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Abstract. A property of the square of the linking number of two closed
rigid curves randomly displaced in a three dimensional space, has been
recently found by W. Pohl. Here, this result is reproduced and generalized.
This new approach is quite different and uses a simple Fourier transfor-
mation.

1. Introduction

The theory of knots is not only very interesting from a mathematical point of
view, it may also have fruitful applications in polymer physics.

A polymer molecule consists of a long sequence of chemically connected
units, each of which comprises only a few atoms. The long chains so formed
can be quite flexible and for many purposes their behaviour can be modelled by
representing them simply by smooth mathematical curves embedded in space
(ie. R? or $?). For instance consider two polymer molecules each of which has
the connectivity of a loop (i.e. S*). In their physical motion, they may move and
deform in a continuous fashion but not cross through each other or them-
selves. At the level of mathematical curves of zero thickness, this is equivalent
to saying that they may not pass through configurations with double points.
Thus the two molecules conserve their topology and they can physically be
separated if and only if their configuration is not topologically linked.

No prescription can be given for classifying completely the linking of two
loops. A very simple and versatile partial description is given by Gauss’
“linking number” (or “winding number”). Roughly, this quantity is the number
of turns one curve winds around the other and vice versa. More precisely we
must first define a sense of direction around each of the two curves. Then choose
an oriented surface whose boundary is one curve and count algebraically the
total number of intersections of the second curve with this surface, +1 accord-
ing to whether the surface is approached from its + side by the second curve
at each intersection.
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Note that all topologically equivalent links have the same linking number
(up to a possible difference in sign if the senses of direction are not preserved),
but inequivalent ones will not necessarily be distinguished by it. All unlinked
(i.e. separable) configurations have linking number zero, but so also do many
topologically linked ones.

Rolfsen [1] gives many more equivalent definitions of the linking number,
but of particular interest here is the integral [2] given by Gauss for this
integer-valued topological invariant:

1 (dr, drg,x,p)
IAB—E,{ if‘ (1.1)

T4

Here the vector r, defines a point on curve A, the vector r, a point on curve B
and r,z=ry—r,. The integrations are performed along each curve' and I,
changes sign upon changing the sense of direction of either curve.

W. Pohl recently found a new result [3] concerning the square of the
linking number of two curves, which may be very useful in the polymer
applications. Trying to reproduce this result, we found a new simple derivation
and a generalized version of Pohl’s formula. The aim of this article is to
present this new approach which uses Fourier transforms.

Let us take some initially given joint configuration of the curves A and B.
Then by translating curve B with respect to curve 4 by a vector p and by
changing the orientation @ of B with respect to A, we can define the linking
number 1 ,5(p, 0).

It is not difficult to show that

[ d? p {ILislp, ©) =0, (12)

where the brackets indicate that we average over all orientations @ of 4 and B.
However, it is more interesting to calculate the second moment,

Jaz=J & p{Lipp, O)). (1.3)

We note that for plane convex curves I3, is always one or zero. In this case,
J 5 has a simple physical interpretation. It defines the “excluded volume” of
the curves 4 and B. Thus the second virial coefficient of a gas (or a solution) of
convex planar curves C is given directly by 3 J.c.

Using a slightly different notation, W. Pohl has shown, for plane convex
curves, that J,; can be written in the form

1 0
JAB=§;£ dr of \(v) olg(1), (1.4)

where .Z,(r) and /(1) are functions associated with the curves 4 and B. As
was shown by W. Pohl, for a closed curve, the function /() is defined by the
following integral taken along the curve (see Fig. 1)

A= | ds,cosb,. (1.5)

Fi2=r

1 In (1.1), we use the notation (a,b,¢)=(a Ab)-c
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2

Fig. 1. For calculating .o/ (r), the length r;,, =|r; —r,| is kept equal to the constant r

It is not difficult to show that for a plane convex curve, .27(r) is just the length
of the envelope of the segments of length r joining two points 1 and 2
belonging to the curve. Thus for a circle of radius R

A (r)=2m(4R?* —r?)'/2, (1.6)
On the other hand, for any curve of length L
o (0)=2L. 1.7

W. Pohl has indicated that his result can be extended to more complicated
curves.
Using the approach described below, we found that in general

1 [ee]
Jas=g (f) dr[.of (1) Ly(r) + B 4(r) By(r)]. (1.8)
For a curve C, &/(r) and %(r) are given by double integrals taken along C:

J?/(}’)=%jj (dry-dr,) O(r—r,)
. (1.9)
g("):;j” (dry,dry,ry,) 0(r—ry,),

where 0(x) is the step function 6(x)=3% (1 +|x|/x) and r,, =[r, —r,].

The function #(r) vanishes if C is the same as its mirror image C’ (obtained
by reflection with respect to a plane or a point). Thus, #(r)=0 for plane
curves, but it will be shown in Sect. 4 that, in general, #(r) does not vanish.
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The expression for .o/(r) can be transformed by integrating by parts. We
have

1
M(")Z;“ dry-dy(r,—r) 0(r—ry5)

1
= _;“ (dry-r;,)d, 0(r—r,).

As r,dr,=(r,, dr,,), we obtain for «/(r) another form

1
ng{(7')27,_2”(dr1‘l‘12)(dl’2“'12) o(r—ry,), (1.10)

which is usually more convenient. In Eq. (1.10), the integration with respect to
point 2 can be performed. Noting that

dr,-r,,=cos 0, r,dr,

dri,=cos 6, ds,—cos 0, ds,

we find immediately Eq. (1.5).

Thus our results coincide with the result found by W. Pohl for plane
convex curves. In Sect. 2, we derive an intermediate result and we find that J, g
can be expressed in a simple way in terms of functions «7,[p], <Zz[p], %,[r]
and #p[p] of a variable p which can be considered as the magnitude of a
“wave-vector”.

The final result is derived in Sect. 3 and a few remarks are made in Sect. 4.

A different derivation and a further generalization have been found by
Duplantier [4]. These will be described in another article.

2. Calculation of J ; ; Representation of J,; in “Wave-Vector Space”

The linking number I, of two curves 4 and B can be written

1 1
I,.=— dr,,d —)). 2.1
=il ( Far @1V (rAB)) .
On the other hand, we know that
1 1 err
S=s i d = (2.2)
(remember that A(1/r)= —4x d(r)).
We may then write
i ip-(ra—rgp)
IAB=Wjd3p££(drA,drB,p) e , (2.3)
and therefore we have
1 dPpdiq . . .
o= g e e
st (raz-rno) (dr,y, drg,,p)(dr,,,drg,, q) (24)

(see Fig. 2).
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A
By
By

Fig. 2. The curves 4 and B

Now let us translate curve B with respect to curve A by a vector p. We
obtain in this way a linking number I,4(p). To obtain I,,(p), we make the
transformation

g =Tg TP

Ty 2Ty TP

in the preceding formula. In this way, we obtain in the integrand an extra
factor e='(P+9) #,
Let us now calculate [ d>p I55(p).
Since
[d®peiPr® 2 =2n)> 5(p+q),

we obtain, after integration with respect to q,

vt d&p
4 p L) = 5§ 7 e
cemiprmimrmd(dy  drg,, p)(dr, dig,, p). (2.5)
Now, we have
dx,, dyy dzg dx,, dxg, p
(dr gy, drg,, p)(dr gy, digy, p)=|dxp, dyg dzp dy., dyg, by
Dx py D dZAZ dZBZ 2

and therefore
drg-dry, drg-drg, drg;p
(dryy, drg,,p)(dr,,, drg,, p)=|dry, -dr,, drg-drg, drg -p|.
dr,,p drg, p p*

When the preceding determinant is introduced in Eq. (2.4), simplifications
occur. We note that

[e'®r(dr-p)=—i[dr-¥(e'®")=0, (2.6)
C C

the integration being made along any closed curve C. On the other hand, dr,,
occurs only in the first row, dry,, only in the second row. Similarly dr,, occurs
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only in the first column, dry, only in the second column. This remark shows
that in Eq. (2.4), we may replace the preceding determinant by a simplified
determinant

dry -dry, dr, -drg, 0

drg,-dr,, drg -drg, 0

0 0 p?
=p? [(dry; -dry,) (drg, - drg,)—(dry, - drg,) (drg, - dry,)]. (2.7)

Let us introduce this expression in Eq. (2.5). After permuting B1 and B2, we
obtain?

1 dPp
jd3pIiB(p)=ij_2e P(ra1—ra2) oip(rpi—rp2)
[(dr, dry,) (drg, drgz)“(ddl drl,) (dr, dry,)]. (2.8)

Now by changing the orientations of B and A we obtain [d*pI},(p, 0) and by
averaging over all orientations we obtain

Jaa=[ & p{L(p, 0))
=G| [Aalp) Aol =B To) A1), :

where «Z/[p] and #[p] for the curve C are defined by double integrals
averaged over all orientations of C in space.

o [p]={[] P "= (dr, - dr,)), (2.10)
B[] =(|f e (dr dr))). (2.11)
We note that
B[ p] = [p] (2.12)
and that
P B*[p]=0 (2.13)

[see Eq. (2.6)].
On the other hand, it will be convenient to introduce the function %[ p]

Blp]l= —i<jj elprn-r) (dl'l,dl‘z,g)>
Z% [ dry,dry,vy) elpti=ry, (2.14)

Now it is possible to express #/*[p] in terms of the scalar functions .o/ [p]
and #[p]. In fact, group theory shows that 4/*[p] must be of the form

B [p] =06 f(p)+p’ p* g(p)+&™* p’ h(p). (2.15)

2 Summation over repeated indices is implicit in (2.8) and subsequent equations
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Here &%= +1 if (j,k,{) is an even permutation of (1,2,3), &/*’ = —1if (j k,¢) is

an odd permutation of (1,2,3) and &/*/ =0 otherwise.

Let us calculate f(p), g(p) and h(p). Egs. (2.12) and (2.13) give
3f(p)+p*gp)=[p]

f(p)+p*gp)=0,
and therefore
f(p)=31[p]

r?g(p)=—3[p] (2.16)
On the other hand, from Egs. (2.14), (2.11) and (2.15) we deduce

Ap]= —Ii).sf“ B p]

— _igjk/ 8jkmpfpm h(p)
p
= —2iph(p) (2.17)
and therefore
i
hip)= +—A[p]. 2.18
(0)=+5,B1p) (218)

Now let us calculate the product %%*[p] #4[p]; starting from Eq. (2.15),
we may write

B[] BIELP]1=314(0) [5(0) +P*[f4(P) g5(P) + 2.4(P) f5(P)]
+p* g.4(0) g5(0)+ 2P h4(p) hy(p),

and with the help of Egs. (2.16) and (2.18), we get
B[] Bif(p] =13 o, [p] Ay [p]—5 Bs[p] Bylp], (2.19)
where the functions o7 [p] and #[p] depend only on the length p of p.

Let us bring (2.19) into Eq. (2.9).
We obtain the result

1 o]
A2y (5, dpisd,Lp] A5[p]+%,1p] Blp]}. (2.20)

On the other hand, in the definitions of .o/[p] and Z%[p], instead of

averaging over the orientations of the curve under consideration, we may
average over the orientation of p. Thus, Eq. (2.10) gives

2[p] = (dr1~drz>“’;f‘j—’12) 221)
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and Eq. (2.14) gives

Bpl= ” drpdrz,Vz)M
12
N o | '

Equations (2.20), (2.21), and (2.22) constitute the intermediate results an-
nounced in the introduction.

3. Representation of J,; in “Real Space”

In the preceding section, J,; has been expressed as an integral over a
variable p which has the dimension of a wave vector (the inverse of a length).
By performing a Fourier transform, it is possible to express J,, as an integral
over a length r. The transformation is not unique and various results can be
obtained. A simple way of obtaining the simplest result consists of replacing
o/ [p] and #[p] in Eq. (2.20) by their formal expressions (2.21) and (2.22) and
integrating with respect to p. We may set r,=|r,; —r |, 7;=|ry, —Ip,| and we
shall use the following identities, which are derived in the appendix:

® sinpr,sinpry w% 1
d B [ dr 60— - .
i P on 2£drr20(r r,) 0(r—ry), (3.1)
dp
i pri  piri) \oprg o p'r

1

(cosprA_sinprA) (CosprB_sinprB)

7.[ [ee}

Ef —4 O(r—r,) O(r—rp). (3.2)
0

This shows immediately that J,, is given by

1 o0
Jas=g - V drt (r) st y(r) + B ,(r) B(r)], (3.3)

0

where o/ (r) is derived from (2.21) and (3.1)
1

< (r)={[ (dr,-dr,) = 0(r—r,,), (3.4)

and 4(r) from (2.22) and (3.2)

1

#(r)= (| (dr,, dr,, rlz);z— O(r—ry,). (3.5)

Thus we find exactly the results announced in the introduction [see Egs.(1.8)
and (1.9)].
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4. Remarks

Obviously the function 7(r) associated with a curve C is never identically
zero, since &/(0)=2L where L is the length of the curve. However, as was
noted in the introduction, 4(r) may vanish for all r.

Let C’ be the mirror image of C. It is easy to see that

Lo (1) = A7)
4.1
Ber)=—B(r).
Therefore, if C coincides with C’, Z.(r)=0. However, it is possible to show the
existence of curves C for which %(r) does not vanish. To establish this fact, it
is sufficient to find a curve C for which

%[rz B(r)]=[[(dry, dry,x;,) 0(r—r,)£0.

Consider now the curve C shown on Fig. 3. The main contribution is due to
the central part, which can be made as long as we wish. Then, if we choose for
r a value which is much smaller than the radius R and the pitch H, we see that
the contribution of the central part comes only from the helix and has a
definite sign.
Equations (4.1) show that
Jee =Jcc

Thus, in general, if C’ does not coincide with C, we have

Jeer <Jee

Central
part

Fig. 3. A curve C for which #(r) does not vanish
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Appendix
The identities (3.1) and (3.2) are derived will the help of the formulas

x—sinx ¥ cosx—1+x2/2

[oh )

x4

sinpr, sinpry
pry Py
1 }Odp [cos p(r, —ry)—cos p(rA+rB)]

= 2
2ry15 0 p

1 =
= 5 L=y —rgl+rg+1gl]

Second Identity
I,={dp [
0

We note that

cospr, sinprA] [cosprB sinprB]
2~ 2.3 2 2,3 |
Pry Py Pry Py

1 0*
=

~ A b
o tg 01,01y

and then find

« sinpr, 1\ fsinpr, 1
Jb:jdp( Z A**) ( 2 B__)
0 P Ty 14 D™ Ty 14
« cos p(ry—rg)—cosp(ry+rg) 1
il SN
° 2r 15D p

< p[Z sinpr, sinprB]
P> plry Py

1 b T
:21’,4 . 5 [ry—rgl® —(r, +15)°] +Z [ry 475l

This can be rewritten as

2

TR [ PO P

B
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and we then derive [, :

1 0? n 1 1
bZEm 3 [EQ(TA—”B)+EQ(VB“VA)]

. (11
= E Min (’g, —3> .
6 ry ot
Therefore, we have also

dr ;11 O(r—r,) 0(r —ry).

B-N

If
NSRS
O~ 8
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