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Abstract. We prove that every solution to the SU(2) Yang—-Mills equations,
invariant under the lifting to the principle bundle of the action of the group, O(3),
of rotations about a fixed line in R*, with locally bounded and globally square
integrable curvature is either self-dual or anti-self dual. In other words we prove,
under the above assumptions, that every critical point of the Yang—Mills
functional is a global minimum.

We prove also that every finite extremal of the Ginzburg-Landau action
functional on R?, with the coupling constant equal to one, is a solution to the first
order Ginzburg—-Landau equations. The relationship between the
Ginzburg—Landau equations and the O(3) symmetric, SU(2) Yang—Mills
equations on R? x S? is established.

1. Introduction

On Euclidean four space the value of the Yang—Mills action evaluated on a
connection is bounded below by the topological invariant. Any connection whose
action achieves this minimum is a solution to the Yang—Mills equations with self (or
anti-self) dual curvature; in fact, self duality is equivalent to a set of first order
differential equations. Atiyah, Drinfeld, Hitchin, Manin [1] demonstrated a
construction for any self or anti-self dual finite action connection. An important
open question in the classical theory is whether there exist finite action solutions to
the second order equations which are not solutions to the first order equations [2].
Insight may be obtained by answering this question in simpler models. In particular,
we shall study the O(3) symmetric, SU(2) Yang—Mills equations on R* and the
Ginzburg—Landau equations [ 3] with critical coupling constant in two dimensions.
The Ginzburg—Landau equations are related to the four dimensional Yang—Mills
equations because any O(3) symmetric solution to the SU(2) Yang—Mills equations
on the space R? x S? with the natural Riemannian metric determines a solution to
the Ginzburg—Landau equations and vice versa, c.f. Sect. V.
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We examine first the Ginzburg—Landau equations. In this case the topological
invariant is the integral over R? of the curvature form of a U(1) connection on the
principle bundle R? x U(1). The space of C° connections with finite
Ginzburg—Landau action separates into disjoint path components labelled by the
first Chern number (vortex number) [4]. Bogomol'nyi [5] demonstrated that the
action on each path component is bounded below by a multiple of the topological
invariant, and that any field configuration which achieves this minimum satisfies a
set of first order equations. In a recent paper [ 6], the author proved that the solution
manifold of the first order equations with vortex number N is naturally isomorphic
to R?IVI; the isomorphism given by specifying the zeroes on R? of the complex scalar
field. In this paper it is proved that there are no solutions to the second order
Ginzburg—Landau equations which are not solutions to the first order equations.

A precise statement of this result is made in Sect. II; this is the content of
Theorems I and II. Theorem I is proved in Sect. III and Theorem II is proved in
Sect. IV. In Sect. V we prove the equivalence of the O(3) symmetric Yang—Mills
equations on R? x §2 and the Ginzburg—Landau equations on R? with the critical
value of the coupling constant.

Our second model is the SU(2) Yang—Mills equations restricted to the space,
%o3), of connections which are invariant under the lifting to the principal bundle of
the action of the group of rotations about a fixed line in R*, the group O(3) [7,8]. The
SU(2) Yang—Mills equations when restricted to %3, reduce to the variational
equations of the Ginzburg—Landau functional on the hyperbolic plane, and any
solution to these variational equations is a solution to the Yang—Mills equations on
R*, cf. Sect. VI. The O(3) symmetric instantons found by Witten are the solutions to
the first order equations. We prove in Section VII that there are no finite action
strong solutions to the SU(2) Yang—Mills equations restricted to 3, (henceforth
called the O(3) symmetric Yang—Mills equations) which are not either self dual or
anti-self dual, cf. Theorem III. In the final Section we prove that any weak solution in
%0318 gauge equivalent to a strong solution in €3, and hence Theorem I1I holds
for weak solutions also.

II. The Ginzburg—Landau Equations

Let E denote the vector bundle 7 :R? x C — R2. The Ginzburg—Landau action is a
functional on the set ¥ (E) @ C*(E); € (E)is the set of C*, U(1), connections on E and
C*(E)is the set of C* cross sections of E. Because E is trivial, the set of connections,
%(E), can be identified with A (R?), the set of C® sections of the cotangent bundle.
For the same reason, C*(E) can be identified with the set of C* complex valued
functions on R2. These identifications will be made implicitly in this paper.

A connection in %(E) is given by —in*a with ac A*(R?) and i=./— 1. The
curvature form of the connection will be denoted — in*F, with F, = dae A*(R?). If
¢eC*(E) is any section, ¢*(n*F,) = F,. The connection defines a map from C*(E)
to A1(R?%) @ C*(E) via the covariant derivative; for ¢peC*(E)

Db =d¢ —ia¢p 21
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With * denoting the duality isomorphism * : A*(R?) » A2 ~ *(R?) as defined in the
usual way by the (flat) Riemannian structure on R?, we define the Ginzburg—Landau
action as a functional on € (E)@® C*(E) by

1 — A _
ala, §) =7 | {Fa A#Fa+Dop n %D+ (b — 1)2}. (2.2)
R2

The coupling constant 4 will be taken to equal one in the remainder of this paper.
The variational equations of the Ginzburg—Landau action are

d=F, —%*(sbﬂ- ¢D,$) =0, (2.3a)

—D,#D,b +*3(pp — 1) = 0. (2.3b)
The boundary conditions for Eqns. (2.3a, b) are specified by the Chern number

1

— | F,=N. 24
27‘[0&2 a ( )

In the physics literature, the usual statement of the problem demands the stronger
pointwise conditions
Lim a= Ndf: Lim ¢ =e™". (2.5)
|x| = |x}—
where 0 is the polar angle in the plane.

As Bogomol'nyi [5] pointed out, a lower bound on the action results from
integrating by parts,

ala, ) =1 [ (3(Dyd + %D, d) A #(D$ T iD,)
R2

FEFTHGP—1) Ax(FFHpp— 1)) FL [ F (2.6)
R2
SO
22 |N|x. 2.7)

This lower bound is realized if and if (a4, ¢) satisfy
D¢ —ixD ¢ =0
#F 4+4(¢pdp—1)=0 for N=0: (2.8)

D,p+i*D,p=0
#F —4(¢pd —1)=0 for N <0. (2.9)

In [6] the solution manifold of (2.8) and (2.9) on ¢ (E)® C*(E) for fixed N
(defined by (2.4)) and modulo gauge transformations (a, ¢)—(a + df, ¢pe') for
feC*(R?) was proven to be isomorphic to 2N dimensional Euclidean space. The
main result of this paper is the proof that any solution to the second order equations
(2.3a, b) with N defined by (2.4) must be either a solution to (2.8)if N = 0 or a solution
to (2.9) if N 0. To make this precise some preliminary definitions are necessary.

Let Q< R?* be an open set with compact closure. Define [9] the space
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H'2(Q; T*) as the completion of the set of C* sections of T* over Q in the norm

lal?,=({da A *da+d*xan*d*a+a A *a}. (2.10)
Q

Let H2(Q; T*) be the space of sections of T* compactly supported in Q. In a like
manner define the spaces H!*2(Q; E) (H} %(Q; E)) as the completion of the set of C*
sections of E over Q (resp. C* sections of E with compact support in £2) in the norm

[ol3 .= {dd A *d +=pd}. (2.11)

By a weak solution of equations (2.3a) and (2.3b) we will mean a section (a, ¢) of
T* @ E with the following properties

1. (@, ¢)eHV2(Q, T*)@ H'2(Q, E) for all @ < R? with compact closure,

2. ala, ) < oo,
3. For all (b, ))eHy*(R*; T*)@ Hy 2(R*; C),

j {db N ¥F, = 3b A (0D — D)

R2
+ D1 A *Dyp + Dy A *D 1 + +3(pd —1><¢ﬁ+ncﬁ)}=0. (212)
The precise statement of our result is

Theorem 1. Let (a,¢) be aweak solution of equations(2.3a) and (2.3b) such that a is a
C3 section of T*(R?) and ¢ is a C* section of E. If the number N defined by equation
(2.4)is nonnegative then (a, ¢) is a solution to equations(2.8).If N is nonpositive then
(a, d) is a solution to equations (2.9).

Secondly we show if (g, ¢) is a weak solution to equations (2.3a) and (2.3b), it is
related by a gauge transformation to a C* solution:

Theorem II. Leit (a, @) be a weak solution of equations (2.3a) and (2.3b). Then there
exists a pair (4, p)e N*(R*) @ C*(E) related to (a, ¢) by (@, ) = (a + dyr, pe™) with the
function ye H*? (Q) for all open sets Q = R? with compact closure.

II1. Equivalence of First and Second Order Ginzburg—-Landau Equations

In proving Theorem 1 it is convenient to introduce functions f and w in C%(R?)
defined by

[=*F,
3(1L—¢). (3.1)

Assume that (a, ¢) satisfy (2.3a) and (2.3b) with ae C3(T*(R?)) and ¢ C?(E).
Applying the operator *d+* to both sides of equation (2.3a) and using (3.1) gives

Af = —i%(D,¢ ADy) + (1 —2w) f (32)

where 4 = #d*d is the Laplace operator on R?. The definition of w and equation

w =
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(2.3b) imply that w must satisfy

Aw = —*(D P A *b—a?/{)) + (1 —2w)w. (3.3)

We now use mean value theorems associated with the Laplace operator to prove
two Lemmas.

Lemma 3.1. Let (a, ¢) be a weak solution of equations (2.3a, b). Then ||¢ |, < 1.
Further, if we C*(R?) then either w =0 or w> 0 on R2.

Lemma 3.2. Let f, we C*(R?) satisfy (3.2) and (3.3) respectively.
Suppose further that the action is finite. T hen

[f1<w on R

The behaviour of the action functional under scaling transformations will be
used to prove

Lemma 3.3. Under the conditions of Theorem I the following equality must hold for
any solution (a, ¢):

[ xf2= [ =wk (3.4)
R2 R2

Together, Lemmas 3.1, 3.2 and 3.3 imply that | /| = w. If the number N = 0 then
f =w=0 and the solution is trivial. If N # 0 then

f=w for N >0,

W N<o (3.5a)
Using equations (3.5a) and (3.5b) in equations (3.2) and (3.3) gives
D, A*D,p —iDp ADp=0 for N>0, (3.6a)
D,pA*D,p +iD,p AD,p =0 for N <O. (3.6b)
Equations (3.6a) and (3.6b) may be rewritten as
(Do — %D, ) A *(Dydp +i%D,p)=0 N >0, (3.7a)
(Dyp +i%D,p) A #(Dyp —i¥D,p)=0 N <O0. (3.7b)

Together the pairs of equations (3.5a), (3.7a) and (3.5b), (3.7b) imply the theorem.
We now prove Lemmas 3.1, 3.2 and 3.3.
Let g(x)e Cg (R?) have the properties

IS is
I9=9 xiz2 0=gm=1. (38)

For R > 0 define
gr(x)=g(x/R). (3.9)
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For the function gg(x),

donto) = %),

1
Agr(x) = 3 (49) (%) (3.10)

Let ne HY 2(Q; E) for some bounded open set Qe R?. The fact that (4, ¢) is a weak
solution implies

14Dy A Dy + Do A #Dy = *3(1 = @) (7 +714)} =0, (3.11)

Proof of Lemma 3.1. We prove that for any weak solution, (a, ¢), w = 1/2(1 — ¢$) = 0.
Assume this inequality. It follows from equation (3.3), that for we C*(R?)

(4-1w=0. (3.12)

pointwise. By the maximum principle, equation (3.12) implies that w cannot have a
nonpositive minimum unless w = 0 (see, e.g. Gilbarg and Trudinger, [11], Theorem
3.5). We now prove that w = 0.
Suppose that (a, ¢) is a weak solution of equations (2.3a) and (2.3b). For R > 0
define the section n,e Hy*(D,4(0); E) by
¢

gr(lpl —1) = if [ >1
= 3.13
where g is defined in equation (3.9). Let e = ¢p||” !. From the definition, e¢ = 1.
D =(dple+ (1ol —1)Dye)gr + (14| — 1)edgg. (3.14)

Equation (3.11) reads

§ (2gxldI$| A =d|d| +(1d] — 1)|d|Dge A #De

Q2R
+3x(101> = D(Io] = DIGI]+ (1¢] — 1)2dgg A *dl¢]} = 0. (3.15)
Where Q,x = {xeR?||¢|(x) > 1}ND,z(0).

We have used

éD e + ef; =d(ee)=0,

D, + D =2|pld| ], (3.16)
valid on Qp, in deriving (3.15). Equation (3.15) implies:

[ {dlpl A xd|pl+191(1d] — DDge A #Dge + +5(1p| + DIBl(1p] — 1)}

Qg

1 1/2 1/2
§5[5 *(Irbl—l)“} [f*(gmAgRV} . (3.17)
R2

Q2R
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The last step we use integration by parts and Holder’s inequality. The function o(x)
defined by

o) = (I¢[=Dx) if [p]>1
o if |p|<1

is in L(R?). Since |o(x)|* <|w(x)|€L,(R?) as the action is finite. Combining this
result with equation (3.17) gives the inequality

[ {dI@] A *dip| +$l(1¢] = )Dge A *D e+ #3(1d] + DIl — 17} < %a

g

where k= [j" *(gZAg)Z]UZ. (3.18)

R2

Since Qp < Q. for R’ = R we conclude that the set Q_ has zero measure. Hence
¢ < 1. Since we C*(R?) we infer w =0 to complete the proof.

Proof of Lemma 3.2. The Schwarz inequality asserts that

| = i%(Dyp A Dh)| < *(Dyp A *Dygp). (3.19)
Inequality (3.19) with equations (3.2) and (3.3) imply the two inequalities

Aw+ f)=(1=2w)(w+ f), (3.20a)

A(w—f)=(1=2w)w—f) (3.20b)

Since w < 1/2, neither (w + f) or (w — f) can achieve a nonpositive minimum on R?

(see, e.g. [11] Theorem 3.5). If lim w(x), f(x)— 0 pointwise then there is nothing
|x|— o

left to prove. However, we need to prove the Lemma under the weaker hypothesis
that 2 < 0. Since F, satisfies equation (2.3a), and |¢| < 1 (Lemma 3.1),

[d*F A #dsF,< [ Dy A D (3.21)
R2 R2
and *d*F_ eL,(R?).

It follows from the definition of w and the fact that |¢| <1 that also

[ dwnaxdws [ DA *D,b. (3.22)
R2 R2
Let u =w + f. From equations (3.21) and (3.22) u¢H' ?(R?) nC?*(R?).
—u ifu<O
Letu_ = 3.23
et {0 otherwise (3.23)

and ug = ggu_. The function ug is in H}*(D,4(0))n C°(R?) and u, = 0. Equation
(3.29a) implies that

[#{—grudu} <0 (3.24)
Q
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where Q = {xeR?|u(x) < 0}. Integrating the left side of equation (3.24) by parts gives

[ grldu A *xdu)+ % [ dgg A *d(u?) 0" (3.25)
@ Q
An integration by parts again and the Schwarz inequality give
1 1/2 K 1/2
§gr(du A xdu) é—[ﬁ *(ngu")} = K= [f *(9, Ag)z] . (3.26)
Q 2 Q R R2

The Sobolev Embedding Theorem asserts that H'?(R?) < L*(R?)'°. Let ||ul|, ,
denote the finite H'*? norm of u. Then there exists a constant ¢ > 0 such that

[ (du A *du) §£Hu”i2. (327)

QnDR(0)

Since 2 Dg(0) = QN D.(0) for R > R, taking liminf over R proves that the set Q
has zero measure. Since ue C?(R?), u=0. The proof for u=w — f is the same.
Q.E.D.

Proof of Lemma 3.3. To prove Lemma 3.3 it is convenient to define complex
coordinates z, z on R? by

z=Xxq + Xy,

Z=2x; — iX,.
The one forms dz and dz form a basis for T#%(R?) and we expand the one-form a in
this basis;

a=oadz + adz. (2.28)
Equation (3.28) defines aeC3(R?; C). We define functions u, veC?(R?) and
h,, h_eCY(R?* C) by

u=w-+f,

v=w— f, (3.29)

hy = (Da¢)1 + i(Dad))z-

The functions A, have an equivalent definition as

D, +ixD,p=h,dz,

D, —i*D,¢p=h_dz (3.30)

Using the definitions (3.1) for f and w and equations (2, 3a, b), we derive a coupled
system of equations for ., u and v:

ou=—1i¢h,, (3.31a)
ov=—L1ph_, (3.31b)
@—ia)h, = —Ldu, (3.31¢)
@+ia)h = —1v, (3.31d)
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where

0 _
a:b-z- and 0=

| >

Z.

& o

The equations (3.31a-d) imply that
ouv)y=0(h_h,). (3.32)

To see this, multiply both sides of (3.31a) by v; both sides of (3.31b) by u and add the
resulting equations to get

d(uv) = —+dvh, —Lduh_. (3.33)

Similarly, multiply both sides of (3.31¢c) by i _ and both sides of (3.31d) by &, . Adding
the resulting two equation gives

o(h_h,)= —1¢vh, +Lpuh_. (3.34)
Equation (3.32) follows immediately. To derive (3.4), multiply both sides of (3.32) by
zgr(x) and integrate over R?.

| *grzo(uv)= | *grzd(h_h,). (3.35)

R2 R2
An integration by parts in (3.35) and using the facts that dz =1, 0z =0 gives

| *gruv=— [ *(uwzdgg —h_h, z0gg). (3.36)

R2 R2

To estimate the right side of (3.36) we make use of (3.10), and the fact that
0gg = (1 — ggr,2)0gg. These facts and equation (3.36) imply that

<4|ogll, | *(1—gr)(f>+w+h,h +h_h_) (3.37)
R2

+1§ = —grp)h_h,

R2

j *gxuv§4|1agum{

R2

[ #(1 — ggjp)uv
R2

The right hand side of (3.37) is bounded by a constant times .«/. From Lemma (3.2),
uv 2 0. Therefore

[ gruv< | gpuv, for R<R' (3.38)
R2 R2

We now take lim inf over R as R — o0 on the right hand side of (3.37). The lim inf is
zero, proving the lemma.

1V. Every Weak Solution is Gauge Equivalent to a Strong Solution

In this section we prove Theorem I1. Let © be an open subset of R?;if V is any vector
bundle over Q with C* Hermitian metric {-,-> defined on the fibres, define the
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spaces H”"‘(Q; V)[9]. p. g = lasthecompletionof C*(2;V) in the norm

Wit =3 | *<ehrehw,dfrofw)’
' B=p2
. ‘o
with 6= i=12 (4.1)
X

In particular this defines the Banach spaces H?*4(Q2; T*)and H”9(Q; E)for p, g = 1.
Let D be the disc of radius one about the origin.

Proposition 4.1.  Let («, ) be a weak solution of equations(2.3a)and (2.3b). Then there
exists a pair (ay, ¢p)e A1 (D)@ C* (D; E) related to (a, ¢p) by (ay, ¢,) = (a+dy,, pe')
with the function ;e H**(D).

Proof of Proposition 4.1. 1t is a standard [12] result that there exists a unique
Y, e H?2(D,(0)) such that in D

dxdj, = —d=*a,

l//l |61)2(0) =0 (4.2)

where D, (0) is the disc of radius 2 about the origin. Define a 1-forma, and section ¢,
of T*®E|p by

ay, =a+dy,, (4.3a)
by = e (4.3b)

Because (4, ¢) is a weak solution of equations (2.3a) and (2.3b) and d *«, = 0, for any
(b,neHy*(D; T*) @H*(D; E)

f{db A xsday +dxb A xdxa, —%b A *((/)15;16; — (/)1Dul(/)1)} =0, (4.4)

D

E{Dm A Dy +Dypy A %Dy + 5y Py — 1)(d>177+n<7>1)}:0. (4.5)

D

Define a 1-form J by

J=— (¢ Dy, — Dy b)) (4.6)

It follows from Lemma 3.1 that if (a, ¢) is a weak solution, |
JeH%2(R?; T*) = [*(R? T*) and

¢l = l:therefore

[Ji2 < [{ Dy dy A *Dy by < alla, d)). @.7)

Equations (4.4), (4.7) and standard regularity estimates (see e.g. Morrey [12],
Theorem 6.4.3) assert thata, e H**(D; T*). Using the Sobolev Imbedding Theorem
9, 10, a, e C°(D; T*). The fact that a, is continuous in D, equation (4.5), and the
regularity theorem, Theorem 6.4.3 of Morrey [12] imply ¢,eH*?(D; E). The
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Banach space H*?(D; E) imbeds in H"*(D; E);° therefore J e H"?(D; T*) and
¢, ,eH*?(D). With these results, Theorem 6.4.3 of [12] asserts that
a, e H*%(D; T*). Continuing this iteration proves thata, e A* (D) and ¢, e C*(D; E).
We leave out the details.

Because da = da, in D, the function f = *da is in C*(D). Similarly the function
we C*(D)as are the forms J,D,¢ A *D,¢,iD,¢p A D,¢p. The choice of the origin was
completely arbitrary so in fact f, w, J, D,¢ A *D,¢, id,¢ A D, are C* on R

The two-form F = da is infinitely differentiable on R?; therefore there exists a
1-form ae A'(R?) such that da = F. Let D, and D, be two discs of radii R > R’
about the origin. The identical analysis as before proves the existence of a pair
(ag> Pr)€A (Dy; T*) @ C*(Dy ;E)and a functiony ,€ H*>*(D ) such that (a,, ¢ )=
(a+ dyg, pe¥®) in D,. Similarly there exists a pair (ag,¢g) in A'(Dg ;
T*) ©C*(Dy, ;E) and a function Yo € H**(Dy,) such that (a,,, ¢p) = (a+ dy,,,
pe’®). In Dy, there exists a C* function g, such that

a=ag+dog=a+d(og+ Yy (4.9)

In the intersection Dg N Dy the pair og + ¥z may be chosen (it is unique up to
constant) so that
Op +Wp =0gr+Yg In DrnDpg. (4.10)

The set of functions {og + Yx}r - have the property that on Dy Dy, equation
(4.10) holds. The set {og + ¥r}r ; defines a single function y such that

Vip, =Yg+ 0. (4.11)

By construction, Y e H*2(Q) for any bounded set Q = R? The same kind of
argument can be used to show that the section ¢ of E defined on each disc Dy by

Plpy = pe'7x ") = e |p, (4.12)
is in C*(E). This completes the proof of Theorem II

V. Yang—-Mill’s Equations on R? x §?

In this section we will show that the SU(2) Yang—Mill’s equations on the four
dimensional manifold R? x S? with Riemannian line element ds? = dx? + dx?
+2(d0? + sin? 0dy?) reduce to equations (2.3a) and (2.3b) when the connection is
required to be invariant under the lifting (unique up to conjunction), of the group of
rotations, O(3), acting on S* to the principle bundle. Let o3, be the set of such
invariant C* connections.

Let {o7}7_ | bethe2 x 2 Pauli matrices. Define an element Q in the Lie algebra of
SU(2) by

Q =i{cos 0> + sin 0 (cos yo L + sin yc?)}. (5.1
The matrix Q satisfies the relation Q? = — 1. A connection in %o(3) has the
form, [7, 8]

A =3a,dx"Q +5(¢, — 1)QdQ + 3¢, dQ (5.2)
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witha, =a,(x,, x,); u=1,2and ¢; = ¢;(xy, x,); j=1,2. Let T*, a = 1, 2, 3 denote
the generators of the action of SU(2) in the adjoint representation; let [*, =1, 2,3
be the generators of the action of the groupO(3) on T*(S?). Then the curvature of the
above connection transforms trivially under the action of T + L.

To make the relation to the Ginzburg—Landau equations on R? manifest, define
a two-form F and a complex scalar ¢ by

F=da=0,a,dx" ndx", a=a,dx"

b=y +id,. (5.3)
The curvature two-form of the connection defined by equation (5.2) is
F =31FQ+4iReD,p A QdQ +3Im D, A dQ +L(dpd — 1)dQ A dQ. (5.4

The duality relations on R? x S? are

* (dx* A dx*) =2sin 0d0 A dye®,

*(dx" A dO) = — e"dx® A sin0Ody,

*(dx* A sinOdy) = e dx” A db,

*(sin 0dO A dy) =L dx" A dx. (5.5)
Using these relations and the fact that

dQ A dQ = —2Qsin 0d0 A dy (5.6)
one can compute the Yang—Mills equations.

The four dimensional equations

d*F + AnN*F —xF NA=0 (5.7

are
[d*F —%*(qsu‘j—apaqs)} A sin 0dO A dxQ

—%Re(_ Da*Dad) + *%((bd;— l)d)) A dQ
+3Im (=D, *Dd + *5(¢pd — 1)) A QdQ = 0. (5.8)

Where in equation (5.8) the symbol * denotes the Hodge duality operator on the two
dimensional subspaces spanned by (x,, x,). The SU(2) action for the invariant
connection defined by (5.2) is a constant times the Ginzburg—Landau action defined
by equation (2.2). The second Chern number of & is exactly the first Chern number
for F, defined in (2.4). In fact the integration over the variables on the two spheres is
trivial.

The equations for the O(3) symmetric instanton solutions are equivalent to
equations (2.8) and (2.9). These facts, along with Theorems I and II of this paper,
imply that there are no O(3) invariant solutions to the SU(2) Yang—Mills equations
on R? x $% which are not either self dual or anti-self dual. Combined with our
previous results [6] there is a 2|N| parameter family of O(3) symmetric instanton
solutions on R? x §? with topological charge N. The 2|N| parameters describing a
solution are the positions of the zeroes of the field ¢ in the (x,, x,) plane.
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VI. The O(3) Symmetric, SU(2) Yang—Mills Equations

If we fix a line in R*, then the group of rotations about that line, O(3), lifts to an
action on the bundle R* x SU(2) in a unique way (up to conjugation) [8]. Let o)
denote the set of C* connections invariant under this action. We prove that all
solutions to the SU(2) Yang—Mills equations in % 3, are either self dual or anti-self
dual, cf. Theorem III. Before stating the theorem, some preliminary definitions are
necessary.

We take coordinates (t,7,0,x) on R* with line element ds* = dt? + dr? +
r2(d6? + sin? 0dy?). The fixed line in R* we take to be the line r = 0. A connection in
%03 can be put in the following canonical form:

A=3a,dx"Q +3(¢, — 1)QdQ + 3¢,dQ (6.1)

with dx® = dt,dx" =dr;a, =a,(r,t), u=0,1;¢; = $;(r, 1), j = 1, 2;and Q defined in
(5.1). Define a two-form F, and a complex scalar ¢ by

F,=da=(0,a, — 0,a)dt A dr

b=, +id, ¢
The curvature two-form of the connection defined by (6.1) is

F =5F,0 +3d¢, +ady) A QdQ +3(dd, —ad,) A dQ +5(¢ — 1)dQ A d((26 3

The Yang—Mills action density is the scalar invariant — *tr(# A *%). For the
connection in (6.1)

1 2 1,
—*HF A*TF) = 5{(5#%8‘”)2 +3(D9), (Do), + -3 (d — 1)2} (6.4)

where the index u runs from O to 1 and 0, = 6/0t, 0, = d/0r.

The action is the integral of (6.4) over R*; the angular integration is trivial,
leaving

oA =—tr | FA*F =l (a, )
R4
and

@ ¢)=2n || {rzFa A*F, +2D,¢p A *ﬂ+%*(¢¢?— 1)2}. (6.5)

((r,neR2|r 2 0}
The * operation in (6.5) is defined by *dt =dr, *dr= —dt, *1 =dt A dr. The
Yang—Mills equations are the variational equations of the reduced action, <,
defined in (6.5);
d*r?F —i%(§Dyp — G D) =0, (6.6a)
|
—D,*D. ¢ + *r—2(¢¢ —1)¢=0. (6.6b)

The second Chern number of the SU(2) connection 4 in (6.1) can be expressed in
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terms of the first Chern number of the U(1) connection on R2 as
[ 7 n7. 6.7)
The SU(2) action, Z (a, ¢), is bounded below by a multiple of | N| and achieves its

minimum for fixed N if and only if

Dy +i*Dyp =0

r*F+%(1 —pp)=0

If N<O, (6.82)

D, —ixD,p=0

] if N=0. (6.8b)
r*F—;(l —dp)=0

Equations (6.8a) and (6.8b) are the O(3) symmetric instanton equations for which
Witten [7] found a 2|N| parameter family of solutions.
Define the (open) subset RZ = R? as

R% = {(r, )eR?|r > 0}. (6.9)
We now state

Theorem II1. Let the SU(2) connection A€ % 3); A is given by (6.1). Assume that the
one-formae C3(R%, T*)and ¢p e C*(R? ; C) with (a, ¢) a strong solution to(6.6a, b)in
R2 . Suppose further that o/ (a, §) < oo and that there exists ¢ > 0 such that

tr | ( 11+69"A f) < . (6.10)
r4\F

Then A satisfies (6.8).
Two Remarks: First K. Uhlenbeck [13], proved that if .o/ < o0 and A4 is a strong
solution to the Yang—Mills equations, then A4 defines a connection on a principal
SU(2) bundle on $* and hence has integer second Chern number. Secondly, if the
curvature is L*(R*) then condition (6.10) is superfluous. If # is locally bounded, then
we may also dispense with (6.10). This is the case for any strong solution.

We strengthen Theorem III by proving that the hypothesis on the differentia-
bility of (a, ¢) may be relaxed to allow for weak solutions.

Define a weak solution to the O(3) symmetric Yang—Mills equations as a
connection Ae%q3 given by (6.1) such that

1. The one-form ae H':2(Q; T*) for all open sets Qe R% with compact closure.
2. The function ¢peH' ?(Q; C) for all open sets Qe R? with compact closure.
3. da, )< w0.

4. For all pairs (b, n)e Hy*(R%; T*Y@ HY *(R%; €)

2
R:

{ {ﬂdb AN*F,—ib A *(¢Dyp — $D,p) + Dy A %D

N 1 _ _
+D,p A #D +r—2*(¢¢—1)(¢1’1+n¢)}=0- (6.11)
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Theorem IV states that every weak solution is gauge equivalent to a strong
solution.

Theorem IV. Let the connection A4 in (6.1) be a weak solution to the O(3) symmetric
SU((2) Yang—Mills equations. Then there exists a pair
(@, $)e C* (R ; T* @ C*(R?; C) related to (a, ¢) by @ ¢) =(a+dy; pe™). The
function e H*%(Q) for all open QeR? with compact closure.

VII. The Equivalence of the First and Second Order O(3) Symmetric SU(2)
Yang-—-Mills Equations

The proof of Theorem II1 is conceptually similar to the proof of Theorem I. Certain
estimates will differ. Define functions f, we C*(R%) and h,, h_e C*(R%; C) by

f=r*F,
w=(1-¢p),
h, =D —iD,g,
h_=D,¢+iD,¢,
where
D,¢=0,0—ia,¢, (7.1)

In R, the function w pointwise satisfies
— 2
Aw= —2%(D A *D ) +—r—2(1 —w)w,

where

A c + 82
T ort ot

(7.2)

Equation (7.2) follows from (6.6b) and the definition of w. From equation (6.6a) we
derive an equation for f,

Af = =20 Dh A DG+ (1~ W) (13)

Equation (6.10) is equivalent to the statement that

Loz oW
] *rT:g{]:f+:—z+h+h+ +h_h_}< . (7.4)

B2 r
In the proofs that follow, gg(r, )e C3 (R?) (for R > 0) is defined in (3.8). For
/.> 0, we define a function ;e C*(R%) by
0 if r<i
B )=l0<p, <1 if A<r<2) (7.5)
1 if 24
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Lemma 7.1. The function w is either identically zero on R% or w > 0.

Proof of Lemma 7.1. Define a function w_ e H.zZ(R%) by

—w if w<0,
_= 7.
" { 0 if w=0. (7.6)
Define the set Q < R% by
Q = {xeR?% |w(x) < 0}. (7.7)
From (7.2) we have
1
jﬁAgR;W—d*dW= _Izﬁlgk —D ¢A*D¢+2§*BAQR (I—W)
Q o
(7.8)
Using the definition of w_ in (7.8),
1 Iw l w?
“IﬁggR;Wd*dWZ —2[ pigry—D ¢/\*D¢+* (1 +wl) . (7.9)
Q Q
The left side of (7.9) can be integrated by parts to give
1 1
— | Brgr—wd*dw= [d M) Axdw= [ ggf,—dw A *dw
Q r Q ¥ Q r
w? 1 gr 1
+ jd? A *9=Bdgr +==dB; + grBid . (7.10)
0 r r r
Integration by parts on the last term on the right side of (7.10) yields
2
—jﬂlgR wd*dw—ngB,1 dW/\>f<dw—“3,l (rd*dgg — 2dgg A *dr)
W2
- I*Tgkﬁ/l - f_(dﬁx A *dgg) — ng‘_E(rd*dﬁi —2dB; A *dr). (7.11)
o T ot o 2r

Together, equations (7.11) and (7.9) imply

1 [w] — w?
ngﬂ,l —dw A #dw +2~Da¢ A*D, ¢ + *27(1/2 +lw])p =
Q

2

+§[3,12 2(rd*ng —2dgg A *dr) + j Ir 53 ( dxdB, —2dB, A *dr)

+ jl(dﬁl A *dgg). (7.12)
ol

The three terms on the right side of (7.12) are effectively boundary terms since the
integrands are nonzero only near the boundary of the supports of §, and gg. To
estimate them, define a constant K, by

K, =max (2[/d+dg| ., 2{dg].), (7.13)
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with g = g - ;. Using the definition of K, and equation (3.10),

2

1 *V
<—j e (7.14)

Iﬂlz z(rd*ng — 2dgg nxdr)
Define a constant K, by

K, =max (2| d=dB, |, 2||dB,|..)- (7.15)

Using the definition of K, and equations (7.4) and (7.5),
2

ng Y (rd*dp, — 2dB, A *dr)

w?
S2PFEEK, j* (7.16)

+

For the final term on the right side of (7.12), we have

w?
fT dp; A *dgg)
Q

2 w?
<—K,K * 7.17
= R 15>2 l}‘g‘i l’2 ( )
Equations (7.12), (7.14), (7.16) and (7.17) imply the inequality

1 —_— 2
| grB; {;dw A *dw + 2[—vrilDaq5 A D + *Fw2(1/2 + ]wl)} <
)

2 2

K w
FEL(142K,) [ R 4 2V TK, | (7.18)
R &2 T R T
The finite action assumption implies that
2
w
*— < 00
Rja r?
From (7.4),
w
* o < 00,
j 7'3 +&

54

Taking lim inf over (R, 4) as R — o0 and as 4 — 0 on the right side of (7.18) proves
that the set Q has zero measure. As we C?(R2) we conclude that w=0. The
maximum principle (see, e.g. [11], Theorem 3.5) asserts that w cannot have a
nonpositive minimum on R%, thus proving Lemma 7.2.

It is convenient to introduce complex coordinates on R2 by

z=t+ir, Z=t—ir, (7.19)

The one-forms dz and dz form a basis for Tg‘(Ri) and we can expand the one-
form a in this basis as

a=oadz + adz. (7.20)

Equation (7.20) defines e C*(R?% ; C). The functions h., h_ defined in (7.1) have an
equivalent definition,

hydz=D,p +i*Dp. (7.21)



224 C. H. Taubes

Let u=w+ f and v=w — f. From equations (6.6a, b), (7.2) and (7.3),

- 1 1 -

56u=27u(1 —w)—§h+h+, (7.22a)
a0 1 (1 ) 1h h (7.22b)

U= o v w ) -, '
and

ou=—h,o, (7.23a)
ov=—h_¢, (7.23b)
o 1

0—i)h, = — Fud), (7.23¢)
~ _ 1

(0+i)h_ = — pudx (7.23d)

Lemma 7.2. The functions u, v are either identically zero on R% or u, v > 0.

Proof of Lemma 7.2. The proof of Lemma 7.2 is essentially the same as that of
Lemma 7.1, except that instead of Eq. (7.2), equation (7.22a) is used for u, (7.22b) is
used for v.

Equations (7.23) can be used to derive the equality

20(h_h,) =r126(uv). (7.24)

To derive (7.24), multiply (7.23a) by v and (7.23b) by u and add the resulting
equations. Multiply (7.23c) by h_ and (7.23d) by k. and add these two equations.
The results are:

d(uv)y= —vh, ¢ —uh_d¢,
1

5_(1:1_-h+): 2r2

(vh, ¢ +uh_o). (7.25)

Equation (7.24) follows directly.

Lemma 7.3. With u, v defined above,

uv
[ x=5=0. (7.26)
IR+

Proof of Lemma 7.3. Multiply both sides of (7.26) by gz, and integrate. We have

o 1
2 j #*BigrO(h_hy)= j*ﬁagRr_‘zé(“U)- (7.27)
54

L5
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Integrating both sides of (7.27) by parts and multiplying by i gives

_ _ u uv
—2i !2 #*h_h,o(ggrBs) = + f *BAgR—r'gT —1 jz *r_zc(gRBl)' (7.28)
R+

R R2

+ +

To estimate the derivatives of §; and g in (7.28), we note that

1 A
100986 = 1091 o + 7 612" (129)

Inequality (7.29) and (7.28) imply the inequality

u 1 _ _owr f?
uii*ﬁlgRrTginagl “”(ggi *{h+h+ +h_h_ +r—2+r_2}>

1+e 1 I, i W2 f2
F 220 || § FgmShihe b+ 5+ (7.30)
g2 F r r
The right hand side of (7.30) exists, this from the fact that .o/ (a, ¢) < co and (7.4).
Taking liminf over (R, 4) as R — oo and 4 — 0 on the left side of (7.30) gives the result.
Theorem 111 is essentially proved. Lemmas 7.2 and 7.3 imply the either u = 0 on
R2 orv=00nR2.Ifu =0then f = — wisnegative from Lemma 7.1 and the second

Chern class is negative. From (7.23a), h, =0. Therefore (a, ¢) satisfies equation
(6.8a). If v =0 then likewise (a, ¢) satisfies (6.8b).

VIII. Regularity of Weak Solutions

The proof of Theorem IV is only slightly more difficult than the proof of Theorem I1.
The techniques are the same. Define D, = R% by

D,={(r,0eRL|(* + )2 =p, rz1/p}. 8.1
Note that D, =D, ., and Uy_ D, =R7.

Lemma 8.1. Let 4 be a weak solution to the O(3) symmetric SU(2) Yang—Mills
equations. With (a, ¢) defined by (6.1), and (6.2)

¢l =1. 8.2)

We shall postpone proving Lemma 8.1. Assume for the moment that it is true. We
use it to prove a local regularity result

Proposition 8.2. Let 4 be a weak solution to the O(3) symmetric SU(2) Yang—Mills
equations. Then there exists a pair (a,, ¢,)eC*(D,; T*)@® C*(D,; C) related to
(a, §) by (a,, d,)=(a +dy,, e"). The function e H>*(D,).

Proof of Proposition 8.2. The proof is essentially the same as the proof of
Proposition 4.1. The function y,, is the unique solution [12] to the equation
dxdy, = —d=a,

Vplan, =0. (8.3)
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The argument used in proving Proposition 4.1 is valid because 1/p<r<pinD,.
The construction used in the proof of the global existence of functions (a, ¢) in
Theorem II, on R?, works word for word on R%. Only the simply connected
topology of R? was necessary in the proof. R% is simply connected.
Therefore, we have reduced the proof of Theorem IV to that of Lemma 8.1

Proof of Lemma 8.1. The assumption that 4 be a weak solution means that for all
neHy* (R C)

] {Dm A ADG+ D A Dl + 5 596~ (61 + 1)} =0. (8.4)

R3

Substitute in (8.4) the function # defined by

| aupio1-vo161 it 19151
10 if |l < 1.

The function g, R > 0 was defined in (3.9) and the function f,, 4 > 0 was defined in
(7.5). Let e = ¢/|$| and

(8.5)

Q={(r,neRi||p|> 1}. (8.6)

The function f,grec Hy 2(R% ; C). We compute

1 1
D1 = Bagrdidle +-grBi(1§] = )Dge + (16| = e d(g"ﬁ > 8.7)
The substitution of (8.7) into (8.4) gives

“ ﬂlgR

2

{dld)l A #d|$l+ (¢l = 1)]@ID,e A *Dye + *3 |¢I(I¢| - (¢l + )}

2 {(lcm ~ 1)dl¢| *d(g“rﬁ‘>}=o. (8.8)

To evaluate the second term in (8.8), expand d((ggf,)/r) and integrate by parts. The
result is

zi{um ~Ddigl A *d(g"ﬁl)}

—1)?
DY L el R L B {ﬂl(rd*dgx gy A *dr)
Q Q r?
+ gr(rd*dB, — 2df, A *dr) + 2rdgg A *dﬂl}. 8.9)

We note thatin Q,|¢|(|¢]| + 1) = 2and (|¢| — 1)*> < (¢ — 1)% Using these facts, (8.9)
and (8.8) give the inequality
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]
25B1réik{dl¢l /\*d|¢|+(|(f)|—1)|¢|Dae/\*Dae+*_2(|¢|_l)2}§
Q
J"M{d*ng—ngR/\*dr} j(¢zs3+8 (r2*edxdg,
@ Q
=21 tApy A xdry| + fM2rngA*dﬁ,1 (8.10)
Q

The terms on the right side of (8.10) contain derivatives of g and f;; they were
evaluated in equations (7.14), (7.16) and (7.17). With the constants K, defined in
(7.13) and K, defined in (7.15) we have

5’3”"’* {dmbl A +dIgl+ (9]~ DIgID,e A *D e+ (1]~ 1)2}

Q
K 2

<2-1(1+2K),) +22” K, | o (8.11)
R RZ Rz ‘

By assumption, the integrals on the right hand side of (8.11) exist. Taking lim inf over
(R, A1) as R— o0 and 41— 0 on the right hand side of (8.11) proves that the set  has
zero measure, which proves Lemma 8.1.
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