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Abstract. Recently Pirogov and Sinai developped a theory of phase transitions
in systems satisfying Peierls condition. We give a criterium for the Peierls
condition to hold and apply it to several systems. In particular we prove that
ferromagnetic system satisfies the Peierls condition iff its (internal) symmetry
group is finite. And using an algebraic argument we show that in two
dimensions the symmetry groups of reduced translation invariant systems is
finite.

Introduction

A theory of phase transitions at low temperatures in general classical lattice
systems was developped recently by Pirogov and Sinai [8, 9]. It applies to systems
satisfying the Peierls condition of [8, 4, 9]. In particular, finitness of the number of
(periodic) ground states is assumed.

The main results of this paper are: Criterium for Peierls condition to hold
(Section 3), a necessary and sufficient condition for ferromagnetic systems to
satisfy Peierls condition (Sections 10 and 11) and a theorem on finitness of the
number of ground states of ferromagnetic systems in two dimensions (Section 12).
In addition, to demonstrate how the Criterium works, we apply it to several
models. The criterium applies to all models we consider and often yields more
complete picture than previously obtained.

In Sections 1 and 2 we introduce the framework and recall the Peierls condition.
In Section 3 we formulate and prove Criterium ; in the proof we take advantage of
the flexibility of the Gerzik-Debrushin [5, 4, 8, 9] definition of contours which
allows us to replace previous considerations based on special symmetries of
models by a general compactness argument. After preparatory remarks of Section
4, in Sections 5-9 we apply Criterium to several models; the discussion of the
antiferromagnet in Section 5 which leads to well known results of Dobrushin [3] is
especially detailed.
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Applying Criterium to ferromagnets (Sections 10, 11) we obtain that a
ferromagnetic model satisfies Peierls condition if and only it its (internal)
symmetry group & is finite. On the other hand in our work [7, 6, 11] on the
number of phases in ferromagnetic systems at low temperatures Peierls condition
is not assumed and we treat cases with infinite number of ground states; [7] will
contain a more detailed comparison of the results.

Exploiting algebraic properties of ferromagnetic systems we prove (Section 12),
that any two-dimensional spin ferromagnetic system which is Z>2-invariant (not
only periodic) has a version (“reduced version”) with a finite number of ground
states, which thus satisfies Peierls condition.

We need more algebra to show that if & is infinite then it containes an infinite
number of periodic elements—result we use in Section 10. In Appendix the
problem is reduced to a question in commutative algebra which has a positive
solution.

In Section 13 we discuss systems with constrains.

In all the examples we consider the Peierls condition breaks down because for
some values of the parameters an infinite number of ground states occurs. But as
examples discussed in Section 14 show, infinitude of ground states may lead to a
variety of situations at non-zero temperatures. These seems to exist no general
theory describing it.

1. Framework

As in [10] except that we allow for constrains; see [9, 14].

Let S be a finite set and let 4 be a closed subspace of S™, where IL=2Z" for
simplicity. For ACL, pr, is the projection S*—S* and pr/,=pry, .; Z,=pr,Z.

A potential ¢ is a collection ($,) where @, is a real valued function on
%, ACLL. @, will be identified with the function @ opr, on . We consider only
the case of periodic systems, i.e. when there exists a subgroup of Z” of a finite index
leaving invariant & and @. Moreover @ is a assumed to have finite range (9, is
zero if the diameter of A is large enough).

Two configurations X, YeZ are equal at infinity, X ~ Y, if there exists finite
ACIL such that pr’, X =pr/, Y. The (relative) Hamiltonian H =H is defined by

HX|Y)= ). (®,X)—D,(Y)) for X~Y;
A
we write sometimes
H=Yo,.
A

Two potentials are equivalent if they yield the same relative Hamiltonian.

2. Ground States and Peierls Condition [9]
Let 27" be the family of periodic elements of 2!, X e Z?°" is a ground state (of H) if
HX|Y)=0 forany Y~X.

' Anelement of & is periodic if it is invariant under a subgroup of Z* of a finite index. Similarly are
defined periodic elements of any Z'-space
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% or 9(H) is the family of all ground states of the Hamiltonian H.
We will assume that the following lemma holds.

Lemma. Let for X e ZP*"
.1
eoX)=1lim — > @ ,.(X).
4 |A| A'cA
Then X is a ground state for Hy iff
e X)Sey(Y), VYeZPer.

This is proved to hold for systems without constrains, & =S, in [9]. It is not
hard to find an example of a system with constrains for which the lemma does not
hold.

For a natural number N and aclL let

N(a)={xel:la—x|=N},
and let the N-boundary of a configuration X e % be
By(X)=U{N(a) Pry@X ¢ prN(a)g} .

Definition. H satisfieds Peierls condition if %(H) is finite and for each N large
enough there exists ¢ >0 such that if X ~ Y, Ye%,

H(X|Y)2 ¢ card(By(X)) .

This differs slightly from the definition of [9] but is easily seen to be equivalent
to it.

3. Criterium
With the preceding notation and assumptions let

¢=mind ,(X)

XeZ

and
G=XeX :D,X)=¢,A}.
If 4'*°" is non-empty then
G(Hg) =9 ;
if 9'is finite then ' =%(H) and the Peierls condition holds for Hyg,.

Proof of Criterium. That in case ¢'P°" is non-empty it coincides with %(H,)
follows at once from Lemma 2.

Any translation that leaves @ invariant maps ¢’ into itself. If ¢’ is finite then
the subgroup of the invariance group of @ which leaves ¢’ pointwise invariant is of
a finite index, and therefore of a finite index in Z'. Thus the configurations of ' are
periodic and therefore ¥’ =%(H,). It remains to show that finitness of ¢’ implies
Peierls condition.
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Let 9 ,=pr %, and consider any finite A CIL; there exists r >0 such that for any
XeZ P\ 7 and any YeZ with przY =X there is A such that

dist(A4, A) <1, ® (V) + ¢, . (3.1)

Otherwise there would exist sequences (X,)C% ;1\%; and (Y,) CZ such that
pryY,=X,, @,(Y,)=¢, when dist(4, 4)<n. Since %y is finite we may assume
X,=X, Vn, and since & is compact (Y,) has a limit point Y. But then Ye %' =%(H,)
and pryY =X which contradicts the assumption that X¢% .

Let N be a positive number ; by periodicity and (3.1) there exists » =r(N) such
that if pry,Xe%y,, X€Z, then there is 4, depending on a but not on X,
satisfying:

dist(N(a), 4,) =1, @, X)*+d,, -
If
dist(a,a’)>8=2N +2r+max {diamA: P+ ¢ ,}

then A,% 41,
Let

e=inf{®,(X)— ¢, D, X)*+¢,XeZ,ACL} ;

since @ is periodic and finite range, ¢ 0. Now for X ~ Y, Ye ¥, the relative energy
HX|Y)=3 (D400~ P4(Y) =D (P,X)— )
A A

is bounded from below by ¢ times the cardinality of any subset A4 of IL such that
PTnX €%y dist(a,b)>6, for any a,be 4, a+b. Therefore

HX|Y)Zex QN +1)""x 8" x [ByX)| .

The criterium is proved.

4. Application of Criterium

In applications one has to choose for given Hamiltonian the potential to which
Criterium applies. This will be illustrated in the following discussion of a number
of examples.

XeZ, such that @ ,(X)=¢, will be called a local ground state. Since A’s
overlap the problem is in first determining local ground states and then in
patching them together into ground states.

Drawing Diagrams; the Closure Condition. Usually the lines (more generally the
hypersurfaces) of the zero-temperature phase diagram divide the space of parame-
ters into a number of open regions with Peierls condition satisfied in each of them.
More precisely, in each case we have a finite dimensional space # of interactions

and a family (U)),.; of open subsets of 5# such that U U, is dense in & and any
He U, has the same (finite) family ¥, of ground states, ie I. Certainly
%(H)>U{%, H is in the dosure of U,} (%)
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but in general the inclusion is proper, i.e. at points where few of the U;’s meet there
may appear new ground state which is in none of %;’s. Most often this happens
because at this meeting points we are allowed to combine local ground states
coming from different U;’s (see Sections 5-9). Usually infinitude of ground states
results then. We say that an interaction H (or corresponding point of the diagram)
satisfies closure condition if in (*) we have equality in place of the inclusion.

The lines with infinite number of ground states are fattened on the diagrams.

5. Antiferromagnet [3]

We consider the two-dimensional case only; generalization to higher dimensions
is obvious.

In examples of Sections 5-10, S={—1,1}, and for aeZ", 6,=pr(; ,. Here
H=2 ) o,0,—4h) a,
{a,by a

with ) denoting sum over pairs of nearest neighbor points of the lattice. Let

{a,b)
a=0,b=e;, c=e, +e,, d=e,, where ¢, is the canonical base of Z?, let

&,=0,0,+0,0,+0.0,+0,0,—h(c,+0,+0.+ 0,
and let
¢, =19, if A=t A,),A.={ab,c,d}
=0 otherwise ,

where 7, stays for translation by xeZ". Then H= Y & ,; we apply Criterium to &.
A

Computation yields the following local ground states in A, :

=22
=22 D0 IE D6 DEDE IE D)
ar(y )5
(o S [ A e [ e S
ne-2(Z )

in a selfexplanatory notation.
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Since @ is Z?-invariant, ground states are obtained by patching together these
configurations, if such patching is at all possible. The following obtaines : for || <2
or |h|>2 each of the local ground states admits unique extension to a ground
state ; for |h| =2 the extension is not unique and one gets infinite number of ground
states. This is because for h =2, for instance, the last four local ground states allow

+ 4+ - + + =\
to pass from to or as in
+ + + - -+

FHt+++—+—+++
A+ +—+—F++++.

6. Antiferromagnet in a Staggered Magnetic Field

H=220’a0'b—4h20'a—47]< Y o,— Y Ua) ,

ac€llg aell g

where
Lo={(xy,x,)€Z*:x, +x, iseven}, L, =Z%L,.
With the notation of Section 5, let
¢,=1lo,0,+0,0.+0,0,+0,0,—ho,+0,+0,+7,)]
+e(xm o, +0,—0,—0,]

if A=1,4, and ®,=0 otherwise; here &(x)=1 if xelL,, &(x)= —1 if xelL,. Then
H=Hg. One has to analyse two types of &, say #, and ®., Ao. Proceeding like in
Section 5 the following 7'=0 phase diagram results:

(b

Fig. 1

The lines of the diagram divide the (3, h)-plane into four open regions with one
ground state in each of them. There is an infinite number of ground states on the
inclined half lines. All other points of the diagram satisfy Peierls condition and the
closure condition of Section 4.

7. The Preceding Model with a Next Nearest Neighbour Ferromagnetic
Interaction in Addition

(Fisher’s antiferromagnet of [9] in a staggered magnetic field)

H=H®-J Y o,0,, J>0.

n.n.n
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Defining the potential like in Section 6 we see that the only effect of the
ferromagnetic next nearest neighbour interaction is an elimination of the local
ground states

b T

Thus Criterium yields the following phase diagram at zero temperature::

hy Gl

Fig. 2

with Peierls condition satisfied everywhere ; the closure condition is satisfied at all

points of the diagram.
This model of metamagnet is supposed to exhibit a tricritical behaviour with

phase diagram like that of [13, Fig. 2]. The Pirogov-Sinai theory yields the low
temperature portion of this phase diagram.

8. Gertsik-Dobrushin Model [5]
H=¢) o,0,+J Y o,0,+hY o, abelZ'.

{ab) n.n.n a
When £=0 the model splits into two ferromagnetic (J <0) or antiferromagnetic
models (J>0). Hence it is enough to consider two cases: ¢ >0 and ¢ <0.

In contradistinction to models considered so far, here the two-dimensional
case is much simpler than the higher dimensional; we will comment on this later
and now we consider only the v=2 case. Results obtained here are more complete
than those in [5].

Decomposing H as in preceding sections and applying Criterium we obtain
the following zero-temperature phase diagrams.

infinite g ‘
(>0 h)

(%) (z1) infinite .

(73)

7

4+
++

++

+ +
>/°"

infinite & infinite &

Fig. 3 Fig. 4



184 W. Holsztynski and J. Slawny

Peierls condition, and the closure condition, is satisfied everywhere except on
the inclined lines, and on these lines the number of ground states is infinite.
If v=3, because of presence of local ground states

[* e

one has to choose different decomposition of H. Presumably cubes as elementary
domains would do. But this leads to much more computations than in the two-
dimensional case; we did not try it.

9. Spin Version of Eight Vertex Model [12]
Let

&,=Jo,0.+J 0,0,+J,0,0,0.0,
and

H=— Z Dot .

xezZ?

The interaction is invariant under flipping of all the spins on IL, and IL, separately
(cf. Sections 5 and 6 for notation). Hence there are at least four ground states if
there is one. For J, =0 one obtains two independent Ising models, and the case of
J,<0 is related to that of J,>0 by a simple transformation [12]. Therefore we
consider the later case only. Proceeding as before in applying Criterium we obtain
the phase diagram of [12, Fig. 2] which was deduced from Baxter’s solution of
Eight Vertex Model:

=—J4

1) ete J

_ $1ete,
)=y

(+%) etc

J= 'J4

(1) etc.

J =J4
Fig. 5

here etc. stays for three ground states obtained from the one indicated on the
diagram by applying the symmetry operations; Peierls condition is satisfied
everywhere except on the lines of the diagram and on these lines the number of
ground states is infinite.
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10. Spin1/2 Ferromagnetic Systems
S={—-1,1} (as before),

&,=—J(Ao,,
where
O-A= H Ga s
aeA

A—J(A) is periodic, non-negative, and J(A)=0 if the diameter of A is large
enough; the last condition, finite range of the interaction, is unessential.
Let

B={A:J(A)*0}

S =XeX 0p5x)=1, VBeH}.

By Lemma 2, ¥ =" (the family of all periodic elements of &).

By Appendix if & is infinite then so is &?°". In case & is finite it follows from
Criterium that =% and Peierls condition holds. Thus ferromagnetic spin}
system satisfies Peierls condition if and only of & is finite.

This allows us, in case of a finite &, to deduce the results of [ 7] from that of [4]

or [9]. Since ¥ may be infinite in general, it is of interest to have a simple criterium
for its finitness; this is discussed in Section 12.

11. Generalized Ferromagnetic Systems

These include higher spin ferromagnetic systems; cf. [11] for more details.

S is a finite set of real numbers, invariant with respect to s —s.

A multiplicity function (m.f.) is a map IL—{0,1,2,...}, zero almost everywhere.
For a mf B let

sp(¥)= [T )" .

aell

A ferromagnetic interaction is of the form
HX|Y)=— } J(B)(spX)—s5(Y))
Be#
with J(B)>0 for all Be &, where £ is a periodic family of m.f’s, J is periodic and
we assume that for any aell
{Be4%:B(a)+0}

is finite (“finite range”), and non-empty. If m=sup{s:se S} then the configuration
E,
E,=m, Vael,

is a ground state and for any ground state X :
X, =m, Vael;

this follows from Lemma 2.
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Let the group {—1,1}" act on & by

(GX),=GX,, G=(Gup, G,=+1.
Then for any m.f. 4

5,°G=04(G)s,
with

A={aelL: A(a) is an odd number} .
Defining the symmetry group & by

S ={Ge{-1,1}":05G)=1, VB %)}

we see that the map G—G-E sets one-to-one correspondence between &#*°" and
%(H). Applying Criterium and the result of Appendix we obtain that the system
satisfies Peierls conditions if and only if & is finite.

12. Finitness of the Number of Ground States
in Two Dimensions

The framework is as in Section 10 with additional assumption that % is
Z’-invariant. We refer to [7] for the notion of reduction, for notation and for the
algebra ; see also [6, 11]. We recall only that any system has a reduced version with
the same number of extremal periodic equilibrium states as the original one. The
system is reduced if the greatest common divisor of 4 is trivial (g.c.d. #=1), and to
verify the last condition one has to find the greatest common divisor of a family of
polynomials in v variables associated with the system. Our result is that reduced
systems in two dimensions have finite number of ground states:

Theorem. In two dimensions, if g.c.d. B=1 then & is finite.
(If g.c.d. # is non-trivial then & is infinite.) The theorem is easily deduced from
the following.

Lemma. If % is Z’-invariant and g.c.d. B=1 then for any i=1,...,v, B contains a
non-empty subset of the hyperplane {xeZ’:x ;=0}.

For if v=2 and % contains non-empty subsets 4, B, ACZ-e,, BCZ-e, then
elements of & are uniquely determined by their restrictions to any rectangle with
sides of length diam(A4) and diam(B). Hence % has no more than

2diam(A) X diam(B)

elements.

To prove the lemma it is enough to show that

if Py,...,PelF,[X,,...,X,] are relatively prime then there exist
0,,....0,elF,[X,,....X,] such that QP +...+Q,P,is in F,[X,,....X ]

For a proof identify IF,[X,...,X,] with A[X,] where A=T,[X,,...,X ] By
assumption, P,,..., P, are relatively prime elements of A[X,]. By [1], P,..., P,
are relatively prime also when considered as elements of IK[X, ] where K is the
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field of fractions of A. Hence there exist Ql,...,éne K[X ] such that
Q,-P,+..+0,P,=1.

Since K is the field of fractions of A there exists Re A such that R-Q,e A[X ]
i=1,...,n Setting Q=R-Q, we see that

0P, +..+0,P,=R

is in A. The theorem is proved.

In case of generalized ferromagnetic systems, a Z'-invariant system need not be
equivalent to a reduced one. But the theorem of this section applied to {B: Be %}
instead of 4 yields a criterium of finitness of the number of ground states. In case
of spin systems, even if g.c.d. {B:Be %} is non-trivial, and therefore the number of
ground states is infinite, the theorem and the results of [11] show that,
nevertheless, there is only a finite number of extremal periodic equilibrium states
at low temperatures.

13. Systems with Constrains

We do not discuss the most general type of constrains for which Lemma of Section
2 holds. We note only the following sufficient condition (“specification”): there
exists 0 >0 such that if ACIL, A'CLL, dist(A4, A') =6 and Xe % ,, X'eZ ., then there
exists Ye %, , with pr,Y=X, pr,Y=X".

Suppose we start with a system with no constrains (S™ as the configuration
space) and with an interaction ¥ to which Criterium applies yielding a finite family
%(®) of ground states. Suppose 4 C S is the configuration space of a new system
whose interaction @ is the restriction of ¥ to Z. If & satisfies the condition above
and N (V) is non-empty then it follows from Criterium that 4(®)=% n%(¥)
and @ satisfies Peierls condition.

For example, let

X={Xe{-1,1}7: if abeZ?® are n.n then X, or X, = —1} .

& satisfies the condition above since if dist(A4, A')>1,Xe % ,, X'e Z ,, then one can
define Y by:

Yha=x, vYlA=X', Y,=—1, VYacZ?\(AuAd).

& is the configuration space of the model considered in [2]. The remark of the
preceding paragraph allows us to deduce the results of [2] from those of Pirogov
and Sinai.

In case 9(WY)n% =0 constrains may lead to drastic changes of the phase
diagram: with same as above configuration space, consider the Ising model in
magnetic field,

H=-2)o0,0,+4h) 0,.

Defining
¥,=—(0,0,+0,0,+0.0,+0,0,)+h(c,+0,+0.+0,)



188 W. Holsztynski and J. Slawny

(1) (z2)

Fig. 6

(cf. Section 5 for notation) and applying Criterium the following is obtained. With
{—1, 1} Z*as the configuration space, the phase diagram at T =0 is as on Figure 6,
i.e. one ground state for >0, one for h<0, and two for h=0. Peierls condition
holds for all values of 4.

With & as the configuration space, 4(¥)nZ =0 for h<0. Hence con-

figurations different from (I I) enter the competition. One obtains the
following local ground states in A,:
(t3)(32)

G 3 =305 (=)

I 1 1
- 4infinite £ & 0
Fig. 7 3
Peierls condition holds for > — % and h< —4. It does not hold for —4<h< —4%
since, as it is not hard to see, in this region the four local ground states combine
into infinitely many ones.
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Appendix

We show here that if in a ferromagnetic system the group & is infinite then so is
the subgroup #*** of its periodic elements ; this result is used in Section 10. In case
translations act transitively on the lattice, we prove a stronger statement: &P is
dense in &,

The notation is as in Section 3 and in Appendix B of [7].

1. & ={—1,1}7"; the dual group Z of Z is identified with (the additive group
of) IF,[Z"] (=2/(Z")) equipped with the discrete topology. In particular we can
speak about orthogonality of elements of Z and IF,[Z"].

It is readily seen from [ 7] that if G is a subgroup of Z® with generators a,,...,qa,
then an element of & is G-invariant if and only if it is orthogonal to

@+X*, . 1+ X%y,

the ideal of IF,[Z"]-generated by 1+X*, ..., 1+X*.
Hence if & is a closed translation invariant subgroup of & and .4 =.%* is the
corresponding ideal of IF, [Z"] the set of G-invariant elements of & coincides with

(S, 1+X, L T+ X))
It follows that the set #*** of periodic elements of & is
U A1+xp, 14 X™)
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N={1,2,3,...}. And since &**' is a subgroup of &, &?* is dense in & if and only if
and anby if

(m U @#1+xy,.., 11+X:v))l=f .

The left hand side here is equal to
N (AL+X7, L 14+X0) .

Therefore the density of &* in & follows from the following:
for any different from 1 invertible element X of IF,[Z"] and for any ideal of
IF,[Z"]

N(SH1+X") =5 .

neN

Barry Simon has kindly passed the above to Prof. N. Katz of Princeton University
who provided a proof of it; we do not reproduce the proof here.
2. In the general case, let

L=IL,u...0L,

be the decomposition of IL into different Z*-orbits. We have:
X=F %..x%,,

where
Z={-1,1",

and

2,()=2,(L,)®...02L,)

each of Z,(IL,) being isomorphic, as a IF,[Z"]-module, to IF,[Z"]. Let p;, i=1,...,n,
stand for the projections X —%;, Z,(IL)»Z,(I.,) and p;: for the complementary
projection £ >% X ... X X;_ XXy X ... X X,

By induction with respect to the number n of Z’-orbits we will prove that for
any infinite, closed, Z'-invariant subgroup & of Z, P is infinite. The case n=1is
already dealt with.

Since & is infinite, one of the projections p(¥), i=1,...,n, is infinite ; we may
assume that p, (&) is infinite. If (%, X ... x Z,) is infinite then, by the inductive
assumption (N (%, X ... x Z,))P"CP* is infinite too; here &, X ... x Z,, is iden-
tified with the subgroup {0} x %, x...xZ%, of Z. Hence we may assume that
L =FNI, x ... x Z,) is finite.

Since p,(¥) is a closed infinite Z’-invariant subgroup of &, periodic elements
are dense in it. In particular it contains an infinite number of periodic elements. It
is therefore enough to show that for any periodic X ep,(¥) there is a periodic
Yep, (&) such that X + Ye &

Thus, let X be an element of p, () which is invariant under a cofinite subgroup
G of ZV; let Yep,.(¥) be such that X + Ye&. Then for any ge G

Z(g)=g-Y-Y
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is in &, since Z(g)e X, % ... x &, and
Z@=9g-X+Y)—-X+Y)es.
By direct calculation:

Z(g,+9,)=9:2(9,)+Z(9,), Z(0)=0

(ie. Z is a & .~valued cocycle). Since %, is finite it is pointwise invariant under a
cofinite subgroup, say @', of Z". Hence the above identities show that Z is a
homomorphism H—%,, where H=GN @' is again a cofinite subgroup of Z".
Since all elements of & are of order 2 it follows that Z(2g)=0 for any geH. Thus Y
is invariant under the cofinite subgroup 2-H of Z". This ends the proof.
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