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Abstract. A definition of detailed balance for quantum dynamical semigroups is
given, and its close connection with the KMS condition is investigated.

1. Introduction

In recent works [1-3] various definitions of detailed balance for a quantum
Markovian master equation have been proposed and discussed. In this paper, we
give a definition of detailed balance for a quantum dynamical semigroup of a W*-
algebra, which extends the analogous notion proposed in [3] for quantum
dynamical semigroups of matrix algebras (for a heuristic motivation, based on the
analogy with the corresponding classical concept, see [3,4]). We give the general
form of the generator L of a dynamical semigroup of #(#) satisfying detailed
balance and with a norm continuous dissipative part, thus extending the result of
[31].

The physical meaning of this seemingly formal definition is investigated by
showing that the property of detailed balance is characteristic of dynamical
semigroups describing relaxation to thermal equilibrium, thus providing yet
another characterization of KMS states.

2. Quantum Detailed Balance

Let .# be a W*-algebra. A dynamical semigroup of .4 [5-7] is a weakly *-
continuous one-parameter semigroup {®,:t=0} of completely positive identity
preserving normal maps of ./ into itself, with @, the identity map.

Let ¢ be a faithful normal state on .# which is stationary under {®,}, and denote
by (A", m, Q) the GNS triple associated to ¢. There exists [8, 9] a strongly continuous
contraction semigroup {®,} on J such that

S n(A)Q=n(®(A)Q forall Aed, t=0. 2.1)
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Denote by L the densely defined generator of ().

Definition. We say that {®,} satisfies detailed balance w.r.t. ¢ if there exist a
selfadjoint operator L, and a skewadjoint operator L, in " such that

() Ly=Ly+ L,y (2.2)
for all y in a dense linear manifold ¥ C #" which is a common core for L ﬁs, f,h;

(i) 7o (A)Q=exp(L,t)n(A)Q (2.3)
defines a weakly *-continuous group {«,} of *-automorphisms of .# ;

(i) 7(I"(A))Q =exp(Lt)n(4)Q (2.4)

defined a dynamical semigroup {I',} of .#.
{a,} (resp., {I',}) will be called the Hamiltonian part (resp., the dissipative part) of

}.

t

Remarks. It can be shown that if a decomposition (i) exists with f,s = ﬁj‘, I:,, =— ﬁ,’f,
then it is unique (Appendix A) and that (iii) is actually a consequence of (i) and (ii)
(Appendix B).

The state g is stationary for {«,} and {I',}. Indeed, g(c;,(4))=0(x_ (1) A) =0(A4)
and o(T'(4)) =o(T'(1) A)=(A).

Both {o,} and {I',} commute with the modular automorphism group {c,} [10]
associated to ¢. This property, which for {o,} is well known [11], is a special case of
the following

Proposition 2.1. If two completely positive identity preserving maps I' and I'' of a W*-
algebra M satisfy

o(Il'"(A)B)=0(AI'(B)) for all A,Be M,
where ¢ is a faithful normal state on M, then I' and I commute with {a,}.

Sketch of the Proof. The contraction maps I" and I on &', associated to I and I’ as
in Equation (2.1), commute strongly with the modular operator 4 [12, Lemma 2].
Since Q is separating for n(.#), the statement follows.

In the following, we restrict our consideration to the case .# = %(#), the algebra
of all bounded operators on a separable Hilbert space . This is a suitable
framework for the description of the reduced dynamics of a spatially confined
quantum open system. For this case, we give a classification of the generators of
dynamical semigroups which satisfy detailed balance and possess a norm con-
tinuous dissipative part.

The Hamiltonian part {«,} of a dynamical semigroup {®,} of #(#’) satisfying
detailed balance with respect to a faithful normal state ¢ is of the form [13,
Corollary 2.9.32, p. 120 and Remark 2, p. 166]

o (4)=exp(itH) Aexp(—itH), AeB(HK), (2.5)

where H is a selfadjoint operator in #, commuting with the density matrix which
expresses ¢ (and for which we shall use the same notation g).
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If the dissipative part {I",} of {®,} is norm continuous, then I', = exp(Lt), where
L,isabounded linear map of #() into itself. In this case, n(ﬁ(yf )Qis a core for L,
[14 Theorem X.497, and the restriction of L to n(A(H)) is given by

La(A)Q=n(L(A)Q, AcRBH).
Hence the selfadjointness of L is equivalent to
o(L(A)B)=0(AL(B)) forall A,Be#(¥). (2.6)

A linear map L of #(#) satisfying (2.6) will be called g-symmetric ; a linear map L,
of #() will be called g-antisymmetric if

o(L(A)B)=—o(AL(B)) forall A,BeRB(#). 2.7)

Theorem 2.2. The general form of a g-symmetric generator L of a norm continuous
dynamical semigroup {I',} of B() is the following

N
L(A)=uw-lm Y C,. [P, AP, —L{P, P, A}], 2.8)

N-ow  prss’=1
where Ae B(H) and

P,.=r><¥|, {Ir>} a complete orthonormal set (c.0.n.s.) )
of eigenvectors of g, olr) =g,Ir>; 2.9)

{C,, s} is a positive matrix in the sense that

Z X0 C X =0 for all sequences (2.10)

rr'ss’

{x,,.} for which the expression converges;

N
Y. C,.P, Py, converges ultraweakly as N— oo ; (2.11)

rr'ss't 't s's
rr'ss’=1

C =C
(or, equivalently, C,,...0,=Cy,,0,).

rr'ss’gs s’sr’rQs’ (2 12)

Remark. Note that the condition characterizing g-symmetry is (2.12).

Proof. L, can be written as [7]
L(A)=Y(A)-3{P(0), A} +i[H, A], AeB(H),

where ¥ is a completely positive normal map of %(#) and H=H*c%(#). By

Proposition 2.1, L, commutes with ¢,=g"(.)e ™ *. Hence, with no loss of generality,

we can assume ¥ to commute with {¢,} and H to commute with ¢. Indeed, ¥ can be
T

replaced by Tlgn (1/2T) | dto,¥o_,, where the limit exists and defines a normal
© -T

map (compare [15]) and the convergence is in the bounded-weak topology, with
respect to which the cone of completely positive maps is closed [16]. Similarly, H
T

can be replaced by uvTv-lim(1/2T) | dto(H) (compare [15]). We can choose {[r)}
— 00 _ T
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such that H|r) =g, |r). Write ¥(4) = Z VAV, A,V,e B(H)(ultraweak convergence)
[17] and let

K, oo =Tt[P (P, )] =Y <rlVF[r') (s Vjls).
j
Since ¥ commutes with {g,}, K,,., =0=K_,,., unless 0. ' =0,0 *. Then the g-
symmetry of L, i.e

TrleP,L(P, )]=Tr[oL(P,)P,,] forall rr7,s,s
is equivalent to

0K, v — 0Ky g, =2i(e,—,)0,0,,0 (2.13)

rr’'ss’ rr'Yss’

N

Let Hy= We may set ¢, =0; then, by Equation (2.13),
N r rr 1

r=1

s'sr'r

_(1/21) Z (Kllrr rr’ll)Prr"

=1

Let ¥ \(4)= Z K, P, AP, AecZB(#). Defining the completely positive
rr'ss’' =1

map Ey : B(H)—RB(H) by

EN(A) = QNAQN7 QN = ;1 Prr ’

we have Hy=E(H) and ¥y =E,YE,.
Define also the completely positive map ¥} of #(#) by

Vi(A)= Y Ex(V = 5 ) AEN(V,—v}1)
J

N
= Z Crr’ss'Prr’APs s

rr'ss’=1
where v;={1|V;|1) and
Corae = =TI STV =0,k

rr'ss
5 Kllss’—éss/Krr’ll +5rr 5ss Kllll .

{C,, .} 1s positive by definition and satisfies condition (2.12) by Equation (2.13).
Moreover, we have

rr ss’

N
Z Crr’ss’Prr’Ps’s = W;V(ﬂ)

rr'ss’=1

=Ey¥(Qy)—2Ey(H)— Ef(D)K {44 - (2.14)
Now ulv\y;lim E(H)=H, ux{v;lim E\(1)=1, and A}l_rp Tr{A,[EyP(Qy)— P(1)]} =0

for all A, in the linear span %, of the P, ’s. Since 4,, is dense in the space of trace
class operators on # and Tr{4,[Ey¥(Qy)— P(1)]} is bounded by 2| 4, [, | ?||, the
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expression (2.14) converges ultraweakly as N— o to
Y(1)—2iH-K,,,,1.
Finally, a straightforward calculation yields
Py(A)— 3 {¥p(D), Ex(4)}
=¥y— 3 {¥y(1), E(A)} +i[Hy, Ex(A4)]
=ENLEy(A)+ 7 {Ex(P(1-Qy)), Ex(A)}, A€ B(K).

For Ain 4,,, the ultraweak limit of the r.h.s. as N— oo is L(4) by the same arguments
as above. The extension to %(#) is made using the ultraweak density of %, in
B(H), the ultraweak continuity of L, and uniform boundedness estimates.

Conversely, if a map L is of the form (2.8) and satisfies (2.9)+(2.11), then it is of
the Lindblad type [7] with no Hamiltonian part, and

N
lI/(A) = u}'vv-lim Z Crr'ss'Prr’APs's’ AE‘@(%) .
TO pprss'=1
By Equation (2.11), ¥ is well defined and normal. It is completely positive by
Equation (2.10) and the fact that the cone of completely positive maps is closed in
the bounded-weak topology [16]. The o-symmetry of L, follows immediately from
Equation (2.12). Q.E.D.

Remark. In the special case dim # = N < o0 and g the central state p=71=N"11, it
follows from the form of the generator given in [6] that a t-symmetric generator has
the general form
N2-1
L=} 3 cy{F A F1+IF, AVFy, (2.19)
y=
where F;=F%¥, Tr(F;)=0, Tr(F,F;)=0,;, and where {c;;} is a positive symmetric
matrix. These are exactly the generators describing the dynamics of an N-level
system with a purely random Gaussian stochastic Hamiltonian [18], or the reduced
dynamics of an N-level system in the limit of singular coupling to a reservoir at
infinite temperature [19].

Remark. An elegant expression of the general form of a g-symmetric generator has
been given by Alicki [3] in the case when dim# = N < oo and the spectrum of g is
nondegenerate. The latter restriction can be dropped with the aid of the result (2.15)
above, and the form of L then reads

LfA)=3 i DAXHAX, 1+ X5 41X 3, (2.16)
where v

TrX#X ) =6ud;, (2.17)

oXije” " =00y Xy, (2.18)

X5=X;; for o=0;; X}=X; for o*g;, (2.19)

D;=z0 forall ij; Dye;=Dye; for ¢;*¢;. (2.20)

The proof of this statement is given in Appendix C.
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3. Weak Coupling Limit and KMS Condition’

In this section, we investigate the close connection between quantum detailed
balance for dynamical semigroups obtained in the limit of weak coupling [207] and
the KMS condition for the associated reservoirs.

Consider a spatially confined quantum system S interacting with an infinite
reservoir R. We describe S by an algebra of observables #(#), # a separable
Hilbert space, with dynamics determined by a semibounded selfadjoint
Hamiltonian H with pure point spectrum and such that exp(— fH) is trace class for
all >0.

We denote by o the C*-algebra of observables of R and assume R to be initially
in a state w which is stationary under the free evolution. We describe the latter by a
weakly *-continuous group {«,} of *-automorphisms of the von Neumann algebra
o, =7,(), implemented by a group of unitaries of the GNS space #,, assumed
to be separable. In the following, these conditions will be summarized by the
notation R=(s7, w,a,).

We couple S to R by a bounded interaction

gV=g Y F;®0¢, (3.1)
i=1

with g>0, F;=F¥eB(X), ;= ¢} L, wlp;)=0.

Under suitable conditions on the sufficiently fast decay of the multi-time
correlation functions of the operators ¢; in the state w [20, Theorem 2.3], the
reduced dynamics in the interaction picture for the observables of S in the weak
coupling limit (g—0, =gt finite) is described by a dynamical semigroup whose
generator L is bounded, commutes with the free evolution of § and is given by [20]

N n
L(A) = ul‘y'lim z z (Fj)rr'(Fi)s's(isij(Sr - 8r’)5r’s’ [Prs’ A]
—o rrss’=1 ij=1
+ ﬁij(gr_ ‘Br’) [Prr’APs’s - % {Prr’Ps’s’ A}]) B (32)

where Ae #(#) and
=|r) (¥, {|r>} a c.o.ns. of eigenvectors of H,
Hiry=¢,r), (F), =F;lr); (3.3)

ﬁij('l) = _joo dte” mhij(t)s hi(t) = (e o(9) ; (3.4)
s;(A)=i TO dte” ”'hij(t) L flij(l)

1 hl (1)
=5 P f du myr (3.5)
& denoting the principal part. By virtue of Davies’ conditions [20] the h, {4) are
continuous functions. Furthermore, {h;;(4)} is a positive matrix for all AeRR by
Bochner’s theorem [14, Theorem IX.9].

The generator L is the sum of a Hamiltonian part i[ H, . ], where H; commutes
with H, and a non-Hamiltonian part which depends on the correlation functions
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h, {4) of R.If w is a KMS state at inverse temperature [>0, then
o =exp(—BH)/Tr[exp(—pH)] is a stationary state for the reduced dynamics
{exp(Lt)}, the Hamiltonian part is g;-antisymmetric, and the non-Hamiltonian part
is g;-symmetric as a consequence of the KMS condition on the Fourier transforms

h(—2)=exp(—pA)h;(A) forall AeR. (3.6)

Then, {exp(Lt)} satisfies detailed balance with respect to the canonical state g;.
Negative or infinite temperatures (§ <0) are allowed if S is an N-level system.

Detailed balance for the Markov process induced on the diagonal elements was
already recognized by Davies [20].

In order to prove the converse result that detailed balance for the reduced
dynamics implies the KMS condition for the reservoir, we need some technical
assumptions.

We require that there exists a subset £ of the selfadjoint part of &7, such that

a) if ¢ is in &, then also a,(p) is in £ for all ¢, and the smeared operators
o(f)= [ dt f(t)a(p) are in Z for all functions f(t) whose Fourier transforms are C*
of compact support;

b) if ¢ is in #, then w(p)=0, and for all ¢;, @, h; ()= w(@;x(e;)) is in LY(R), so
that its Fourier transform h;(4) is continuous;

¢) the multi-time correlation functions of the operators ¢;eZ in the state @
satisfy the conditions which allow the application of Theorem 2.3 of [20], so that
the weak coupling limit technique can be applied and leads to the result (3.2) for all
couplings of the form (3.1) with ¢;e%;

d) for any bounded interval ICRR, there exists a finite collection {¢,;}_; C#
such that

ij

>, )0 forall el 3.7)

If R is a quasifree fermion reservoir and w is a quasifree gauge invariant state, we
can choose # to be the set of selfadjoint linear combinations of creation and
annihilation operators smeared with test functions having a compact support in the
energy space; then, all assumptions a), ...,d) are satisfied (for an explicit form of
condition c) in the case of a quasifree reservoir, see Section 3 of [20]). For general
reservoirs, we lack an explicit form of condition c), and we need either one of the
following additional conditions to hold:

e) the linear span of ZU{1} is a strongly dense *-subalgebra of o7, ;

¢') the dynamics {o,} can be defined at the C*algebra level as a strongly
continuous group of *-automorphisms of o/ and the linear span of ZuU{l} is
uniformly dense in .o7.

Theorem 3.1. Let R = (o4, w,a,) be an infinite quantum system coupled to a spatially
confined quantum system S with dims# =6. Assume that the reduced dynamics
{exp(Lt)} of S in the weak coupling limit satisfies detailed balance with respect to some
faithful state o, for all choices of H and of a coupling gV of the form (3.1), with ¢ ;€ Z.

o is assumed to be stationary under the free dynamics of S, and may depend, a
priori, on H and on gV.
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Then, if & satisfies assumptions a), ..., d), there exists a real number f§ such that
hi(—A)=exp(—BAh;(A) forall AeR, ¢, 0,

and @ is the canonical state g, =exp(— BH)/Tr[exp(—pBH)] (when # is infinite-
dimensional, this forces B to be positive). In the quasifree fermion case, or if €) or €')
holds, w is KMS at inverse temperature .

Proof. The strategy of the proof consists in showing that the ratio h (= l)/fzi {A)isa
positive multiplicative function of A, which does not depend on i and j, as in [21].

We can assume the spectrum of H to be nondegenerate and fix our attention on
six eigenvectors of H, which we label |1),...,|6), with eigenvalues ¢, ...,&. Let
e, Fe, for s£s and g, ;—&,, 3 =6,—¢&, (5,5 =1,2,3). We consider only couplings
of the form (3.1), where the operators F; are linear combinations of the P,,. with
r,#'=1,...,6. Then all the summations in the expression (3.2) of L are finite, and we
can define a bounded linear operator L' on %(#) by

TrloL/(4)B]=Tt[oAL(B)], A, BeB(#). (3.8)

The most convenient way of imposing detailed balance on L is to require the g-
antisymmetric part L,=(1/2)(L—L’) of L to be a derivation. A straightforward

computation yields
6 n

La(A) = ; Z Z (Fj)rr’(Fi)s’s(iSij(i)5r’s’[Prs’ A]

rr'ss’=1 ij=1
Er— & =Es—Esr = A

+ [ﬁﬁ( - /1) - QsQ; 1ﬁij()')] Ps’sAPrr’) (39)

where Ae #(#). The condition L(P,,,P,,)=L,P,,)P,,+P,,L(P,,) for allm, n, p,
q is equivalent to the following two equations

) [hs(—= 1)~ 005t hif W (F ), (F ) =0, (3.10)
where r=#7', s%5, A=¢,—¢, +0, and
Z [4;40)— hf(0)] (F ), (F ), =0. (3.11)

l]—

Take ¢,, ¢, in %. By choosing a coupling
V=F ®¢;+F,®¢,,

where F; and F, are suitable linear combinations of the P,,.,r, ¥’ =1, ..., 6, it can be
seen from 3. 10) and (3.11) that hlz(/l) =0 for some A if and only if h21( A)=0.
Let E be the subset of R on which £, ,(4) does not vanish. By assumptions
a), ..., d), for any positive integer m it is possible to choose a finite collection {¢ J}"(""
of operators in £, smeared with test functions whose Fourier transforms vanish in
E, and such that
n(m) .
Y hfA)=*=0 forall Ae(—mm),
ij- 1
3.12
hi(A)=0 for AeE, 1ij=3,...,n(m), (3.12)

h —h“—h —hZJ—O identically for j=3,...,n(m).
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Choose a coupling

n(m)

Vm=% F,®¢;,
j=1

J
with
F1=(P12+P23+P31)+h.c., F2=(P45+P56+P64)+h.0.,
F;=F +F, for j=3,...,n(m),

so that Equation (3.10) yields

" n(m) . ,. n(m) .

hy (=D + Y hi(—A)=e05" [hlz(l)‘i‘ > hij(ﬂ')] (3.13)

ij=3 ij=3
for all s,5'=1,2,3, r=s+3, ¥=5+3, A=¢,—¢&,+0. Define a function u(1) on
(—m, m), with values in (0, c0), by
“ nm) . n(m) -1
W) =[fos(= i+ X R [fd Y ha)] (3.14)
ij=3 ij=3

By Equation (3.13), u™(A) =g, ' (¢,—&, =4) for 10.

It follows that

H(A) A ) = p A+ 1)

for A, X', A+ A" in (—m, m) and different from zero. By the continuity of u™™(A), this
still holds when some of the 4, ', A+ A" are zero.

If m<m', by suitably smearing the operators ¢;(n(m)<j<n(m’)) with test
functions having energy support disjoint from (—m, m), we can fulfill the condition

LAYy=p™ ) for |A<m.

Therefore, the limit of the sequence {u™} defines a function p :IR—(0, co) which
satisfies

A pu()y=p(A+A) forall A% inR. (3.15)

Hence u(2) is an exponential. For A in E, u(A) reduces to fzn(— A)/h 1(4) by Equation
(3.12). Hence

ﬁu(_i):eXP(_ﬂul)ﬁlz(A) (3.16)

for some real number f,,.
We show that f8,, is independent of the choice of ¢,, ¢, in . By assumption d),
we can find a positive number M and two elements ¢,, ¢, of Z such that

hy,(A)%=0 forall |A<M,
and a pair @, @, in % such that f;,(1,)+0 for some 1,e(—2M,2M). Choose a

coupling

4
V= ,Zl F;®9;
=
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with
F,=(P,,+P,;)+hc, F,=(P,s+Ps¢)+hc,
F,=P,;+hc, F,=P,s+hc.

Then, setting ¢, —e; =4, and using Equation (3.16), Equation (3.10) yields

exp(— B h)=010;"  (A=e;—¢,),

exp(—fA)=0,05 " (M =e,—¢3),

exp(—Bis(A+A) =005 ",
so that f8,, =f,,. This proves that the real number f is the same for all correlation
functions whose Fourier transforms do not vanish identically in (—2M,2M).

Hence, using again assumption d), we can choose a finite collection {¢;}7_; such
that

p ~
Y, hi(A)+0 forall |A<2M
ij=1

and
hy(—2)=exp(— VA (A1) forall ij=1,..,p. (3.17)

Then, let ¢, @, in 2 be such that ﬁqr(lo) #+0 for some 4,¢e( _aM ,4M), and choose a
coupling

V=% F;®0;
i=1
with

F;=(P;;+P,3+Pys+Ps¢)+hec. for j=1,..,p,
F,=P;;+hc, F,=P,+hec

Then, setting ¢, —&; =4, and using Equation (3.17), Equation (3.10) yields

exp(—pA=0,0; ' (A=¢;—¢,),
CXP(—IM')=92@;1 (V=¢e,—¢3),
exp(— B (A+A)=0,05""

Hence f,, = p. Iterating the above argument proves that there exists a real number f
such that Equation (3.6) holds for all ¢;, ¢; in Z.

From the above discussion, it follows that the eigenvalues g, of o (r=1, ..., 6) are
given by

o, =exp[ —fle,—&,)] e, - (3.18)

Since the choice of the six eigenvectors |1), ..., |6) is arbitrary, Equation (3.18) holds
for all the eigenvalues of g. Then, g is proportional to exp(— BH). If # is infinite-
dimensional, this rules out the case §<0.
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In the quasifree fermion case, the KMS condition (3.17) can be extended to the
strongly dense *-algebra of polynomials in the operators of £, using the expansion
formulas

w(atx((pjt)"'at2n+ 1((pj2n+ 1)) =0,

w(atl((pjl)"‘atzn((pjzn)) = Z@ Signp 1—11 w(atp(Zr— 1)((pjp(2r- 1))atp(2r)((pjp(2r))) 2
pe?, r=
where 2, is the set of those permutations p of {1, ...,2n} for which p(2r—1)<p(2r)
and p(2r—1)<p(2r +1). The extension to the whole .7, follows from Corollary 1,
p. 200, of [22]. The same Corollary allows the extension of the KMS condition to
the whole algebra for general reservoirs, under assumption ¢). When ¢) holds, the
extension can be made with the same arguments as in [21]. Q.E.D.

The formal similarity of the above proof with the arguments of [21], in which
the KMS condition was derived as a consequence of stability, suggests the existence
of a link between stability and detailed balance. This is confirmed by the following

Theorem3.2. Let R=(</, w, o), and let S be a spatially confined quantum system
whose free Hamiltonian H possesses a nondegenerate spectrum. Assume that the
reduced dynamics of S derived in the limit of weak coupling to R leaves invariant a
faithful state o, which does not depend on the coupling gV and is stationary under the
free dynamics of S. Then the reduced dynamics {exp(Lt)} of S satisfies detailed
balance w.r.t. g.

Proof. Since the spectrum of H is nondegenerate, ¢ commutes with H as well as with
the Hamiltonian part of the reduced dynamics. Hence, it is a stationary state for the
reduced dynamics iff

z Zl ﬁij(sr - Sr’) (Fj)rr'(Fi)s’s

rr’=s.§’s_£s’ ij=
’(Ps’sQPrr’ - %Prr’Ps’sQ - %QPrr/Ps’s) =0. (319)
Now, ¢P,, =9,P,,. With r=s, r'=¢', the above formula yields
Z Zl (Fj)rr’(Fi)r’r[l;iij(Sr - Sr’)gr - ]:iji(sr’ - Sr) Qr’] :0 (320)
roij=

for all r. Fix two indices k, k' (k+k’) and let F = AP+ Pr) it (P — Pry), A,
u;€R. Then Equation (3.20) with r=k gives (z;=4;+iu;)

> Zilhi e — &) — hler — 8012, =0.
ij=1
The expression within square brackets defines a Hermitian matrix for all k,k’. The
complex numbers z; are arbitrary, hence

hilee —e) =00r e —e.)  (k+K). (3.21)

Upon inserting Equation (3.21) into Equation (3.20), it is seen that (3.21) holds also
for k=k'. Thus the non-Hamiltonian part of L is g-symmetric. Its Hamiltonian part
is clearly g-antisymmetric. This amounts to detailed balance. Q.E.D.
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Remark. The hypothesis of Theorem 3.2 is a stability property of the state ®@w of
the combined system S+ R, and it can be regarded as a natural characterization of
what is meant by saying that the system S is in thermal equilibrium with the “heat
bath” R (compare [23]).

Appendix A

Uniqueness of the Decomposition (2.2)
Suppose that
Ly=Lap+L,p for all y in a common core ¥ for L,L L,
and
Lw’=L’1p’+L’1p’ for all ¢ in a common core ¢’ for L, L., L,
where L, L are selfadjoint and L,, L} are skewadjoint. Let § be the symmetric
semlbounded sesquilinear form deﬁned on 9(L) by

(6.0 = B Lp)+w Lo,  dvea(l),
and let s (resp., s') be the restriction of § to € (resp., ¢’). Then
@)=Ly o.ve?,
S(@1W)=(¢'| L) ¢.v'e?.
Clearly s and s’ are closable. Moreover, they are contained in the closure of each

other. Indeed, since ¢ is a core for Land % c 9(L), for all ' e ¥’ there exists {p,}C¥
such that y, -y’ and Ly,— Ly'. Then

150 = Yl 00— W) = [Re(W, — Wl Ly, — 0,))]
Slw,—wul Ly, — Ly, | —0.

Hence v’ is in the domain of the closure of s. The same argument can be repeated
with the interchange of 4 and 4. Then the closure of s and the closure of s’ coincide.
Thus L }' & and L’ ¢’ have the same Friedrichs extension [24] But since they are
essentlally selfad]omt L L’ Finally, the closure of L— L Is a_skewsymmetric
closed extension of both L, F(g and L, 14" Hence L, =L L L.

Appendix B

Proof of Equation (2.4)

Let U —exp(L,,t) r —exp(L t). Let {A,} (resp., {V,}) be the strongly continuous
predual semigroup of {®,} (resp., predual group of {e,}), and let & (resp., &,) be its
generator. Define %, as the closure of &£ —%,. For pe %', define ¢ € .4, by ¢ (A)
=(p|n(A4)Q) for all Ae./. The linear manifold & ={g,, : e %} is in the domain of
&, and

Z0,=0i,, foral ye%.

The manifolds & and (# — &) & (where .# denotes the identity map of .#,) are dense
in /. Indeed, ¢ and (1— L )% are dense in 4 since ¥ is a core for L the range of
11— L s) 1s A, and the set ¥ ={g, :pe A} is dense in ./, by [25, Example 5].
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But since %, is dissipative, (# — %,)~ ! exists and is continuous, hence the range
of (# — &) is the whole of .Z,. Then %, is the generator of a strongly continuous
contraction semigroup {Y,} of .Z,, by the Phillips-Lumer theorem. ¥, is given by the
Trotter product formula

Y= selim (V.0 Ay
Passing to the dual maps,

Y*(A)= wj;lim (D0t _yyn)"(A) forall Ae.
It can be easily verified that {¥*} is a dynamical semigroup of .#. In particular,
complete positivity follows from the fact that the cone of completely positive maps

ofa W*-algebra is closed in the bounded-weak topology [16]. For all ye 4", Ae A,
we have

WIF (A= lim (p|(B,,U_ )" n(4)Q)

= lim (p|7(@,,% )" (A) Q)
=(p[n(¥,*(4) Q)
which proves (2.4) with Y*=T,.

Appendix C

Proof of (2.16)—(2.20)
Starting from the form (2.8) of L, we can write L,=L, + L,, where

N
LI(A) = z Crr’ss’[Prr‘APs’s - % {Prr’Ps’s9 A}] 2
PR P
N
LZ(A) = Z Crr’ss’[Prr’APs's— %{Prr’Ps’s’ A}] ‘

et oot o

L, is a p-symmetric and t-symmetric generator, hence it can be given the form (2.15),
which in turn can be diagonalized in terms of nonnegative coefficients D;; and
selfadjoint operators satisfying (2.17). From the g-symmetry and t-symmetry of L,
it follows g L,(4)=L,(¢A) and L,(4)o = L,(Ap) for all 4 in B(H), hence, by [26], ¢
commutes with the operators X;; appearing in L,. As for L,, it is a g-symmetric
generator to which the arguments of [3] can be applied (this is indeed the major part
of the proof). The result then follows.
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