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Abstract. Let H, = — iz +¢(t, w) be an one-dimensional random Schrédinger

operator in £*(— V, V) with the classical boundary conditions. The random
potential g(t, w) has a form ¢(t, w) = F(x,), where x, is a Brownian motion on the
compact Riemannian manifold K and F : K—R* is a smooth Morse function,
mlnF 0. Let Ny(4)= Y. 1, where 4€(0, ), E(V) are the eigenvalues of

E;(V)ed
H,,. The main result (Theorem 1) of this paper is the following. If V= o0, E; >0,

keZ and a>0 (a is a fixed constant) then
P{NV (E" gy Bot zv) "} — oo ¢ “an(E,)) k!,

where n(E,) is a limit state density of H,,, V— co. This theorem mean that there
is no repulsion between energy levels of the operator H,, V— co.

The second result (Theorem 2) describes the phenomen of the repulsion of
the corresponding wave functions.

1.

In a series of latest works in physics (see [1]) the phenomenon of the repulsion of
the energy levels in the spectrum of complicated (random) quantum systems was
discussed. The formal definitions are the following.

Let H,, be the family of the Hamiltonians describing the behaviour of the
system in the volume V and let E{"” < E{? < ... be the corresponding energy levels.
In various interesting cases these levels are thickening in the limit and moreover
for every >0 E{),—E, as |V|- oo.

We shall c0n51der two neighbour levels E) and E{),, where n~«|V]|. It is
natural to suppose that the normalized “spectral split” 4,=(E,,,—E,)/
M(E, ., —E,) has a limit distribution as |V|- o0, i.e. there exists

lI}Lm P{4,<x}=G(x).
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If G(x)=o0(x) when x—0 in this case we deal with the repulsion of the levels (near
E,); if G(x)~cx we say that an interaction of the levels does not exist near E_; in
the case G(x)/x — 5 © wemay say that there is an attraction between levels (or

that the levels show a tendency to group).

It is natural to study several levels near E, Mathematically this problem is
reduced to the analysis of the joint limit distribution of the several neighbour
spectral splits A, 4, 1, ... 44—+

As far as it is known to the author no rigorous result in this field has yet been
published. However in the so called Wigner Gaussian symmetrical ensemble
H,=(&), i,j=1,2,...,n ({; i=] are an independent Gaussian random values) the
limit distribution function averaged in all splits was found, i.e.

G(x)= Jim © Y P{4,<x}
n=oo =1
and the existence of repulsion was established [2-4].

For the unordered structures the spectrum of which coincides with that of the
Schrodinger operator with the random potential the repulsion of the levels was
also asserted in [5]. A number of physics works following [5] were based on the
results of [5], but it turned out that [5] was false. It is possible to prove the
absence of the interaction between the levels in unordered one-dimensional
structures for a large class of random stationary potentials, in particular, for
J-potential explored in [5]. Moreover it is possible to analyse the local structure of
the spectrum near the fixed point E, in full. This spectrum proves to be a Poisson
flow near E, on the natural scale, i.e. the neighbour spectral splits (asymptotically
as |V|— o) are independent and have exponential distribution.

Our paper contains the proof of the above formulated results and is close to
[6,7].

For the sake of convenience of the references to [7] we narrow the class of the
studied potentials but our results remain true for the Kronig-Penny potential and
for the potential of the “white noise” type.

2.

Now we pass on to exact formulations. We consider the Schrédinger operator of
the Markov type which has been introduced in [6, 7], namely

2

H=—j?+F(xt(w)), teR', weQ. 1)
Here Q is the probability space with the measure P (this space may be identified
with the ensemble of all the realizations of the process x, teR', x(w) is the
Brownian motion on the compact Riemannian manifold K and has the generating
operator A). The invariant measure of x, is the natural Riemannian measure.
Taking dx to be the initial distribution we turn x, into stationary Markov process
with “good” mixing properties. The function F:K—R' is smooth (C*) and “non-
flat” (see [6,7]). The last is fulfilled when F has a finite number of nondegenerate
(Morse) critical points.
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If min F(x)=0, |[F| =1, then [6,7] the spectrum S of the unique selfadjoint

xeK
extension of H on #*(R?) coincides with the half-axis [0, co). Let us consider the

restriction H to -V, V).
This restriction is defined by classical boundary conditions. We analyze here
the corresponding spectral problem

Hsz—iliTlf-l_F(xt)w:Ew’ tE(—V;I/),
2
Y(=V)=p(V)=0.

Let 0<E,(V,w)<E,(V;w)< ... be the eigenvalues (the levels) of the problem (2),
yg, i=1,2,... are the corresponding eigenfunctions (the wave functions). The
existence of the limit spectral distribution function

.1
NE)=lim-— Y 1 )
Voo £V B(V)SE
was proved in [8] for more general situation. Moreover under our conditions

dN(N
l;i_ ) and besides n(E) >0 if E>0

there exists the continuous state density n(E)=

(see Proposition 1).

3.

The analysis of the phase of the equation Hy = Ev is the clue to the analysis of all
the basic spectral characteristics of the operator H (or Hy). If 0,(t)=arcctgy’/y
then

do
d_tE =cos? 0, +(E~F(x,)sin?0,, 0eS*. 4)

Here S* is one-dimensional torus, i.e. the interval [0, 7] with the identified ends.
The “two-dimensional process” (x,, 04(t)) is the Markov diffusion one on K x §!
and its infinitesimal operator is

1
Ap= 3 A+ [cos? 0-+(E— Fl)sin 0] = 5

According to Hérmander theory (see [6, 7]), the parabolic equation dp/dt=A.p
has the fundamental solution in the cylinder (0, o0) x (K x S1), this solution is
smooth in all arguments and besides for E>0 (i.e. on the spectrum)

pE(t,(x, 0),(x1a91)28(ta E)>0, (6)

if t =2 t,(E). The last expression (the strong form of the Ddeblin condition) guaran-
tees us the existence of the limit

(X, 0) = lim py(z, (-, ), (x, 0) Z (E, £,)) (7)

t— 00
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with the exponential speed, i.e.
pa(t, (-, ), (x, 0) = mg(x, )| S c(E)e " 1. (7)

The constants in (7), (7') are strictly positive in every open interval of the axis
(0, 00).

4.

Let us fix the point E,e(0, c0) and its certain neighbourhood U, C(0, o). All the
following discussions will be conducted in U, the dependence of constants on ¥
will be implied.

Let us prove the existence of the state density n(E) in a stronger form. Let
A=(E,E+h)CU,,

N,(A) =N E+h—N E)= Y 1.

Ei(V)ed

Proposition 1. For V— oo and every ¢>0

N, (4 Int*ey
M l )=jdE | nE(x,6)sin2GnE(x,n—-G)dchGJro(n )
2V A K xSt |4
11+£V
= n(E)dE+o< . ) ®)
4

Proof. Let us use the general method of [6] and [7, Sect. 3]. We introduce “the
quasi-solution” { (s) of the equation Hy = Ey satisfying this equation for s+t
with the boundary conditions

@E,t(_— V)::g)E,z(V):O

. . . dp\? . . .
and having the unit amplitude 7, ,=|/ P>+ . for s=t. This “quasi-solution”
E,t dS q

will be a wave function if we suppose
0 (t+0)=0, (¢t~0).

The last formula (for any ¢) uniquely defines the spectrum E{V). Clearly, for any
te(=VV)
MNV(A) _ i 4 Z lelzsl,z(s)

= dsM
W =ar ) & v
v E(V)ed f V’zz-;,.,zds

v R N - )
=5 _IV M [dES(By(t-+0)~ 0yt~ 0)) | (By(t +0)— 0y(1-0))

1 In future we shall suppose that ¢;, ¢, 0, are positive constants independent of V. We also suppose V'
to be sufficiently large
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Let us choose t=s in the inner integral, then P2(s)=sin?f,(s). By the general
theorem of [7, Sect. 3] (see also Lemma 1, [6]) we find that

Ny(4) 1%
M 2V _ﬁ_fvdsjdE j pE(V_Sa(Kyo)a(x96))

4 K xSt

-sin? Op(V + 5, (K, 0), (x, t — 0))dxd0 .

The notation pg(t, (K, 8,),(+, -)) means the transition density of the process
(x,, 05(t)) with the uniform (in x) initial distribution and the initial phase 6,,.

Using (7') we immediately obtain (8), since ng(x, 0)>0, for E€Uj, then n(E)>0
on the spectrum & = (0, o).

5.
Now we can rigorously formulate the basic result of our work.

Theorem 1. For fixed a,<b, Sa,<b,< ... <a,<b, and nonnegative integers
ki,...k

n

lim P{N(4,)=k,, ... Ny(4,)=k,}

b,—a,)]" b,— a1
—exp (~nEYIU—a)+ ..+, L@ B b

©)

i bi ;
where A, —<EO—|—2V E, 2V>’ i=1,2,..,n

The expression (9) holds uniformly in a, b; ; |a,),1b,| S A, k, <M (A, M are fixed).

E
In other words the random point process NH(E)= (Eo, E,+ ﬁ) is an asymptoti-

cally Poisson one (with the parameter n(E,)) in the sense of the convergence of the
finite-dimensional distributions.

We shall prove it along the following lines. Let us consider another problem
(2) which consists of k problems, where k=k(V)=[In!"*V]. We consider the
points

2V 2V

— ==V + = =V

to==V. h=-V+ o

Let us construct the neighbourhoods of radius In!*¢V around every point
1.ty .. t_ . In other words, we have introduced the intervals

D= p)=;—In" =V, t,+In*** V), i=1,2,.. k=1, w,—V, L=V.
k
The set [V, V]\ | 9; is divided into k intervals
i=1
(os A1) =11, (g, d0) =15 s (o 1, ) =1,

and the problem (2') is: in every interval I,,I,, ..., I, it is necessary to find the
functions v such that

H(j)w:Ewa Ste> (P(,L‘,—l):ll’(l,):()a J=17273k (2l)
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We shall denote the corresponding eigenvalues (levels) and the wave functions by
EY and y{ resp. Let
No()=3% ¥ 1.

J EWed

First we shall establish, that

N a l
P{NV(A)=NV(A)}WI5 A= <E0+ ﬁ) E0+ ﬁ)a

using the fact of the exponential decreasing of the eigenfunctions on [— V, V] (one
of the results of [7]). This expression means, that the spectra of the problems (2)

and (2') “almost coincides” in the neighbourhood of the radius O(%) Since

k k
Ny()= 3 Y 1= Nf(4)
Jj=1 EG0ed j=1
and the terms in the last sum are equally distributed, “almost independent” and
“infinitely small”, we came to the standard scheme. Unfortunately, we cannot
obtain the Poisson limit distribution for N;,(4) from this scheme. A priori we can
only achieve the complex Poisson distribution. The final and most complicated
step is connected with the analysis of the second moment MNZ(4).

6.
At the first stage the two following propositions will be of major importance.

Proposition 2. (Essentially coincides with Theorem 4, Sect. 6 [7].) For fixed ¢>0
there exists 8 >0 such that the probability of A%° tends to zero as V— co, where A%°
={To every normalized wave function yg(s), E,€U,, se[—V, V] corresponds the
point t(ypg), “the center of the support” of wg(:), so that for all s:
Is— (g )| ZIn' **V we have the estimate

(pg) =1/ vz +p)* Sexp {—dls—1l} .}.

In fact the stronger result was proved in [7], namely, that Y P(4%%) < 0. One

should note that the point t(, ) must be chosen measurably (€2, P) (which was not
emphasized in [7]). For example, we may put t(yp; )= the first rational point in

. 1
[— ¥, V] (the numeration is standard) such that |y, |= W
Proposition 3. The number of the levels of the problem (2) getting in A=(E—h, E+h)
coincides with the maximum dimension of the linear manifold ¥4 of the smooth
functions v (with the null boundary conditions) such that

(H" = E)yp, p)= _fV [()? +y*(F(x)— E)]ds

<h*(p,p)=h* EV w(s)ds. (10)
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This lemma of the abstract theory of the linear operators belongs to Glasman
(see [9, Chap. 1, Theorem 3%7). Proposition 3 is also true in case of the problem
(2), one should accordingly modify the boundary conditions.

Let us return to Theorem 1. For the sake of shortness we limit ourselves to the

a
2V’
case will be described below (Propositions 5, 6, Theorem 1).

Let us consider the intervals 9,=(t,—2Inl"%t;+21In}*%), i=1,2,...,k—1

which are twice as large as 2, i=1,2,...,k—1 introduced in Sect. 5.

one interval 4= (EO - E,+ %) Technical details necessary for the general

Proposition 4. If A=(E,—a/2V, E,+a/2V), then

1n2+2£V 1
MY [ ri(s)ds<C(a,e) 1+0(=]|. (11)
E“edko‘g}v ! V 14

Here 1y, are the amplitudes of the wavefunctions g, of the problem (2).

The proof repeats the discussion in Proposition 1 almost literally.
Namely

dedE j pE(V—S’(K’O)(xse))
4 K xSt

ML, dfaE ]

pp(V+s5,(K,0), (x, t— 0))dxd0
= [ ds[dE | [mg(x,0)my(x,m—0)+o0(e™"" ")]dxd0

v, A K xSt

2
=kln1+‘VT?n(E0)+0(e"/‘7)

1n2+2£V
=C .
- 14

We have used both the smoothness n; in E and the fact, that

min(V—t,te D)= 21n1”V>V1_“>W )

Int ey -

One should also remember that k=k(V)=[In!**V].

7.
Let us compare Proposition 2 with Proposition 4.
k—1
If at least one of the points t(p;); E;e4 belongs to | ) 2, and A4%° has
i=1
occurred, then

~ Eed |s|>1nl*ey

[ Y rkdsz1— [ e Mldsz1—Ce 2"V, (12)
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Since P{A%°}—1 and the mean of the left hand side random value equals to

1n2 +2¢ vV
0( % ) (according to Proposition 4) then

V-

{the points T;=1(ypy )e D }————>O
Le.

k=1
P{ri do not get in | J 9;}——* 1.
i=1

V-
Moreover, the same discussions show that no one of the points t;=1(yy ), E;e 4
will be at the distance <In'**V from ’:Dll Z,; with the probability g, : ¢, ——=— 1.
In other words it is asymptotically reliable that all vy, E;e 4 admit the estimate
rp e ™" on koll 9,. We shall denote this event by B:°. .

Let us consider the smooth cuttmg function g,/(s) equalling to 0 on (] 2, and
i=1

to 1 outside the 1-neighbourhood of U ;. The functions y (s) =gy () (s), E;€ 4

satisfy the null conditions at the ends of the intervals &, i.e. at the points y;, 4;,
i=1,2,...,k— 1. Let us pull the finite-dimensional subspace 4 on these functions.
If the above described event B:;° occurs then

Ny (4)
(ZQ“I’E,, Zciqu,): 2 C,~2+R1(V)
i=1

and
2 Ny(4)

(H=Eg)Yepe, L)< (—27) Y. ¢+ Ry().

i=1

The remainders R (V) and R,(V) are estimated by the sums of the integrals from
k_.

ry, over U 9, where 9, are the I-neighbourhoods of 2, i=1,2,....k—1.

Therefore |R1 LN ECe™ MY N(4). N
Using the CebySev’s inequality and putting Y ¢?=1 without loss of gener-
N i=1
ality we achieve that dim %4 =N,,(4) with the probability tending to Las V—oo.
In other words (see Proposition 3) it is asymptotically reliable that N, (4) =N (4).
But as it is easy to see the inequality N, (4) <N, (4) always holds true, hence
it is asymptotically reliable that N, (4)=N,(4) or which is the same Ny (4)
—NV(A)%»O. In terms of the characteristic functions the last expression
means that

2 ¥ NOU)

Y g S Y AL G— ) (13)
8.

The values N{)(4) are measurable with respect to c-algebras generated by the
process X, (ie. by the potential) on the intervals I, =(ug,A,), I, =(u;4,); .. s
I, = (1, 4,). Since the distance between these intervals is not less than 2In**#V
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and x, satisfies the exponential mixing condition then the general facts of the
theory of the sums of the weakly dependent random variables (see [10], 19.17 and
18.4.2) yields that

— ﬁlnl tey

S4kCe oIV <Cle 2 . (14)

L& k
MeuljgiN%/J)(A)_ l_[ MeMNg)(A)
balie}

J

But the values N{(4) are equally distributed [except the extreme terms N{(4) and
N®(4)] and besides

MNY() = 2an(E,) +0<ln V)’

k(V) "

(Proposition 1).

According to (14) we can forget the interdependence of Ni and consider them
independent and equally distributed [the extreme terms NY(4) and N{¥(A) give the
asymptotically negligible contributions since their means vanish as V—oo,
k(V)—> o0].

Let us now use the following simple limit theorem.

Proposition 5. Let us have a sequence of the series of independent integer-valued and
equally distributed in each series random values &, &,,, ..., &, n=1,2,... with

A

ME, = e i=1,2,...,n. Then for some subsequence {nj} for all k=1 there exists

13

lim nP{¢,,=k}=p, and as n— oo the distribution of S,= Y, &, converges to the
n— oo i=1

limit distribution with the characteristic function

¥ prler—1)

oi)= lim MeS:= o™ : (1)

where @'(A),-o=iA=1i ) kp,. The limit distribution is the Poisson one with
k=1
the parameter A if py =2, p,=p;=... =0.
Being standard the proof is omitted.
Let us note that in general case the formula (15) defines a complex Poisson
distribution. The vector version of Proposition 5 is also true.

Proposition 5. If &,,, &,,,.... ¢, n=1,2,... are a sequence of the series of the

. . . . . a

vectors which are independent in each series and take the values in Z%,, M = —,

n

aeR’,, then (it is possible, for some subsequence) there are }L‘% nP{¢ =k}=p,,
ke Z* and

lim Me"("s")=exp{ Y (P — 1)}. (15
k

n—ow
eZy
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9.

Using the formulae (13), (14) and Proposition 5 (5') we immediately come to the
following “half-finished” variant of Theorem 1.

Theorem 1'. For fixed a; <b,<a,<b,=< ... Za,<b, and

b,
4;,= =
(E +2V E +2V) i=1,2,...,n

. i 2N (et (2o m) —
Jim Mere N < gy T (16)
The limit in (16) exists a priori only for some subsequence {V;}, V,— co, and the
constants p,,, me Z", depend both on {V;} and (a;,b;), i=1,2,...,n
Theorem 1’ roughly speaking states that the point flow E,(V) is a complex
. 1
Poisson near E, on the scale oA
Since the spectrum E,(V) is simple, we think it likely that the word “complex”
may be removed. But we cannot exclude the possibility of the existence of the

1
groups of E(V) the distance between which has the order o <?) and therefore they

will be “glued” by our normalization as V—oo. We need some additional
information on senior moments of N(4). The following proposition is obvious.

Proposition 6. We keep the notations of Proposition 5. Let &,,=(EY, ..., %) and

ni

; . 1
M¢, = (ﬁ, i) MegyP =1 +0<~),

n n n n

N
MEDED =
n
for j*£1,j,1=1,2, ...,v. Then
Mel(t S --—-—>e12 e (15#)

i.e. the components of the vector S, are asymptotically independent Poisson random
values with the parameters J;, j=1,2,...,v

10.
In order to finish the proof of Theorem 1 we are left to verify (by the previous

assertion) that MN%,(A)=MNV(A)+0(1V) and for j#1

1
MNV<A,.)NV(A,>=o(v).

We shall study MNZ(4) at great length, the covariance is analyzed similarly
and even simpler. This problem is technically close to [7, Sect. 5], where the



Random One-Dimensional Schrédinger Operator 439

variance of the spectral measure of H” was studied. In both cases we may reduce
our problem to that of obtaining “good” estimates of the transition density
PE p(t,(x,04,0,), (%,51,52)) of the Markov process (x,, 0(t), 0,.(t)) for the large ¢
and |E'—E|<1.
Let us note that this process degenerates as E'=E and it is this fact that creats
the main difficulty.
Let us begin as in Proposition 1
2
MNZ(M)=M | ¥ f th £(5)ds
E€d — J‘ lTJ,,Ei(u)du
-V
1 4
-M ” dT,dT, Z . P, E(T )w, EJ( 7))
-v

EqueA( j ﬁ)t,Eids)( j @tijdu)
(TP e (T,
v EeA (y w:,EidS)
v
Pz, sin® 0, (T)Fg sin® O, (T)
E;E X T
(E., Ejed) (j ’szidS)( jV wtz,Ejdu>
__V -

14
=MN/(A)+M [[ dT,dT, Y ...=MN(4)+R(4).
-V E;+E;
(Ev, Eje4)

The remaining term R(4) is not greater than

f/j‘ dTldT Z Vft E(T1)+?5E}(T2) )
R )] o
-V

We may divide the last integral into two ones, then choose t=T, ie. Fp, g (T})=1
in the first one and t=T,, ie. Fr, ;(T,)=1 in the second one. According to the
general theory of [7, Sect. 3] (see also [7, Sect. 5]) we finally obtain, that

1
2°

RSV | dT[[dEE [f] dxdo,do,
-V a4

KxStxS1t

'pE,E’(V_ T; (K$ 0, O)> (X’ 01> 92))pE,E’(V+ T; (K> 09 O)> (x’ T— 91-) n— 62))

14
=2V [ dT [[ dEdE [[[ dxd0,d60,p, ((V=T(-, -, ).(x.0,.0,)
-V E'>E

KxStx§t
'pE,E'(V+T;('5’9')a(xan—917n—92))' (17)
Let us denote the inner triple integral over K xS' x S' by J(E,E’). This

integral has been analyzed in [7]. It was established there that J{E, E) S ———— E—Ef
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0 <1, uniformly in T. This yields the following inequality | we must remember, that

-l

and it is obvious, that the estimate of J(E, E') being quite sufficient in [7] is
insufficient for our aim. As a matter of fact, it was proved there that each small

”
RS2V | dejdEdE’%gClV", 0<b<1,
Svooa |E'— E|

interval

1 . . . .
of order O(I_/)] of axis E with great probability contains not more than

one “massive” atom of the spectral measure. So the mass of this atom is mush
more than the summary mass of all remaining atoms in our interval. In our paper
we have to prove that this interval with great probability contains not more than
one atom.

11.

Regarding the above said the estimate of J(E,E’) should be defined more
precisely.

Proposition 7. There are C;>0, i=1,2,3 and ¢>0 such that uniformly in T:V+T
2C IV, V-T=C, InV

SHE, EVSC,|E - Ef, (18)
fV+T<C/nV,V-T<C,InV, then
Jr(E,E)=Cy|E'—E|"°. (18')

Plainly, from (18) and (18) it follows immediately, that

14
R,<2V [ dT | 3(E,E)dEdE'
-V

A4x4
V—-CilnV 14
=2V | 44V
~V+CiInV V—-CilnV
=o(V~9%); V-oo. (19)

The term MN,(4,)N,(4,), 4,4, =0 is estimated just in the same way. Since E'+E
then the term of the kind MN,(4,) does not appear when computating a mixed
moment therefore,

14
MN(A)NAA4,)S2V | dT | JpdEAE =o(V~%?). (199
-V Ay X A4y
Both the estimates (19), (19') and Proposition 6 yield Theorem 1.
Proof of Proposition 7. Let us enumerate the results on the process (x,, 0.(t), 0(t)).

These results either were established in [7] or define the results of [7] more
precisely.



Random One-Dimensional Schrodinger Operator 441

Let us put h=E' —E>0.

%) Mg 9.6/si0 (Op 4~ Op) D' °
SCleh'~*, >0, (20)
(see [7, Corollary 2, 2'7), &; =¢,(e)—0 for ¢—0;
C(t
B) Pean et (%,01,0,),(x,0,05)) < (ho), t=t,>0 (21)

(see [ 7, Proposition 8]);
B") there exists t; >0 such that

pE+h,E(ta (X, 917 92), (x/’ 0,1, 9/2))
Cy(ty)

= max (,Jsin (6, —6,))) (22)
for E>2,t=t;
Y) Py p{8in (2051, —05) (1) <O} S Cy(e,)h" ~ 2,
! Op+4(0)=050)(mod ), ¢>0; (23)
) Py, 5{0p 1 (1) — Og(1)) mod 7¢(0, 6)}
SCiB.eght™, 150,  0,,,(0)=0,00). (24)

The estimate ) is stronger than B). The expression (21) is true for (0, —0,)=0(h).
The inequalities v) and ¥’) were established in a less strong form in [7]. It was
asserted there, that the left hand side term in (23) has an estimate O(h*), k>0. In
fact it was proved, that k=1/4—e¢, ¢>0.

Let us prove f) and v’). We shall rely on the ideas of [7]. We consider the
normalized process

Xt,h = (xta GE(t)n Wh(t) =

It is easy to see that

sin(0z,,—0g) (t))
— )

d in20, . , +sin 20
%:-wsm E+h2+sm E(1+F—E)(t)+cos (0, ,,—0,) (0)sin® 0, , (1)
‘ (25)

The solution of the last equation has a form

tsin 20, ., +sin 20
wh(t>=wh(0)exp{—5 g ¥ 5020,

| 5 (1+F—-E)ds}

=w,(0)&,(6)+&,(1). (25)
Let us note that &,(0)=1, £,(0)=0 and |&,(t,)], |€,(t,)| < C(t,)-

t
+ [ ducos (0., —05) sin?0,, exp { —
0

2ty =
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We suppose that |(0, , — 05) (0) gg 4. Then

0
—E, Sétl

3t,> 00210~ Op) (IS 5

whence
cos(0p,,—05)(5)=0,>0, se[0,¢,].

The values (,(t,),&,(t,), 0x(t,), x,,) have a bounded joint destribution density

q(&, &,,0',x') (this assertion should be proved with the help of the Hormander’s

technique, see [7, Proposition 7]). Therefore, the joint distribution density of
(x> Og(t 1), wy(t,)) equals

L7 (=&

"0y ‘1( w,0)

< Ct)lqll < Cy(t))h '
= W(0) T Isin(0g,,—05)(0)

&0, )da:;

This inequality yields the estimate B”):

plty;(x,01,0,),(x,0,05) < |s1n(9 —-0,)’
|91—92’§*2‘—5~

If the difference (0, —05)(0) is close to g, then the above given discussions are

not true since cos (0, —0p)(s) is close to 0 for the small s. But if E> |F||+1=2
then

(Op4n—0p)(to)— >5 =0,(t,)

(after some time ¢,). Applying the Chapman-Kolmogorov equation

PQtgs ... )={pltos . or .. )p(to -..) ...

and the estimate ") we achieve B').

Remark. If (0., ,— 0,) (0)~ g and 1+ F(x)—E~0, s<t,, then (0, ,—0;) (s) may

be close to /2 for all s=<t, (with the small probability). For this case the following
estimate may be established :

B") PE+h,E(toa (x, 91: 92)3 (', 6/1’ 9/2))
< C,(tg)/max (hIn 1/n-Isin (0, ~ 0,)). — (2)

This estimate is sufficient for the future discussions. For the sake of shortness we
shall suppose that E>2.
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Let us pass on to the proof of y). We fix ¢>0 and consider the following two
cases (see [7, Lemma 2]):
a) If t=h™*%and 0;,,(0)=040)=06, then for some C,
P(x,a,e){sm 20p 4, —0p) (<0}

[t/Col +1

kzl P 0,0(510 (05, —05) (kCo) >3}

HA

< [_t-] M, 4 glsin (0, ,—05) (kC,)|
~ G Ci(ey)
§C2h—8h1~81§C3h1—82.

We have used Cebysev’s inequality and the estimate o). We also have to remember
that the phases and their differences can not change too quickly.

b) Let t>h"° We put t'=t—h~%/2 and use the obvious modification of the
formula (25'):

wh(t)zwh(t’)exp{~il } + iexp{— i } ...du

=w,(t)E,(6)+ E(t). (25")

According to o)

P(x,G,B){,wh(t’)l 2 hTI:} SCh'™o,
so that
P51 205 =05)0) <0} S CH' ™ o Mo /P O (0, 00D
A,={sin2(0, ., —0)(0)<0,Q,},
where
R G Bt
P{Q}=21—-Ch' 7.

But by Fiirstenberg theorem (see [7, Corollary 1 and Lemma 27) 3(6, 5, >0) such
that

P o,0ll1(0)} >exp{—(t—1)0} Sexp{—6,(t—1)} Sexp{—35,h*}.
Since
Isin (O ., — 0p) () S h°,
cos (0 4, — 0) ()1 21/2
on Q, and M¢&}™°%(t)< C(s,) then repeating the discussions of a) we obtain that

P{lcos (0., —0p) ()| 2 1/4,5e(t,1); Q,} =21 —ht7e,
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The last expression means that
P00 2005, ,—05)(1)>0,2,}
=P, g gisgnsin (O, —0p)(t)=sgncos (O, ,—0)(t),2,}
21—Ch' " —h'"®—exp{—06,h *} 21— C,h* .

From this estimate we obtain v). The inequality y') should be established just in the
same way.
Now we should prove the important estimate of the transition density

pE+h,E(t7 (x,0,0),(x',0,,0,)).

Proposition 8. a) If (0] —0,)mod ne[Ch,n— ] then there exist t,=t,(C,d) and
C,=C(C,¢,0) such that

C hl—e
Ppn 5t (%, 6,0),(x', 07, 0,) < ————— — (26)
for t21,, Et+hE P20, — 0,1 "2 max (h, (0, —0))
b) If (0} —0,)mod ne[n—4,n] then I(«, 6, >0) such that
pE+h,E(t5 (X, 65 0)’ (x,9 0/1’ 9’2)) g CZ(“’ 51)h6‘ (27)

for t>ualn 1/h.
The proof of the case a). By Chapman-Kolmogorov equation
Pe i et (%, 6,0),(x', 01,07))
= Pron st —1,(x,0,,0,), (% 0,,0,)
Ppenp(n (% 0,,0,),(x,0,,0,)d%d0,d0,

for T<t.
Let us note that the formula (25) yields that

|0} — 05 < C(@)|6, —0,] — C,(D)h
hence
C 0
(0 4 y(t—1)—0x(t — 7)) mod e 5 h,m— 3
for

(Og.,—05) ()mod ne (Ch,n— %)

and for sufficiently small 7=t,. Using the estimates '), v) [or o] for 8 — 6,€(0, 0)
and the CebySev’s inequality we obtain (26). The similar discussions are applicable
to the case when 6] —0,e(n— 9, n). But in this situation they give us the estimate

C2h1 - B
< ¢ 2
max (h, sin (¢, — 0)) = C:h 28)

pE + h,E(t’ (xs 95 0)’ (x,9 9’1’ 9’2)) é

which is insufficient for our aim.
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To prove b) we should choose the intermediate point t depending on
sin (0, —0)). If
t=qln 1/max (h,sin (6}, 0))

then according to (25) for the sufficiently small «

E(t—1)= j exp{— j ...}cos(0E+h—9E)(n)sin26E+,,dn<0,

if
(0g4 () —0gx(t) mod 7= (0] — 03) mod ne(n— 9, n)

[since cos(0z,,—0g) (u)<0]. Moreover, by Fiirstenberg theorem (see above)
3(0,,6,>0):

t

P{gl =eXp{— I -'-dS} 58_52'} <exph —d,1}.

-7

But then J(x,,x,>0):

(0E+h—9E)(t)
P{(6E+h_ Op)(t—7)> [max (h, sin (95+h_6E)(t)]}

<Cmax (h,sin(0, —0,)).

Applying the Chapman-Kolmogorov equation, the estimates ') and (28) (for the
sufficiently small ¢) we have (27). We have proved Proposition 8 and 7 and
Theorem 1.

The more attentive analysis of (27) shows that we may put §, =1—0 for every
0>0.

Propositions 7 and 8 gives us the additional information about the structure of
the wave functions. We introduce the following functional of the “conductivity

type” V
1

S B B)= y [ 1272 (s)ds. (29)

(V) <E, -V

EV<E,

The formulas (26) and (27) yield

E()+E™)

Theorem 2 (“‘on the repulsion of the wave functions”):

E'E
Gy (E,E)——— | |ele,e)de'de, (30)
00
where
ole,e)= | m, [(x,0p,0)n, (x,7—0;,n—0,)dxd0 do,
KxStx§!
=o(le'—el’).

“The density” o(¢,e) characterizes “the mean interaction” between those the wave
functions the levels of which are close to ' and e resp.

Remark 1. From Theorem 2 it is easy to obtain the following well known fact,
namely, for the null temperature and direct current the conductivity o(E,, E,) of
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the one-dimensional random Markov structure equals zero (E, >0 is the Fermy
energy). Moreover, a(Ey, E, + @)= 0(w°), ¢ >0. Plainly, the more precise estimates
of o(E,, E, + w) can not be achieved when using &, (E’, E). We hope to analyse a
conductivity in the our future paper.

Remark 2. The generalization of Theorem 1 for the multidimensional case is the
most difficult problem since it is very likely that the wave functions in R*, v=3 are
not localized. However the analog of Theorem 1 takes place in some degenerated
situations.
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