)~ (6.31)

We see that [ is zero except on BS ;. This matches with the situation in [2]. Tt will
be used later on to prove smallness of F,.

C. The Cluster Expansion

The variables h and y in (6.17) describe the two kinds of excitations, the domain
walls and the spin waves, respectively. The spin waves are treated via a cluster
expansion [10], first introduced by Glimm, Jaffe, and Spencer. The setup of the
cluster expansion and the proof of its validity is rather involved. A detailed proofis
given in Appendix E together with an explanation of all notations. (The statement
of the s-dependence of E(X,s) in the text of [2] contains a misprint. The correct
definition is found in our Appendix E before Lemma E.1.) The cluster expansion
for (6.17) reads

Z(k,E)=Y Y KX, h)A [ du(ip)eP XX e~ FiiX9=FalX9 (6.32)
h X

KX, hy="Y" [ ds | du()e"®9i(F, 5)eXe™ F1Xe=F200 (6.33)
The validity of (6.32), (6.33) is proved in Appendix E (Proposition E.2).

These formulae are the same as (8.3), (8.4) in [2], except that in our case .o/ = 1.
The set X, is chosen to be the set of unit lattice cubes touching the Wilson surface
5. Another modification is due to the f-dependence of E, G, F,, F,. h specifies a
domain wall 2. X is summed over subsets of A that are a union of unit cubes and
contain X, and the connected component of 2 in which the Wilson loop C is
located.

The sum over h in (6.32), (6.33) factorizes in a natural way

h=hy+hy., X‘=A—-X=complementofX in 4, (6.34)

where hy and hy. are restricted to a form compatible with X and X respectively
(see [1]). For instance hy is constant in certain “collar” neighborhoods of width L’
of connected components of X¢.

In this way we arrive at the final form of the expansion:

Z,(k,E)=Y H#(X)Z(A,X), (6.35)
X
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where

A (X)=Y Y [ds | dup)e"FIx(y, s)e?®e F1Xe=FaAX) (6.36a)
5 h

and

Z(A,X)= Y N [ du(y)etEIefHIe = F1X9p=Fa(X) (6.36b)
"

We notice that Z A=Z 4(k=0,E) for arbitrary =, and so the expansion for Z, is
given by

Z,=Y A (X)Z(A,X), (6.37)
X

where #(X)=#(X) 4_, and Z'(A4,X) is again given by Eq. (6.36b), X, can now be
chosen as an arbitrary unit cube 4, CA.

We have to show that Z'(A4, X) as defined by Eq. (6.36b) does not depend on kf.
Only in this case the quantities Z'(A,X) in Egs. (6.35), (6.37) are identical (except for
the change in the definition of X,). Z'(4,X) can be considered as a partition
function of a system in A—X. (This system interacts with the heat bath if
X¢n0A£0. In addition one has boundary conditions h=0 on a collar neigh-
borhood of every connected component of X that meets dA4.) To verify our claim
for E(X¢) and G(X°¢) we must calculate

Mg, W=g—h+kp~'2f (6.38)

and show its independence of f in the region X°.
In X we have always EnS;=0 and so definition (6.24) of ¢ applies:

Alg, W)= — 1,Cot ™15, (6.39)

This is obviously independent of f.

From Egs. (6.26)—(6.28) and (6.30) we see that F,(X¢) is also independent of f. It
remains to show it for F,(X¢). We return to the definition (6.18), use (6.38) and
(6.39) and remember that v~ ! f has its support in X, CX. This proves our claim.

The combined expansion (6.35)-(6.37) should be compared with the simple
expansion stated in (5.10), (5.11) which is valid for small /a. The domain walls are
living on the block lattice with spacing L (L is exponentially increasing in f3/a) and
their action — F, is more complicated than the simple expression (5.5), (5.6) for the
low temperature expansion. In the next section (Lemma 12) we state a lower
bound on F, which gives an upper bound on e™F* of the same form as K(7,) in
Eq. (5.11).

The expansions (6.35)—(6.37) are formulated for a finite lattice 4. To compute
the string tension we need to consider an infinite lattice A4=(aZ)>. If we assume
that the thermodynamic limit A—(aZ)* exists we can define the quantity

oX)= lim Z(A,X)Z,. (6.40)
A—(@z)?

From the definitions (6.15), (6.15") we see that in the infinite volume limit

Co=U""4+mp) '=Cy,.
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If XnoA=@, the only A-dependence of #'(X) and VA (X) comes from the
covariance C=(Cy'+v)~! which appears in x(7,s) and in the measure duip).
Therefore the limit A—(aZ)? for ' (X), #°(X) causes no problems: we only have to
replace C everywhere by (u™ ! +m3+v)~ !, ie. to drop the characteristic function
%4 0 Eq. (6.15). The 4 dependence of ¢(¢,...¢,) in G and E is controlled by
Proposition 3. We use the same notations #'(X), #'(X) for the corresponding
quantities in the limit A—(aZ)?. In the infinite volume limit we have the following

system of equations to determine o(x) and ((U(C))y):
CUC)) ypy= e Wrerdd2B Y o (X)o(X), (6.41a)
X

1=Y A (X)o(X). (6.41b)

The summation over X is over all finite unions of unit cubes of the infinitely
extended unit lattice.

Similar equations hold for expectation values of other Z-invariant observ-
ables® (compare [2]). From now on we will study the state of the infinite volume
Z-ferromagnet at low temperature that is defined by solution of these equations.
As we shall see in the next section, the Glimm-Jaffe-Spencer expansion (6.41a,b)
converges for the range of the expansion parameters in which we are interested
(Lemmas 15 and 16), and the Kirkwood-Salsburg equations (6.41b) are sufficient
to determine ¢(X) uniquely, by iteration (compare with Appendix 4 of [2]). Of
course, once we know ¢(X) we can calculate {y(U(C)))y, with the help of
Eq. (6.41a).

For future reference, the infinite volume propagators are given by

C=(Cyt+v)1, Co=(u '+md)~". (6.42)

7. Convergence of the Glimm-Jaffe-Spencer Expansion

The proof of convergence of the expansion (6.41a,b) requires an estimate of the
quantity (c, 20, |X| is the volume of X measured in units of /iy, ')

X A0l (7.1
X, X0X
The methods used by Brydges and Federbush [2] to obtain this upper bound,
namely the method of combinatoric factors (Sect. 9.1), the Holder inequality
(Sect. 9.2), the vacuum energy estimates (Sects. 9.6 and 9.7), the bounds on
derivatives of r(A4) (Sect. 9.5), and the bounds on functional derivatives (Sect. 9.8
with o/ =1) can be adapted to our situation word by word, except for our use of
lattice Gaussian measures (see the remark at the beginning of Appendix D).
We state only the results and give the basic definitions. For proofs the reader is
referred to [2]. More details can be found in [32].

9  We are only interested in Z-invariant observables because others have no interpretation in gauge
theory language. Accordingly a state is defined as a positive linear functional on an algebra of
Z-invariant observables
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Lemma 11. We assume that the iterated Mayer expansion of Proposition 3 is valid,
ie. Bja is sufficiently large and =M~ 'iny, is sufficiently small. For any 8, 6,, c,,
¢ >0 there are c,, r such that for any subset W of A

Z |%(X)Iec1|X] éP.SupeciFl +ea| X[+ (1 - 2681 +d2)d .e—(l —241)dist(X1,W)
X )
X2X1, XnW=*o0
. jd‘usleE(X,S)K/eG(X)e—Fl(X)e“Fz(X)io’ (72)

where P is a perimeter law behaved factor (see Egs. (7.8) and (7.7a) below). The
distance dist(X ;, W) (with respect to the norm (3.23)) is measured in units of iy .

This lemma replaces Lemma 9.4 of [2]. We explain the notations in (7.2). k' is
the same as x except that any term in x which contains a quantity like &(a;, ...,q,)
is multiplied by e"%¢’™ (5=1-25,+6,). The formal operators L, and O, are
defined by

eSLo . (a@((ll, .H’a[)_)eML(al ..... a¢)~5éa(al’ ”.’at), (73)

and
e 8y, ... a)~>e"Eay, ..., a,). (7.4)

The symbol ||, means that one performs first all derivatives in «’, this produces a
finite sum. The absolute value is taken inside this sum. The supremum in (7.2) is
over all parameters that occur in the combined Glimm-Jaffe-Spencer and iterated
Mayer expansion. These are:

n, (my), (v h. j ds, T, types of terms in i, t, (4}, A)), (ay....,a,) . (7.5)

Their precise meaning is given in Sect. 9.1 of [2]. The definition of d is

n—1
d="Y dist(4), 47), (7.6)
i=1

1

’

where dist(4;, 47) is the distance between unit cubes 4}, A7. It is calculated with the
norm (3.23) and is measured in units of 7yt

The proof of Lemma 11 is literally the same as the corresponding one in [2].
The only modification is due to the replacement of Lemma 9.2 of [2] by the
following

Lemma 12. There is a constant ¢, >0 such that
F (X, h)zepmpl * [ T(h)]* = Pp. (7.7

The meaning of 7(h) and ||7(h)|| was defined in (6.21) and (6.22). The quantity Py is
independent of all parameters listed in (7.5) and it is “perimeter behaved” in the
sense that P obeys an inequality of the form

0=P=¢lClIn(/Cl/a) (7.7a)

with some constant ¢. |C| is the length of the Wilson loop.
The proof of Lemma 12 is given in the Appendix C. An explicit expression for
P, can be found there also. The factor P in (7.2) is related to P, by

P=¢iPr, (7.8)
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The Lemma 11 is a purely combinatorial one. It remains to be shown that the right
hand side of (7.2) is finite for a suitable choice of parameters 6, ,, ¢;, ).

The first step in the extimate of the Gaussian integrals in (7.2) is the use of a
bound on the functional derivatives in k¥’ which act on eS¢~ Fte~2 It is given by
Eqgs. (9.823), (9.22), (9.23) of [2].

In a schematic notation one obtains an upper bound

fdujetr'ee e P2l < | A((x) [ dusete2e™ e T

x.€X

ST -explay f(p+g—h+4£p7121)?1. (79)

The integrals in (7.9) are restricted to the region X. 4((x;))=0 are given by a
complicated expression, see Eq. (9.823) of [2]. The constant y comes from a bound
on derivatives of r(4) which is defined in Eq.(6.10). This bound is stated in
Lemma 9.7 of [2]. y has the form

y=nmp, 1—4n " <n<l, (7.10)

where 1 can be made arbitrarily close to 1—4n~2 [compare the discussion after
Eq. (1.26) in the Introduction]. (7.9) is further estimated with the help of Holder’s

inequality. We choose four numbers p, ...p, with i pi '=1, p, =even integer,
pi>1, p;y<imjp and obtain the equivalent of inequzslzitly (9.25) of [2]
09 §AGe T TIvt P [ de ™07
If duse%l’ﬂ”‘;+ 9= hHKp=12)2 2} 62 ]ps !
[ dpersEeraGae=2pampidtypa (7.11)
The fluctuation part 5 of v is defined by Egs. (6.9), (6.11), (6.13).

Lemma 13. There are constants c, ¢’ >0, ¢’ <1 such that the product of the last four
factors on the right hand side of (7.11) is bounded by

PeXlg=cFs (7.12)

where P'is a perimeter behaved factor (see Eq.(7.14) below) that does not depend on
the parameters listed under (7.5). The validity of (7.12) requires that 1 is sufficiently
small, mpl is sufficiently small, and mpl' is sufficiently large.

Proof. The corresponding proof in [2] applies in our case, except for one
modification. It leads to the factor P’ in front of (7.12) and involves the following
estimate of fF "2 which replaces the estimates of Sect. 9.4 in [2].

Lemma 14.
[F2<cl)[Fy+Pgl, (7.13)

where c(L") becomes arbitrarily small (exponentially) as impl’ goes to infinity. Py is
the same quantity as in Lemma 12.

This lemma is proved in Appendix D.
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The factor on the right hand side of (7.11) involving F, is estimated by the same
methods as in Sect. 9.4 of [2] together with our Lemma 14. The last factor but one
is bounded by Lemma 9.8 of [2] (together with our Lemma 14) and finally the last
factor can be estimated by use of Lemma 9.9 of [2].

For details of the rather lenthy proofs the reader is referred to [2].

Lemma 14 shows that P’ is of the form (with constant ¢>0):

P =elr, (7.14)

P’ can be absorbed in the factor P of Lemma 11. Proof of Lemma 13
completed. [J

The first factor on the right hand side of (7.11) is estimated by using Wick’s
theorem. As shown in [2, 10] it produces the bound (in units where /i,=1)

{f du [ ] lw(xi)lp‘prlécz"j [In;, (7.15)

J

where n; is the number of x;’s in the unit cube 4,

Now we are ready to finish the proof of convergence of the Glimm-Jaffe-
Spencer expansion. We use (7.9), (7.11), (7.15), and Lemma 13. We end up with an
object like that of Eq. (9.824) of [2]. At this point the bound (1.18) of Proposition 3
comes in. We see that the combinatoric factors e’-°, ¢"°° can be controlled if we
choose §=1—6 in e’ sufficiently small and g in (1.18) sufficiently large. The
factor e is controlled by the exponential decay of the covariances C(s). This
exponential decay is assured by Lemma B.4 (Appendix B). Although (B.27)is nota
pointwise estimate on C(xy) it suffices in our situation. This can be seen by
inspection of (9.824) of [2]. (The tree structure of the cluster expansion is essential
here.)

We use our estimates above to bound the right hand side of (7.2). For details
the reader is again referred to [2].

In this way we arrive at the main lemma which is the complete transcription of
Lemma 9.12 of [2].

Lemma 15. Assume that all parameters in our theory like i=M" lth, L, 6, are
fixed as above and let ¢, be an arbitrary constant. Then there are constants ¢,
(independent of ) and P (which depends on [ and is perimeter behaved) such that
for B/a sufficiently large :

Z []/(X)le“"xlSPe”]X"e“(l_25‘)dis‘(x"w). (716)
XDX1 ,){nW *0
Lemma 15 is sufficient to derive the lower bound on the surface tension o which is
stated in Theorem 1. This is shown in the next section.

The proof of our Theorem 4 (on the continuum limit) requires a generalization
of Lemma 15. This generalization deals with expectation values of observables like

=

oA =

Jj

PPN (qeT), or ofy= ] BTV 2sinpPd(x)  (7.17)

1 j=1
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instead of the Wilson loop. In this case the connection with the work of Brydges
and Federbush [2] is even closer. The problems caused by the f~dependence of
V,;(®|k,E) in (6.2) are absent here.

All the above arguments (and those of [2]) can be applied and combine to
prove the following

Lemma 16. Let the parameters (A, L, L', 6,) be fixed as in Lemma 15, let .o/ be an
observable of the form (7.17), and consider the quantity :

A X)= 3 Y [ds | du e k(p, s)e?Me~ 10200 o7 (7.18)
)

For arbitrary ¢, >0 there are constants c,, ¢4 (independent of ) such that for f/a
sufficiently large :

Z I%/‘&/(x),ecxle écgzecﬂX:l Lo~ (17280 dist(X 1, W) ) (719)
XDX1,§F\W*0

X, is a union of unit cubes that contains the support of . If we require that X
strictly contains X, i.e., X —X,+0, we may replace cy by c-cy where ¢—0 as
pja— 0.

By a standard “doubling the measure” argument [ 1, 2] and our Lemma 15 one
can also investigate truncated correlation functions such as

CUCHUC ) y1) = CUC Dy SUC)D pay » (7.20)

where C,, C, are closed loops separated by a large distance.

The exponential decay of (7.20) with respect to the distance of C,, C,
determines the glue-ball mass. It turns out that this glue-ball mass is asymptoti-
cally bounded from below by m,. The details are left to the reader'°.

8. Proof of the Area Law

We will now apply our results to prove Theorem 1. For this purpose we need an
upper bound for the “ratio of partition functions” ¢(X), which is the solution of
(6.41b).

Lemma 17. Under the same conditions on parameters an in Lemma 16 there exists a
unique solution of the Kirkwood-Salsburg equations (6.41b) and there is a constant ¢
such that

lo(x)[ = e, &.1)

Proof. The proof is the same as that for Lemma A.4.1 of [2] to which the reader is
referred. [

Proof of Theorem 1. With Lemma 17, and Egs. (1.4), (6.1), and (6.41a) we obtain the
following bound
CUUCY) gy Se KWmrerdd2B. 5 | (x)]e™, (8.2)

X,X0Xy

10 We thank G. Miinster for a private communication concerning the glue-ball mass in the U(1)
lattice gauge theory
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where c is the same constant as in Lemma 17. We return to inequality (7.11) and
extract from e ' a small fraction e” ', where ¢ is so small that the proof of
Lemma 15 remains unaffected if e ™" in the right hand side of (7.11) is replaced by
e~ (179F1 o=¢F1 i then estimated from above with the help of Lemma 12 and the
inequality (C.22) of Appendix C. Finally we apply Lemma 15 with W=X,.

In this way we arrive at

<Xk(U(C))>U(1) < e—kZ(J#,vaJu)/lﬁ P. ec2|X1[e-ecF4n2k2rh[1,Lﬁ -1g], est . (83)

The upper bound on {y(U(C))>y(y, in (8.3) implies a lower bound on « as seen
from the definition (1.7) of «.

The perimeter law behaved factors in (8.3), namely P’ =e ~«*Wwveodd p o2Pr do
not contribute to the string tension because

- |:lli{)n |~i~|lnP’:0. (8.4)

By construction we have
IX || =2m}|E|+ 2, 05| + 8. (8.5)

For p/a sufficiently large the factor e2™5/5l which comes from the insertion of (8.5)
in (8.3) is controlled by the factor exp[ —ecy4n*k*miLp~'|E[] at the cost of
lowering ¢ to &' <e.

In conclusion the surface tension obeys the inequality (k=1)

azecpdntinpl w1t . (8.6)

(8.6) is just the inequality (1.9) of Theorem 1 if we remember the relation between
my and m;, mentioned below Eq.(6.7) [yl is a small but f independent
quantity]. [

9. Continuum Limit

In this section we prove Theorem 4. We recall the dependence of the various length
scales on the lattice spacing a. In the continuum limit which we consider here, a
shrinks to zero and my, is held fixed.

Therefore

B=p(a) is the solution of a*md=2(B/a)e” teoPla 9.1)
where ¢, =av,(0)~0.2527 by Eq. (1.8b).
The Pauli-Villars cutoff is chosen as follows
M= M(a)=(B(a)/a)*' *my,. ©.2)

As a goes to zero, f(a)/a tends to infinity. The quantities mpl and myl’ are
independent of § and a. After these replacements everything depends on a (and m,,)
and we denote the expectation value by the symbol (-5, .

We consider the observable

oA, = ﬁ p(a)~ /> sinp(a)! > d(x,). (9.3)
i=1



586 M. Gopfert and G. Mack

o is a periodic function of @ and therefore the expansion given in the previous
sections can be applied. In the limit a—0 we have f(a)—0 (in units of physical
length my ') and therefore, formally

a-o

lim o, = [] ®(x)=,. (9.4)
i=1

If vo=(—A+m3)~ ! is the propagator of the free field theory in the continuum
with mass m;, and du, (P) is the corresponding Gaussian measure, we have to
show that the following equality is true:

lim (s, >, = [, (P)olo( ). 9.5)

To begin with we choose X, to be the smallest union of unit lattice cubes which
contains the points x,, ..., x,. We decouple v, between X; and ~X:

. xy) if either x,yeX, or x,ye~X
vo(xy)={”°( Y) yet ye~d 9.6)

0 otherwise.

From supp.«/,CX, and well-known properties of Gaussian measures one con-
cludes that

Jdps (@) o( D) = [ du, (D)L (D). 9.7)

Now we start to prove (9.5) with », replaced by ¢,
We consider the expansion for (s, >, presented in Sects. 6 and 7:

(.= Y A(X(X) 9.8)
X, X0Xy
with
HX)= Y, Y [ds[dp )" i(F, s)e Ve TN~ g/, 9.9)
y h

We split the sum over X in X =X | and those X which strictly contain X ;. From the
last statement of Lemma 16 we see that

lim Y A (X)eX)=0. (9.10)
a-0 X,X>X;
strictly
This implies
lim (.4, >, = lim (X Jo(X ). 9.11)

So the continuum limit is governed by the leading term of the expansion (9.8). The
expansion for o(X) reads

I=AX )X )+ Y, AX)eX). 9.12)
X, X>0 X,
strictly
A (X) is given by the same expression as #(X), Eq. (9.9), except that o/ =1. By the
same arguments as above it follows that the second term on the right hand side of
(9.12) tends to zero when a—0.
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Therefore
1= lim A0 )e(X ). (9.13)
We combine (9.11) and (9.13) to obtain
. X))
315% <%>a_;gl(1) Ty (9.14)
The definition (9.9) of #'(X) and #'(X) reduces for X =X , to the formulae
X(X1)= Zjd‘u(lp)eE(Xl)eG(Xl)e_Fl(Xl)e_Fz(Xl)JZ{a , (9.153)
h
and
jf(Xx): zfdu(w)eE(Xx)eG(Xl)e_Fx(Xl)e—Fz(Xi). (9.15b)
h

We want to show that the contributions from 4 =0 vanish as a—0. To this end we
use the Schwartz inequality:

Y fdu(p)eteCe e e, < Y [[du(y)e* eS|, |?1?
K£0 KEO

e e[ du(y)e 22112, (9.16)
By Lemma 9.5 of [2] we have

[fdu(ple2F2]12 < OF (9.17)

with ¢(L")—0 as L' oo [see also Appendix D].
From Lemma 12 (modified for the situation that there is no Wilson loop, i.e.
k=0) we get

F,=c,m3l? Y |8h(p)?. (9.18)
14

In our situation the quantity m3L3B~! goes to infinity as a—0 (8~ ! comes from
the fact that h is an integer multiple of 2nf~'/?). Because h%0 the sum over
plaquettes p (of the block lattice) is non-zero and therefore the product of the last
two factors in the right hand side of (9.16) vanishes in the limit a—0. The first
factor is bounded uniformly in a by ¢, e®** with an arbitrarily small constant ¢, >0
and some constant c;.

We use the bounds (9.22) and (9.23) below on E and G and the easy estimate

w

12,12 < TT(@(x)—h(x)*. (©.19)

i=1

Finally we end up with the equation

) ) du(d E(X1),G(X1) oy
lim <,sz¢a>a=hm§ HP)e” e a (9.20)

a0 jdu(@)eE(Xx)eG(Xl) ’

provided the dominator has a non-zero limit.
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Lemma 18

;in(l) eEXVG X o = of . and ;ir% PXDOXD) — 1 | 9.21)

The limits in (9.21) are understood as pointwise in ®.

To prove this lemma we need the following

Lemma 19
@) eFXV< (@) uniformly in @, cl@—1 as a—0. 9.22)
(ii) XV <expimymi[®*, with ne(1—4n~21). (9.23)
(1i1) lime®*V =1, limef¥V=1. (9.24)
a-0 a-o0

The 7 in (9.23) is the same as that of (7.10).

N

Proof of Lemma 19.
() [EX)I= ;

t=2

o~

P des [ dglefE,, L) (9.25)
X1 X4

The right hand side of (9.25) goes to zero as a—0, f/a— oo, M=(B/a)*'**m— oo.
This follows from Proposition 3 and the bound (1.18) given there. (9.22) is then

tablished. '
establishe exp | Y o,(m,0)[cosmB2d(x)—1]
(ii) o= e ml . (9.26)
Y exp|— 5’71%) ) (¢(X)—27m,3_1/2)2}
neZ xX€QRq

By periodicity of G we may assume that B?®(x)e[ —n, + 7]

. 1 1
denommator;exp[— i} | @(x)*| =exp|— 3 Y 0, (m,0m*B | @(x)*|.
XeN, m xeN,
So we get:
e“<[lexp | Y o,(m,0)cosmp?>P(x)—1+5m*pP(x)*]. 9.27)
a xX€Qy m

By the same techniques used in bounding derivatives of r(4) (Lemma 9.7 of [2])
one can show that

3 0,(m,0)[cosmp* *P(x) — 1 +3m*BO(x) ] Snimd(x)?, ne(l—dn 2, 1).

" (9.28)
(9.27) and (9.28) imply (9.23) if we remember the relation between mp, and #,, stated
after Eq. (6.7).

(iii) The second part of (9.24) follows from the bound (9.25). For fixed @ the
denominater in (9.26) approaches (as a—0)

exp —%ﬁﬁ, | ¢(X)2}=CXP[— § ¢(x)2%201(m,0)m2ﬁ’

XEN, x€Qy
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and we would have succeeded if we could show that

exp | Y o,(m,0)[cosmp*P(x)—1+im*fP(x)*]—-1. (9.29)

xeXy m

We expand the cosine in (9.29) in a Taylor series up to fourth order with remainder

I Y o,(m 0)[cosmB2d(x)— 1 +1m?Bd(x)*]

xeXy m

= | ZQl(m,0)41—'[32m4<13(x)4-cos(mﬁm(I)(x)me)
xeXy m .
< [ ®x*Yles(m, 0)|Zl‘~ﬁzm4 [with 0_ e(0,1)]. (9.30)

Now we can use Proposition 3 to show

Y loy(m,0)\m*B<cm}, with some constant c>1. (9.31)
The remaining factor of f§ in (9.30) ensures that (9.29) is indeed true as a—0. This
implies that lim ef¥v =1, The convergence is only pointwise in &.

End of the proof of Lemma 19. []

Lemma 18 follows from Lemma 19 and (9.4). O

With these preparations we are able to carry out the limit in (9.20) and to prove
(9.5). We use the dominated convergence theorem. Its applicability is proved by
the Lemmata 18, 19 together with the bound:

14,1 [T l0t)l 932)

In addition we remember that M— oo (in units of physical length m, ') as a—0.

It is well known that the lattice Gaussian measure (with covariance C in our
case) converges to the continuum Gaussian measure with the corresponding
covariance (see for instance [20, 21]). In our situation this covariance is just o,
Eq.(9.6) (as M— o). Therefore Eq.(9.5) is now proven and Theorem 4 is
established. [

Appendix A. Relation Between the U(1) Lattice Gauge Theory
and the Z-Ferromagnet

We give a short derivation of the duality transformation mentioned in the
introduction with special emphasis on the boundary conditions (the reader should
compare with [5]). Let A4, A4, be finite cubic lattices such that

ACA, Caz)®. (A.1)

A, A, should be closed cell complexes under the boundary operator d. The center
of A is located at the origin Oe(aZ)®. The dual lattices A*, A% are then closed under
the coboundary operator 0*. We define /~1>1“, to be the minimal lattice which is
closed under ¢ and contains A%: AF CA¥%.



590 M. Gopfert and G. Mack

The 3-dimensional U(1) lattice gauge theory embedded in a heat bath of
noncompact electrodynamics is given by the measure!?

dpti(@)=(Z4) 1 avaie),  Z4i=[avil0),
avil®) = T @m)~'do) [] 0.

be A} peA}

(A2)

The product over b, p is over all links, plaquettes injl’f, A%, 0(b) is integrated over
the range [ — =, +n] for be A* and over R for be A% — A*. 6(—b)= — 0(b) where
—b denotes the link b with opposite orientation. 0(p) is the oriented sum over all
0(b) with be dp, consider modulo 27 if p lies inside A*.

The function Z,(0) outside A* is that of noncompact electrodynamics:

L(0)=—1p,0%, for pedr—A*. (A3a)

[The parameter f3, is related to ff by Eq. (A.10) below.]
Inside of A*, Z(0) has to be a periodic function with period 2x. The standard
Wilson action for lattice gauge theories would be

$If"(9)=ﬁ1(cos0— 1). (A4)
Instead of this action we choose the Villain action
gp(0)=$;,’(0):ln Z e  PRO=2m% = for  ped*. (A.3b)
neZ

We are interested in the limit A% —(aZ)® while A* is held fixed. This limit causes no
problems because outside of A* the action is purely Gaussian [quadratic in 6(b),
see (A.3a)].

The duality transformation is obtained if we expand the Boltzmann factors e?»
(and the observable) in a Fourier series or Fourier integral respectively and then
integrate over the 0-variables. The Fourier decomposition of e?» reads

eZr () — Idl(p)(znﬁl)—I/Zeil(p)ﬂ(ir)e—l(p)z/zﬂl’ for pe/l’f—/l*, (A.5a)
R

and

eZr0P) — z (2nﬁl)~1/Zeil(p)0(b)e—l(p)2/2ﬁ1’ for peA*. (A.5b)
p)eZ

The integration over the #-variables produces d-functions 5(1(0*b)) for be /~1‘1“—A*
and Kronecker ¢’s 6(I(0*b)) for be A*. (Here it is crucial that A* is closed under 0%,
ie., if be A* then also 0*b C A*.) [(0%b) is the oriented sum over all I(p) with pe 0*b.
In particular we have
I(p)=0, for pedA¥. (A.6)
The constraint
(0*b)=0, for beA¥—A* (A7)
can be solved in the standard way [5]:

11 The reason for the unusual boundary conditions is that they can be dually transformed without
producing nonlocal constraints. In the Coulomb gas representation (see Sect. 2) they imply that the
monopoles are only in A (“insulating boundary conditions”)
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there is a function n living on cubes of A¥ (equivalently on sites of A,) which is
integer valued in A* and real valued in AF — A* and satisfies

llp)=n(0*p) and n(c)=0 for cedA}. (A.8)

The final expression for the dually transformed measure is then given by

dfdim)=(Z40) " Wi (n),  Z4r=[dVin),

diti= [T ) 1 exp|— o

xeAq beAdr, b=(x,y) 2ﬂ1

(n(x)—n(y)?|, (A9)

where the product over x,b is over all sites, links in A,.

There is a constraint on n, namely n(x)=0 for xed4,.

n(x) is integrated over IR for xe A, — A (with the usual Lebesgue measure) and
summed over the integers Z for xe A.

Therefore (A.9) is a Z-ferromagnet embedded in a heat bath described by a
massless free field theory. f§, is related to the parameter  of Sect. 1 by

pia=(4n*)"1p=g">. (A.10)
Appendix B. Decay Properties of the Lattice Yukawa
and Coulomb Potential

We consider the Yukawa potential of mass m>0 on an infinitely extended lattice
(aZ)® of lattice spacing a

vu(X=p)=(=4+m*) " (x,y). (B.1)
Its Fourier representation is
(X =y)=02m) " d*ke™ 2, (k), (B.2)
L
3 -1
C(k)=|m*+2a"? ) (1—cosk,a)| . (B.3)
u=1

We wish to estimate the quantity

lopla=a® Y v (x)eAlFl=a® Y o (x)el, (B.4)
xe(@z)? xe(az)?

where a=37"2A, and |x[|; = ) Ix,|.

n

For the purpose of this paper it suffices to have estimates which are valid
when a-m is sufficiently small (for fixed m, a). Such estimates can be obtained by
verifying that the sum in Eq. (B.4) converges if

0<a<2a~'Arsh[a-m/2]/3], (B.5)

and converges to the corresponding expression in the continuum when a-m—0.

Let us consider »,(x) for arguments x with x,=0 (all w). 2,((k,+i)) is free
from singularities in the interval (B.5). Therefore the path of the k -integrations in
Eq. (B.2) can be shifted as shown in Fig. 4. The contributions from the dashed
pieces of the closed path shown in Fig. 4 cancel by periodicity.
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A dm k,u

H doc > .

! i

: i

: :

; i Re lt/:.
A S 1

-Ta - +7Z/a

Fig. 4. Shift of the contour of the k,-integrations

Therefore

3
v(X)=(2m) "3 ¥l d*ke™**\m*+2a"% Y (1 —cos(k,+ix)a)
Sh<X w=1 (B.6)

for x,20 (u=1,2,3) and « in the interval (B.5). The expression [ ...] is bounded
below by

-1

[[...]|1=m*—6a"*(chaa—1) (B.7)
in the interval (B.5).
This produces the bound of the following lemma, with
c,=a *[m*—6a *(chaa—1)]" .
By symmetry the bound generalizes to all X,
Lemma B.1. For « in the interval (B.5)
o) S e~ (B.8)

The bound (B.8) is not yet good enough for our purpose because ¢, can blow up
when a-m—0. But it assures convergence of the x-summations in Eq. (B.4). »,(x) is
positive. From Eq. (B.4) it follows that

lonl (<82 T w(x)el, (B.9)
x, 20
Because of Lemma (B.1) we may insert Eq. (B.6) [with « replaced by some o > o, o
in the interval (B.5)] and interchange the x-summations with the k-integrations.
The x-summations can be done since they are geometric series.
As a result

lowl=82m)~%a> [ d*k[m*+2a~2Y (1—cos(k,+ix)a)] ~*

I
iy
IA
_FZ“
A
e

H(I _e—(rz’ﬂzAikM)a)fl .

I

The limit a-m—0 of this integral exists and gives
lim sup |,/ <8(2m) 73 f m? + Z(kuﬁ-ioc’)z} T =ik,
am-0 —o0<k,<+ow© u o

= [ d3xe ¥, (x), (B.10)
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vy is the Yukawa potential in the continuum, and the second equality follows by
repeating the above calculations in the continuum.
Finally we can use the explicit expression for «,7

vE(x)= ——e " with lx]=(2|x#|2>”2. (B.11)

47|x|

Since [x[|, < }/3]x| it follows that
im ol < [ drre™™=V3"=(m— /3072 (B.12)
a-m— 0

provided that ]/§-a<m. This is true in the interval (B.5).
Finally we choose some ¢> 1. If 0=<A <m then the condition (B.5) is fulfilled
for sufficiently small a-m. Therefore

ol 4 <c-(m—A4)~2 (B.13)

for 0SA<m, ¢>1, and a-m sufficiently small, depending on ¢ and A/m.

The assertions of Lemma 5 for [+'|4 (I=1,2) follow from this because
M x)=vp,(x)20 and 0=Ze*(x)Sey(x), with M, M, as in the hypotheses of
Lemma 5.

In Sect. 7 and Appendix D we need estimates for the exponential decay of the
covariances C, C, and the finite difference derivatives of C,,.

We start with the following

Lemma B.2. (i) For arbitrary constants ¢, >0, n€(0, 1), >0 and any integer j=0
there is a constant ¢, depending on cy, 1, j, 0 such that

“7,“ Vu]vm(x)l <c, T 1ol )

(B.14a)
for x|l ,=c,;m™" and a-m=<9,
where
Arsha-m/2
=fnm-— B.14b
a=nm P ( )

and c, is independent of a, m.
(i) For any integer j=0 there is a constant ¢ depending on j such that

Wy - VypeX) <c- [x] 9D, for x=+0. (B.15)
c is independent of the lattice spacing a.
Proof. Because of the lattice symmetry we may assume that | x|, =|x,|=x,>0.

() We rescale the integration variables k,=mp,

3 -1
v, (x)=(21) 3m- f d*pe”™|1+4a"*m"? ) sin’4p,am| .(B.16)

AP u=1
am =Pr=am

The finite difference derivatives ¥, act on (B.16) in the following way

VP m=me?m-a” im ™ (e — 1), (B.17)
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We have V, ...V, =V"V;*V3®, with n,+n,+ny=j. The p,-integration can be
done with the help of the Cauchy formula

+ njam

| dpe™™ [M(p)*+4a~>m~2-sin?Lp,am] ™! a~"m "i(eP@m — 1)
—mjam

=7nM(p)” (1 +4a*m*M(p)*>)~'/?-exp[ —mx,2a~ *m ™! ArshiamM(p)]

_a—nlm—-nl(e—2Arsh-§—amM(p)__1)n1. (B18)
where
3 1/2
M(p)=|1+4a"*m~%. ) sin’]p,am| . (B.19)
n=2

Equations (B.16)-(B.18) produce an integral representation of V,, ...V, v,,(x). We
estimate it using the following inequalities :
|eiPuxum| < 1 (B.20a)
a '‘m e —1|<Z|p,l, for u=2,3, (B.20b)
and

a~im™ e 2AmhImMO) _ 1| <25~ 1yt ArshiamM(p)SM(p).  (B.20c)

In addition we use M(p)=1 and mx, =c, and obtain finally

P oV SQm) it [ dpydpyeTmmaein Aian,
‘mépu 51,[7

~e_“(1 —n)2a~ tm~1 ArshfamM(p) M(p)—- 1(1 +%azm2M(p)2)" 1/2, |p2ln21p3,n3 'M(p)"‘ .

(B.21)
We get an estimate on M(p) if we remember that
4
?szésin%ész, se[—mn/2, +7/2]. (B.22)
This implies
4
M (p)?=1+ P(p§+P§)§M(P)2§ L+p3+p3=My(p)?
4
fi —-—= — 3 B.
or ——<p,<— (u=23). (B.23)
In the same region we have
4 —1/2 4 1/2
2a‘1m'1[1+ ?(pg—i-p%)} -Arsh%am{l-i— ?(pg-l—pg)}
>(2+16H) Y2 Arsh(2+16%)¢ =¢, (B.24)

provided a-m=<0. We insert (B.23) and (B.24) in (B.21). In this way we arrive at

Wy oV omX) SmI el (87%) ™1 [ dp,dpye ™ TWMP M (p) ™1 Mo(p)
R (B.25)
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where o is given by the expression (B.14b), viz.
a=nm-2a~'m~! Arshiam. (B.26)

(B.25) is true for ||x||,, =¢c,m™ ! and a-m < 4. We compare with (B.14a) and see that
part (i) of our lemma is proved.

.. . . . 1
(ii) Now we rescale the integration variables k,=—p,. Then we can apply the
X1
same techniques as above. The details are left to the reader.

End of the proof of Lemma B.2. []
The propagator C, on the infinitely extended lattice A= (aZ)* can be written in
the form

Co=r{(—4+mZ) ' —(—4+M?~1} (B.27)

with r—1, mp—n, and M'—>M in the limit m, ‘M- co.
It follows that

0= Colxy)=r-(—A+m3) ™ Hxy), (B.28)
and

Wy oo VMJCO(xy)l =y, .. Vujvmb(xy)|+r| Vi - Vi omxy)l. (B.29)
We apply Lemma B.2 to the right hand side of (B.28) and (B.29).

This proves our

Lemma B.3. (i) For arbitrary constants ¢, >0, ne(0, 1), 6>0 and any integer j=0
there is a constant ¢, depending on cy, 1, j, 6 (but independent of a, mp, M') such that

1V, -V, Colxy)l Sre,MIH e mollx=dle

" (B.30)
for |x—y|,Zcmyt and a-MZ6, '

where a=nm},-2a" *m}y * Arshiam),
(ii) For arbitrary constants ¢, >0, ne(0, 1), 6 >0 there is a constant c, depending
incy, ", 6 (but independent of a, mp) such that

[Colxy)l Sre,mpeollx e ®31)
for |x=yll,2cmy ' and a-mp<é, )

where o.=nm}y,-2a~ 'm}y ! Arshiam),.

An estimate similar to (B.31) is needed in Sect. 7 for the propagator C(xy)
defined by Eq. (6.15).

C:[—A(l—%)+ﬁz,2)+v}~l=[C5‘+v]_1, (B.32)
V(x1x2)=2 ZQz(mlxnmzxz)m1mz.B- (B.33)

To obtain such an estimate, one writes down a convergent Neumann series in
which v is treated as the perturbation

C(xy)=Coy(xy)— .f j Colxx )v(x;x,)Cox,0)+ — ... (B.34)

X1 X2
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Absolute convergence of this series will follow from the bounds below.
We introduce for an arbitrary subset a, of the lattice (aZ)*

L(x,a,)=min |x—y] . (B.35)

This is in agreement with the definition (1.11) in the main text. Now we can
estimate

[ 1CGy) e At e IIC(xy Al

Yeay

<AL “‘){fc o)A [ [ [ Oy )eAllx =l

- X1 X2y
vl x,)leAF T2l O (e, )AL (B.36)
1%2 olx,

The summations can be performed in the order y, x,,, ...,X,, X, (n=number of
factors v).

Both C, and v are translation invariant, and the sums are extended over the
infinite lattice (aZ)®. The sums of C, are estimated with the help of (B.28) and
(B.13). The sums of v are estimated with the help of inequality (1.18) of
Proposition 3.

As a result one obtains

Lemma B.4. Under the hypotheses of Proposition 3
J1Cey) S cqe ALt (B.37)

yeay
for A<m'y and sufficiently small lattice spacing a.

The constant ¢, < co is independent of a (in units where /1, =1), and mp—mp
as A=M"'m,—0.

Appendix C. Lower Bound on F; (Lemma 12)

Lemma 12 asserts a lower bound on F, by an expression which involves only

nearest neighbor interactions in the h variables. Due to the presence of f in the

definition of F,, the proof of Lemma 12 is slightly different from that in [1,2].
We start with the obvious equality

LIh—kp~ PP =L ¥ [ [ |hx)=hO)=kBT 2T +ABT T ().

(R, Q) xeQ yeQ’
(C.1)

Summation over p is over all plaquettes of the block lattice.

S(h—kB~%f)(p) is the discontinuity in h—kB~*/2f across p.

Q, Q' are cubes of the block lattice and the sum over {Q, Q") is over all nearest
neighbors.

[h(x)— h(y) —kB~ 2 f(x)+ kB~ 2 f ()2 <5 |h(x) — kB~ /2f(x)— g(x)|?
+5-1h(y)— kB~ f(y)— g)I?
+5-1g(x)—g)>+5-k2B 1 15f I+ 5-k2B~ 1S (W)I*. (C2)
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For any xeQ, ye Q" we consider the path from x to y which consists of segments
parallel to the coordinate axes. It has a maximal length of 4L. So we get by use of
the Schwartz inequality

lg(x)—g(y)I* = ng “ds|*<4L- 5 [Vgl*ds. (C3)
Furthermore we have:
y
j f j]Vglzds§3L4 j Vg)?. (C4
xe2 yeQ' x Qu

We collect our estimates:

right hand side of (C.1)SL76-5L32- Y [lh—kp~ 12 f—g|?

(2,0 2
+L705:3L%4L Y [ |rgl?

(0, Q) QU

+L76.5032 Y [K2BTYSSIR. (C.5)

(2,05 Q
The right hand side of (C.5) is less than

30L73 [lh—kB™ 2 f —g|> +360L ™! [Vg|*+30L~3k*B~* {1512, (C.6)
We use the fact that

utz=4 (C.7)
and compare with the definition (6.18) of F, to get
(C.O)SL ™3y 28(F, +3K*B~ tmd [16f17), (C.8)

where ¢=max {60, 720m3L?}.
Finally we conclude from (C.1), (C.8):

Fyzempl®- ZI5(11—/(B_l’zf)(p)lz~%/<213“‘ﬁif>§|5f|2 (€9)

with
c=min{g&;, 735mp L " *}.
The expansion is such that /iyl <1. So the actual value of ¢ should be Zg.
The above arguments remain true if the integrals and the sum over {2, Q') and
block plaquettes p are restricted to X, a union of unit lattice cubes.

We are going to bound the first term on the right hand side of (C.9) from below.
To this end we rewrite it in the following form:

1ot —kp=H2f) (1f>)|2=< sz (h—kB~12F) (@)~ (h—kp~ 2] (@)
=a’L™? <Z> ((h—kB~2f) (x)—=(h—KkB~2H)(WI>.  (C.10)

Summation over (€, Q> ({xy>) is over all nearest neighbors of cubes of the blocks
lattice (original lattice). The factor a*L ~2 compensates for multiple counting.
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The right hand side of (C.10) is

al =2 [|Mh—kB~2f)12. (C.11)
For further estimation of (C.11) it is useful to consider the quantity
[IP(h—kp= 2112 (C.12)
We decompose
V.f=i,+R,. (C.13)

A straightforward calculation using (1.12) and (1.13) verifies that R, is given by the
expression
Ru = vaEuorV—a J'L’ (C 14)
The term R, is associated with the perimeter and it satisfies
V_,.R,=0. (C.15)

This follows trivially from (C.14).
With help of (C.15) we see that

JW(h—kp= 212 =[1V,h—kB~ %, | +Kk*B~ [R, ], (C.16)
The calculation of | R,j, is easy
IR j=—pvend). (C.17)
Now we consider the quantity (C.11) and relate it to (C.12) by f= f—6f
SIV(h—kp= 12N =[IV(h—kB~ 2>+ K*B~ [ IVOf|?
+2kB™V2 [V Sf - (V,h—kB~ Y3, (C.18)
We use (C.16), (C.17) and arrive at:
SIVP(h—kB=21)2 = IV,h— kB~ Y2 |2 +2-kB~ Y2 [V, 8f - (V,h—kB~ %)
+k2BL [ VO 12— KB S o) - (C.19)
A short computation shows that [for e€(0, 1)]

e[V h—KB ™12 242k B V2 [ 7. 5f -(Vh—KB~ Y12 )2 —&~ k2B [ |P6f12.

(C.20)
uniformly in h.

We collect all our estimates and get the result:
F,2c(1—¢)m3la ~5|Vuh—kﬁ‘”2j”|2 —cmplak’ B~ ved,)
—3K2B7 mE [16f12 — (e~ ' — Demplak*p~1 [ |Vof12. (C.21)

In the first term in (C.21) the | can be converted back into a sum of discontinuities
across plaquettes on the block lattice. Using the definition (1.6) of j, one finds that
this term is equal to (1 —g)miL3||T(h)||%, |T(k)| defined in Eq. (6 21) of Sect. 6.
,,vcpd,) is bounded by const|C|-In(|Cl/a) as is well known. (This quantity
determines the expectation value of the Wilson loop operator in noncompact free
electrodynamics.)
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To establish Lemma 12 it only remains to verify that {|V5f]* and [|5f]* are
perimeter behaved. By definition

X

=L [ [f)—-fo=L"2 [ | v, (C21a)
yeQax yeQsx y' =y
where the inner | is over a path in the interior of Q from y to x. We insert
Eq. (C.13)./, has its support on faces of cubes Q2 and therefore contributes nothing
to the path integral. In conclusion

x)=L3 [ [ R(). (C.21b)
yeQRQax y' =y
R, is the component of R, tangential to the path from y to x. Expression (C.14) for
R, can now be inserted. From the decay properties of derivatives of the Coulomb
potential (see Appendix B) and the fact that J, is supported on the Wilson loop C,
it follows now that [ [V3f]? is perimeter behaved. Applying the same methods as in
the derivation of (C.3), (C.4) one concludes from (C.21b)

lof()l><9L ™" sz R2(y). (C21¢)
yesx
Therefore
j|6f|2§9L2‘[ Rj=9L2(JM, vepd,) (C.21d)

where the last equality follows from the expression (C.14) for R,. This completes
the proof of Lemma 12. [

Given that Z is the minimal surface whose boundary is the Wilson loop C, it is
obvious from the definition (6.21) of 7(h) that

170> z4nk>p~ 1L 2|2, (C22)

|Z| =area of the surface =.

Appendix D. F, is Small (Lemma 14)

This appendix replaces Sect. 9.4 of [2]. There are two modifications as against the
situation in [2]. First our shift g is different and second we work on the (infinitely
extended) lattice with spacing @ whereas Brydges and Federbush deal with a
continuum theory. Therefore we are not allowed to use the Leibniz rule if we want
to evaluate the finite difference derivative of a product. Instead we have the
following rule

Vu(q)ﬂoz) = (Vu(l’ D, + @1(%@2) +(a Vu(/)l) (V,ﬁpz) . (D.1)
The last term on the right hand side of (D.1) can be estimated if we recognize that
lav,l,=2 or laV,|,=2. D.2)

In Sect. 6 we have shown that F(x) vanishes except for xe BS;. We start to

estimate | F;? and finally we sum over all connected components S, of X " With
BS
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the notations of Sect. 6 we define

~ v.h if 2nS,=0
he =1 u'P o B > D3
hr {Vuh;—kﬁ*”z/u if EnS=+0. (3)
This definition is such that
~ — AR if EnS,=0
s = 4 b D.
V-l {—A(h;—kﬁ’”zf) if EnS;+0. (D4)

[where we have used the decomposition (C.13), (C.14)], and therefore the cases (iv)
and (v), Eq. (6.30), (6.31), can be treated on an equal footing

Fy=—CqlyyM 2~ A+M*W_,Coh . (D.5)
C, ! is a lattice differential operator:
Col=M2 (= AP +(—A)+ 7. (D.6)

Let 77,(x) be the characteristic function for the support of ﬂf,, Ax) (u=1,2,3)and
define an operator K by its kernel

)= 1 1m0 1 (1= 372 09
-[Co_lxﬁ<1— MA—Z) V_VCO}(}/Z). (D.7)
Then we have
Bs:,; F7=Y i ;i JSxz hB u(x)hp J(2). (D.8)

We estimate the norm of the operator K

1K1, <sup . [k, (x2)

A
<St}pZ§ lf;s 1)1 4(2) (Co x,;(l M2>V_#Co)(yx)

A
-|(cg w(l - M—) 7,02

We notice that on the right hand side of (D.9) ||y —x||=3L" and |y—z| =5L". This
implies

(D.9)

Y| —lﬁrn —x
i(CJ %(1 B ﬁ) V-uco) ()] Seme 30 (D-10)
provided that i, *M is sufficiently large. ¢, is a constant independent of a, i, M,
and S.
To derive (D.10) we make repeated use of (D.1), (D.2), remember the defining
properties of y,, and then apply Lemma B.3 of Appendix B with j<5. In addition
we need the bound ||y —x| =37 "?(y—x].
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We evaluate the right hand side of (D.9) in two steps [using (D.10)]
. _ A
) Z j’?g(z) (Co IXIJ(I - W) V—vCO) (v2)

with a constant c,. The factor a is due to the fact that the support of l;f,, L s a two
dimensional surface (with thickness one lattice spacing a).

_ 4
(CO IX;; (1 — W) V_MCO)(yx)
with a constant c,.

Combining (D.11) and (D.12) we obtain

Lo
~ ——mDL—
Sciampe 3, (D.11)

1. i1
) sup [ ) <cgipe 3773, (DY)

X, 1 yeBS;;

2 ,
—Zmpl
IKll,Scjc aimpye O - (D.13)

Now we are able to estimate (D.8)

[ FR<IK, S [l (0P Scsciamde 0™ S (IR (. (D.14)

BSy

From Lemma 12 and (C.21) of Appendix C we conclude
Y Y (ks ()P Sy tp il laT  (F +Py). (D.15)

Sg n x
Summation over S, is over all connected components of 2.
Finally we have

~Zapl
[FR<cyeueptmpl™te ©°7 «(F +Pp). (D.16)
(D.16) is the assertion of Lemma 14. []

Appendix E. The Setup of the Cluster Expansion

The cluster expansion to be discussed here is a well-known technique used in
constructive quantum field theory [1, 2, 10]. We give the basic definitions and a
proof of its validity. For simplicity we restrict ourselves to the situation we are
actually interested in, namely the expansion for the quantity

{du(yp)efeCe Fre™F2 (E.1)

for fixed value of h. The domain wall X is fixed by h.

To begin with, we define a covering Y of 2. Its elements are the sets S;n4
which contain the connected pieces of X”, and the unit cubes 4 CA— | JS,. For any
sequence y=(Y, ... Y,) with mutually disjoint Y; (each Y; is a union of elements out
of Y) and n—1 real variables s, ...s,_,€[0,1] we define a covariance C(s) by its
kernel

C(xyls)=p(xyls)C(xy), (E.2)
with

pecyl)= Y sy S G L1+ X 1),

1<i<j<n+1 1<isn+1
(E.3)
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where y; is the characteristic function of Y, (i=1,...,n), x,, is the characteristic

n
function of ~ |} ¥; and s, is set to zero.
i=1
In (E.2) C(xy) is the kernel of the covariance C of the Gaussian measure du(y).
C(s) is a convex combination of covariances of the form yCy where y is a
characteristic function [1-3]. The Gaussian measure with covariance C(s) is
denoted by duyy). If all variables s, ...s,_, vanish the interactions between
different regions Y, are switched off.
We set Q=e e ' and notice that Q factors across unit cubes. For any
union of unit cubes X CA this factorization leads to a natural splitting

0=0X)-0(X), X‘=4A-X. (E.4)
Given any sequence y=(Y; ... Y)) and variables s, ...s,_, we have to define E(X)

and E(X,s)|X= [ Y| For this purpose we write E as a sum of terms of the

1=1

following four forms:

1
Bay. na)= 5 [ ey JdGo ey - Eule)) ). for 123, (ESa)

35 dE; §dE,05(8,E,)8(EE(ES), (E.Sb)
35 dE, [ de,0,(E,E)8,(E )imyB 2 p(x,), (E.5¢)
PR fd52Q2(51éz)imﬁ”zU)(Xl)Ek(fz)~ (E.5d)

Each ¢, is a unit lattice cube. E(X) is the sum of all terms (E.Sa~d) where a,CX for
all i.

E(X,s) is given by the same sum as E(X) except that each term (E.5a—d) is
multiplied by H s.. Here ie I if I Si<n—1and forsomec, f, 1 o, f=t,a,CY,(for

iel i

some j>i) and a,C () Y,
=1

Now we are ready to state the basic

Lemma E.1.
Jdup)e" Q=YL () [du(p)e QUK )+ R, (X)), (E.6)
where
HE)=Y [ ds [l 51000), (E.7)
and
R,(x)= j 0,5 1 ds [ e G50, (E8)
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The notations in (E.6)~(E.8) are as follows.

(i) dug, () is the Gaussian measure with the covariance given by (E.2), (E.3)
except that s,€[0, 1] instead of being set to zero.

(i) ds=ds, ...ds,_ .

(1i1) The summation over X is over all sets of the form U t, m=n, with

mutually disjoint ¥;’s. Each Y, (i=2) is a union of elements in Yand Y,=X,.X,C4
is a fixed union of unit cubes which is chosen before one starts With the clusler
expansion.

(iv) In(E.7) y is summed over all sequences (Y] ... Y,) such that X = U Y. Here
nis arbitrary and not necessarily the same as in R, (X). Summation over y 1n (E.8)is

over all sequences (Y, ... Y,) such that X = U Y. If there is no such sequence then
R,X)=0.

(v) E(4,ss,) is defined as above with sequence (Y], ..
St evsSpe 1Sy

(vi) It remains to define (3, s):

. Y,X¢) and s-variables

n—1

K(y.5)= [ (@), (E9)
where =1
. ; SE(x,s)]?
=0, E9(x, 2,C o3
M=0 s T L 5 T

Jsi
3]

[JL SE(x,s) (E.10)

owp(y)  opl(y)

The superscripts (i) in (E.10) have the following meaning. We expand the product
of the two square brackets and obtain a sum of five terms where the first one does
not include a functional derivative or a propagator C(s). We insert the decom-
position of E(X,s) given by (E.5a-d) and below. Then we drop all terms in this
decomposition (with support in ¢ CA, @ is a union of g;s) which violate the
following condition:

0— UY;C Y., and Y, is the smallest union of sets

from ¥ that contains 0~ | Y, (E.11)

Jjsi

In particular for the term without E(X, s) in (E.10) this means that Y, | has to
be an element of ¥: YHe Y. By construction «(i) depends only on s, ...s; and is
independent of s;, ; ...s,.

Proof. Lemma E.1 is proved by induction in n [compare with [1]).
(i) n=1: Equation (E.6) reads

§ du(w)e®Q = [ du(p)e” ™V Q(X ,)- [ du(y)e" P Q(XY)

1
+ [ ds0,, | du, (p)e™ Q. (E.12)
0



604 M. Gopfert and G. Mack

This equation is indeed true because dpy;, _,=du(yp), du;, -, factors between X
and X, and E(A4,s, =1)=E, E(4,s, =0)=EX )+ EX9).

(i) n—>n+1: Our strategy is to perform the derivative d, in R,(X), Eq. (E.8).
k(, s) does not depend on s, and so the Leibniz rule gives

Oy, J i o, 545 ) = [ dpi, € 458 (A, 55,) ()

+(d, j du’SSn)eE‘ Assa(Ly, (E.13)
By partial integration we see that
0
(asn.‘dussn ( ) jd/’tsan J. faan(XyISS ) ( ) ( )() . (E14)
We insert (E.14) in (E.13) and obtain
0, J du,, ™ 45 ) = [ dpgg P4 Ry (), (E.15)
where
1 OE(A,ss,)
R(n)=0, E(A,ss,)+ = [0, C(x ssn[ + -
()= 0, B 55+ 3110, Clorlssa |55+ =50
0 OE(A, ss )}
. + . (E.16)
owp(y) op(y)
Next we use the fundamental theorem of calculus
dl‘tlss e A,ssn)=du'ss . eE(Asssnsn+a) b o
1
+{ds,. 10, [dus . @ A55msn 0] (E.17)
0

n
to introduce a new s-variable s, ;. The set Y,,,CA— | Y; (appearing in the
i=1

definition of E(4, ss,s, ;) and dug, ¢ . ) has to be chosen conveniently. The choice
depends on the term we get after expanding the product of the two brackets in
(E.16).

This expansion produces a representation of #(n) as a sum of five terms. For the
term without any functional derivative we let Y,,, be an arbitrary union of

elements in Y outside of U Y, We collect all terms in E(4,ss,) under the
decomposition (E.5) which satisfy the condition (E.11) for i=n. Obviously

nt+1
0, E(A,ss,)= Y, 0, E"”(U Yi,ss,,). (E.18)
Yo+

For the other four terms the Y, , , are generated by expandmg the integrals over x
and y in a sum of integrals over finite regions. The factor § in (E.16) cancels if we
exploit the symmetry of the integrand in x and y. The region of integration outside
A gives no contribution because the functional derivatives act on functions which
are supported in A.
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We illustrate the mechanism for the second term

1 o 0
=)0, Clxylss,) ————(
2 0 5 )
0
= 5, C(x)lss E.19
2 e s (E19)
where j
Y. i€Y, Yn+1m_U Y,=0
In conclusion we have shown that

jn)= Y K(n), (E.20)

Yn+1

where «(n) is given by (E.10) for i=n. By construction we have

n+1 n+1
(1) dity, o7, s, =0 factors between | ) Yand ~ (] ¥, (E.21a)
i=1 i=1
n+1 n+1
2) E(A,58,50s ) s —0= (U Y, ss ) (A U Y) (E.21b)
= i=1
n+1 n+1
) 0-0[U v)-e(4-"U ) (E210

We insert (E.20) and (E.17) in Eq. (E.15) which is used to rewrite formula (E.8) for
R,(X). The second term of (E.17) becomes R, , ;(X) and the first term is just

n+1

H X[ du(y)eP QXY for X =) ¥, (E.22)

This completes the induction step and the proof of Lemma E.1. [
We notice that R, (X) =0 if n is sufficiently large (depending on A). This proves
the final form of the cluster expansion given in

Proposition E.2.
Jdu(w)etQ= ; H(X) [ du(p)e”*IQ(X°), (E.23)
with
AC=L T ds[dufp)e" w5 9000), (E24)

and (7, s) as given in (E.9), (E.10). [Q=e%e Fie 2]
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