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Abstract. Possible ergodic properties of Gibbs states are discussed by con-
structing a number of examples. In particular existence of Gibbs states which
are mixing but not extremal is shown.

Any invariant state ¢ which is an extremal Gibbs state, [2], [6], [8], is mixing
[6], ie. for any f,ge L?*()

o(f-t,9)—oa(f)elg) as |al—co.

In this note we discuss the question to what extent the converse holds, i.e. if any
mixing Gibbs state is extremal. In particular, we construct an example of a mixing
non-extremal Gibbs state.

More precisely,we consider a hierarchy of ergodic properties : ergodicity, weak
mixing, n-fold mixing (n>2), extremality in the set of all Gibbs states, each
property being stronger than the preceding one. By considering suitable fer-
romagnetic finite range interactions we obtain equilibrium states which are

— ergodic but not weakly mixing;

— weakly mixing but not mixing;

— mixing (i.e., 2-fold mixing) but not 3-fold mixing, and thus not extremal
Gibbs states.

Construction of ergodic but not weakly mixing states is trivial: average over
translations of any periodic not Z’-invariant extremal Gibbs state yields here an
example. One can obtain such examples already in two dimensions. The other
examples are more complicated and are constructed in dimension three or higher.
At the end of this note we discuss a result of Ledrappier [7] which stimulated
working out of the examples below.

We adopt the following definitions [4], [1]. Let & be a compact Z-space (i.e.,
Z’ acts on & by homeomorphisms). We denote by fr>1,f, acZ’, the induced
action of Z® on C(%) and by E! the family of all Z’-invariant states of C(%). For
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a=(al,...,a")eZ’, n>0, finite ACZ", we let

la|=max {|d'|:i=1,...,v}, A(n)={aeZ’:|a|<n}
|A|=card 4.

A set JCZ' is of zero density if |[J N A(n)|/| A(n)| -0 as n— oo. A state ge E is ergodic,
respectively : weakly mixing, mixing, if for any f,g € C(Z)

lim, ., —— Y olf tg9)=elfe),

" An)| xeA(n)
respectively :

fim, Y lo(f-7.0)—o(Ne(g)| =0,

e IA(n)I xeA(n)

lim ., o(f " 7.9)=0(f)elg)
o€ E! is n-fold mixing if for any f,, ....f,€ C(Z)

1im|x,—xj|—>ooQ(Tx1f1 .szfZ Tx“f;x)=g(f1)g(f;l) .

i*j

Weak mixing is equivalent to existence for any f, ge C(Z) of a set J of zero density
such that

limyy o, xes0(f - 79) =0(f)e(9).

We note that to check any of the above properties it is enough to verify it for a
family of functions, linear combinations of which are dense in C(%).

Invariant extremal Gibbs states are n-fold mixing for each n, [6]. Thus an
equilibrium state which is mixing but not 3-fold mixing is not an extremal Gibbs
state.

The present paper is, in a sense, a continuation of [9], and we adopt the
notation of that reference. In particular & ={—1,1}*, IL=2", is the configuration
space of a spin 1/2 system with the natural action of Z’; o ,, where A is a finite
subset of IL, is the usual product of spin variables and the (translation invariant)
Hamiltonian is

— Y op. (1)

Be%

We will consider only finite range interactions: in each case there is a finite
subfamily #,C% such that each element of # is a translate of %,. 0™ is the
translation invariant extremal Gibbs state corresponding to inverse temperature f§
obtained with “+1 — boundary conditions at infinity”, and ¢° is the thermody-
namic limit of ¢§ as A1

expf Y, opX)
Q?l(X)= BC A, Be#

;CXPB Y, oY)

Bc A, Be#




Ergodic Properties 479

0 is translation invariant but not extremal in general. Most of our examples are
obtained by taking ¢° for suitable % and large f.
For two subsets C,D of IL let C+ D be their symmetric difference

C+D=(C\D)U(D\C).

Then 2 (L), the family of all finite subsets of IL, with the + operation is an
(abelian) group; let # be the subgroup of Z(Z') generated by 4.
For any interaction of the form (1)

°0)=0 if A¢Z (2)
0%, )=0"(c,) if AecH (3)

and f is large enough [10], and for all models we will consider, [5] allows us to
check that

0" (6)#0 VYAeZ/(L), for large f. 4)

Let (M,), n=1,2,3,..., be thei following property of (44, ..., A, are elements
of Z,(IL)): (M,) for any A,, A,¢2 there exists a set J CZ" of density zero such that
A, 47, (A B if x¢ .

(M,,n=2) forany A,,..,A¢%,
T (AD+1,(A)+ ...+, (A )¢5
if all |x;—x}|, i=+j, are large enough. Assuming (2)~(4) we will now show that for

n=2,if ¢° is n-mixing then (M,) holds (in fact ¢° is n-mixing if (M,) holds for k <n).
For if 4, ... A,¢% then for n-mixing ¢°

QO(H Txi(O-Ai)) - 1__.[1 QO(O-A;‘)

i=

as min|x,—x;|—o0, and [] ¢°c,)=0 by (2). On the other hand if (x, ;) i=1, ...,n,
i*j i=1 ’

k=1,2,... are such that |x, ;—x, =k, i%j,and ) 1, (4)eZ then
i=1

Qo(ﬂ Ty, ,(UA)) =0%0,
i=1 ( erk,.(A.-))

i=1

=Q+<O’,, ) =o* (n Txk,l(o-A,))_) 1_[ Q+(0Ai) >
Y 1y, (4) i=1 =t

as k— oo, which is non-zero by (4); here the first and the third equality follow from

0. 0p=0c,p (VC,D)and second from (3) and _Zl Ty (A€ 2. Similarly one shows

that for weakly mixing ¢°, (M) holds.
On the other hand, (M,) implies that ¢° is weakly mixing; since linear
combinations of {o ,: A€ Z (L)} are dense in C(Z) it is enough to show that for any
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A, A, there exists a set JCZ" of density zero such that

004, T(0.1,) s 0%(0.4,)0%0 1) (+)
If both 4, and A4, are in 2 then by (3) and the fact that o™ is mixing one can take
J=0; if AeB, A,¢% then A +1(A,)¢# and by (2) %0, “1,(0,4,)=0 and
0%0 4 )0%0 4,)=0 and therefore (*) holds with empty J. If 4,, 4,¢% let J be as in

(M,). Then
QO(UAl {0 4,) = QO(O-AI T d)
is zero for x¢J (by (2)) and (*) holds again.

In exactly the same way one shows that (M ,) implies that ¢° is mixing. Thus we
see that ¢° is weakly mixing but not mixing if (M) holds but (M,) does not hold,
and that ¢° is mixing but not 3-fold mixing if (M) holds but (M) does not hold.
Since (4) depends on # only, and not on 4, corresponding ergodic properties of 0°
at low temperatures depend only on 4 too.

Example 1. (layered Ising Model). (M,) holds but (M,) does not. L=2Z3,
%,=1{B,,B,},
B,={0,e,}, B,={0,e,}."

The same 4, and therefore the same ergodic properties of ¢° at low temperatures,
are obtained if we enlarge %, by

B,={0,e,,e5,¢,+e5},

which yields a “connected” model.

Here Ae 4 iff each plane perpendicular to e, intersects 4 at an even number of
points. Thus if 4, 4,¢% then 4, +1,A,¢% for all x with large enough x, which
proves (M,). To see that (M) does not hold it is enough to take 4, =4, ={0} and
observe that A, +1,,,4,€% for all n. (4) holds here since ¢* for this model is a
product of corresponding states of two-dimensional Ising models for which (4)
holds. Thus we obtain a Gibbs state which is weakly mixing but not mixing.
Another example is provided by the model of [9, Sect. 4].

We conjecture that as soon as 2, (IL)/4 is infinite and (4) holds, ¢° is weakly
mixing.

Example 2. (M ,) holds, (M ,) does not; the proofs are much more complicated than
in Example 1. L=27° %,={B,,B,},

BI:{anl,ez}a 322{31,e3a233}-

To prove (M ,) we first notice that it is enough to check it for 4, =A,. For suppose
for any n there exists xe Z* such that |x|>n and a, +t,4,e%. Then for any n there
exist x,, x,€Z> such that |x; —x,|>nand 4, +1, A,€ %, A, +1,,A,€%. But then

sz(AZ + Txl —szZ) = ‘ExlAl + szAZ =(A1 + TxlAZ) + (AZ + 1:JCZAZ)G’%—’

and therefore A,+71, _, (4,)e%. Now we reformulate the problem in the
algebraic language of [5] and use the algebra to solve it.

1 ey,...e, is the canonical basis of Z’
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In the notation of [5, Sect.3], writing X={e,}, Y={e,}, Z={e,},
x=(x, B,y)eZ>, we have

A+T(A)=(+X*YZ")- A,

where the multiplication on the right hand side is understood in the sense of
IF,[Z°] (=2 (Z°). Now A +1,(A)e % means that there are P, QeIF,[Z>] such that

(14+X*Y#Z)-A=P-B,+P-B,.

Multiplying both sides here by a suitable monomial X*Y#Z”, and assuming
ACZ3 we see that there exist non-negative integers 4, i, 1, 0,7, 7, (4, i, ) %= (0, 7, 7),
and P,QelF,[X, Y, Z] such that

(X*Y*Z"+X°Y°Z)-A=P-B,+QB,. (5)
Let R=X*Y*Z"+X°Y°Z"; then (5) is equivalent to the fact that R- A is in the ideal
S of F,[X,Y,Z] generated by B, B,. We will now show that if A¢.# then the
preceding statement implies that Re .# which in turn will be shown to lead to a

contradiction.
Let @ be a homomorphism IF,[X, Y, Z]—IF,[Z] such that

dX)=Z+2Z%, OY)=1+Z+22, @&2Z)=Z;

P(F,[X,Y,Z2])=IF,[Z] and since B, =1+X+Y, B,=X+Z+Z7%
&(B,)=P(B,)=0,ie., # Cker(®). In fact £ =ker(®). For, as is easy to see, each
element of IF,[X, Y, Z] is congruent mod Z to an element of IF,[Z] and ker(®) has
trivial intersection with the later.

Now, if R-Ae.# then ®(R) - P(4)=P(R-A)=0 and since IF,[Z] has no zero
divisors it follows that either ®(R)=0 or ®(A4)=0. But ®(A4)=0 would contradict
Ae%. Hence ®#(R)=0, which is the same as

Z+ZY(A+Z+ZY2"=(Z+ZH(+Z+ 217"
or
A+2Y(A+Z+ 272 =1+ Z2) (1 + Z+ 2 Ze*".

Since the polynomials 1+Z, 14+ Z+Z?% Z are prime in IF,[Z], the last identity
implies that 2=9, u=o0, A+n=¢+r1, in contradiction with (4, u, %)= (e, 0, 7).

The above argument shows also that if m==n then 1+ 2™ and 1+ Z" are not
congruent mod 4, that therefore Wf(]L)/Q-} is infinite, and that in particular one
point subsets are not in #4. Since, obviously,

g-cdB=g-cdl+X+Y,X+Z+Z=1,

by [5], (4) holds. Thus to show that, for large 3, ¢° is not 3-fold mixing, it is enough
to exhibit sequences (a,)”, (b,)*, (c,)®, of points of IL such that {a,,b,,c,} €% and

min{la,—b,,la,—c,l,|b,—c,]}—>0 as n—ooo.
To this end, since B>"¢ 4% and

BY"={2"-a:aB,}={0,2"¢,2"%,},
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[S, Sect.3.9], define a,=0, b,=2",, c,=2",. Then the above conditions are
satisfied proving that (M) does not hold.

Remark. As is not hard to see the above proof of (M ,) depends on two properties
of #: on & being a prime ideal of IF,[Z*] (we used the homomorphism @ to prove
it) and on # not containing two-point sets. The first condition is the harder to
satisfy and to check since it requires the elements of B to be of an irregular shape.

We note that as soon as 73 +2 (L), (M,,) is not satisfied for m large enough: if
A is any element of %, A+f, n=Card A4, then (M,) does not hold. The proof
repeats the argument preceding the remark:

A?"={2"a:ac A}e R

consists of n points with separation increasing to infinity as m— co.
We now put our construction in a different perspective. Considering the natural
group structure on &, o, are characters of 4 and

S ={XeZ g5X)=1}

is a compact Z'-invariant subgroup of Z. & acts on the set of Gibbs states [9],
Ge ¥ o9, and for a probability measure y on & let

0,= | mdG)og ,
&

then
Q#(UA) = (0 4)e * (04),

where u(o ) is the integral with respect to u of the restriction of the character o, to
the subgroup & of . Suppose now ¢ "(c,,) +0, YAe 2,(IL). Then since ¢ is n-fold
mixing for each n, g, is n-fold mixing iff u is. If 1 is the Haar measure of & then
Moy)=1if 6,1% =1 and Mo,)=0 otherwise, i.e.

Mo =1 if Ae%
0 if A¢Z.

Therefore for large enough B, ¢, coincides with ¢°, and thus ergodic properties of
0° are related to ergodic properties of the Haar measure of # under the action of
Z’ by automorphisms of &. In particular, (M) is equivalent to weak mixing, and
(M,), n=2, to n-fold mixing of the Haar measure.

In case of an action of Z by automorphisms of a compact abelian group,
ergodicity is equivalent to mixing [1], [4]. In case of a Z'-action, v> 1, ergodicity
is still equivalent to weak mixing but as Example 1 shows it does not imply 2-fold
mixing anymore.

While I have been aware for some time, [11], of the above construction of
Gibbs states with various mixing properties, the present examples have been
worked out in Spring 1979 after hearing from A. Katok about Ledrappier’s
example (cf. below). The state constructed in [ 7] can also be considered as a Gibbs
state, in the sense of [8, Chap. 1]. The interaction would then be zero but due to
the fact that the space is small (in particular, the pressure is zero) it has the
somewhat pathological property, when compared with the usual systems of
statistical mechanics, that every state is a Gibbs state.
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The example of Ledrappier [ 7] fits into our framework as follows. His space X
is the group & C{1,1}% of & consisting of translates of

B={0,2e,,2e,,2e, +2e,,e,+e,}.

According to the Remark, to obtain mixing here it is enough to show that ABisa
prime ideal of IF,[Z*] and that it does not contain a two point set. 4 is prime since
% is a principal ideal generated by the prime element

B=1+X -Y+X2+Y24+X2Y2,

and # does not contain a two-point set since it obviously does not contain sets
with less than four elements and the argument of the remark shows that the system
is not 5-fold mixing. The same argument shows that the measure of the & defined
by translates of

B={1,e,,e,}

is mixing but not 3-fold mixing. And more generally, on Z’, if # consists of trans-
lates of a B which is prime in IF,[Z"] and which is not “one-dimensional”, the group
& with the Haar measure and the natural action of Z* provides a system which is
mixing but not |BJ-mixing.

Our examples have to be more complicated than the above since in two
dimensions ferromagnetic Gibbs systems have finite number of phases at low
temperatures and no principal ideals are allowed for 4, [5]. Finally, we note that
our argument with B> shows that ¢* is the only state of the form g, which is
n-fold mixing for any n. Thus existence of Gibbs states which are n-fold mixing for
each n but not extremal is an open question.
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