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Moments of the Auto-Correlation Function
and the KMS-Condition

M. Fannes*, R. Martens, and A. Verbeure

Instituut voor Theoretische Fysica, Universiteit Leuven, B-3030 Leuven, Belgium

Abstract. Inequalities between successive moments of the time dependent
auto-correlation function are derived. Furthermore, we prove that they
provide an infinite set of characterizations of an equilibrium state.

I. Introduction

As is well known, the time auto-correlation function is an important quantity
for the study of macroscopic systems both from a theoretical as well as from
an experimental point of view. In particular we have in mind response theory.
In practice, computations in this theory are generally stopped after the first
moment because of lack of information about the higher moments of the auto-
correlation function. If this is the case, one speaks about linear response theory
[1-4]. Indeed it is not always easy to establish a radius of convergence for this
auto-correlation function expressed as a power series in the time variable [5].
Motivated by this problem, we study in a rigorous way the relation between
successive terms of this series expansion for KMS-states and derive inequalities
between them (see Theorem IL.4 and 5). Furthermore we prove that our in-
equalities are best possible in the sense that each of them characterizes equilib-
rium or KMS-states (see Theorem II1.2 and 3).

First we introduce the scheme in which we work. Let .# be a von Neu-
mann algebra on a Hilbert space # and H a self-adjoint operator on J#. Let
U=expitH, telR such that t—o,=U,-U¥ is a continuous one parameter
group of *-automorphisms of .#. Let 2 be a normalized element of # cyclic
for 4. We denote by w the vector state determined by Q.

For any fe#'(R), denote by f the Fourier transform [dx f(x) e’ =f (k) of
f- Denote by .#, the algebra generated by the set

{(x(f)eM\x(f)=[dtf(t) ox, xeM,feD},
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where 9 is the set of C”-functions with compact support on IR. Remark that
My is a strongly dense *-subalgebra of .#. We define the derivation L on /4,
by

L'x(f)=i"x(f™) n=12,.... 1)
We define the symmetrized n'™ order moment of the auto-correlation function

as: for xe
m,(x)=(xQ, I'x Q)+ (x*Q, L'x*Q), (2)

forn=0,1,2,....

I1. Inequalities for Moments of an Equilibrium State

In this section we derive correlation inequalities for the symmetrized moments
(2) when the state @ is an equilibrium state or KMS-state for the evolution «,
determined by the derivation L.

Definition I1.1. The state w of ./ is called a KMS-state at inverse temperature
p=1 if it satisfies the following condition: the set .#Q belongs to the domain
9(A'1?), where A =exp(— H), and for all x, ye.# we have

(i) HR=0

(i) (4'*xQ, AV yQ)=(y*Q, x* Q).
First we derive an integral representation for the moments.

Lemma IL.2. If o satisfies the KMS-condition, then for each xe.#,,x+0, there
exists a probability measure p, on R* =[0, o) such that

m,(x)
——= | f(Adp. (4, n=0,1,2 .., (3)
9= S )
where
on(A):/lzn;
Sans 1(H)=2A2""1th 42, AeR™.
Furthermore, let f_l(/’u)=£11;/—2, JeR™. If m_,(x) is defined by
P Gy
my(X) R* - e

then the Duhamel two-point function

1
(x,x).. =[dt]4"xQ]?, (4)
0

satisfies (x, x). =m_,(x).

Proof. Let sz'/ldE,1 be the spectral resolution of H on . By the KMS-
condition:

d|E_,x*Q||?=e"*d||E,xQ|* xeM.
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Define the probability measure y, on R™*, for x+0:

(e ) d(IE Q1 + | E,x2)?)
e TR Tk

>

which is well defined as o is separating. Formulae (3) follow by a straightfor-
ward computation and the remark that

L(x)Q=H"xQ, xe.,.
To prove (4), compute

1— —2
m_y(x)= | d(|E;x Q1%+ | E;x*Q]1%).

e
]R+ )L
Using again the KMS-condition

—2

1—e
m_1(x)—ﬂ£ 1

d|E;xQ|*=(x,x).. O
Lemma I1.3. The functionsF,: R* ->R* (n=1,2,...) given by
(i) Fy,(y*")=y*"""thy
(ii) Fy,_;(y*" ' thy)=p>",
thy

and the function F: (0,1]->R™ given by F (~—> =ythy, are well defined and
convex. y

Proof. (i) Check that
(2n)2y*" ' FL(v*") =(2n+1) thy+(2n+3) y/ch2y—2y? shy/ch3y, (%)

and remark that
v y y2
chy=1 +fshtdtgl+jtdt=1+7gy.
0 0

Inserting this inequality in the last term of (x), yields F;, >0 for all n=>1.
To prove (ii) we use the following characterization of convexity [6, Appen-
dix I, Theorem A.2]:

1 ay F, )
det/l a, F,,_,(a,)|20 (33)
1 a3 F,, (a3)

for 0< a, <a,<a,. Taking
a;=y?" 'thy; i=1,2,3
and using the monotonicity of the function

y—=y*"~'thy on R",
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the condition (x*) becomes, after interchanging two columns,
1oy yi"'thy,
det|l 3" y3"'thy,|<0
1 oy3" y3" lthy,

for 0=y, <y,=<y,, which is equivalent to the concavity of the function

G,y 1(y?")=y*"""thy.
Compute:
¥y 2m)? ch?y Gy, _,(y*") =(n—1)(y—shychy)—2y*thy <0,

as y<shychy. Finally the convexity of the function F given by F(y~'thy)
=ythy is easily seen by computing its second derivative:

P (th_y) _2y°2y*—ythy—shy)ch®y
y (y—shychy)’
It is sufficient to prove that

y=f(y)=2y*—ythy—sh?y
is negative. However

y 1 *

f(»)=[dx—5—[dz8(z—chzshz)chzshz. [J
o ch“xy

In the follwing theorem we derive inequalities between successive moments.

Theorem I1.4. If w is a KMS-state, we have, with the notations of above, for
xXeMy and x=+0:

2m_(x)\ _1m,(x)
0 F (S ) Sy ®)
b) forn=1,2,...
My, (x) My 1(X)
F2n (22nmo(x)) §22n+ lmo(x) (6)
My, 1(x) My ,(x)
F2n—-1 (22n—1m0(x))§22nm0(x)‘ (7)

Proof. The result of the theorem is now an immediate consequence of Jenssens
inequality applied to the representation of the m,(x) obtained in Lemma II.2
using the convex functions F and F, (n=1,2,...) of Lemma IL3. []

Remark that the inequality (5) has been obtained before by Falk and Bruch
[7], the special case of inequality (7) with n=1 was first derived by Martens and
Verbeure [8]. The other inequalities relating higher moments are new as far as
we know.
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Furthermore from the formulation and the proof of Theorem I1.4 it looks
as if the inequalities (5), (6) and (7) are different in nature. We write all the
inequalities in a more organized way and obtain a chain of inequalities such
that all of them are of the same nature. Moreover this way of writing enables
us to complete the series with the upper bound of the Duhamel two-point
function, as derived by Roepstorff [9].

In order to do this, use the monotonicity of the functions f, (n=
—1,1,2,3,...) given in Lemma II.2 to define the (positive) means M,(x) (n=
—1,1,2,3,...) of the moments by

_my(x)
SEM )= ®)
Furthermore define the mean N y(x) by
_|eo([x, x*])

Theorem IL5. If w is a KMS-state, with the notations of above, we have for all
x€My, x*0:

No(x¥)=M_(X)=EM,(x)=M,(x)=...=M (x)=.... (10)

Proof. First we check that Ny(x)<M _,(x) is equivalent to the known upper
bound for the Duhamel two-point function:

(x, ). <26 X)) if o([x, x*])+0
w(xx*)
(x*x)

<Jwo(xx*+x*x) if ([x, x*])=0.

A

Indeed, this inequality can be written as

o(lx x*1)
(X, %)~ mo(x) . .
2_1m0(x)§1 w(xx*)’ if o(lx, x*1)*0,
27 w(x*x)

or in the notation of (8) and (9)

thM_l(x)<thN0(x)
M_(x) T No(x)’

where we used the formula

1 1/2
arcthr=log (li) if 0=r<l.

The case w([x,x*])=0 is immediate. The equivalence follows by remarking

. thx . .
that the function xeR * ——— is monotonically decreasing.
X



534 M. Fannes, R. Martens, and A. Verbeure

Now we prove that M _,(x)< M, (x) is equivalent with inequality (5). In the
notation of (8), the inequality (5) reads as

M, (x) th M, ()2 F (%4M_~(1)S‘_)

)=M_1(x) thM_ ().

The equivalence follows from the remark that the function xelR* —»xthx is
monotonically increasing. Furthermore, we prove that M,,(x)=M,,, (x) (n
=1,2,...) is equivalent with inequalities (6). In the notation of (8) inequalities
(6) read:

M,,, 1(X)2n+ 'th M,,, 1(x)§F2n(M2n(x)2"):Mzn(x)2n+1 th M, ,(x),

or M,,(x)<M,,, (x) by the monotonicity of x—x*"*' thx on R*. Finally
M,, x)=M,, (n=1,2,...) is equivalent with inequalities (7):

M2n(x)2ngF2n— 1 (x)Zn— 'th M,, (X)=M,,_ 1(x)2na

written in the notation of (8) or M, (x)=M,, ,(x). Combining all these
inequalities we get the chain (10). [

This theorem yields an infinite set of inequalities between the consecutive
moments of the autocorrelation function in such a way that each inequality
contains only two normalized moments. It is clear that this result is important
to study the properties of the time dependent autocorrelation function (see e.g.
[5]). But instead of proceeding to applications, we want to examine in the next
section the question: how good are these inequalities? In fact we prove that
they are the best possible ones in the sense that it is sufficient to impose
inequality (5) or inequalities (6) and (7) for a single value of n in order to
characterize a KMS-state.

III. Characterizations of Equilibrium States

We start with the set up outlined in the introduction; .# is a von Neumann
algebra acting on a Hilbert space # with normalized cyclic vector Q; H is a
self-adjoint operator on # defining the one-parameter group (o), of auto-
morphisms of .#. The derivation L is defined on .#, in (1) and the momenta
m,(x), n=1,2,...,xeM, in (2). Finally we define for xe.#,

()= [ ds(x2, 2, ). (11)
0

In the case of a KMS-state this definition coincides with the one in Lemma
11.2.

First we prove that if the odd order moments are real valued then the state
o(")=(£2,- Q) of M is o,-invariant.

Lemma IIL1. Let nelN, then m,, ,(x) real for all xe.ll, implies that w(,(x))
=w(x) for all xe M.
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Proof. First we treat the case n=0. Take x=x*e.#,. The reality of m_,(x)
implies

1

[ds{(, or_;(x) xQ2)— (2, x 01,5(x) )} =0.

0

Replacing x by 1+x yields

1
[ds{(2,0_(x) Q) — (R, (%) 2)} =0.
0
Replacing x by Lx yields
(@2, (chL—1)xQ)=0

implying (Q, L(x) 2)=0, by functional calculus. If n=1,2,..., take again x
=x*el,, then the reality implies

(Q, x 2" *(x) Q) +(Q, 2"~ 1(x) xQ2)=0.
Again replacing x by 1 +x yields
(@, 2" () Q) =0,
implying again (2, L(x)2)=0. [

Now we prove the main results of this section. In the following we use the
notation introduced above and extend the definitions of M _(x) and Ny(x) (see
(8), (9)) to the limit cases m_,(x)=0 and |([x, x*])| =m(x).

Theorem ITL.2. Let Ng={xeMy|my(x)>0}. If for all xe Ny one of the follow-
ing conditions holds:

(i) m_,(x)=0 and No(x)=M _(x)
or (ii) m_(x)=0, m(x)=0 and M _,(x)=M (),
where M _(x) and M ,(x) are defined in (8) and Ny(x) in (9), then the state w is a
KMS-state.

In the next theorem we give another infinite set of equilibrium conditions.
In Theorem IIL.2 there are no other conditions to impose on the dynamical
system except for the inequalities. For the other inequalities of Theorem IL5 to
determine a KMS-state, it is clear that a supplementary condition is needed in
general because they become trivial in the case that H=0. As in our notation
p is always absorbed in H, this would also correspond to the exceptional
situation that f=0 or T=co. We impose a condition on the evolution to
eliminate the degeneracies of the Hamiltonian, namely:

My={xeMo(x)=x,tecR} (12)
is abelian.
Remark that this condition is much weaker and of a completely different
nature than ergodicity or clustering which are nonlinear conditions on the
state often used in characterizations of equilibrium states [10-11].
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Theorem II1.3. Let Ny={xe.#ymy(x)>0}. If the evolution satisfies condition
(12) and if for a fixed n=1,2,... and for all xe N, one of the following
conditions holds

(1) m2nv1(x);05 m2n+ 1(x)§0 and MZn—l(x)§M2n(x)§M2n+1(x)>
or (11)' Mon_ l(x)g 0 and MZn(x)gMZn-{» l(x)§M2n+ Z(x)7
where M ,(x) (n=1,2,...) is defined in (8), then the state w is a KMS-state.

The proofs of Theorems II1.2 and I11.3 will be performed in a number of
steps.

Lemma IIL4. Condition (i) of Theorem 111.2 implies that w is a KMS-state.

Proof. The time invariance of w follows from Lemma IIL1. If xe#;, the proof
of Theorem I1.5 shows that condition (i) is equivalent to the upper bound of
the Duhamel two point function

(v, ). <27 if ([x, x*) %0
w(xx*)
w(x*x)
<Lo(xx*+x*x), if w([x, x*])=0.

On the other hand if my(x)=0, then (x, x). =0 by Schwartz inequality and the
inequality remains valid.
The rest of the proof follows from [12, Theorem I1.4]. []

Lemma IILS5. Any state satisfying condition (ii) of Theorem II1.2 or conditions
(i) or (ii) of Theorem II1.3 is separating.

Proof. Let xe.# such that w(xx*)=0. It is sufficient to prove that w(x*x)=0.
Indeed then for all ye./:

yx*Q implies xy*Q=0,

and as Q is cyclic, x=0. Now we prove this by contradiction. Therefore let
w(x*x)>0. As o is time invariant (Lemma IIL.1) there exists a self-adjoint
operator which we again denote by H and such that

a,(x) Q=e""xQ.
Let H=[AdE, be the spectral resolution of H and fe, then

xfzj'f(t) o(x)dte M,
and
o(x(x,)*)=0,

because for all ¢, and ¢,:

(e, (x) o, (x*) =0,

by time invariance and Schwartz inequality. As w(x* x)>0 there exists an fe %
such that o((x,)*x,)>0 and so x €45,



Moments of the Auto-Correlation Function 537

It follows now from condition (ii) of Theorem IIL2 by applying f_, on
the inequality, that:

0<f_ 1(2M1(xj)) =f_ 1(2M1((xf)*))

m_((e,)*)
SfCM_ () =5 =0,
M= )
which is a contradiction, proving the first statement of the Lemma.
To prove the other statements of the Lemma, compute with the notations

of above
m(x )= | (AP d|E,xQ|? (13)
R

k=0,1,2,.... If (i) or (ii) of Theorem IIL3 are satisfied, then m,,, ,(x) is
positive on .4, and the expression (13) implies that the spectral measure
d|E;xQ|* has its support in R*. Take some /1, in this support. Choose a
sequence of functions (), in 2 such that

” 1 A 1 1
support f,= [/10—1, /10+—] and f,(4)>0 for Ae]lo——, /10+—[,
{ l l ¢
then for k=0,1,2, ...
. X
lim M=l’{,. (14)

£— 0 mO(xfl)
From the inequalities (i) or (ii) of Theorem III.3

M,,_ l(xf()gMZn(xf/)'
Hence

M,,_ 1(xff)2n~ "thM,, l(xff) §M2n(xf/)2n_ ' th MZn(xfg)'
However by (8) and (14), the left hand side of this inequality tends as £ — oo

1 mZn—l(xiL): (}'_O>2nﬁl
2 >

lim
’ 22n~1 mO(xf[)

and for the right hand side

. . my,(x,)
limf,, (2M =1 T J e p2n,
Y on( 2n(xff)) I;n mO(Xf{) 0

)'0 2n—1 /10 2n—1 /10

Z0 < (22 hie

(2) = (2) "
implying that A,=0 or the support of the measure d|E,xQ|* is reduced to
zero, hence HxQ=0.

Therefore, if t,,¢,€R then w(x*x)=w(o,, (x*) o,,(x)) >0.
Let 4, be the mean over R, define the map @ of .# in .# by

After substitution we get
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ME a(x)m)=(E, P(x)n); & MEH,
then @(x)e.#,, and as .4, is abelian
o(x*x)=w(P(x)* D(x))
= o(P(x) B(x*)) =M, 0(P(x) o, (x*)) =0,
as o,(x*) 2=0. [
Proof of Theorem 111.2. The proof that (i) implies the KMS-property is given
in Lemma IT11.4. Now we proceed to the proof that condition (ii) of Theorem
II1.2 implies the KMS-property. From Lemma III.1 the state w is again time
invariant and we consider again {E,},, the spectral resolution of the Hamil-
tonian as in Lemma IIL5.
For any x+0, xe.#, denote
du(A)=d|E;xQ|?
dv,()=d|E,x*Q|?,
and for fe%
1N =017 AP dpy (),
()= D dvy(=4).

Let fe% such that x,%*0, then from Lemma IILS5 my(x,)>0 and from con-
dition (ii) with x=x, respectively (x,)*, we get

U AN _ [d()—dv (= A)
F(anror S B sy o RO EEEAL
o E DD o [ ()= dr (=)
F(aigept R T s R EBES e

Also from Lemma IILS support .= —support v, #¢; take ioesupport u, and
a sequence (f,),n in 2 such that

. 1 1 A 1 1
supportft:[/lo—z,lo—kg] and f,(4)>0 for /Ie]lo—z,io—kg[.

Using the convexity of the function F (see Lemma I1.3) we sum up the in-
equalities (15) and (16) with the weights respectively

lo 1
———— and ——
er+1 e’ +1

AP e—e? (¢*~1)
P ey [ s )

[dp, ()= dv,(~ )] )
mo(xff)

to get:

<AL
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Taking lim inf (lim) of both sides of (17), we get by the mean value theorem

e f)
g . A do v.f)
40 i %0 iy Po alSe 18
R P "
(1)

Suppose now 1,>0 (the case 1,<0 can be treated in the same way), then from
(18)

él :u'x(f()

v (ft’)

Take now lim of (16). Observe that the function F is decreasing and use
inequality (19) to get subsequently:

(19)

~D)
j’_O__vx(f{’) >F 23/10_11
2w TR e,
vo(f) V()
mlfd) 4
Y X -

) B
W) n)

e (fy)

L mU wf)
gm”ovmﬁmw
v.(f)

1
5In

+1

Hence

and together with (19):
(20)

The case 1,=0 yields immediately from (15) and (16) that

(o) _
Jm

dp(Lo) — Iim 1 (f2) — o0
dv(=4o) ¢=w Vil fy)

for all Ajesupp pu,. But this is well known to be equivalent to the KMS-
condition [10]. [

Hence
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Proof of Theorem 111.3. If the conditions of Theorem IIL3 are satisfied, then
the state o is separating and we consider again for every xe.#, x+0 the
measures u.(2), v.(4) and the sequence of functions (f,),.n, as in the proof of
Theorem III.2. Consider first the situation that condition (i) is satisfied, then
for 2,>0, A esupport u,

: 2n _1; AN zd:u’x()')—‘_dvx(_/l)
i M, ) =tim () e S

_ (’LO)Z", 1)
2
As M,, (x)SM,,(x):
M,,_ l(xft,)z"‘1 thM,,_ l(xfl)gMZn(xf()z"” "th M,,(x;,).
Take lim of this inequality and use (21) to get:

Y 2n—1 A S
(_0) th2 2lim My, 0, th My, ()

2
2 ) —dv, (= 4

mo(x,,)
Hy ()

- (z_) ()

lim —~%——,

Hence

The same inequalities are deduced for 1, <0 in a similar way, therefore

dp,(d)
X = 22
D=0 e for 1+0. (22)

Suppose now that the measure p (4) is atomic in A=0.
Let E, be the projection on the invariant vectors and @ the mean of
o,, as in the proof of Lemma II1.5, then using condition (12):

(Q, x* E(0) xQ) = (Q, d(x*) B(x) Q)
=(2, P(x), D(x*) Q)
=(Q, xE(0) x*Q),

proving that (22) holds for A=0.
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Suppose now that condition (ii) is satisfied, i.e. for all xe.#

MZn(‘xf[)éMZn-{- l(xft:)éMZrH- 2(xf,)-

From (21) for A,esupport pu,:

Therefore

2

Hence for 4,+0

. 2o
11?1M2,,+1(x”)=7.

L fr)

2 ¢ 1 (f)

V()

dlux(ﬂ’o) — elo
dvx( - )‘O) .

The case 1,=0 is treated as above. []

_ (l_o) i )

/10 2n+1 /10 ) S
(_’) th7=11;n My, 1(x) thM,,, 1(x,)

+1

541

As it was remarked above, Theorems II1.2 and 3 constitute an infinite set of
correlation inequalities which are strong enough to impose equilibrium on the
system. As far as the first condition is concerned, it is known that it can be
written in a form [12] which gives an easy interpretation of the inequality in
terms of a notion of stability [13]. It is evident that it would be instructive to
look for the appropriate notions of stability corresponding to the other set of

inequalities.

Another aspect of the result which we want to stress is that we give the
characterization of KMS-states by means of maximum three powers of the
generator of the time evolution.
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