Communications in
Commun. Math. Phys. 82, 305343 (1981) Mathematical
Physics
© Springer-Verlag 1981

Phase Diagrams and Cluster Expansions
for Low Temperature 2(¢), Models*

II. The Schwinger Functions

John Z. Imbrie**

Department of Physics, Harvard University, Cambridge, MA 02138, USA

Abstract. We give a cluster expansion for the Schwinger functions of the stable
phases found in Part I. The Wightman axioms, the mass gap, and asympto-
ticity of perturbation theory follow.

In Part I the phase diagram of a generic low temperature 2(¢), quantum field
model was mapped out. At each point in the diagram a number of stable phases g,
were found such that

Z(V9) < 222V

Z(W‘IO) =

for every q. We now use this information with some other Part I machinery to give
a cluster expansion for the Schwinger functions in the stable phases. We also prove
the convergence estimates needed in Parts I and II. The reader is referred to the list
of references in Part I.

4. An Expansion for the Schwinger Functions

4.1. Constrained Expansions

In this chapter we derive a convergent expansion for the Schwinger functions from
bounds on ratios of partition functions. The presence of clusters containing field
monomials introduces constraints on partition function sums. The constraints
must be handled in such a way that the phase structure of Chap. 3 is not destroyed.

So far we have always multiplied clusters by ratios of interior partition
functions. This procedure must be altered for clusters surrounding squares
containing field monomials. In [20], a priori bounds on ratios of partition
functions in non-simply-connected regions were available. Thus it was possible to
multiply 9(Y) by a ratio of partition functions in (IntY)\X, where X is a cluster
containing field monomials.
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In order to avoid an uncontrollable accumulation of surface effects on X, we
must alter the procedure of [20] by considering partition function sums with the
constraint that no cluster shall surround X If one fixes all the clusters surrounding
X, then the resummation between the clusters yields partition function sums of this
type. (This procedure was not necessary in [20] because surface effects were always
favorable.)

We bound ratios of constrained partition functions in Sect. 4.2, using some of
the tools of Chap. 3. The ratios transform the expansion into an explicit sum over
clusters surrounding X’s and a constrained sum over other clusters. As the
constraints are ultimately connected with the presence of Xs, the techniques of
Sect. 3.2 can be applied to factor out the normalization {e~ V"d,um%(lpq) exactly. The
result is the expansion for (R}, .

4.2. More General Ratios of Partition Functions

This section is devoted to obtaining bounds on ratios of constrained partition
functions in regions that are not simply connected. The constraint will be that all
clusters Y contributing to the partition function in a region V must have
YullntYCV. When V is not simply connected, this is nontrivial constraint.

The phase structure of the theory has already been determined from the
considerations of Chap. 3. Thus, our task will be to show that the constraints
produce at most surface effects, so that convergence factors from boundary
clusters can control the expansion.

We assume a solution to the equation L=.4"(L) and we use the associated
objects F, s(F%), and a¥(F;). The shorthand notation F, s, and a? will be used. We
hold to the convention of Chap. 3 that |Y|>1 for all clusters Y. In this section V¥
will denote a connected, but not necessarily simply connected, region with
boundary condition p(V). The boundary condition is the same on all boundary
loops of V, including interior boundaries. Define constrained partition functions in
V as follows:

eEV= Y TRy 4.2.1)
{Ys}:p(Ys)=p(V) s
Ysulnt Ys g v
QEV= Y [IAY). 422)

{(Ys}:p(Ys)=p(V) s
Ysullnt Ys C V

Here p(Y,) denotes the external boundary condition of Y,. The Y,’s are nonover-
lapping. When V is simply connected, this definition agrees with (3.4.7), so that
QOF,V)=QF, V).

Proposition 4.2.1. Suppose A<1<l. The following expressions for Q(F,V) are
Ualld N Z ZZ(V)

ZAV:0Vn|J Ri=0

QF, V)= : 423
1 Zo (423
ACv
Yy o zywe
Inv:ovnJR.=0
QC(F , V)= (4.2.4)

n ZAP(W)

ACV



Phase Diagrams. 11 307

Here {R;} are the regions associated with 2nV. In addition, the following bounds

hold :
Lol < o vy <0 P, W
ZAD(V)
ACVY
:e(ap(V)+sp(V))|v]eAc(F,v) (425)
[4,(F, V)| =24"%|0V]. (4.2.6)

Proof. Recall from (3.4.1) and (3.4.10)—~(3.4.12) that

F(Y):@(Y) H Qa(FW) o~ aP YV +logZarw) ~logZarw)|V|
VCntY (F W)
.ne(—aP(%-HogZAp(R,) logZ 4»(Y)|RinY]| (427)
where {R;} are the regions associated with X ... Call a Y| outer if it is not
contained in any IIntY,. With the outer clusters in (4.2.1) fixed, the sums over the

others produce a factor || Q(F, W), where W runs over the components of IntY,,
w

Y, outer. We obtain
Qa(F W) Z H{ (Y)He”"gzﬂm logZ 4r)| R, Ys|

{Ys} outer s

H[Q%FW) I ‘WJ I g

W AW ZAP(V)

The last two factors cancel, and each term in [] is equal to

N

Q(Ys)e(Eg(ws)~E5V<ws>)12|\ysuﬂntvs| l"[ e(~E§(W)+E&(W))l2|WI 1—[ (ZAIJ(V))_ 1 (4.2.9)

WClnt Ys A4LYs

Moreover, by (3.5.2), Q“(F,WV)=Z(W)/ 11 Z s so that

ACW

ZAP(V)

Y )e(EgWs) — EB{Y)I2|Ysulint Y|
{Ys}outer s

aF V)= ¥ UF(S -

et BRI Z (W), (42.10)

w
Expand Z(W) into spin configurations. In the resulting sum over {Y,} and
{Zul, fix 2= U Zyu U Xy and sum over Y,'s compatible with X. If X is such that
oV¥n UR +0, then there is no compatible {Y}: If there were, then some Y, would
have ]IntYSQW, contrary to construction. Recall that U R; does not contain the

sea of constant phase at the outer boundary of V. If interior boundaries of V are in
other seas, then some clusters would have to effect the transition, resulting in some

IntY, ¢ W.) If ¥ is such that 0Vn U R; =0, then the restriction Int Y, C V is vacuous.
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Thus
QEV= ¥ )

2:0Vn{JRi=0 {Ys} outer
i compatible with ¥

(V) — EP(Y:))]2
o(Y,)e B EZ(Y)12|YsUllnt Ys|

11 [T [ rmtmmiz, (Wl
WClnt Y,
s H ZAp(W) ClntYs

4 CYsulntYs

(4.2.11)
Equation (3.4.33) can now be applied to yield (4.2.3).
The same set of manipulations can be performed for Q (F, V), except that the

factor e_aPWWR'I in (4.2.8) is not cancelled. Since U R,| is independent of ZNW,

the factor agrees with the one in (4.2.4). This completes the proof of (4.2.3) and
(4.2.4).

The first two inequalities in (4.2.5) are immediate consequences of (4.2.3) and
(4.2.4). The last step defines 4(F,V). As in (3.3.7), we have

1 k
logQ(F,V)=}, H YooY 11 4@ 11 FY). (4.2.12)
kM (Y, Yi) Ge L€Ge s=1
YsulntYs SV

We can obtain an expansion for A(F,V) from this formula and (3.3.8), as in
the derivation of (3.3.9):

A(F.V)=1ogQ(F, V)~ ¥V =Y L 5
k k' (Y1s---» Vi)
Vo) Ws# 0 F ~Vn( ) (YsulntYs)
’Wﬁ U Ys k : ’
— o 2 11 A [T FY). (4.2.13)
U Ys Ge LG s=1

Apply Lemma 3.3.1 to every boundary square of ¥V to bound sums over
clusters intersecting both Vand ~V. With || F|| £ 42, we obtain a term 4/2|0V], as
in (3.3.12). It remains for us to bound the sum over clusters contained in V with
(JIntY, { V. Single out one such cluster:

ARSI T Y FY) -

YCVintY§V k! (Y1500, Wie— 1)
k-1
1 T1T 4@ 1 FY)|. (4.2.14)
G. LeGe s=1

Another lemma is needed to control this sum.
Lemma 4.2.2. Suppose A <1 <. If Fis any g-contour model with |F%|| =1, then for
any Y,

(Y1, .05 Yie)
§|Ys|=N,P(W):q

k
Y 11 4@ ﬂFq(Ys)l Skle mllet N/4pIY (4.2.15)
s=1

G, LeG,

Here G, is a connected graph involving Y and all Ys.
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The lemma will be proved in Sect. 4.4. It yields the bound
[A(F, W) SAY2[0V]+ Y Y |F(Y)le k= iaiv, (4.2.16)

k=1 vy
We fix Y, the region in IR* covered by Y, and sum over I'nY and X, The first sum
produces a factor 22"!, and the second a factor

212)Y| 212]Yl
12|
Y. o) ( 2]

)e*fzﬂ‘”fl S(L4e RPN (42.17)
I2l=0

The number of Y’s with |Y]= N surrounding a given component of ~V is less than
OO Applying [|F|| <42 we obtain

[4(F, V)| £|0V] ()\”24—2 Y eo(“’ve‘“’Nﬂb”z) <2220V (4.2.18)

Nz8

Proposition 4.2.1 is proven. []

4.3. Exponential Clustering and Asymptoticity of the Perturbation Series

We are now prepared to give a convergent cluster expansion for the Schwinger
functions, with bounds independent of the interaction volume A. We must use
boundary conditions corresponding to a stable phase ¢, that is, we must have
a?=0. In Chap. 3 and in Sect. 4.2 we have always taken 4 to be larger than Z to
define ¢(Z) and ¢(Z). We now fix A and return to the original objects ¢, ,(Z). We
no longer require [Y|>1, except where specifically indicated. ¢, (Z) is not
invariant under translations of Z. We will eventually find a formula for the infinite
volume Schwinger functions that involves ¢(Z) and 9(Z), with no subscripts 4, q.

A standard argument [6, 19] expresses a Schwinger function as its first several
orders of perturbation theory plus a remainder. The remainder is a power of A
times other (generalized) Schwinger functions. Thus bounds on the generalized
Schwinger functions yield asymptoticity of perturbation theory. Asymptoticity
immediately implies that the phases we construct at the coexistence hypersurfaces
are all distinct.

Normally, the argument shows for example that for all u and all 1[0, 4,1,
[S(A)—S(0)|=0(4). We obtain a slightly weaker result, due to phase transitions
which will occur as 4 is varied. We prove that if ¢ is one of the stable phases at 4,
then S(g, 4) differs from the first n orders of perturbation theory about the g
minimum by O(4""1!). C* properties will not in general be uniform in parameter
space. If we choose u near a classical phase transition hypersurface (i.e. Ei(p, A=1)

- igf E¥u,A=1)<1 for more than one q) then one must take A exceptionally

small to get the theory into the A=0 phase. Reparametrizing the interaction to
avoid phase transitions as A—0 would not solve the problem because we only
know Lipschitz continuity of the phase transition hypersurfaces. By using the
perturbation expansion for the vacuum energies, we could give a description of the
phase diagram that is much more precise than the one in Theorem 3.7.2. However,
it seems that Lipschitz continuity is an intrinsic limitation of the construction, at
least at the e 2% * level. Whether this is a real effect or an artifact of the
construction is an interesting open question, even for lattice systems.
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We use the field y,=¢ —¢, to generate the perturbation series. We have
2 deg?

P05V = PilE)= L 4

so that all coefficients in the interaction
2

Vo= | 2w +8): ——’;— p (02— 2, (€, dx 4.3.1)

are O(4) or smaller. We defined the finite volume measure to be e'quﬂm%(lpq).
We give an asymptotic expansion for

(RY 4= [ Re™Vedp,,(p,)/fe ™" dp,(p,).

The R’s we consider have the form

R={w(x) ﬁ (X rdx, 4.3.2)
i=1

n

where w(x,...,x,)e L"(n Ai> is supported in a product of [-lattice squares, and
i=1
p>11is fixed.
In the integration by parts formula

Jrp 0™ Ry eV di,z(,)

OR 3%
=\|\dyC, . m-1. —R 4_le Vadu H(p,), 4.3.3
=[{dyC,;(x~ y)[ 1, (%) S0~ Rov) na(p,),  (43.3)
we have
5V deg? _
50 (qx) = Y a,A" Pniy(x)" 4.3.4)
q n=3

so that each derivative of V produces factors of 4. We integrate by parts each
) ov, . . .
factor of y in (4.3.2), and the factors of 5—1 that result. We continue inductively

until all terms either have the form j(const)e quumz(lp) or else they have an
explicit factor of 2**!. Dividing by [e™"sdu,,(p,), we ‘obtain

(RY 4 = Z o /a+z"+12<Rk>A . (4.3.5)

The o's form the usual perturbation series for (R} through order n. The other
terms are the remainder, and the R,’s have the form (4.3.2).

Theorem 4.3.1. Let p>1 be given and suppose a?=0. For A<1<l, there exist
positive constants K, t, depending on p,n, C such that for R of the form (4.3.2),

IKRY 4, | = Wi, [T(N(A) 1) /2Kt deeR({ . )~ desRomead %) (4.3.6)

Here N(A) is the degree of R in l-lattice square A.
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The theorem bounds the remainder in (4.3.5) by O(A""1). Note that I does not
diverge with A as in [19]. The factor A~ 9#Re~*"" in (4.3.6) arises from the
possibility of fluctuations into minima other than g. Since |, — %2] =0(A"1), we
have contributions of size 2~ 9°¢R, but with small probability e™™* ~,

The theorem yields bounds uniform in 4, so that when we take A to infinity we
will obtain asymptoticity of perturbation theory for the infinite volume Schwinger
functions. In particular, we will have

{bp>,=¢,+00), (4.3.7)

where (-}, denotes the infinite volume expectation obtained as a limit of
expectations with boundary condition g. This distinguishes the different states that
we construct on coexistence hypersurfaces.

Proof of Theorem 4.3.1. Perform the mean field expansion on [ Re™"4du,.(p,)= Fp
(see Chap. 2). We defer integration against the test function w and for the moment
take R to be a product of factors :y,(x,)":.

Fp= )3 [TesZ). (4.38)
{Z} nonoverlapping, filling R? K
agreeing on common boundaries, £z, =gin Z,\ 4

only finitely many Zx have |z« > 1

We make some notational conventions. Clusters that contain field monomials
will be denoted with the letter X and called nonvacuum clusters. Other clusters will
be denoted with the letter Y and called vacuum clusters. There are two types of
Y’s: those such that XClntY for some X, and those such that no Xis contained in
IntY. The first type will be denoted Y, the second simply Y. We shall have occasion
to extend sums over Y’s to clusters overlapping or surrounding X’s or ¥’s. When
this happens, ¢4 ,(Y) will be defined as in the expansion for the partition function
Fg-y Thus g, (Y)is independent of R. In this respect it differs from ¢ 4 ,(X), which
does contain monomials from R. We use the letter T to denote either an Xoray.
The letter Z will be used for all types of clusters — X, Y or Y.

In (4.3.8), fix all X’s, W's, and all Y’s such that Y ¢{IntZ, for any «. The external
boundary condition of the Y’s is ¢, because X =g in ~A. Let V, be the components
of the region complementary to all the fixed clusters. At this stage, clusters can
have |Z|=1, so exterior regions are completely filled with fixed clusters.
Resumming the expansion inside each V, yields a partition function in case V, is
simply connected, and a constrained partition function if not. If V, ClintY, then V,
is simply connected. The result of resummation is

Fr= )3 [TeaX) TN
X, Ve, Ysh, Vs § intz v t
PYs) =g

04,Y) 1 [2(V )e(E‘c"Eﬁ“yaHEev“w)lva[lz]}
A,q9 S. @

Ve SlntYs

11

s

z;(va)aEzAErgw«wEwV«»WaW} (4.3.9)

Vo £ U IntYs [E0Va:[J Rin0Ve =0
s i

Note that V,S4 if V,CIntY,. The Y’s cannot surround Xs and Y’s, and the
outermost X’s and Y’s have external boundary condition gq.
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Divide Fy by [] (Z,.%*") and denote the result by Fy. This cancels all
ASA

04,,Y)’s with [¥|=1 in (4.3.9). [Recall that o, ,(4)=1for 4{ A.] It also cancels the
factors ¢V By (3.5.2) and (4.2.3),

Z(V)=Q%F, V) T[] Zw
A4 LVe
and
y Z(V)=0Q4F, V) [] Zs»w-
Iav:[JRinov=0 AL Ve
We substitute in Fy
E412\ —|znA
QA,q(Z)(ZAqe ) 2ol
-5 (Z)e(Eg ~ B4~ ER® + EZ)2|Z 4] y(log Zapry ~ 108 Z49)| R 2]
T ¥A4,q
) H B — E®— EB@ + ERD)12|Intm Z|
2

m

where the regions R, are those associated with the spin configuration that agrees

. = . . m . Fmyj2
with {X,,Y,Y,} and that is constant in each V,. Observe that each /'~ F®¥lintmz|
factor cancels with

o~ ER®)+ ER2( ¥ 4] + [Int¥))
from outermost Y’s in Int,,Z or with e~ " *EE*II%l from outermost Vs in
Int,,Z. The

o~ EP@ + EZ@N(|ZA] + [Int Z)

factors for Z’s that are not Y’s cancel the e ~E®PIZ04l factors, the e°1V+l factors,
— R4 q —

and the e” 5" factors from (Z %)™ 1, ACV,. All of the energy factors have

disappeared, and (4.3.9) becomes

Fr= Y T1oa 81104 ,Y)

{Xr, Ye, Ys} 7

[T [aa Yy [T @, W»]
s:lys|>1 Ve ClntYs
[T QUF,V,)[elosrarmtoszaniiil, (4.3.10)

V2§ U Intys
s

Define
F,(W)=0, (Y)e"® (4.3.11)
so that by (3.4.10)~(3.4.12) and a?=0,
04.,Y) [T Q4F.V,) [ eloszarmlosZaolRs

Ve ClntY i:RinYF0
=F,Y) [] QF,V)
VaClIntY
=FY) ) [TFAY). (43.12)

{Ys}: YsClintY s
p(Ys)=4, |Ys|> 1
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For interior Y’s, F and F, are the same. Multiply and divide by Q(F,V,) for
V, ¢ (JIntY, to obtain

Fp= % )3 H“A B
(X, Vo) (W) VoLt Vs SRE\UXA U
P(Ys) =4, |¥s| > 1

o QUF,VY,)
T35, (Y) 2ot T
U Ve v&{}‘[umws Q(F,V;)

. e(logZAmR.)—logZAq)lRJ H FA(YS) . (4313)
i:R,r\(eru[t) \"t)dw s

We have expanded @ (F, Vi) as in (4.2.2), and put all the sums over Y's together.
With {T,}={X,Y,}, define

- QH(F’W )
(T V)= T e Ca
4((T,}) l;I@A,q( u)wugwﬂru\w Q(F, V9

. n pllogZarwi—logZaa)|Ril (4.3.14)

If not all external T’s have boundary condition ¢, then Z4({T,})=0. (External
means not contained in Int T, for any u.)

We wish to extend the sum over {Y} to an unrestricted sum over k, (Y, ..., Y,)

as in Sect. 3.3. The extra terms will be eliminated with projections U(Z,,Z,).
Define

0 if TCIntY orif T and Y overlap
Ut Y= {1 otherwise,
0 Y. and ¥ 1 (4.3.15)
i an overlap
Y. Y.,)= 1 2
U, Yo) {1 otherwise .
Then
1 ~—
Fe=2 2o L ETHITUMT,Y)
{Tu} k (Y1, Yr), |Ys| > 1 u,s
k
T UYL Y) [T FAY). (4.3.16)

The sum over (Y, ...,Y,) is over ordered families of Y,’s, including overlapping
clusters and clusters surrounding or overlapping T’s.
Expand U=1+4 as in Sect. 3.3 to obtain

k
=22 k— Y XETY [T AD) [T FaY).  4317)
{Tu} k (Wiseens Yx) G ZLeG s=1
fysf>1
G is a graph of unordered pairs (or lines) {T,, Y} or {Y,,Y_}. Let G, be the part
of G that contains lines connected directly or indirectly to some T,. Let G, = G\G,.
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G is said to be connected with respect to {X,} if G, =0. We sum separately over the
Y.s in G, and the Y's in G, using

I Z SOOIy oL X
k "oy, Yx) G ke (m ,,,,, Wi,) Ge ko ™0 (Vi,..., Vo) Go
Here Y/ is a cluster for G, and Y;’ is a cluster for G,

(Z YooY Tmen ] A9 IleA(Yg)

(T & k! i, Tvi G
1

ko 0 (YT,..., Yio) Go LeGo s=1
[Ws| > 1

(Z— Y X1l A(f)ﬁFA(YZ)). (4.3.18)

The second factor is just what we would have obtained for R=1. With
(RY=Fg/Fg_-,, we have
k

Rypg= X Zk’ . L XEUIY T A [T RV (@319

{Tw} k™ (Y1, Yr) Ge ZeGe s=

This is the final form of the expansion.

To make the transformations leading to (4.3.19) completely well-defined, we
should have placed Dirichlet boundary conditions on the boundary of a square
much larger than A. All clusters would then be constrained to lie in some large ¥
with p(V)=¢q. We show below that the first three sums in (4.3.19) converge
absolutely, so that the right-hand side of (4.3.14) converges as V tends to infinity.
The left-hand side also converges by virtue of the “regularity at infinity” of [17], so
that (4.3.19) is valid in the limit.

We require some exponential decay of Z%({T,}) with

From (4.2.5)+(4.2.6) we have

a
Q (F W) (logZANW\ log Z 44)|V|
= Q(F,V9) (F, Wq)
< e(ap(W) +sP(V) —sa+logZ A r¥)— logZAq)|W|e(Ac(F,V) — Ac(F, V9))
SetH i, (4.3.20)
The volume coefficients have canceled exactly, by virtue of a?=0. In addition,

10gZAp(R,) - IOgZAq §Sq— Sp(R!) é 2}.1/2

. and with lU >

0=

so that
l_[e(logZAMR-)—logZAq)lRing TTu| §6211/2|g'ﬂu|' (4321)

i

Thus
ELUT IS [T12,4, (T )let 82T

é”W”LP 1—[ [(N(A)!)1/28—111]eKldegR(1+l—degRe—rzl‘2)

A4:N(4)>0

‘e—nlwﬂuleﬂzl’l]gfnul. 4.3.22)
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In the second line we have used (2.5.11) and combined factors associated with R.
The test function w has been reintroduced. The external boundary condition of
each T agrees with the boundary loop of the T immediately surrounding it. Since
external loops all have boundary condition g, any factor of 2~ %#&% coming from
an X with Y=m=*q is compensated by a factor e * * coming from a phase
boundary in some other T. Hence the factor (1 +1798Re™%24"%) in (4.3.22).
The sums over k, (Y,,...,Y,), and G, are controlled by a lemma proven in
Sect. 4.4. Define
k
DAL, ..., LY, ..., Y)=> [] AL ] F(Y), (4.3.23)
G, LeG. s=1
where each Z, is either a T or a Y. G, is any graph that is connected with respect
to Z,, ..., Z; that involves all Y’s, and that does not contain lines {Z,,Z,}, 1 =,
¥ <j. For k=0 we have G,=0 and ¢,=1.

Lemma 4.3.2. Suppose A <1 <. If F?is any g-contour model with |Fi|| £1, then for
al {Z,,....2;},j=1,

Z |®F(Zl,...,Z.;Yl,..,,Yk)]
J

(Y1,..0s Vi)

ZIVs| =N, p(Ys) =4

<k! ol Nya ¥ (4.3.24)
Together with (4.3.22), the lemma yields the following bound on (4.3.19):
KRY4d= Y 20wl [I [N(HZe 1]

- (T} A:N(A)>0
.eKldegR(l +/1~degRe—rz/1“2)

]

(4.3.25)
Fix {T,}, the regions containing {T,}. The sum over I'n [ J T, and over Zn [ T,

. o o) |UTw
are controlled as in (4.2.17), yielding factors of e It I.

The number of connected regions of size m overlapping or surrounding a
square is less than e, If a number of regions with total size N all overlap or
surround a square, then there are 2V ways of distributing the size into connected
regions. Given the distribution N=m, +m,+ ... +m,, there are [[e?Wmi=eoWN

i

OMWN in all. Hence

possibilities, or e

Z e“%nz[gn[eo(l)wn,g ( i e(-%nuou)w) < l—[ o(1).
(T.} A4:N(4)>0 \N=0 AN >0
(4.3.26)

The possibility N =0 is included because some T’s might contain more than one 4.
The theorem now follows from (4.3.25) and (4.3.26). [

We have shown that the first three sums in (4.3.19) converge absolutely, with a
bound uniform in A given by (4.3.6). Each term converges as A— co. In fact, 8, ,(Z)
=0(Z) for Z< A, so that F,(Y)=F(Y) for YCA and F4({T,})=24{T,}) for
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(U T,EA. Here 24{T,}) is given by (4.3.14) but with ¢ replacing g, ,. Therefore,

(R>,, , converges as A— o0 to (R}, given by
1 ,—. k
BRy,=Y Yo X 2EdL) J1 A []FY)  @4327)
T k % (Wi, W) Ge Z€G, s=1
[Ys|>1
and satisfying the bound of Theorem 4.3.1. Except for clustering, all of the
Osterwalder-Schrader axioms [22] are immediate consequences.
We now show that truncated expectations

(R;;R,>={(R|R,)—<{R;>{(R,) (4.3.28)
display exponential clustering. Let R; and R, be of the form [] :y (x,)":, and let

w be an L? function of all the variables, supported in a product of [-lattice squares.
Let D be the distance (in ordinary units) between the R,-squares and the
R,-squares.

Theorem 4.3.3. Let p > 1 be given and suppose a’?=0. For A <1 <l there exist positive
constants K, 7,7, depending on p,n, C such that

fdxw(x)<R; ;s Ry < [[w o [T(N(4)1)1 /2Kl deekak

(14 )7 degRiRapmmad ™2, = uiD/S (4.3.29)
Here {-) refers either to the finite volume expectation or to the infinite volume one.

Proof. Define
ROy = {Z) Z Z ZE?A)({Fu})

k (Yi,..., Yr):|Ys|>1 Ge
;Wﬂ"'g[WSI:M
k
|1 A@) 1 FaY), (4.3.30)
LeGe s=1
so that
(RY= Y (Ryy (4.3.31)
M=1
and
0 M-1
RizR)= )Y KRRy)y— Y <R1>K<R2>M_K}. (4.3.32)
M=1 K=1

As long as M <D/l, each term in the sums over clusters in (R;R,);, has a
factorization property:

k
Y ELATY [T A@) [T FaY,)
LeGe s=1

c

=(Z 52,({T, :supptR, n(T,ulntT,)+0}) [[ A2) [] F(A)(Ys))

Gic LeGie YseGic
o<Z Ely({T, :supptR,n(T,ulnt T,)+0}) [ 4(2) [] F(A)(ws)).
Gac ZeGac YseGac

(4.3.33)



Phase Diagrams. 1T 317

Here G, . is a graph connected with respect to the first set of T’s, and G, is connected
with respect to the second set. Equation (4.3.33) is a consequence of the fact that
U=+1 (A%0) only when one cluster overlaps or surrounds another. With the
restriction on total size of clusters, a graph connected with respect to all the T’s
breaks into independent parts. The splitting of (Y, ..., Y,) into (Y, G, J)u(Y,eG,,)
is independent of the graph.

Factorization implies that the terms of (4.3.32) with M < D/l cancel, as there is a
one-to-one correspondence between nonvanishing terms of (R,R,),, and of

Y R DKCRD -k
K=1
We estimate {R>, as before. The sum over (Y, ..., Y,) involves only sets of

clusters with z Y |=M— 2 |T,|. Lemma 4.3.2 insures that we have a convergent

nl(M znru[)/ct

factor e left after summing over k and (Y, ..., Y,). Hence (4.3.25) is

valid for [(R),,| with an extra factor e "M/*if ¢ * RN replaced by e grt]ym

The rest of the estimate is identical. Putting the resulting bound into (4.3.32), we
obtain

[fdx| wx)KR 5 Ry (OIS 1wl o [T(N(4)1)! 2Kt desRsR:
A

(14347 0sRiRg=027%) % Memml4 (43.34)

MzDJl
and the theorem follows. [

Theorem 4.3.3 establishes the remaining Osterwalder-Schrader axiom and
shows that all the states we have constructed are pure states. Moreover, the
Wightman field theory associated to the Schwinger functions has a positive mass
gap. The mass gap is uniform as 1 tends to zero, and it is uniform in the param-
eters {u'}. When combined with the Chap. 3 results on the existence of phases with
a?=0, Theorems 4.3.1 and 4.3.3 establish Theorem 1.1.1.

4.4. The Convergence Lemmas

In Sects. 3.3, 4.2, and 4.3 we have made use of lemmas which proved convergence of
expansions involving U- and A-operations. We prove the lemmas here. The proof of
the main result, Lemma 4.3.2, is essentially contained in [1]. We include it here for
completeness.

Proof of Lemma 3.3.1, Assuming Lemma 4.3.2. Fix a cluster Y containing 4 and sum
over the others in (3.3.10) before summing over Y:

) 2 ]I A) HF’*

(Y105 \OF UVSJA Ge %G,
Tlvs|=N, p(¥s) =4

§kz Z [F(Y) Z IQDF(Y;YD'“»Yk—O‘

n Y4 (Y1, W= 1)
[¥[=n )S:WSQ'—"N_
§k|z z “Fne—rllm(l—rzi‘2|2wle—nl(k—1+N—n)/4e|V]‘ (441)
n Y24

Iw[=n
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A connected graph is connected with respect to any one of its clusters, so the
substitution of (4.3.23) into (4.4.1) is valid. In the last step we have applied
Lemma 4.3.2 and used ||F||=1. The sum over Y is controlled as in (4.2.17). Using
k=1, n=2 we bound (4.4.1) by

k! HF” Ze—rllneO(l)ne—zll(kJrN)/4enln/4ék! ”FHe—:ll(k+N)/4 . (442)

n

This completes the proof. [
Lemma 4.2.2 is just Lemma 4.3.2 in the case {Z,, ..., Z;} ={Y}.

Proof of Lemma 4.3.2. Our first task will be to find a Kirkwood-Salzburg type
equation expressing Y(Z,, ..., Z;; Yy, ..., Y,) as a sum of terms involving @’s with
smaller j + k. For each G, in (4.3.23) let Q be the set of all s such that {Z,, Y }eG,. Q
may be empty, but only if j=2. Let G, denote the subset of G, composed of lines
{Z,,Y,} and {Y,, Y, }, with 5,5’€ 2 and r> 1. Let G/ be composed of all remaining
lines except the lines {Z,, Y,}. If we fix Q, the summation over G, is unconstrained
but G, must be a graph connected with respect to {Z,, ..., Z;,(Y); o} Since

Y I1 A@)= ﬂ [Tuz,Y,) |1 U(Y,,,Y,,), (4.4.3)

G. $eG; r=2 seQ s1<s2; 81,5260
Equation (4.3.23) becomes

PZy, ..., Z;;Y,, ..., X)= ) [T42Z,,Y,)

QC1,..., k} se

H v [T U,Y,)

e sl <s2; 81,5260
JIFRYYY T A@) ] F(Y,). (4.4.4)
seR G¢ ZeG¢ S¢S

Hence,

DUZ,, ..., 7Y, .., Y)=Y [ AZ,.Y,)

Q se
J
! l_[ H U(Z l—[ U(Ysl’wsz)
r=2 se s1<5832; 81,5260
QF(YS)CDF(ZZ, sy (Y)sens (Yoggo) . (4.4.5)

This equation will enable us to prove the lemma by induction on j+ k. To start
the induction, notice that for k=0 we have ®((Z,, ..., Z;; #)=1, by definition. The
lemma holds in this case. We define ¢,(@; Y, ...,Y,)=0.

Forj+k=2,j=1, k=1, assume the lemma for smaller j+ k. Since A(Z,,¥Y,)=0
unless Y, overlaps or surrounds Z,, and since the U’s and A4’s are either +1 or 0,
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(4.4.5) yields
Y PHZ,, . 2 Y, LY
(Yis.00s i)
Tlvs|=N
é Z H !F(Ys)“ @F(ZZ‘J crr ZJ > (YS)SEQ; (YS)S¢Q)|
Q (Y55 W) seR
§|Ysl =N, Ys overlaps or surrounds 71 for se®
- - 12|
Z Y 2 [T IFCY))
= M=Q] (Yi,..., Yie): Xlvs|=M s=1
Ys overlaps or surrounds Z1
1
\®UZ,, ... Z, Y, ... Yo Y., Yo
T g, g7 T Yoo Vo Voo Wiy
lesl N-M
k
+ 2 [TIFCY)
(Yi,.onn Yi) s=1
z[wsl N, Y, ovetlaps or surrounds Z;
+ Y PHZ,, . T Y, L YY) (4.4.6)
(Y1500, Yi)
;IWS'=N

We control the sums over Y, se Q as follows. Given Y,, the region covered by Y|,
the sum over 2, and I'nY, are controlled as usual, usmg |F|| =1. This produces a
factor @WIYsl, There are at most 2" ways of expressing M as m; +m, + ... +myq,

and there are at most |Z,|e?®!™i connected regions overlapping or sur-
rounding Z,. Altogether, there is a factor e®™|Z |'®l from the sum over

(Y, ..., im):Z[Ysl:M. Apply the induction hypothesis to the sums over Y,,
s¢Q: ‘

Y 0Z,, .. T Y, YY)
k—1 N-1 J

! 1 e~ iuiM|z lllee—nuk—ml+N—M)/4e,§z'z"
=1 19! w5 !

e ANZ Fp el IV £,

J k 12
§k!e‘““”+k’/4e'§2llr'< | )
igi=0 1€I!

Sklemmitvriiay 15 (4.4.7)

We have used M=|Q|, N=k in the second step above. This completes the
proof. [J
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5. Converge Estimates

5.1. Structure of the Estimates

Chapter 5 is devoted to the proofs of Propositions 2.5.1-2.5.6, which are the
essential input to the analysis of Chaps. 3 and 4. The starting point for all the
estimates is the vacuum energy bound, Proposition 2.5.1. The proof begins with
the Wick ordering lower bound

D, D) =51 (D (X) =€) = Py (E)—10g (P(A) +{ :6¢,(x)*:
> —b(logx)ie?!2 (5.1.1)

Here ¢, is the momentum cutoff field and d¢, = ¢, — ¢. This bound assures us that
the O()~?) differences in classical energies and the O(A~?2) effect from the term
—3n(¢,—&,)* can be controlled by the spin localization factor y, and by estimates
on the fluctuation field d¢,.. [The term 31 :(¢, — &,)* : is subtracted from 2 in order
to leave a small mass in the Gaussian measure when doing the vacuum energy
bound.]

The proof of (5.1.1) involves showing that —log Xq((;—ﬁ) is large unless ¢ is in the
range [§(¢,_; +&),3(,+&,, )] The term (667 is large unless ¢, is close to .
Thus ¢, is localized near ¢, where we have a quadratic lower bound on %
[condition (vii), Sect. 2.1].

After proving the Wick bounds, the proof follows [19] with a few modifi-
cations arising from differences in classical masses. In each phase p the vacuum

energy relative to the mass m, ground state is bounded below by EF — O(4). Phase

boundaries produce strong convergence e >* *I*| arising from the gradient

term in the Euclidean action. The field changes by O(4™ 1) in a distance O(1), so
that [5|Vg|>=0(A™?). The other important ingredient for the vacuum energy
bound is a bound on the fluctuation field

Jexp(C:802(4Y))dp,($) < O(1), (5.1.2)

uniform as y—0.
The lower bound on Z,, (Sect. 5.4) puts an upper bound E? 4+ O(A) on the
vacuum energy (relative to mass my). The lower bound

Zy(V)zexp[(— EXY— 02 ?)I*|V]

is needed in Sect. 5.7 to prove smoothness of Z; in u. Bounds of this type have not
previously been needed in low temperature expansions. It is ordinarily sufficient to
support the measure on uniform spin configurations, leaving phase boundary
terms to be as small as they like. In our case the smoothness in p is needed for all
configurations if we are to construct hypersurfaces with 2,3,...,r—1 coexisting
phases. The proof involves bounding the expectation of :w{,(W): in the measure
xze"VP‘v’dumlzJ(wp) by O(A™?)I|V|. Cluster expansion techniques cannot be used for
such expectations ; we must control the error involved in considering :yy(V): as a
bounded variable.

Section 5.5 is concerned with the mass-shift normalization factors arising in the
decoupling expansion. Just as in Sect. 3.3, it is important to obtain the exact
volume dependence of logZ,, , (s) and to bound the remainder as a surface effect.

[OFROb)
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We also need smoothness in p. Armed with these estimates, we bound the terms of
the decoupling expansion in Sect. 5.6 and we obtain their smoothness in p in
Sect. 5.8.

5.2. Wick Ordering Lower Bounds

In this section we prove lower bounds on the Wick ordered interactions. These
bounds diverge slowly as the momentum cutoff x tends to infinity. They are an
important ingredient in the vacuum energy bounds.

We use the momentum cutoff of [19]. It consists of a smoothing operator
9.: f— f. which preserves localization in unit squares and acts as the identity on
characteristic functions of unit squares. If we define the fluctuation field d¢(x)

=¢(x)~px)=d(x)~ | d(x)dx, we have (8¢),(x) =, (x)— P(x).

45X
We shall require certain lower bounds on the polynomial 2,(¢). The Wick
bounds then apply to 2,(&)=1"22,(A&) for A<1. If &, ..., ¢, are a number of

relative minima of 2, then (1) =4~ e , are relative minima of 2,. With 2,(&+¢ )
d

= ZO a; &%, put &= —c0, &, =0 and take ¢y <&,+1- Recall the definition of
j=
the spin localization functions:

EBy+egernz
2 (& A=n"12 | e €Ty, (5.2.1)

(Sg-1(4) +&q(2))/2

where g=1,...,7. The argument 4 in ¢, and y, will often be omitted. Let x?(¢)

dr
e 24(&).

Proposition 5.2.1. Suppose {€(0,5], ne(0,{/4], and C>2. Let 2, be any polynomial
with d < C even. Suppose léq——fq“]gc*l, |ad’q|gc“, andla; |=C forj=1,....d.
Suppose further that for q=1,...,r

nE—E)%  EeGE, - +&).3(E+E0 )
2, =2(8)z ﬂ(é—éq)z—%(é—%(éﬁéqﬂ))z, £23(8+ &40

nE—¢E,) ~ %(é—%(éﬁéq-l»% £53(5, 46— (522)

Then there exist constants b(C), a(n,C)>0, and K (depending only on their
respective arguments) such that for all x, all xe 4, all 2€(0,1], and g=1, ...,r

PP ) =51 (D (%) = £) 1 = Zo(E) — log 1, (P(A) + L :5¢,(x)*:
= —b(C)logr)"?. (5.2.3)
Under the same conditions,
(P P(X): =51 1(p(x) = E)P 1 = PH(E,) — Log |y AP(A))] + L 10, (x)*:
>a(n, C)A~ 2 —log Kn(4)! — b(C)(logx)*? (5.2.4)
for any n(4)=1.
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Proof. We begin with some upper bounds on log|y"(¢(4))|. Put A=%(&,+&,_ ).
B=3(&,+¢&,+ ). The following bounds are valid:

0=y (PAN=T,
LPAZL,  HMH=A or H(A)=B,

T PA)S 2™ 2@D=47 1 F(A)<A,
LA BA)E )/ 2™ 1D=B2 - F(4)>B,
|X§")(¢_’(A))| <IKnl(e~ §@A=AP 4 o= 3@ =By > (5.2.5)

The first two bounds are easy consequences of (5.2.1), and the others are proven in
[19]. We can combine the second, third, and fourth bounds to yield

logy(p(A) = —5(p(A)— 4, (A=A,

_ _ _ (5.2.6)
logy(p(A) = —3(p(4)—B)*,  G(4)=B.
Furthermore, for n=1, (5.2.5) implies
loglr (AN S Kn! —5(d(A)—A)?,  PANZE,,
(5.2.7)

loglx (@M= Kn! —5($(4)— B,  $(A)z¢E,.
Define X = A|¢, — ¢, and break the proofinto two cases, depending on whether

[¢p,] is very large or not.

Case 1. X>4C> We use the fact that the leading term a, ,A*" *(p—& ) of 2,
dominates everything else, including the Wick counterterms. The Wick constants
are O(logk), so the following bound holds:

P=:2)($x): =31 :(dx) = £) 1 = Z5(E,) + {10, (x)*:

d—1
; ad,q)"d_ 2(¢K - éq)d - .Zl Iaj,ql Id)K - équlj_ 2~ %rl(qsk - CQ)Z
j=

d 1j2)
- .;2 k; IBC)I(log k)|, — E )T~ 2. (5.2.8)

The last term contains all the Wick counterterms. The index j runs over the degree
of monomials (¢K—éq)j in Z,. Since |a; |=C and j=d = C, the coefficients in the
Wick counterterms all satisfy a bound depending only on C. The proposition will

follow in Case 1 if we can show
P=a(n, C)A~2—b(C)(logk)¥?, (5.2.9)
because log,(¢(4)) =0, log|r(¢(4))| < Kn!.
We prove (5.2.9) by establishing the following two bounds:

1 ! .
ﬁi'szga(n, C)A" 2+ Y, CXI) 2 +inx2072, (5.2.10)
i=1

1 .
303 272X 2 |B(C) sup (logr)X 7~ 2k 32k~ 2 _ p(C)(log k). (5.2.11)
ik
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. 1
Cancel the common factor A~ 2 in (5.2.10). Since X >4C3, we have RX“;I

1 d—1 ) ) )
> a(n, C). Furthermore, RXd =2C2X7 1z Y CXI+4inX?, so (5.2.10) is valid.
=1
For k=j2=d/2, (5211) is immediate. Otherwise, note that
X4—M(logk)X¢ 2 is  minimized at X=<MY%*(logx)!? so  that
X4z M(logr)x4= 2 — M"/Z"(log x)¥2. Therefore,

%ﬂ X'z 2C 573X ZIB(C)l(logr) X~ — b(C)logr)?

= |B(C)(logr)X ™22k =2 — p(C)(logx)¥?, (5.212)

using X =1, A< 1. This completes the proof of (5.2.11).

Case 2. X £4C3. In this region we have a lower bound — b(C)(logx)¥? on the Wick
counterterms, so we can work freely with unordered polynomials. We consider
only q_S(A)géq, as the case q_S(A)§Cq is essentially the same. Consider three
subcases.

Case 2A. B< 0, and either ¢(4)> B or n(4)>0. Let L =log Kn(4)!if n(4)>0 or 0 if
n(4)=0. The proposition will follow from

PA) = 30D — &) = P& ) —logl T P(A))| + L6}
>a(n,C)A"*~L, (5.2.13)

by virtue of the lower bound on the Wick counterterms.

Substitute &, = A& (1), £=4¢" in (5.2.2) and divide both sides by 22, The left-
hand side becomes /1 2P(IEN-072P {(28)=2,(&)—2,(&,), and the right-hand
side is invariant, except that Eis replaced by &' Thus (5.2.2) holds for 2,, ¢, (4), and

P )= 31— EN — P (E) 25 —E)* — %(qﬁk —B)2. (5.2.14)

We have used the fact that (¢, — B)* > (¢, — A)* if ¢, < A. For ¢ _e[A4, B], the last
term could have been omitted.
From (5.2.6) and (5.2.7) we have

—log " (¢(4)) = ~

($(4)—B)?. (5.2.15)

w(»—-

Thus (5.2.13) reduces to the inequality
(b — &) (05 ~ B +5($(4)— B +{(d,— P(4)* Z aln, )1~

(5.2.16)

Using u? +v?23(u+v)* and (<4, we have

¢

6B S LB B+

5= P(4))?*. (5.2.17)
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Thus the left-hand side of (5.2.16) is bounded below by

10, €+ HFA) - B+ 5 (6, Fa)?

> 100, ~ ) + 5 (9 B

=in(&, B ={gnC 2472, (5.2.18)
We have used n =< Z and

G BI=31E,— &y il =327 e A= 1)=&, (= 1]Z 227 1CT 1L (5.219)
This completes Case 2A.
Case 2B. ¢(4)< B and n(4)=0. The proposition will follow from

Pb)— (. — &) = PE)+ 647 20. (5.2.20)
As in (5.2.15), (5.2.2) reduces the inequality to proving the positivity of

S8 (6~ B B0 b,>B

b £ O AP PN -6, b4 (5221)
I, — ) +EUAN -9, $.e[4,B].
In the first case, |¢p — ¢, | =|¢p, — B| proves positivity. The third case is positive as it

stands. In the second case, use ¢(A)>é to show |p(4)—¢,|=|p, — A| and prove
positivity. This completes Case 2B.

Case 2C. B=oo and n(4)=1. We have
- loglx‘"’(fb(ﬁ))l = — Kn! +3(p(4)— 4)
—Kn!+ 12[5 —&,- A2
—Kn!+{5C7%A72. (5.2.22)

Thus Case 2C follows from (5.2.20). This completes the proof of
Proposition 5.2.1. [

H\/ II

5.3. Vacuum Energy Bound

We begin the proof of Proposition 2.5.1 by stating a number of lemmas bounding
F,,...,F, and the fluctuation field. The proofs are as in [19], with only slight
modifications arising from masses not equal to unity.

Lemma 5.3.1. For any C>2, ne(0,1] there exists 7,(n, C)>0 such that
F (Y)=61,A7%|2). (5.3.1)

The proof uses the fact that the minima are separated by at least C™'A7 ! to
obtain O(4~?) terms from |Fg|* and (g — h)>.
Let w(x)e[n/2,m?] for all x and suppose mZ—a)(x) is compactly supported.
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Lemma 5.3.2. For any C>2, ne(0,1], there exists a Ay(n, C)>0 such that for
/16(09 }‘0] and pe[L 0(7’7’1/7’])],

fe~ "“““duw,s(w) <1, (5.3.2)

Lemma 5.3.3. There exists a constant K, such that for any C>2, {€(0,7%/27),
ne(0,/4] there exists 4q(n, C)>0 such that for Ae(0,2,], p=1, and any x, s, , Y,
with suppt(m; — w(x) €4, Y, SYnA4,

ct =

fexp [ [ C:62(x):dx—pF (Y| du,, (v)

Yer
< eK1(1Ya|12+§F1(V))ep2(l —n/mHF2(Y) ) (5.3.3)

We next prove some estimates on the coefficients occurring in Q,, (V). Let
AT CYNA, h(4")=¢, and define

uh)= j, [:2, ($(x)): = EL— 51 :(d(x) = h(x))* : = 3 (0, (x) =) :p(x) : Tdx

(5.3.4)
Wi(t, AY)=1U(4") + E!— E7) + Aflé(wn(X)—n) p(x)? dx. (5.35)

See (2.3.8) and (2.4.3). Write
U4 = ‘d; { K fx) p(x) 2 dx. (5.3.6)

<o 4
Lemma 5.3.4. The following bounds hold for dist(x,X)=L/2:
k(ISCH2, 35j<d,
ky(x)=k(x)=0, (5.3.7)
ko(x)=El'—E!=0(1"%), h(x)=¢,.
If dist(x, 2)<L/2, then
ke (x)I=0MA 2. (5.3.8)

Proof. For dist(x,2)=L/2 we have p=y, =¢—h for some m. By condition (iii),
Sect. 2.1 we have

P +E,) =272 (M + &, ()= 4722, (Ap+&,(1)

d
= 123 a; WX S + EY (5.3.9)

i=
and the first bound follows. The last two terms in (5.3.4) sum to —3w,(x) 1y, (x)*:
= —3mp p(x)*:, since w,(x)=mZ,, whenever dist(x, )= L/2. Thus the j=2 and
j=1 terms vanish. The bound on |E”— EJ| comes from (v) and the restriction

lW|<C L

The minima of &2, are separated by O(A~ '), and hence |g— &, is O(A™"). Thus

Pd)— E{=2"22,(p+0(1) + £ (1)) - EL.
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Expanding in terms of y, we find that each monomial y/ has a coefficient O(1/~2).
The same is true for the other terms in U. This completes the proof. [
Define for A'CYnA

Wlt, 4=t | [:2, b)) = B = 31 :(b(0) = h(x)* : Jdx
+ [ 3= 0(0,x)=n) p,(x)*:dx, (5.3.10)
Al
and let W, (1, AY) = W(t, A*)— W.(t, 4*). Then with
k(x)=kix), j*2,

ky(x)= 3,0,
we have that W, is a sum of terms lzj(:lpj: —:(y,+9g.—9):). Expanding these

(5.3.11)

yields d ) - ,
OW,(t, 4" )=t 'Z [1 ke ()Cp(x) = () )dx
i J 0k e )1, (Y s
j=0 a1
% —)(,(x) = MCpx)?: — px)?)dx,  (5.3.12)
where
Sk, 10) = — Z k(X)< ) (g.x)—g(x)y " (5.3.13)

Lemma 5.3.5. For all p< oo there exists &p, C)>0 such that the following bounds
hold :
lk(x<0(1), j>1 and dist(x,2)=L/2,

Skx)=k,(x)=0, dist(x,Z)=L/2,
lk(x)ls0)A2,
16k Il oy S O(1)A™ 2k 2.

Proof. The bounds on k j follow from Lemma 5.3.4. Since g(x)=const for dist(x, X)

=L/2, 0,41 =14 implies g, =g and 6121.:0. The last bound follows from

(5.3.14)

1k (g =9V "l STk )2 g (A= 1) —g(A=D]l{5-w SOMA"27¢. (5.3.15)

The bound on g, —gl| follows from properties of the momentum cutoff,
see [19]. O

Lemma 5.3.6. There exists K,(w, C) and 6(C)>0 with the following property. Let
{m(A'): A* S YA} be a set of nonnegative integers and let {k(A'): A*C YA} be a
set of positive numbers with kK(A*)°’=A"2 for dist(4*,X)< L/2. Then

I Il 5VVK<A1(zA1)'"M‘>dﬂM<)

4'€Yn

< H [(dm(A")! (K ye(A4) =m0, (5.3.16)

A1CYna
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Proof. We require C,(s) to have fractional derivatives in some L% This follows
from the Neumann series representation for (2.4.1)

C ()= Cyals) i [(7% — 0)Cna(s)]" (5.3.17)

as in [19]. Convergence follows from the fact that O<w(x)<m? and
1 .
|!C,;,z(s)|[§%2—. This representation also shows that both the kernel and the

operator C,(s) are positive, increasing in s, and decreasing in . The bounds of
Lemma 5.3.5 suffice to complete the proof as in [7]. [

We establish a weaker version of Proposition 2.5.1 and then recover the full
version using a perturbation argument. Let Y, be the union of the unit lattice
squares of YnA that satisfy dist(4',X)=L/2 and n(4')=0. For each 4'CY,
introduce a parameter t(4')e [0, 1]. Let Y, be the union of all 4* Y, with t(4%)40
and let Y, =(YnA)\Y,. Define

U(AYY=U(4")+ El— EPY
U6Y)= Y a0+ Y U4Y.
ALC Y,y A1CY,

Proposition 5.3.7. Under the hypotheses of Proposition 2.5.1, but with

(5.3.18)

pe[l 1+ 10_},

) U(t,Y)— LF(Y)
sz' !

LP (e, s(0) = ﬂn(A Yo~ 302 2B HIDeelYed (53 19)
Proof. We follow [19] closely. Let Y,,=Y,UY, put t(4)=1 for 4CY,, and define

wit, V)= U, Y)+ [ (@,)=n):p()?dx= Y Wi, 4).  (53.20)

th

Then with w=w,— p(w,— iy,

” 0. U@, Y)— zw,n
xe b LPpteon, s(9))
=Z 4087 ”X”e renTEn LP(dtter, s(0)

SZ,, o8 e T e T |y Oe D TR (5.3.21)

Here ¢ <1+ %ﬁq—, g is even, and q'=q/(q—1)Zpq <0(y/in). The F, integral is

bounded by Lemma 5.3.2 and Z,, (s) is bounded in Sect. 5.5, yielding the estimate

e~ (U= DF 1= F3 K0, )| Yeel le” (W(t,Y)+Fa—log|x)) | Lra- (5.3.22)

The last factor can be bounded using the Wick bounds of Sect. 5.2. For each
A'C Y, we specify a positive integer i(4'). We take ; ,, =2"* and sum over all sets
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{i(4)} subject to the restriction that x, =A™ for dist(4, £) < L/2. For each {i(4)}
we find a bound that applies only to the subset of & such that for all ACY,
(W(t, )+ 001 4): —loglx(p(4))e
[—b(logr; 4 )"* =1, —b(logi,)"* =11, n(4)=0,
[—b(logic 4 )" +ai™ > —logKn(4)! —1,
—blogr, 4> +al ™2 —logKn(4)! =17,  n(4)>0.

(5.3.23)

When i(4) assumes its minimum value, we omit the upper limit.
On this subset, and for i(4) not minimal, we have

W(t, )+ 02X 4): —log|x (p(4))
< —b(logr; 4)"* — 1+ (ad™ 2 —logKn(4)!, n(4)>0)
SW e, D)+ :002(4): —log x ()] -1, (5.3.24)
where we have used the Wick bound
U P(,): =51 :(h— Ot — ET) +:0¢7 - —logx ($(A))]
+3( =M@, —n) 1p?:
= —b(logr, 4)"* +(aA™ > —logKn(4)!, n(4)>0). (5.3.25)
For n(4)>0 we have t(4)=1 and this is Proposition 5.2.1. For n(4)=0 the
additional terms satisfy
(L~ (A)(:662: ~10g 1, ($(A) + b, —n) 1) = — b logk

and (5.3.25) follows using b=b(C)+b'.
Equation (5.3.24) implies that
LZ[OW,(t, A)| S W, (t, 4™ (5.3.26)
for m any positive even integer. We choose m(4) X xy;/q’, where & is given by
Lemma 5.3.6. For i(4) minimal, put m(4)=0. Applying the lower bounds in
(5.3.23), we obtain

e~ en=loslsOI=Fapg < [T (Kn(A)le™* "y

A:n(4)>0
P>

j 1—[ [5miu)([’A)m(A)qu(b(IogKi(a)+1)‘”2+1+§15¢%(A)1)e‘PqF4]dluw’S(w)
{i(4)}

ACY e
s ([[aanees

4

L §:0¢2(x):dx—~ Fa(Y) ypq
e Yo

Lpa?

Y N T Wt @] T ehitosmea”

{i()} |AS Y et LY ACYe,
= (1—[ n(d)le” 212'|)pq K1Y edl1? + pg?LF1)/a pp?q3(1 = n)F2
A4

[ LR+ 2) LK e ) 1
A Ve [i(4)> fmmin(4)

.ebl(IOBK;(A))d/z_i_ebl(lOng(A))d/z}' (5327)
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We have applied Lemma 5.3.3 to the F, integral and Lemma 5.3.6 to the W,
integrals.

The i(4) sum converges, and the term i(4)=i () is less than eXs(©lel¥>
for dist(4, 2)< L/2. Thus the product in (5.3.27) is bounded by

oY [T esliosdl™? < oOWIralZpiin, (5.3.28)
A:dist(4,2)SL/2
We have used Lemma 5.3.1 to show that
L*K jJlog |"*| 21 < 61,47 Y Z|SAF, .
Combining (5.3.27) and (5.3.22), we obtain

”X(,)QAU(I, Y)— ;F,-” o

< H n(A)!e—a’l“ZIE’IeO(l)IthIlze—(l —24-{KDF1,—(1 - rq*(1 —m)F2
A

The difference |Y,,|I*—[Y,|I* can be absorbed with a decrease in @’ and the loss
of another factor AF,. Take { less than 7?/27pq and small enough so that 1— 31

—({K, =2 Since pg* <1+ g, the coefficient of F, is negative. Since F, >0, we may

drop the F, factor. This completes the proof. [

Proof of Proposition 2.5.1. The change from U(I, Y) to Q,, (Y) produces the factor
exp (Z 12(EZ—E:")[YIm) in (2.5.3), see (5.3.18). To obtain a factor A in front of the

volume, apply the identity
1

e PUN — 1 _ pU(4) j o PUATW) g4 (5.3.29)
0

for each ALY, as in [19]. In each term of the resulting sum, separate the pﬁ(A)
factors from the exponential with Holder’s inequality. Lemma 5.3.4 bounds the
coefficients in U (4CY,) by O(1), so the U-integral is bounded by 0(2)"*'¥el. The

preceding proposition bounds the other integral. Thus for pell, 1+ 30L_ ,
in
HX(Z/)e*Qw"(Y)”Lp
2 — Em
<en ETEINn st 2 D [T Aty [T (1+0(),  (5.3.30)

Al AlCYq

and the proof is complete. []

5.4. Lower Bounds for Z ;. and Zy

In this section we prove Proposition 2.5.2 and a lower bound on Z (V) which will
be important in the proof of Proposition 2.5.6, Sect. 5.7.

Proof of Proposition 2.5.2. By (2.4.16) we need to show that for an [-lattice square
44

m

2
(f)( e—j{\:.@(cp(x)):— 2”’:wm<x)2:—Ee“)ax
L¥=m

+ R
du,,,,z",m(wm)) D<eumOM (541
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Write the integral as

Vts=me” ﬁm)dﬂm,zn, oa(¥)
= 1 [z nle™ "= Dty 04000) + [ Grm— Diltt 0a0) . (542)
As in (5.3.29)-(5.3.30), the second term is bounded by
[T 1+0(1)—1=0(). (5.4.3)

41¢ 4

Write the third term as — ) [yydu,. 24(1,,) and observe that for n£m
XEm

{:0¢2(x): —logx,(P(A)+(mp—1) 11, (x)*:

1 [(d, —gm)2+(¢ — P+ (@3, + N 19—E,I=5CT AT
2= &)+ (D= D)% 1~ énlzz “hat

—blogk+0(1"?). (5.44)

—blogrk+ = {

Thus (5.3.25) holds for #(4)=0, ) replaced by z,, and with a term al™ 2 With
Y, =4, F;=0, the remainder of the proof of Proposition 5.3.7 can be applied to
yield

(st osp) S T[] e 0%, (5.4.5)
AL:Z(AYF+m
Thus
N sty o s(W,) S(L+e O ) — 1 <07, (5.4.6)

YEm

This completes the proof. [J

Proposition 5.4.1. Under the conditions of Proposition 2.5.1,
Z (V)" IV 2 g =l O3V (54.7)
Here a is independent of X for X compatible with V.

Proof. This lower bound is very weak because of possible phase boundaries.
Nevertheless it is essential in the proof of Proposition 2.5.6.

Write p(V)=p, Aty o(p,)=dy,. By (2.4.16), we need a lower bound on
{xse™"*Mdy,. Recall that

Cotéo+1)/2-&p )
X(,(§+&fp)=n‘”2 ] e 7%y, (5.4.8)
Eo-1+&6)/2-&p

Choose an interval [zy,z,+ 1], zo=0(L""') in the range of z-integration. Since
e €7D > 7287 0G"Y for 7 in the interval, we have a lower bound on y,:

IAE+E)Ze e 00T, (5.4.9)
Thus
j‘X}:e—Vp(V)dlppge—O(Z‘z)lzlvlj n e—2w(A1)26~Vp(V)dwp. (5.4.10)
A1Cv
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By Jensen’s inequality, the integral on the right is bounded below by
eXp(—f ( Y 24ty + V,,(W))dw,,) > e~ OWEY (5.4.11)
A1CvY
completing the proof. [

5.5. Estimates on Mass Shift Normalization Factors

We need estimates on the factors Z, . . (s) arising in the expansion of Sect. 2.4. It
is important to get the correct volume dependence and to estimate the deviation as
a surface effect.

Recall that

Zwlwz(s) =fef(wl(x)“a)z(x)):w(x)zzdxdluwl’s(w) , (551)

where the Wick order is with respect to the free covariance with mass m;= |/ w,.
In this section only, we shall use ordinary units (not I- or [*-units) to measure
lengths and areas.

Proposition 5.5.1. Let w,(x), w,(x) be constant on unit lattice squares and lie in the
range [n/2,im*] for all x. Let D be a finite union of unit lattice squares, and suppose
o, (x)=w,(x), x¢D and ofx)=0d;, xeD. Let s={s,} be an arbitrary set of
decoupling parameters for the bonds of the l-lattice, subject to the requirement that
s,=1 for b intersecting the interior of D. Finally, suppose |®,—®,|Sd,—n/4,
where @, = mf 4(x). Then

D) ) 0,—
N —~ilog—l—%)lDIl <o(1)epl, (552)

where O(1) depends only on w and im. Here |D| is the volume of D and |0D| is the length
of the boundary of D.

Proof. We have the formula

logZ,, ()= —%trlog(l —(w, —,)C, (s) —3tr(w, —,)C,,

Z tr((601 @,)Cy, (8)" +31r(; = @,)(C,, () = Cypy). (5.5.3)

where C,,, is the free covariance. Convergence follows from our assumed bound on
lw, —w,land C,, (s)<(—4+@d,)”'. We begin by comparing each term of this sum
with the corresponding term after replacing C, (s) with the free covariance C,.
Using C,, (s)=C; =C,,, we have

w1> 0)17

(0, ~ 0,)C, (O (0~ @)Co T

1 n—1 ) )
é; Z tr(@, — @,)"C5 |Cy,(5)— Ca lApCo, ()71
é!a) —wzlntrcn 1|Cw1(s) leXD
S|,

— @, (tr C, IC@(O) Cs,l+trCy- ICwl(S)_C(I)l(S)IXD)' (5.5.4)
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Here C,,(0) has Dirichlet boundary conditions on dD, C,,, is the free covariance,
and xp is the operator of multiplication by the characteristic function of D.
Standard estimates on the Wiener integral representation for

(Cs,00=Cy )(x,y) [17,27] yield a decay exp(—c(|x— y|+dist(y,dD))) for some
¢>0. Thus

H Ca’)l(O)( s y) - Ci{)l( ) y)HLl(dx) < Ke ™ cdist 2Dy (555)
The covariances C,, map L* to L NL?, so

Cn llc (0) wll(x y)<K A ~n+2 —cdist(y,0D) (556)

and hence

8

|, — @, tr Cly'|Cy,(0)— Cy | S KIOD. (5.5.7)

n=2

The second term in (5.5.4) is handled by putting w,=tw,+(1—t)® and
observing that

1Co,(5)— S)l—f ColsNw, —,)C,, (s)dt <Kwat )t~ pCols)dt .

(5.5.8)
Since
17~ pCon (820> M| 2z < K™ 802D, (5.5.9)
the second term is also bounded by K|0D|.
In a similar fashion we can prove
tr(w; —w,)IC,, (s)—Cs | = K|0D|. (5.5.10)
We have expressed logZ, ,,.(s) as
(a)l )' l —_ _
Z —tr()(D 5 +3(@, —@,) tryy(Ch, — C,p) (5.5.11)

n=2 2n

up to an error K|dD|. We next control the substitution (x,Cs, )"~ ' —C4 . Since
Cs,— 1pCs,=x~pCs,, We obtain a sum of terms

(@1 _(Dz)n

5 o )1 pCh =1 n— (5.5.12)

as in (5.5.4). By (5.5.9), the sum of these terms is bounded by K|éD|.
With just one y,, in each trace, we can use translation invariance to divide by
|D| simply:

1
ﬁ(logzw,m(s)w(lam)) ,,;2 (w‘2n 2 C%.(0,0)

+3(@, —d,)C,, —C,)0,0). (5.5.13)
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We calculate the right-hand side in momentum space:

0

5 (cT)l—(IJZ)"j d*p 1 d*p ( 1 1 )

+%(@1 - 5)2”

S ) (P, QPP o, pro,
(Dl s (@1“&32)'1 5)1—6?)2 Wq
“8n log . 55.14
87 n=2 n(n_‘l)@'{ + 8n Oga)1 ( )
Since
,,‘;2 n(nx~1) =(l—x)log(l—x)+x for |x[<L, (5.5.15)
this is equal to
@,, W, @ @O Oy~
S g, 08 51
87 %80 T 8r %%, T 8 (5.5.16)

which completes the proof. [J

Corollary 5.5.2. The bound (5.5.2) of Proposition 5.5.1 holds without the restriction
on |w,—a,|.

Proof. The elementary identity
Zwlm(s)=Zwlwz(s)Zw2w3(s) (5.5.17)

allows us to write Z, , (s) as a product of Z’s for which Proposition 5.5.1 is

applicable. The terms

w12
w w w
8n “w, 8n

cancel for the intermediate w’s. [
This trick also proves the bound

Z, o(s) S eKrmiYed (5.5.18)
used in Egs. (5.3.21)+5.3.22).
Proposition 5.5.3. Under the conditions of Proposition 5.5.1, let w,(x), w,(x), and w,

0
depend on a parameter p in such a way that sup Ea)i(x).g(?. Then

0] D) D) D) D — D
1087400~ (2 10a 22 - D102 — 0201
0 0

0
l_ l§0(1)[8D|. (5.5.19)
op
Proof. Expand the above difference as in the proof of Proposition 5.5.1, and

differentiate each term. Derivatives of (@, — ®,) factors do not affect the estimates.
For derivatives of covariances, we apply

A

0

du
(This formula depends on the fact that m is independent of 1) When C,(s) is an
isolated covariance (one that has not been finite-differenced) we still have a

Cols)= — cw<s>2—‘: C.8). (5.5.20)
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bounded operator from L? to L?~L™ and the surface estimate works as before.
(There are n— 1 terms, but since the sum on n converges geometrically this causes
no problem.)

It remains for us to consider the terms involving

0 0 0
E(C@(s)—cal), EXD(CM(S)—CU—“(S))XD, or ﬁ(xpca,l—Ca—“)-

The first term is equal to

0 0@,
~(Ca(9=Ca) 3 Ca (9= Ca, 5. (€ ()= Ca).

In each term the factor |Cg (s)—Cy |=IC5,(0)—Cy | provides the necessary
localization at the boundary. The second case above may be written as

— 1p(C (5)— cw(s)) 1Cw1(s>xD chwi)@la—;@l)

Co,(1p— XDCwl(S) (Cwl(S) Cs,)tp

The first and third terms are localized at the boundary as in (5.5.8)—(5.5.9). Since

0

5;(601 —@,)=Ky.p, the second term can be handled similarly. The third case
above is equal to — . (6w1/8u)Cw , which forces the preceding covariance to
stretch between D and D as in (5.5.12). This completes the proof. []

Corollary 5.5.4. Proposition 5.5.3 holds without the restriction on |0, —@®,|.

Proof. This follows from (5.5.17) as in the previous corollary. []

5.6. Decoupling Expansion Estimates

This section is devoted to proving Propositions 2.5.3 and 2.5.4. We require the
bound

desf > 111 e 11 BG4

reP(I) j=1 aET
k(@)=j
n—1

: RZXZe N le(Z)d:uwn, sr(w) n Zwkw§+ 1(51"1)
k=1

Lr
é (/11/2)(/1—degR) H (N(A) !)l/zeKldegRe— 3rll|Z,<|e— 21247 2|2
a

.eg(Eg— EW—Ep@® +E€V<Z))12|ije§(E5“— EW— EX® + EZ®)12|Int,Z| ' (56.1)
Here Z=Z,,=I'nZ, ¥=XnZ,and Z=(Z,X,T) is a cluster. The factor (1!/?) is
conditional; it is present only if degR =0. Likewise (1~ 9°¢®) is present only if X £m
(R is a monomial in y,). We assume |Z|>1 if degR=0. The L? norm is with
respect to the variables in R, and pe[1, c0). See Sects. 2.4 and 2.5.
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We expand d;C into its [-lattice localizations and apply the derivatives 4,.
Using Holder’s inequality, split the integral into a Gaussian part times an
interaction part. Apply Proposition 2.5.1 to the interaction integral. This produces
factors

E4— EM)2|Z _ ,
o 8T 300025+ 12 DA T (41,
Al

The first factor accounts for some of the energy factors in (5.6.1); what remains to
be accounted for is

exp (Z (E7—Ep—Ef® +E5:‘Z’)12lli"‘lm). (5.6.2)
(Recall that Z" extends into IntZ.) We use
m? 2 2 i mi—m?
E"—FE" _EP4+ EP=_Mlgg- "M _ _Plogg— 2 ™ 14 5.6.3
¢ TEwT Bet By = o log oy 87Togmg o (5.6.3)

and Corollary 5.5.2 to obtain this factor from the Z,, . (sy,) factors. The mass
prevailing over a particular square in Z™ is in general shifted many times.
However, the energy factors associated with intermediate values of the mass
cancel, by (5.5.2). Thus up to an error exp (Z 0(1)|513k|), we obtain a factor

k

[ ) o my @) dx),

2
Zoimz ST mz 8n &n

exp ( L (5.6.4)
q

where we have put w,(x)=m}, for xellnt,, Z. Recall that o (x) differed from mﬁgx)

only when dist(x, X) < L/2. Thus (5.6.4) agrees with (5.6.2) up to an error WLl

Since Y |8D,] £|Z], both errors can be absorbed into e~ I3,
k

We next estimate the Gaussian integrals that were split off with Holder’s
inequality above. We use the estimate

103C | Loy, x a,,) S €Nle™ MU0 ellzl 57 gl (5.6.5)
oeL(x)

proven at the end of this section. Here g < o,

d((jy,J,), %) = sup (dist(4;,, ) +dist(4,,,b))/1,
bea

and o is a linear ordering of the bonds in o« We define |o| as follows. If
o=(by,...,b,), let I=(i,...,i,) be any subset of {1,...,n} with i,<i,,,. Then
k

lo]=sup ) dist(b;, ,,b; )/I. This is not quite the same definition as in [17]. There
I a=2
is an analogous bound on the single-variable kernel 0*C(x, x).

Assuming (5.6.5), the remainder of the proof of (5.6.1) is fairly standard
[27,29]. We indicate only the main points. The e~ </°l factors control the sum over
partitions of 7, up to an effect V1, The ¢~ €MU1:72):%) factor controls localization
sums. Derivatives in 0;C,, -4, can contract to Q,, . There must be a bond in «

contained in %,,,(2), and w,, is the correct mass-squared within L/2 of such
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bonds. Furthermore there are no phase boundaries within L of such bonds. Thus
the coefficients in Q,,, AT 0O(2) within L/2 of the bond, and if the contraction is to
A with dist(b, 4)< L/2, then a factor O(A) is brought down. Otherwise factors
O(A™ 1) can be introduced, but this is compensated by e 2 <J? arising from
d((15J2) ) > L/21.

Derivatives of x5 can be pinned to the factor ¢ ** " arising from |X'| and hence
they also yield O(4) factors. If degR=0, |Z|>1, there must be at least one
derivative or phase boundary, hence the factor (A!/?) in (5.6.1).

A2

Translation from 1p,, to y in R will produce factors O(A~9°#R) if ¥ &=m. This has
been taken into account in (5.6.1). Some derivatives may act on R ; the associated
eX! goes into the eX'9°R factor in (5.6.1).

At least a certain fraction of the derivatives not contracted to R will contract to
Q or to xy and yield factors O(4). Altogether we have at least a factor e~ for every
derivative bond and e~ ¥ for every vertex. Since derivative bonds are “dense” in
regions away from phase boundaries, we obtain the overall volume convergence

e—cl|Z|‘
Finally there are factorials to control. With d=deg?, N(4)=degR ,, M(4)
contractions in 4, and n(4!) contractions to y,(4'), we have factors

[T(N(4)+dM(4)!1*'? from the Gaussian integration, [[n(4')! from the vacuum
| 41

energy bound, and [ ] (e?MNOFMpL(AMD) from summing over different ways
a4
of applying the derivatives. After extracting e®@N(N(4)!)!? for (5.6.1), we must

bound

(O()M(A)MD I1 o —cdist(4,7)

v contracted to 4

by O(1) to get a controllable volume effect. This is accomplished as in [17] by
taking account of the rate « is forced away from 4 as M(4) becomes large. This
completes the proof of Propositions 2.5.3 and 2.5.4.

We now prove (5.6.5). Using the Neumann series (5.3.17) for C_(s) we have

FC)=0" T Conls) (2 —)Cpels)]

n=1

=Y ) 3MCuls) H [(m* — )% Ca(s)] . (5.6.6)
n=1 (a1,...,0n) i=
Li)a,:zx
The os are disjoint, and possibly empty. When o,=0 or i=zn—1, we use a
standard type of estimate [17,27]:

“aZ'sz(S)( s x)“Lq(Al)
éclmh- 1 Z e—cl[ole—cé(Al,ai)e—cé(x,al)e—cdis[(x,Al) ) (567)
oeL(a,)
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Here §(4%,0;)= supdist(4',b), d(x,o,)= supdist(x,b), and ge[l, ). If o, is
bea; bea,

empty, these distances are defined to be zero. Summing over unit squares 4* CRR?,
we obtain
fagicmz(s)(x, y)ecﬁ(x,az)ecﬁ(y,a.)edx—yldy

<l +1 Z g~ cllol (5.6.8)

oeL(a,)
When o= we may use
JCrals)(x, y)e "2 dx
<[ Cral1)(x, ) (ol *lxiD/2 g

e ni2(wol + 131 )/2 gy — 1
[ e x= .
(2n)* p*+in® m?—n/2

We have from (5.6.7) that if n=2,

(5.6.9)

jecﬁ(x,an— 1) ged(y,an - ”eC"“y'a:"-lCW(s)(x, y)
.ecé(y,an)ecé(z,an)edy—ZIagnsz(s)(y, Z)dy
éclan-1|+|an|+1 Z e —cllol Z e~ cllo']

oeL(on 1) o'eL(an)

for each x and z. Equations (5.6.8) and (5.6.9) bound the norms of the integral
operators 05'Cj.(s) after extracting some decay factors. Putting these estimates
together yields

[(05C(s) — 05 Cra())xg, )
© a2 m2_2;,’ n—|al—2
=52

n=2 (t1,..vs o)
sup n z e—cllmlewé(xl-x,al)e~cé(xi,a.)e—c|x,-1~x¢|}' (5.6.10)
(X150 Xn-1) i=1|0,eL(o;)

We have used w(x)=2n. Put (m?—2n)/(m*—n/2)=1-2 With a factor
(1—¢) "l we can choose ||, ..., lo,|, because [] [ Y s'“"'}=(1 —¢)™". Having

=1 lai|=0
made this choice, a set of o’s with their linear orderings uniquely determines a
linear ordering o of «. Furthermore,

o] Z lo,| + Z 3 1) + 00k 0y )+ 1% — X1 1]). (5.6.11)
and if xo€4;,, x,€4;, then
ld((j1aj2)a°‘)§ Z (5(xi—1a°‘i)+5(xp o)+ 1x; 1 xil)- (5.6.12)
i=1

Altogether we have bounded the right-hand side of (5.6.10) by

© _ n
Z CIaHl[ll 28] Z ¢~ cllol = cld((j1, j2),9)

n=2 —& ] oeLw
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Thus
102C () — O%Cral9)]] La(dj, % 4;,)
< l4/qc|a| +1 Z e—cllole—cld((jl,jz),d) (5613)
oeL(a)
and since
[l 1p=ellol2 < Kl =cllal (5.6.14)

we obtain (5.6.5) for the difference 0%C (s)—02C;.(s). The bound (5.6.5) is well
known for 0%C, .(s), so this completes the proof for 62C (s). Equation (5.6.13) holds
for the single-variable kernels as well if we replace LY(4;, x 4;) with LU(4; ). Again,
comparison with 0*C. proves the bound analogous to (5.6.5) for single-variable

kernels.

m2

5.7. The Bounded Spin Approximation

In this section we prove the bound

0 5 -

Wlog(zz(v)e%“’” Ml < KA~ 212V (5.7.1)
of Proposition 2.5.6. This derivative will turn out to be a sum of expectations of

quantities like :w{,(\’):zé:wp(x)":dx. If y, were a bounded variable, such

expectations would be automatically bounded. (Having bounded spins simplified
the Pirogov-Sinai work at this point [24].) Since 1, is in fact unbounded, we must
show that the error incurred in treating it as bounded is small enough to dominate
the vacuum energy volume divergences.

Write p for p(V), dy,, for dp,,s oWy, 1 for #', and C for the covariance of di,.
Using (2.4.16) we compute

0 o2 0 -
50 LV = £ e o,

0 _
= (Z TlogXa(A))XEe V"W)dwp

41Cv Ol
oV, _ 10C _
—f a"'?/) Ase VP(V)dwp-l—jE E'Awpbe "eMdy, . (5.7.2)
From the formula (5.4.8) for y,(¢(4))= x,(w,(4)+¢,), we have
9 _ 1298 ~(wp) =B _ _—1/2 04— (pia)-ay
EXU—R a'u e Y a'u e

2o =5erfc(ip,(4)— B) —erfc(yp,(4)— A),
where

A=3(¢,_ +&¢)-¢,, B=3(¢+&. )¢,
Note that 04/0u and 8B/du are O(A™1).
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We use the asymptotic expansion

erfe(z)=n" Y227 e P (1+0(z"2), z>1 (5.7.3)

to bound ‘;}—;logX[,' by O(A™ "), (4)+1) for y,(4)=B. There is an analogous
bound for y,(4) = 4, and for v, (4)e[4, B] we have %, 1< 0(1). Thus

SO Dy (DI+0(71), (5.7.4)

0 lo
£y Ly
and the first term in (5.7.2) is bounded by
0~ hH| ( ; pr(A)l)x;e‘V*’mdwﬁO(l“)-
4LV

The second term in (5.7.2) is a sum of terms
O ™2 (V)i gge 7" Vdy,,  0=j<d=deg?. (5.7.5)

This includes terms arising from differentiating the mass in the Wick ordering.
(The free covariance is always used in the Wick ordering.)
Using integration by parts, we have

oc s om?
—.AWp—jé ( )C(xa}’)wc(}@ )

7 dxdydz

oy ()
a 2 ,
f (1 icdy. (5.7.6)

P

The difference :wi(W): - :zpp(W) :c 1s a constant O(/?|V)), so the third term in (5.7.2)
is also of the form (5.7.5).
Altogether we have

(z (V)ePvY

s0(” 1)< > pr(A)I> Z O ) py(V) Dol

(5.7.7)
where

j “As€ - V"(W}dlpl,
aze™ "7 Odyp,

Lemma 5.7.1. There exists a constant Ky(C)>0 such that for all K=K, the
following is true. With j<deg? let y_(y_) be the characteristic function of

IV Z ARV Gyl(V): < — 2KV,

respectively. Then

<'>2=

[ s cwl(V): gge ™2 MVdy | S e K274 (5.7.8)
Proof. Let V=V,(V)— A/~ 2:y/(V):/2C. Then

5X+ HP{J(W) TAze V"‘W)dwp =EX+ Ilp{,(W) re” lJ_Z:WI;(W):/ZCXze_VdUJp
SATIKP|V]e RNV ay (5.7.9)
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because yy<1, and because Xe *' *¥/2C attains its maximum at the minimum

value of X =A7JKI?|V|, for K large enough. In fact,

i_jK12|W|e~l_2K[2'VI/6C§1
for K large enough. Notice that ¥ is bounded below even if j=d =deg# because
the coefficient of y¢ in ¥, is at least C~'A*~2. Furthermore, ¥ is of the form

A72V,(Ap,), so the lower bound is 0(A™2).
Standard linear lower bound estimates [15] will yield

fe Tdp, <0t M, (5.7.10)

This can be absorbed into e™* "KM 2C€ for K large enough.
The proof for y_ is similar, using V'=V,(V)+ 4/~ 2 :1p)(V):/2C. O

Lemma 5.7.2. Let y, be the characteristic function of Y. |p,(4)| =47 'KI*V], and

suppose K is sufficiently large. Then sy
§xe Yl (A)lgze™ "M, S e KAEIMIAC, (5.7.11)
ACv

Proof. We modify the proof of Lemma 5.7.1. Write the integral as a sum of 2"V
terms according to whether (4) <0 or y,(4) =0 for each A'CV. (That is, insert
the corresponding partition of unity into the measure.) Each term can be bounded
as before if we take

V= v (V)—2712C Z (A)p(4).

Here ¢(4)=1 for the wp(A)>0 term, g(4)=—1 for the v, (4)<0 term. The
combinatoric factor 2"'is controlled by e~ * *KEIVI12¢

Proof of Proposition 2.5.6. With y,, y_ asin Lemma 5.7.1 and y,=1—y, —x_, we
have

[0 WiV yse VP Vdy, [y +22) spl(W) 1 gge ™ Vdy,
[xorse™ 7" Vay, §xoxse™ " ?Vdy,
v . —Vp(V)d
+;dtd JivyV): eV,
de [(t0rs + 1)+ xohuse” P Mdy,

< le(W) Dr=

(5.7.12)

The first term is an expectation of a variable bounded by 4~ /KI?|V| and so it is also
bounded by A7/KI?|V|. By Lemma 5.7.1 we have

§tGcs +x-dase™ PV, 2e7 K4 MISC, (5.7.13)

since ty, < x. WiV, ty- £ — - :w)(V):. Thus by Proposition 5.4.1,
§@Os + 1)+ xouze VP Vdp, Ze™ o IV 0~ KATAEIVI/4C
272 M, (5.7.14)
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Thus the second term is bounded by 2exp[(— K/4C +2a)A~ 2I>|V[]<1 for K large
enough. The third term is bounded by

[ i (V) g™V 2V | (s + 1 xse” V*Mdy,
(G +22)+xouse” " Vdy,)?
<2exp[(0O(1)— K/4C+4a)A 2I*[V|]]£1. (5.7.15)

The :](V): integral has been split with Holder’s inequality and bounded as usual
-using Proposition 2.5.1. Putting these bounds together, we obtain

2 pi(V) >y S KAT2R|V] +2257 2 2KA 2P|V, (5.7.16)
The bound /1_1< Y pr(A)|> <2KA™2I%|V]| can be proven in the same way. By
4CV z

(5.7.7), this completes the proof. [

5.8. Smoothness in u

In this section we prove the bound

0 z
[5,; (QA,q(v)em

Sll/ze—%nllYle~121“z|2wl (5.8.1)

(— E9+ Eg+ ED(Y) — Egyvmzmme;‘( — B+ EQ+ EpO) — EgV(W))l2|lInth|>

of Proposition 2.5.5. An expression for ¢, (YY) may be found in (5.6.1). We take
R=1,|Y|=1, p=p(Y). Almost everything in (5.6.1) depends on u='; we will show
that after deriving each element of (5.6.1) the structure of the estimates in Sect. 5.6
need be modified only slightly. Without the derivative with respect to y, (5.8.1)
would reduce to Proposition 2.5.3; the energy factors have merely been moved to
the other side of the inequality.

Consider first the dependence of Z,, . (sr,) on u. Divide some of the energy
factors amongst the Z’s in accordance with Proposition 5.5.3. By Corollary 5.5.4,
differentiating

Zwkw’;§+ 1(SFk)
_‘ wk(x)l 0(x) _ W4 1(X) lo W4 4(X) I O 1 1(x) — @,(X) dx)

3 2
7oz ST mg 87 mg 8n

-exp(

brings down a factor O(l)l@ﬁkﬂl. Thus differentiating all the Zexp(...) factors
introduces a factor no worse than O(1)|2], which can be absorbed into e~ 2% *I*l jp
(5.6.1). A factor 4 can also be extracted, since | X} =1 whenever there are Z-factors
to differentiate.

In differentiating the remaining energy factors, consider two cases. If |Z| =1,
the differentiation introduces a factor O(L”2)?|Y|. When multiplied by
et Bl =onllV taken out of (5.6.1), we are left with O(4). This is sufficient to
stand as a contribution to the bound in (5.8.1). If |X]=0, then there are no
Z-factors and the energy factors degenerate to et~ P EOPIV We combine this with
Q before differentiating. The product over j in (5.6.1) degenerates to one term, with
all functional derivatives acting on yye” 2%®. The coefficients in 0.3(2)
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—(Ef— EP)I?|Y| are O(4), so that differentiation with respect to u will bring down
terms O(4) :w{;(Y) .. Such terms are bounded by Proposition 2.5.4; they correspond
to a sum of [W|/? terms with R = :yi(4):. The factor [Y|/? is absorbed into e~ 3",
leaving an overall O(1)eX" < A%* which is small enough for (5.8.1).

Returning to the case |2] = 1, we consider the effect of differentiating Q,, (Z) or
the mass-shifts Q,, (2)—Q,, , (Z). Coefficients of :yJ: will be O(/~?), but since
|X|=1 we must include a factor 277 from translation, as in Proposition 2.5.4.
Having some R-factors precede some of the functional derivatives does not affect
the estimates in Sect. 5.6. Thus we have terms

O(A™ )X |Y]e =2 HVlg =022 < 4 |

which is small enough.
We next consider p-derivatives of y,. As in (5.7.2), we have

9 )
S e WA+ g(A) = 12 o)

_,,04
1222 @ o1+ E0)/22 (5.8.2)

ou

where A=(&,_, +¢&,)2—g(4), B=(¢,+ &, 1)/2—g(4). We see that dy,/0u satisfies
the same bound in (5.2.5) as for 0y,/0¢(4), except for a factor |0A4/0u|+|0B/ou|

=0(A71). It is easy to see that derivatives also satisfy (5.2.5), up to a

0 0
og(Ay op*e
factor O(A™ ). Thus the vacuum energy bound will hold with |2'| =1 whenever
some y, is differentiated with respect to p. This introduces a factor
O(A~Ye?=*"* <, which survives the decoupling expansion estimates. There are
also [Y]I%y,’s to differentiate, but this is controlled by e~ 27",

The masses in the covariance C=C,, (s;) depend on p, so we must differentiate
the measure du, . (p). As in (5.7.6), this corresponds to inserting a factor
j‘aa)n(x) .

on
dw,(x)/op is O(1), this produces a factor O(A~3)I?|Y| if |Z]| =1 or O(1)I3|Y] if | 2| =0.
These factors are dominated by e~ %% **le =21l a5 before. As long as |Y| =2, the
overall factor 412 can still be obtained as in (5.6.1) because at least one functional
derivative must be applied to yze” 2 if |X|=0. When |Y|=1, we use the fact that
:p(x)?:c has no self-lines when integrated in du. Integrating one power of v by
parts then gives us the missing derivative on yye~ 2. This yields a factor O(4)
<o Klgma?)314p=3 11l qupplying the missing factors in (5.8.1).

The last type of term to consider involves differentiation of J5C, (s,). We
require the estimate

‘ 0

—0*C
ou °*

and the analogous one for the single-variable kernel. This is the same as the

estimate we used for 0%C, Eq. (5.6.5). Since there are no more than |z| < | =2Y|

p(x)? . before everything else in the functional integral in (5.6.1). Since

SeKlgm el ag=cllal y p=cllol (5.8.3)
La(4;,% 4,,) oLl
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covariances to differentiate, (5.8.3) will suffice to control all terms involving a

z%agc. [The factor A2 is already present in (5.6.1) because [Y|=2.]
We compute

0 ow (z)

— 0*C(x,y)= —[PC(x, 2)—2=07C(z, y)dz . (5.8.4

8,” Y ﬁu;=a j a:u )
Summing over z-localizations A
9
ou

we can apply (5.6.5) to obtain

Jj3
<0(1) Z Z @2~ el j3), ) < Z e—cz[o,,|>
‘ boy=e 4,EY opeL()

Lo~ (3, 2),7) o~ clIBI + [yD) ( Z e~ cllOyI) . (5.8.5)

oyeL(y)

»C

L

If 0 is the linear ordering of « defined by (o4, 0,), then
ol =logl+d((1,j3), B) +d((3.72), ) +1o,1 + 2,
d((1:J2) ) =d((1573), B) + A3, /2), 7)),

led =181+ 131,

e~ ML i)-AI2 < 0(1).
4,2V

(5.8.6)

Note that there are |a — 1 pairs (04, 0,) that could correspond to any o€ L(x). Hence

with a factor |of we can replace Y Y. ) with ) . Altogether we
. Buy=a ogeL(B) 0,eL(y) oeL(a)
obtain

< Y eKlp ekl 0i3, ~ellal o —ellol3 (5.8.7)
L4 oeL(a)

a o
o

Estimate (5.8.3) now follows with a change in ¢. This completes the proof of
Proposition 2.5.5.
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