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Abstract. Consider a gauge field F and a scalar field ¢ with a self-coupling V(¢)
as well as the standard coupling between F and ¢. If 0=<2V(¢) < ¢- V'(¢), there
are no classical lumps. If V(¢)=|¢|* the system is conformally invariant and all
the energy radiates out along the light cone.

1. Introduction
Consider the Lagrangian density
& =—iF?+3(Dg)*—V(e) 1)

in Minkowski space, where F denotes a Yang-Mills field, ¢ a scalar field, and V a
self-coupling depending only on |¢|?. The internal symmetry group ® is a compact
Lie group, and D denotes the covariant derivative.

In [1] we considered a pure Yang-Mills field with Lagrangian F2. We proved
that all the energy of a solution to the Yang-Mills equations radiates out along the
light cone. We prove here the exact analogue in the case of (1) provided V satisfies
the inequality

0=4V($)=¢-V'(9). @)

A typical case is V(¢)=c|¢p|” where ¢ >0, p=4.

In case V(¢)=c|¢|*, our Lagrangian % is invariant under the conformal group
of Minkowski space (Theorem 1). This 15 dimensional Lie group generates 15
conservation laws satisfied by the solutions of the equations of motion. We derive
the explicit forms of these laws in Sect. 3. In Sect. 4 we show that one of them, the
First Inversional Law, implies the decay result mentioned above. For arbitrary V,
they are no longer all conservation laws. However, under assumption (2) the extra
terms in the First Inversional Law have the proper signs and we infer the same
decay result.
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In Sect. 5 we allow the potential V to include a positive mass term. Assuming
only V=0, we deduce that certain components of the energy density are square
integrable over light cone surfaces (Theorem 3). If V satisfies

0=2V(P)=¢-V'(9) ©)
then the energy within a fixed region of space is integrable in time and decays to
zero as t— oo (Theorems 4 and 5). It follows that there are no “classical lumps” if
(3) holds; that is, no solutions of finite energy which are independent of time
(Corollary 3).

We do not consider the question of the global existence of solutions but simply
derive properties which any smooth solution would have to satisfy. For reference
to related work, see [1]. In the case of a pure scalar field, the method of Sect. 5
derives originally from [2], and the conditions (2) and (3) are well-known [3].

2. The Equations
We begin with some notational conventions. Let & be a Lie group and g its Lie
algebra. We denote the Lie multiplication by 4 x B (rather than the usual [ A4, B]).
Thus A x A=0, Ax B=—Bx A and the Jacobi identity takes the form
AXx(BxC)+Cx(AxB)+Bx(Cx A4)=0.
We assume ® is compact. Then g possesses a natural inner product which we
denote by A-B, and (4 x B)-C=A-(B x C). We let |A|>=A- A. In the special case
when ® =SU(2), g is three-dimensional and its elements can be regarded as vectors
with x and - denoting the ordinary cross and dot products.
We write the space variables as x =(x,,X,,x,) and the time variable as t. We
. . o 0 0 .
write partial derivatives as 0= F (k=1,2,3) and 8°= 51. We do not raise or
k
lower indices; these are ordinary calculus derivatives. The gauge potentials A*
(u=0,1,2,3) are functions on space-time with values in g, as is the scalar field ¢.
The covariant derivatives are defined by

D0=3°—gA° x 4.0)
DF=d+ga*x  (k=1,2,3). (4.k)
We will repeatedly use the identity

D*4-B+A-D*B=0"A-B) (1=0,1,2,3), (%)

where A4, B are C* vector fields. Indeed, let p=1,2,3. Then by (4.k) we have
D*A-B+ A-D"B=(0"A+gA*x A)-B+ A-(0*B+gA* x B)
=0"A-B)+g(A* x A)-B+gA-(A* x B).

But 4-(4* x B)=B-(4 x A*). This proves (x) for u=1,2, 3, and the proof for u=01is
similar.
We write the Yang-Mills field strengths as

P =0hAY — " A" +gAP x A (n,v=1,2,3) )

0
1 In[1] 8° was defined as — >
t
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and

FO=0" A%+ 0°4% +gA*x A°  (k=1,2,3) 6)
and also denote

E'=F1, E2=F20, E3=F3° )

H'=F3, H?=F'3, H3=F!, ®)
Further, we put

p'=D'¢  (u=0,1,23). O-w

We consistently use Y, Z to denote sums over the indices k=1,2,3 and
k u

u=0,1,2,3, respectively.

Let E be the matrix with the columns E*, E2, and E3, each of which belongs to

g. If a=(a;,a, ;) is an ordinary 3-vector, then Eau= ) o, E*. If we denote
k

|E|*=Y_|E¥?, then |Ea|<|E||o|. Similarly, let H be the matrix with columns H?,

k
H?, and H? and let ¥ be the matrix with the columns y?, p?, and y3.
Let V, be a real function of a real variable and define V()= V,(|$|?). Let V'(¢)
denote 2¢V;(|¢|?) where V; is the derivative of ¥,
The Lagrangian density is

$=%;IE"|2—%;IH"IZ+%ID°¢|2—%;|D"¢|2—V(¢)- (10)
The Euler equations for . take the following explicit form:
D°H!=D3E?—D2E3, (11.1)
D°H?=D'E®—-D3E!, (11.2)
D°H3=D2E!—D'E?, (11.3)
D°E'=D?H?*—-D*H*+gyp' x ¢, (12.1)
DPE?=D3H'—D'H3+gyp?x ¢, (12.2)
D°E3=D'H?*—-D?H'+gy3x ¢, (12.3)
Y D*H*=0, (13.H)
k
Y. D*E¥=gy°x ¢, (13.E)
k
D%°— Y D'yt =—V'(4), (14.0)
k
D% -Diy’=gEix ¢ (j=1,23), (14,)
D'y?—D*pl=—gH3x ¢, (15.1)
D?yp3 —D3yp?=—gH'x ¢, (15.2)

D3p!'—D'y3=—gH?x ¢. (15.3)
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Derivation of Equations (11)—(15). Actually, only Eq. (12), (13.E), and (14.0) result
directly from % as equations of motion. The rest of the Eq. (11)—(15) are
“constraint” equations which follow from the definitions of F** and y*, as we now

demonstrate.
The Euler equations of (10) have the form
0¥ 0%
L Yot
¢ ; a(0"9)

and

= Z 6(6‘)/1“) (1=0,1,2,3).

The derivatives of % have values in g. Thus for instance,

¢> ¢ L(p+ed)l,—o-

In order to evaluate (16) and (17) it is convenient to note that
@) %%|A+(B xC)*=A+(BxC)
and
ii) %%IA+(B xC)?=Cx {A+(BxC)}.
Indeed, i) is obvious and ii) follows from
;—8%|A+((B+8§)x C)*=BxC-{d+(Bx C)}
=§-C x{4+(BxC)} at &=0.
We now evaluate (16).

0L
o %%{w% gA° x §|* — Zla"¢+gA"><¢|2—2V(¢)}

=gA°x O +g ) A x = V().
k
0¥ 0¥ .
1 1 vrvursai 0 —_— = — J (j= i N
Cearya(aod)) »° and 39 v (j=1,2,3) by i)
Hence (16) implies
0%p°— Y0 =g A xy°+g ) A Xy =V'(9)
k k
which is precisely (14.0) in view of (4.0) and (4.k).
Next, consider (17.0). Then by ii) we find
0¥
04° =3 0A° {
=—g) A*x E*—gd x y°.
k

Y [04A° + 30 A% — g A° x AH? +1°¢ — g A° x ¢12}

(16)

(17.0)
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% does not depend on 8°4° while
0L /0(0’A°)=E’ by i).
Therefore (17.0) implies
YOE = —g ) A E*—gpxy°,
k k
which is the same as (13.E).
We now consider (17.k) for k=1 say. We have

o 10
04t ~ 2041
—[024' —0* A2 —gAt x A?* |0 p+gAt x ¢|*}.

01 4%+ 94" +-gA" x A% — (0143 — P A + g At x AP

By ii) we have
0¥ 0 1 3 13 2 21 1
aT:gA XE'—gA3x F3 4 gA?> x F*' —gp xyp
=gA°x E' —gA* x H* +gA* x H* — g x p* |
Furthermore, by i),

2 o L 0
aeoan " Es geean - TF = and aem =

Since . does not depend on 914, (17.1) yields
0°E' —0*H3+ 03H?*=gA° x E' —gA3 x H?> 4+ gA? x H® —g¢ x yp*

F3=H>.

which is the same as (12.1).

Next we indicate the derivation of the “constraint” equations. In each case
below the Jacobi identity is used.

Consider (11.1). We have

D°H'=D°F3?=(3°—gA° x (04> —3*A*> + 94> x A7)
= 930042 — 020° 4% + g°(A® x A% —gA® x *A>
+gA° x 0243 —g? A% x (43 x A?).
In the second line replace
0°4% by E?—-0%4°—-gA?x A°
and
0°4% by E®-034°—gA3xA4°.
Hence
DOH' = 0°E? — 92E® — gd¥(A? x A°) +g0*(4> x A°)
+g0°%A3 x A*)—gA° x 03A* +gA° x 0?43 —g? A% x (43 x A?).
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Now we write the first two terms here as
03E*—0?E3=D3E? —gA3 x E>—~D*E®*+gA?> x E®

and evaluate the cross products A° x E?, A% x E* using (6) and (7). Then in the
expression for D°H! above, the quadratic terms cancel pairwise, and the three
cubic terms sum to zero by the Jacobi identity. This establishes (11.1); (11.2) and
(11.3) follow from cyclic permutation.

Consider next (13.H). By (4.1) we have

D'H'=3'H'+gA® x H' =9'F32 4 gA" x F32
— 013 A% — 243 + g AP x A7)
+gA' x BPA%—gA x 02 A3 + g2 At x (A3 x A?).

D?H? and D3H? can be evaluated from this by cyclic permutation. When we form
the sum )’ D*H*, the second-derivative terms cancel pairwise, as do the quadratic
terms. Agkain the Jacobi identity shows that the three cubic terms vanish upon
summation. Therefore )’ D*H*=0 which is (13.H).

To establish (14.)), »’\‘/e write (for j=1,2,3)

DOl —Diy® =0 — 0"y — gA® x ' — g AT x p°

=00/ +g47 x $)—0(0°p —gA° x §)—gA° x y/ —g AT x p°
=g(0°A7+ 'A% x p+ g AT x (8°p —yp°) +gA° x (0/p — ).

Using (7), (9.0), and (9.j), this reduces to

GEI—gATx A%) x ¢+ g2 AT x (A% x ¢)—g?A° x (AT x p)=gE' x ¢).

Finally, we verify (15.1). We have

Diy? — D2yl =02 +gA x p? — %t —gA? x !

=0'(0%¢+gA* x §)—0%(0'p+gA' x §)
+gA x (%P +gA* x p)—gA* x (0*p+gA* x P).

Six terms cancel pairwise and we get

g(0tA2 —02AY) x p+g2 A x (A? x ) —g? A% x (A x ¢).
We substitute

0'A?—0*A'= —H3—gA' x A?

and use the Jacobi identity to obtain (15.1). This completes the derivation of the
full set of equations of motion (11)—15).
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3. The Conservation Laws
The energy is obtained as follows. Multiply (11.j) by H? and (12.j) by E¥(j=1,2,3)
and add the resulting six equations. Using (x) we get the identity

6OeYM=Z[akp’;'M+gwkx ¢'Ek:|a (18)
k

where ey, =3(|E|* +|H|*) and
p%’M =H2'E3—E2'H3
plz,M=H3'E1—E3'H1
pd,=H"E>—E'-H?.

Next we multiply (14.u) by w* (u=0, 1, 2, 3) and add the resulting four equations to
obtain

30° Y P =—V($)-y° +;6"(w°-w")+g; EFx -yt

(19)
= —0°V(d)+ ) [O(w° v +gE* x ¢-y*].
k

Adding (18) and (19) we get the Energy Conservation Law

Pe=Y dp*, (20)

k

where

6’=%<IEI2 +HP+), Iw"|2> +V(¢) (21)

w

and

P =ri v’y (k=1,2,3). (22)

Next we calculate the momenta. Consider
p'=H? E3—H3 E>+¢°-p'.
Using (x) we have
pt=I+11,
where
I=D°H?*.-E3+ H?* -D°E®—-D°H?® E*-H?*-D°E?,
I1=D° ! +y° D%,
Using (11), (12), and (14) we have
I=(D'E*~D3E")-E>+H?-(D'H?—D*H' + gy* x ¢)
—(D?E'—D'E?)-E>—H?-(D*H' —D'H?+gp* x ¢);
II=(§D"w"— V’(<i>))-w1 +y% (D'’ +gE' x ¢).
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Using (%) we can write these as
I=10M (B2 + 1B +|H22 +|H)
—0*E'-E>*+H'-H*)—0%E'-E3+H'-H?)
+E'-(D?E*+D3E?)+(D*H*+D3H?)-H*
+gH? 93 x p—gH> - y* x ¢;
I =50"(p°P + !> = 2V() + > (' - p?) + 0° (' - y?)
— 2. D2l —p* D3yl +gyp°-El x .
The third line of I becomes, by (13.E),
—30'(E' > +|H'*)+gE' -y’ x ¢.
By (15), the second line of I becomes
=30 (W P+ 1) —gv® H? X p+gw* - H> x g +gy°-E' x .
All the cubic terms drop out and we obtain (for j=1) the Momentum
Conservation Law

P =0 +Y gt (23))
k
where
f=e— P> -2V ()
and

¢*=—E/-E*—H/-H*+yl-y*.
The equations for j=2,3 are obtained in exactly the same way.

The other eleven identities are derivable from (20) and (23.j). They are as
follows:

°(xje+tpl) = /(tf) + ) 0 (x;p* +19™) (j=1,2,3), (24)
k
0°(xop" —x,p?) = 0Mx, f) = 0%(x, )+ ) 34(x29™* — x,47), (29)

and two similar laws obtained by cyclic permutation of indices.

a° (te +;xkp" +°- ¢) +V(¢)- p—4V()

=;0"(tp"+xkf+2qujk+1p"-¢), (26)
0° {(t2 +r2)e+2t; x,P*+ 290 — |¢|2} +2t{V'(¢)- p — 4V ()}
=ZGk{(tz+r2)p"+2t(xkf+2quf"+w"-d))}, 27
k J

oo 30 =P x Tt x4,V ()= V()

[t2 =2 )
=6’{ 2rf}+‘k;6" XX f X, x,q™

(i=1,2,3). (28)

2 _p2

k
txe—x;p-p*+
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Theorem 1. If V(¢)=c|p|*, the system is invariant under the conformal group.

Indeed, 4V(¢p)=¢ - V'(¢), so that all 15 identities are exact conservation laws.
These are the conservation laws which follow from the invariance via Noether’s
Theorem. We omit the direct proof of the invariance.

As an example we present a detailed derivation of the First Inversional Law
(27). Multiply (20) by r*+t* and (23,/) by 2tx; The sum of the resulting four
equations can be written as

0° [(r2 +t2)e+2t Z xjp’]
J
=Y o [(r2 + 1)k +2tx, f +2t Y qu""} +2t [e -3f-> q""} . (29)
k J k
The last expression is

e—3f——;qk"= —2e+|EP+|H[*+2|P)* +6V(d)= —[p° > +| P> +4V(P).
Now multiply (14.0) by ¢ and make use of (x) to obtain

°%p°- ) —y°- D¢ — ; (@ (w*- @)~ y"-D'p)=—¢-V'(¢).
By (9.4 this can be written as

o)+ V(@) b=y~ P>+ ; W' ¢). (30)
Multiplying this by 2t, we get

°Lty° — @) p1+2td- V'($) = 26([w°> — | P1*) + ; o2ty ¢).

When we add this result to (29), we obtain (27).

4. Asymptotics in the Case of Zero Mass

Theorem 2. Assume that V satisfies the inequalities
0=4YV(s)<s-V'(s).

Let R>0 and 0<eZ1. Then as t— o0,

[ edx=0("2),

Ix] <R+ (1—e)
where e is the energy density (21). (This is valid provided {r?edx < co at all times.)

Proof. We integrate (27) over all space. Assume that the solution is smooth and
satisfies [ r?edx < co at any time. Then the right side vanishes. We obtain

I{(rz+t2)e+2t2xkp"+2t¢-w°—¢‘¢}dx§00n5t=c'
k

We break this integrand into two parts, the part involving the Yang-Mills field I,
and the part involving the scalar field I,. Let = ¥ and introduce unit vectors «
r
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and B so that o,B,0w form an orthonormal basis for R® with « x f=w. By the
orthonormal property of the basis vectors we have

|E|* =|Ea|? +|EBI* +|Ew]?
and a similar identity with E replaced by H. Then, as we showed in [1],

1 —
eYMi;wkp’lc/M= 5 (Ewl* +|Hol* +|EaF HPJ* +|Ef + Hol?). (1)

In particular, IZ @ P Seyy and so
k

Ly 2 (t—1) ey, (32)

. x
We now express I as a sum of squares. First we denote y*=y*+ —§¢ and

define Z to be the matrix with columns y!, x%, x3. Using (9.k) we have

(8P =12+ 50141, (33

where r=|x| and ro"=) x,0". Hence
k

2 2
L= T QO+ 1+ 2V () + 200 (P + )= |
=I;"~p (> +r7yrlgl?}, (34)
where
I*= tz“z (102 + |12 +2V($) + 26°- Ex
(35)
2 0 02 412 4 2V 20.

Hence for any subset B of space we have

[Ty +I)AX <[ (Iypg+1)dx < C.
B
Choosing B= {x:|x| <R+ (1 —¢)t} we obtain from (32) and (35)
1 1
(et—R)* | {eYM + 3 lp°l* + 5 5%+ V(¢)} dx<C
B

for t>Re™!. Finally, using (33) again we have

[1%¥|2dx < [ |5]2dx £2C(et — R) 2
B B

for t>Re™!. This completes the proof.
The following two corollaries are proved exactly as in [1].
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Corollary 1. Assume that any finite-energy solution (a solution with {edx < c0) can be
approximated by cut-off solutions in the energy norm, uniformly in time (see [1]).
"Then for any finite energy solution and for each R>0 and 0<e <1, we have

lim | edx=0.
t= 0 |x| <R+(1—e)

Corollary 2. Under the same assumptions, there is no finite energy solution of the
form
E=E(x—ct), H=H(x-bt), ¢=¢(x—at),

where a,b,c are constant vectors of norm less than one, except the trivial solution
E=H=0, ¢=const, V(¢$)=0.

Remark. By (31) and (34), the integral over all space of certain of the components of
eis O(t™?).

5. Estimates in Case the Scalar Field Has Positive Mass

We begin by showing that certain components of the fields are square integrable
over light cones.

Theorem 3. For any finite energy solution,

[ V() +1w° + Pol® + | Pal + | PP

fx[=t

+|Ew|?* +|Hw|*> +|Ee— Hp|? +|EB + Ho|?}dS < const ,

where dS is the usual surface measure on {|x|=t}. (The notation of Theorem 2
remains in effect.) If V =0, each term is positive and therefore integrable on the cone.

Proof. We integrate the energy conservation law (20) over the 4-dimensional
region {|x|<t<T} and then let T— oo to obtain

2 (e-i—Za)kp")dS§2]/§fedx=const,
p

x| =1

where w, = —xri The Yang-Mills terms in the integrand are written as in (31). The
other terms are 2V(¢) and
WP+ 4+ 20° Yo =[y° + Yol +|Pal® + [P

This proves Theorem 3.
Next we turn to an investigation of the asymptotic behavior in case V(¢)
includes a mass term. Typically one envisions

V(d)=mg|p|* +clpl” 1 (my>0,c>0,p>1).

For this purpose, assume ¢-V'(¢)=2V($p)=0. We employ the summation
convention (j,k=1,2,3) for notational simplicity. Multiply (23.j) by a function
2l(x)(=1,2,3) and sum on j to get

20°0p") + 2L) f + 204, ¢ =201, f) + 20"(1,¢™)..
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Let m=¢"l;. Multiply (30) by m to get
O%my°- ¢)+m(1P1* —[w°|* + V'(¢)- )
=(my*- ¢)— (@ my*- ¢
= 0Mmy*- ¢ —3(0'm)|¢|*) + 38 F"'m)|p|>.
Adding these two equations we find
0°{2Lp’ +my°- ¢}
+20" g +m2f + P12~ [p°P + V'($)- §) —3(0“"m)| ]
=0 (2L f +21,¢" + my*-  —3(Om)|¢|*} . (36)

We write (36) in the form 8°X +Z=0"Y*. We evaluate Z by substituting the
expressions for f and g’*:

Z =(md,,— 20M)(E/- E* + H'- H¥)+ 2(* )/ - p*
+m(p-V'(¢)—2V(¢) —3(0*0*m) | p|>.
In (36),

. . ) m
X =20 -myp®- ¢=2l,~pfm+2w°'(’jw’+ 545)'

Hence
) oom |?
I =20l +10°1 + |l + 5 9| (37)
The last term here is
om |? o1 . m?
‘ljw“r =@ =1+ 5ml a1+ — |l
2 2 4
Jjl12 J 1 2 1 J 1 2 2
="+ 0 Eljmlqﬁl ~3 l,0'm+ M |p|>. (38)

Now we choose [(x)= % Then
o*l.=6 3 d m=0¢l= 2
;=0/r—x;x/r° and m=0l,= -

Therefore md ;, —20"1,=2x x,/r°,

Lom+im*=0 and 0*¢m=0 for x#+0.
It follows from (37) and (38) that

1= 2epy + 1w +|217 + 061G mI 1)

Hence j [X]dx is bounded by twice the energy. Now we integrate (36) over the
exterior of a small sphere {|x|>¢} and then let e—0. On the right side of the
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resulting equation, the terms in (36) of the form ¢*Y* drop out except for the last
term, which gives

1 T F@mieRa= [ o)

2|X|>E |x|>e

1
=— = [ lo(x,0%dS,— —4n|$(0,1)* <0

& |x|=¢

as ¢—0. On the left side we have the integral of

2
Z= B +IH > +|¥P =¥, + V() -2V()},

where we have denoted

1
Er:_Exy Hr=1HX, 'P,zl'f’x.
r r r

Thus we have proved that
[ Zdxdt+4n | |§(0,1)?dt<4[edx=4e,. (39)

Theorem 4. Assume ¢ - V'(¢)=2V(¢p) = 0. Consider a smooth solution of finite energy.
Then

jj(lE,|2+|H,lz)%dxdt< w, (40)
jj(l?’lz-lq/rlz)%dxdt<oo, 41)
56 V(@) ~2V(@) - dxdi <. )

These integrals, and the ones below, are taken over all space and time. Furthermore,
if 6>0,

“(|E|2+|H[2+I'I/|Z)dedt<OO, (43)
if |¢|2 )3” dxdt< oo . (44)

Proof. Estimates (40)—(42) follow immediately from the integrability of Z in (39).
Using the second term in (39) and shifting the origin x =0 to any other point, we
obtain

| |p(x,0)*dt<e, for all x.

Therefore
[[fpGe, )2de](1+7) 3 Pdx <m ey [(1+7) 2 Pdx < 0.
This proves (44).
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In order to prove (43) we choose a more general form for our multiplier,
namely

L0 ="1L0).
Then

0= gajk_ (g _C’)xjxk/rza

2
—oll=>r+,

. ¢,
méjk—26"lj=é’5jk+2(; =) xpx/r?.
The weight function ( is chosen to satisfy the following constraints:

i) { bounded, % =('=20

11) akakm =; C// + Cm é 0 (45)

111)16’m+1m —CC’+ (C)2+({”>0

By (37) and (38) it follows that [|X|dx is bounded by a constant multiple of the
energy e,. The general expression for Z implies that

Z201EP+2(; ~C | I+ L1

¢

#2(> 0l 2 QPP ) 21 ()

Each of these six terms is non-negative and hence is integrable over all space-time.
Now we make the specific choice

{r)=2—(r+1)"

where O0<d<1. We will verify (45). By explicit calculation, we have
{'=6(r+1)"1"? and

Cr—C=r"Yr+1)7°[2(r+1° —1+dr(r+1)"1]
>r }(r+1)7°(1-6)>0.

Therefore (43) follows from (46). We need only complete the verification of (45).
Indeed

A fr+{"= =00+ 1r Hr+1)7*°[2-d)r+4]<0
and
U+ O+ =@+
={or Y (r+1)" 2[4+ (3—6)r] =0.
This completes the proof of Theorem 4.
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Corollary 3. If ¢-V'(¢p)=2V(¢) =0, there are no “classical lumps” of finite energy.
That is, if E(x), H(x), ¢(x) is a solution which is independent of time and has finite
energy, then E=H=¢=0.

In (43) we are missing an estimate on |°|%. To get it we need a slightly stronger
assumption on V as follows.

Theorem 5. Assume that V has the form
V(@) =3mildl* + W(¢),

where
0=aW(P)=¢-W(¢).

We assume my, 6, and R are positive constants and o.>2. Then

1

[ W(¢)—dxdt< oo, (47)
1

i Iw"lzm—gdxdm 0, (48)

_j | |jRedxdt<oo, (49)

| ]jRedx—>0 as [t|—o0. (50)

Proof. We have
- V'($)-2V(p)=¢-W'(¢)—2W(¢) 2 (a —2)W(9).

Therefore (42) implies (47). Now we multiply identity (30) from the end of Sect. 3
by (r+1)737?=¢(r). Thus

O%Ly°- )+ &Ml + b W())-
=&y =121 + 3y - P+ B +)r+ 1)+ x4, (51)
The last term is bounded by a constant times
r+ DT NPP e+ D),
which is integrable over space-time. As for the first term in (51),
J&p°-ddx <3 (9°F +191%)dx < (1+mg *)e,

because of the mass term in the energy. The terms &|P|?, &[¢|? and E¢ - W/(¢) are
also integrable over space-time because

¢-W(p)=L[9 - V'(¢)—2V(P)]+2W().
Hence (51) implies that &[y°|? is also integrable. This is (48). Since
2e=|E|>+[H|* + P> + [p°? + m3|$|* +2W(¢),

(49) follows from (43), (44), (47), and (48) as soon as we replace the factor r+1 in
the denominators by the constant R + 1.
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We now derive (50) from (49) using the method of Morawetz [2]. Let

R+1
f@= [ [ edxdo= | edx.
R |x|<e [x| <R

We will show that f(t)—0 as [¢f|—c0. By (49), f(¢) is integrable. Therefore it is
enough to show that the derivative f'(t) is bounded (— oo <t < c0).
Now

R+1
f= [ [ 0%dxde
R |x]|<¢

R+1 X
=10 (Z Tkpk)dsxda by (20)

k

(Z X p") dx.
R<|x|<R+1\k T
Thus | f'(t)| £ [ edx=<[edx=e,.
R<|x|<R+1
This completes the proof of Theorem 5.
Finally, we establish the square integrability of the potentials 4* themselves.

We first assume only that V(¢)=0. It follows as in [1] that
(Z flax(x, t)lzdx>” ’< (Z f14#(x,0)>dx)"/?
u n

+ i(ﬂE(x, s)|2dx)2ds
0

in, say, the Lorentz gauge. This comes from multiplying (6) by 4*, summing over
k=1,2,3, and integrating. In particular;
[ Y144, 1) 2dx = O(1 +£2)
un

for all t. We can also estimate {|$|*dx, even in the case of zero mass. We integrate
the identity

¢-y°=¢-D°¢=30(9l") (52)
to obtain

0°[1gl2dx <2([11>dx) ! *([ |2 dx)* 2.
‘Therefore

([ 1p(x, 012dx)* < (fIp(x, 0)]2dx) /2
+ I (Jlw°(x, 5)|%dx)*/2ds .
0

Since V(¢)=0, we conclude that

[l(x, t)?dx=0(1+t?) forall t.
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We can find stronger bounds on [|¢|*dx if we assume that ¢-V'(¢) 2 4V(¢) =0
and that [r?edx <oo. For then, we rewrite the integrated First Inversional Law
(27) in the form:

@2+ ) (EP? + [H?)dx + 2t r ; o Phpdx + [ +r3)V(p)dx
+5[r2(1P1* =¥, 12)dx +t [ - pOdx
+%;flt1p"+ka°|2dx +3[1¥x+typ° +¢|Pdx <C.
It follows that
tfp-pldx<C
so that (52) yields

$[o%(¢1*)dx < for t=1, say.

¢
t
Hence [|¢(x, t)|*dx =0(Int) as t— 0.

Acknowledgement. We are grateful to A. Jaffe for suggesting that we try the methods of [1] on this
system.
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