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Abstract. It is shown that the infinitesimal conformal symmetry implies (in any
quantum field theory which satisfies the Wightman axioms without invoking
locality and global Poincaré symmetry) that there exists a uniquely defined
unitary representation of the universal (co-sheeted) covering group of the
Minkowskian conformal group SO, (4, 2)/, . Proof was obtained using sufficient
conditions for the integrability of a representation of a Lie algebra given by [8].

Introduction

Many papers have been written about global representations of the conformal
group in the quantum field theories.

It has been first shown by [1-4] that global conformal transformations for free
fields or generalized free fields can be defined without violation of causality.

Then Liischer and Mack [5] proved that global Euclidean conformal symmetry
of the Schwinger functions (weak conformal symmetry) implies that there exists
a unique representation of the universal (co-sheeted) covering group of the
Minkowskian conformal group SO,(4,2)/z,. In the same paper it has been stated
also that a weak conformal symmetry implies the infinitesimal conformal
symmetry of the fields.

The aim of the present paper is to prove that the infinitesimal conformal
symmetry of the fields implies (in any quantum field theory which satisfies the
Wightman axioms without invoking locality and global Poincaré symmetry) that
there exists a uniquely defined unitary representation of the universal (co-sheeted)
covering group of SO,(4,2)/, . Our method is different from that used in the paper
by Liischer and Mack.

The problem is investigated in the following way : In Section 1 we present some
facts concerning the mathematical background of the integrability problem.

The definition of a conformal quantum field theory is given in Section 2.

Finally, Section 3 deals with the problem of the integrability of the Lie algebra of
the conformal group defined in Section 2.

Some details are included in the Appendix.
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1. Preliminaries

In this Section we shall collect some definitions and theorems without giving proofs.

They are either contained in given references or they are simple consequence of
things established there.

Let G be a finite dimensional real Lie group. The unitary (continuous)
representation of G in a Hilbert space # is the mapping g—U(g), ge G, U(g)-
unitary operator in 2, which satisfies the following conditions:

(i) for all g;,9,€G Ulg,9,)=Ulg,)U(g,),

(i) g—U(g) is continuous in the strong operator topology.

Let ¢ be the Lie algebra of the Lie group G. For each X €% the one-parameter
subgroup, t—exptX € G, te Ris mapped (due to U(g)) into strongly continuous one-
parameter group, t—U(exptX) of the unitary operators.

From Stone’s theorem follows the existence of the unique selfadjoint operator
dU(X) in # such that U(exptX)=expitdU(X) for each te R

Theorem 1. For each unitary representation of G in # there exists a dense set
Dy CH  for which dUX) is defined, essentially selfadjoint for all Xe¥% (i.e.
AU @) =dUX)" Dy)**=dUX)) and dUX)D,CDy. Moreover, idU(X)
satisfy on Dy, the linear and commutation relations of the underlying Lie algebra 4.

Proof. See [6].

We may generalize the scheme above and define a symmetrical representation of
the Lie algebra & on a dense set & C # as the mapping of 92X +—T(X)e L(Z, &) into
the set of linear operators defined on 2, with the range in &, which satisfies:

Q) (TX)Y,¥,)=(¥Y,, TX)¥,), for each ¥, ¥,c92,Xe¥9,
(i) TAX +uY)=2TX)+uT(Y), for each 4, uclR,

(i) iIT(X, Y))=TX)T(Y)— T(Y)T(X), for each X, Ye 9.

We shall say that a symmetrical representation of the Lie algebra 4 on 2 is
integrable (resp. uniquely integrable), if there exists in # a (resp. only one) unitary
representation of the connected and simply connected Lie group G, with the Lie
algebra ¢ such that

AU 9=TX) .
We call a vector ¥ analytic (resp. semi-analytic) for an operator A if ¥e (1) 2(A4")

n=1

0

and ) (¢"/n!)|A"Y|| (resp. Y (t"/(2n) !||A”Y’||) converges for certain t>0. A vector
n=0 n=0
¥ e A is an analytic vector for the representation U(g) of the Lie group G in s if the

mapping g—-U(g)¥ defined on G is an analytic vector valued function (for the
definition see Appendix 1). Since translations by elements of G are analytic
isomorphisms, g—U(g)¥ is analytic on all G iff it is analytic in a neighborhood of
the group unity.

A set of vectors Yy,..., Y, (resp. X ,...,X,) in ¥ is a set of generators of 4 (resp.
basis of %) if ¢ is generated by linear combinations of the vectors

YooYy [Y. Y00 [N 0%, Y01 1Sa,45...m

s Imo

(resp. X4,...,X,).
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Theorem 2. Given a symmetrical operator A defined on D(A) (which is bounded from
below). If P (A) contains a total set— i.e. a set for which the linear hull is dense —of
analytic (resp. semi-analytic) vectors for A then A is essentially selfadjoint.

Proof. See [7].

‘Theorem 3. Let T(X) be a symmetrical representation of a finite dimensional real Lie
algebra % on 9. If there exists a basis in%,X ,....,X,, such that we have in 9 a total
set each vector of which is analytic for T(X,), a=1,...,n, then the representation is
uniquely integrable to a unitary representation of the connected and simply connected
Liegroup, the Lie algebra of which is 4 (see Appendix 4).

Proof. This follows directly from the work [8,9].
As an immediate consequence of the definition of a set of generators we have the

Lemma. If T(X) is a symmetrical representation on @ of the Lie algebra 4, T(¥9) is
integrable and there exists a set of generators such that T(Y,),a=1,...,m, are
essentially selfadjoint on 9, then the representation is uniguely integrable.

In what follows we shall denote by A4 the quantity T(X,).

2. Assumptions-Formulation of a Conformal Quantum Field Theory

To simplify the notation and make the calculations more clear we shall consider a
theory of one scalar neutral field in four dimensions.

A finite set of fields with spin in any dimensions =2 can be consider without
changing the validity of the results.

We shall assume the following Axioms, which defined a conformal quantum
field theory:
A0. The space ofstates is a separable Hilbert space # over the complex field € with
dinstinguished vector Q-vacuum state.
Al. There exists a linear subset ZCH#,QcP and a linear mapping
¢ : (R~ L(D, D) such that

(P, o(NP)es R, (BN, P,)=(¥,0(/)¥>)
for each ¥, ¥,e2, fe F(RY).

A2. The set Z:=Lin{d(f,)... p(f)2; fie F(R*),k=0,1,...} is dense in A,
A3. There exist fifteen operators P*, M*, D, K* u=0,1,2,3 defined and
symmetrical on %, with the range in % which satisfy the following conditions:
a) Pr2=0
M*Q=0
LP*, ¢(f)]= plic"f)
[M™, p(f)]=(i(x"0"—x"0") )
b) DQ=0
[D,p(/)]=(i(x“0,+4~d)f) on Z,,
¢) (¥,P°¥)20 for each Ye9,,
d) K*Q=0
[K", ¢(f)]=p(i(2x*x"0,— x* 8"+ 2x*(4—d))f) on D,

}on@o,
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By straightforward calculation it can be checked that A9,C2, where
A=P*, M*,D,K* and the following equalities are satisfy on Z,:

[Me, M*] = (g2 M 4 go* M@ — geM” — g® M)
[P*, M= i(g"ePt— g**P?)

[P P']=0

[D,P"]=—iP*
[D, M*]=0

[D,K*]=iK*
[K? PM] = — 2i(g*D + M*)
[K* K*]=0

[K*, M) =i(g"K"—g”K") .

Thus we have on 9, the symmetrical representation of the Lie algebra of the
conformal group.

Here the conformal group means the connected and simply connected Lie group
with the Lie algebra which satisfies the above equalities with — 1 replacing i
— universal covering group of e.g., SU(2,2) [10], SO,(4,2)/,.

The question arises:
Is this representation integrable and if so—is it uniquely integrable?

3. Results

We are going to show that the representation of the Lie algebra of the conformal
group defined in Section 2 is uniquely integrable.
We present first some results about integrability of the Lie algebra of the Weyl

group.
To this aim let us introduce, following Snellman [11], the set

Do:={VeH;¥=¢(f,,)--- Dfiny) Q¥ =cQk=1,2...} ;
where
fm€eH (R%)
the space of Hermite functions in four dimensions i.e.
@)= fo 60 S ), Sy (MEH(R) .

From A2 the linear hull of &, is dense in # because evidently 7 is total in Z,,. We
have the theorem which is a generalization of the theorem of Snellman [11].

Theorem. If A0, 1,3a,3b are satisfied, then every ¥ e D is an analytic vector for an
arbitrary linear combination of P*, M, D.

Proof. See Appendix 2.

From Theorem 2,3 of Section 1 follows
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Corollary. If Axioms A0, 1,2,3a,b are satisfied the Lie algebra of the Weyl group is
uniquely integrable to a unitary representation of the Weyl group. The operators
P*, M™,D are essentially selfadjoint on 9,,.

Using results of [9], Theorem 3 (see also [11]), we have the

Corollary. Every Ye @y is an analytic vector for the representation of the Weyl
group.

Thus we can assume instead of 43a,b,c equivalently:
A3'a, b, c (resp. A3'a,c). There exists a continuous unitary representation of
the Weyl (resp. Poincaré) group on s such that

U a,4,0)Q=0, Uya,A,0)D,CT,
Ua, 4, 2)p (U, A, 2)* = p(A* =4 (271 A7 H(x —a)))

(resp. A=1), and the generators of translations P* have their spectral supportin V™.

So far the operators constituting the symmetrical representation of the Lie
algebra of the conformal group were defined only on &,,. This is not convenient to
prove integrability.

Taking into account the lemma from Appendix 3 we can define some
symmetrical extension of the representation defined in Section 2 from %, to Z,
(see Appendix 3 for the notation).

Namely we define

k
&/‘P(f):=‘l’<2aj), G WA, X380,
1

=

where WY, a=1,...,15, is one from the fifteen differential operators from the right
hand side equalities A3a,b,d, P(f) is “an extension” of ¢(f})...¢(f)2, and

ARW(z,,....2):= Y Ra¥(zy,....2,),

-

15

where
~ 4—d(0 3 i i
a,=W;"%4z),....27, = 0s..., — 03) ,

¥(z,,...,z,) is “an extension” of ¥(f), R, is an operator polynomial in z¥ 8/dz,
u=0,1,2,3,i=1,...,k.
By straightforward calculation one can check the

Lemma. This new operators form the symmetrical representation of the Lie algebra of
the conformal group which coincides with the former one on @, ( for details see
Appendix 3).

The new representation is also an extension of the representation on &2, which
we obtain by the restriction &/ to Z,.
We have the

Theorem. Each vector Y€ 2, is an analytic vector for <.

Proof. Consider ¥(z,,...,z,) with fixed (z,,...,z)e Z(k).
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Lemma. We can take such an open neighbourhood of the unity O(z,,...,z,) in the
conformal group G and such a parametrization that :

() (gzy,-..,9z )€ Z(k) for ge O(z,..., z,) and (9z4, ..., gz,) is the analytic function
of the parameters of the group. This analytic function is defined for geO(z,,...,z,)
with values in Z(k). By gz we understand the standard action of G on the variables e.g.
gz=(z—7%a)lo,(2), o, (2)=1-2az+a;z> for special conformal group,
gz=~A Az +t, for Weyl group.

(i) The functions F(g,z,d), i=1,...,k are analytic in O(z,,...,z,), where

1 for ge Poincaré group

Flg.2d) 24 for dilatation group, d =1 (spectral condition)
’ Z’ : = . .
g (1/ oag(z))" for special conformal group, with the

condition (1/g, (2))’|,,=o=1.
Proof. See Appendix 5.
Let us examine for geO(z,,...,z,) the vector

¢(g):=F(gaZlad)"'F(g7Zk’d)¥’(gZh"-agzk) .

Since it is a product and composition of analytic functions, it is itself an analytic
function in O(z,,...,z,) with the values in # (see Appendix 5).

Let us choose g=exptX,, where X, corresponds to o/ in the representation.
Then

k
P(exptX,)= || FlexptX,, z, d)¥(exptX z,,...,exptX,z,)
i=1

is an analytic function for |t| <e(zy,..., z;), &(z4,...,2,)>0.

Let us now expand this expression in a power series with respect to ¢ (see
Appendix 1, Theorem 1). The coefficients of this expansion coincide with the
coefficients of the series

0 n

IR L ICHNERD

n=0

So we conclude that ¥(z,,..., z,) is an analytic vector for .«Z. Of course the same
holds for linear combinations of ¥. This accomplishes the proof.

Thus from Theorem 3 (Section 1) we have the

Corollary. The symmetrical representation of the Lie algebra of the conformal group
on 9, , obtained by the extension of the original Lie algebra defined on 9, is
uniquely integrable.

Since Z, D%, we have the

Corollary (integrability). The symmetrical representation defined in Section 2 on 9,
is integrable to the unitary representation of the conformal group.

We have also from the definition of &(g) (Appendix 5, Lemma 6) the

Corollary. The vectors W€ 9D, are analytic vectors for the obtained representation of
the conformal group.
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If we denote the generators of the one-parameter subgroups of the obtained
representation of the conformal group by dU(X,), a=1,...,15, we get

AU D, o=t
AUX ) Dy =A .

So far we were able to show that the symmetrical representation of the Lie algebra
on Z,, is uniquely integrable. To show that this is also the case for the
representation on 2, it is sufficient (see lemma from Section 1) to find a set of
generators of this algebra such that each of the elements of this set is essentially
selfadjoint on Z,.

We choose as our set of generators {P*, M**, D, K°}. It was readily shown that
P*, M*', D are essentially selfadjoint on Z,,.

Now we show the

Lemma. Operator K° is essentially selfadjoint on 9,

Proof. To the conformal group belongs an element R (the conformal inversion
followed by the spatial inversion) so called operator of dimensional reflection’,
which in the representation yields the unitary equivalence between dU(X ,0) and
dU(X o) (see [12]). Since P° and dU(X ,0) are positive definite K®=dU(X o) 2, is
also positive definite. On other hand 9, C 2, is a total set consisting from semi-
analytic vectors for K° (see Appendix 2). Hence, using Theorem 2 (Section 1) we
conclude that K° is essentially selfadjoint on Z,,.
Therefore we have the

Corollary (uniqueness). The symmetrical representation of the Lie algebra of the
conformal group defined in Section 2 on 9, is uniquely integrable.

Let Uy be the operator which corresponds to the dimensional reflection. From
the properties of U, and proved before lemmas we have the

Corollary. Each We U9\, is an analytic vector for an arbitrary linear combination
of dUX,..), AUX ,..), dU(X 5) which are essentially selfadjoint on Uz 9,,. The vectors
of UrD, are semi-analytic for dU(X ,0) and dU(X ,0) is essentially selfadjoint on
UrZ,. The symmetrical representation of the Lie algebra of the conformal group on
Ur2, obtained by the restriction to Ug D, dUX)! U9, is uniquely integrable to
the unitary representation of the group.

We see that we have four dense sets: 2, 2,, Uzx92,, Ur%, on which the
representation is uniquely integrable.

We do not now, however, whether these sets have common vectors other than
c€2.

We do not know either whether K, i =1, 2, 3 are essentially selfadjoint on D, (or
equivalently P! on U, 2,,). Weknow that U(9)2,C %, for ge Weyl group but we do
not know whether U(g)2,C2 for ge conformal group. So we do not know also
what are the transformation properties of the fields. Since U(g) may lead beyond
2,U(g)d(f)U(g)* does not need necessary make sense on &, or 9,

! The author is greatly indebted to Prof. J. Lopuszanski for inspiring discussions and many
suggestions concerning the question of the dimensional reflection
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Appendix 1. Analytic Functions with Values in Some Banach Space
Let[E be a field of real IR or complex numbers €. We call on open polydisc P(a) a set

P(a):= {zelE¥;|z;—aj<r;, 1Si<k, 1,>0} .
Let O be on open set in [E¥ and f a function on O with values in some Banach space
% over a field E. f is said to be analytic in O, if for each point z,€ O, there exists an
open polydisc P(z,) contained in O such that in this polydisc

o0
f@=3Y > afz—zo), vi=(ny,...,n), z:=z]..z*,
n=0 [v|=n

[v|:=n, +...+n, where the right hand side is absolutely convergent in P(z,) i.e.
[29)
Y X laflz—zol <o
n=0 |v|=n
Because for absolutely convergent series any series obtained by an arbitrary
change of the order of the terms is still absolutely convergent and has the same sum
as the given series, the above choice of order is of no importance. So we will write

f@)=Y a(z—2zp)"

Let O be an open set in [E, f a function defined in 0. We say that the function is
differentiable at a point z,€ 0, if there exists a linear map Df(z,) of [E* into £ such
that:

fz+h)—f(z9)=Df(z,)-h+o(h) , .
where [|o(h)|| S¢lh|| for some ¢>0. We have Df(z,)-h= Z D, f(zy)h; where D, f(z,)
i=1

is said a partial derivative at a point z,.
We define higher order derivatives inductively as follows

D'f(z,):=DD " f(z,) ifitexists r=<2,3,....
So
Df(zg)-(hhres )= Y DD, f(zo)hks K, BiCE.

1<)t jr Sk
We have

Theorem 1. A function f analytic in an open set O CIE is indefinitely differentiable
and all its derivatives are analytic in O, furthermore, for each z,€ O, there exists a
polydisc P(z,) in which the function is equal to its Taylor series which converges
absolutely in this polydisc.

n

1 ——
f@=Y 5 DVf(z)z=z,)", D:=Djt...Dj, Di:=D,..D,

and v!:=n,!...n,!. We have also DV f(z))=a,v!.
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Theorem 2. Let O, be an open set in IE*, O, an open set in 4, g; (1<i<k) k-
functions analytic in O, with values (g,..., g,) in O, and f a function analytic in O
with values in 8. Then the composed function f(g,,...,g,) is defined and analytic in O,.

Theorem 3. Let f, F be functions analytic in O CIE* with values in B and IE resp. Then

F-f is a function analytic in O with values in 4.

Proof. See [13].

Appendix 2

Lemma 1. Let Te ' (R*) and f,, e H(R*)— the space of Hermite functions in four
dimensions.
We then have

I TSy s S S L+ {n, PV (14 {m, ),
where (1+{n})?:=(1+ny)°...(1 +ny)P , n,,p,€N, ¢>0 depends only on T.
Proof. See [14].

Lemma 2. Let &, be as in Section 3. Let assume further that A0,1 hold and there
exists an operator A defined on 9, with the range in 9 which satisfies

(4, ¢(N))=dlaf) on 2,, AQ=0,

where a=P(x,,...,X3,0°%...,0%) is a polynomial in x, and 0" of degree s.
If s<2 (resp. s=4) then every WY e Dy, is an analytic (resp. semi-analytic) vector
for A.

Proof. We have A9,C9, and

Am‘iﬁ(f{nl)) e ¢(f{nk))9 = Z ¢(allf(n1)) . ¢(alkf(nk))9 >

hence

A" ¢(finy) - )R]
k" max (@S, pla*f)Ql -

We will look for the estimate of the expressions

Ip(@" fin,) - @™ £ QI -
To this end we express a in terms of the annihilation—creation operators

1 1
b:=—2(x#+6u), by :=—=(x,—3d,), p=0,123.

"V V2

For which

— 1/2 —n1/2
b:f(...nu...)_(nu—'—l) ! f;,..n“+14..)’ buﬁ...nu...)—nnl f;‘..nu—l...) .
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Then a=:W(bg,...,b;). We have

I(fing) -+ D) 2l
=2, ¢(fin) - #Sin)) S Sin)- - D i)
=(T(figs s Sy finayp - > Sumg) > 5 Where from A1 Te S (R®) .
So

IB(@" finy)- - (@ finy) €l
=(TW"fps- s WS D2 S(TOW S S s Wh f D2
where W was obtain from W by replacing every coefficient of the polynomial W by
the maximum of their absolute values. Let the common coefficient of W be o.. From
Lemma 1 and the properties of b*, b we have:
IT(...bf,..)|Sc..n'*(1+(n—1)P...,

ITC..bY f )| Sc...(n+ D21+ (n+1)P... .
Hence we infer that the estimate made according to the Lemma 1 of any expression
depending on b, and b, is not smaller of the corresponding estimate of the quantity
constructed by replay ofb, by b* and increasing of the power of bJr in certain places
in the original expressmn
In this way we obtain from W the sum of monomials of degree s of the form
a((bg)o... (b )2 +... +(bg)°...(bT)?), where Sy+...+55=s.
But

IT{LBE ... (b + ... + (b V... (b3 T fi)
Uy -2 l 1 1
=’T{Z ¥y (u><u1>...(3"2>[(bg)s"...(b;)”]““l

ur=0 u=0 Up-1=0 uZ r—1

b3 e (b3 [(b;)s’o...(b;fﬂ]"r-%n;}'
! -2 i . )
=’T< Z Z < )(Zr:2> [bg]sﬂ(l_“l)+...+S()ur—l...

=0 u--1=0 ul
£ ()
ur=0 Ur-1=0 ul ur—l
]/[n0+é0(1—u1)+...+§0u,_1]! l/[n3+§3(1—u1)+...+§3u,_1]!

ny! ny!

[b;-]§3(l—u1)+...+sr3ur-1ﬁ }) <
all =

',T(ﬂno+§g(l—u1)+...+srour-1 coanztdsd—u) .+ Sup 1))'

l Ur-2
D) (1)<” ) (””” (L4 mg+ o (1= 1) ...+ 5t ).
u1=0

Upr-1=0 ul ur—l

, ur-2 (] u,_ (n+s)!
...(1+n3+§3(1“‘u1)+---+53”r—1)p3§c Z DY ( )( Pj) n!

=0 u_1=0 \U1 U

(n+sh)!

= (A +n+sh*?,

(L +7+s)*P=crt
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where 71=max(n,,...,n3), p=max(p,,...,P3)-

Hence we have

- A n ! 7 ;
T fy o TS, (g | /T ESOL ) Mt
i, !

i, !

([ﬁi]max + ms) '

. (1 + ﬁl + .5‘11)4'171 e (1 + ﬁk + Slk)‘“;k é C(VOC)m [ﬁi]max!

' (1 + [ﬁi]max + ms)4k[ﬁi]max ’

where [ ] ,= max (), m=1,+...+1.
i=1...k

From this follows

1A™(finy) - P finig) 2l

é C(kra)m @%ﬂﬂ— (1 + [}’l ]max + mS)‘”‘[p' max
and
0 o
2, T A"V - 9V

- (kVOtt)m ([ﬁi]max + ms) !
sc ) =T
m=0 f(m [ni]max .
From d’Alembert criterion the series converges when:
lim rkatf(m—1)
mow  f(m)

. [ 1 + [ni]max +ms 4X[P e
1+ [ﬁi]max + (m - 1)5

(L4 [, ] pmax + M) 1P

]/ ([ ) max +m8) «.. ([ ] oy T MS—5+1)

<1.

Thus
(i) in the case of analytic vectors f(m)=m!

1
rkat lim - 1V ([ +18) - ([ ] T s —s+1) <1

1
When s<2 it is satisfied for t< Shar”

(i) In the case of semi-analytic vectors f(m)=(2m)!

rket lim ! mam =) V([ +75) - ([l + s —s+1) <1 .

o 2m(2m—

. . | .
When s<4 it is satisfied for t< T This concludes the proof.
o

229
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In particular e.g., for
A=D, a=0=i(d—d+x"0,)=i[S—d+5(b>*—(b*)*)]=W(b{,...,bs)
a=max(5—d|,3), r=4, s=2,
A=K, a=k,=i[2(4—d)x,+2x,x"3,—x%0,]
=ﬁ[—%bg(b+)2—%(b;>2bo—b;<5+5>+%(E+>2bo+%b3b3—%b;(5)2
+(b* )by +2(4 — d)bl +1bob*+2(6—d)b,]=W(b{,...,bs) ,
a=]/2max(|4—d|,|6—d|), r=4, s=3.

Appendix 3

Lemma. If the Axioms A0, 1,2, 3'a,c hold and there exists an operator A defined and
symmetrical on 9, with the range in & satisfying

(4, ¢(/N]=dlaf) on 2,, AQ=0,

where a=P(x°,...,x>,08,,...,0,)-polynomial in x*, ,,, then there exists an operator o/

defined and symmetrical on the domain 9, > 9, ( for definition see below) such that
AD,  CD, 0 A Dy=A.

Proof. Let # (f1,....f,): = (2, d(f1) ... &(f,)Q2). From A1, the Nuclear Theorem

[16], as well as that (:DV(]R”') is dense in #(R*"), follows the existence of

W(eSL (R*™ such that #,(fi,®...Q0f)=W,(f1,.-.f,) and  #,(f)
=lim#,(f,,...,f,) for f{®...® f,— f in the topology of L (R*").

Moreover there exists the vector valued distribution Y(f) such that

Y(®...0L)=9(f) ... ¢(£,)Q and

'P(f)=” “‘hm¢(f1)¢(fn)g for f1®®fn V(R“")f.
From A1

WisrGp- > G115 ) =(9(91) .. 992, $(11) ... $(f)€) .
Hence
(A¢(gy) - 9(9)2, &(11) ... $(£)L2)
=iil"/f,”(g,,...,Egﬁ,...,gl,fl,...,ﬁ()
=(B91) ... $(g)2 AP(S1) ... p(f)Q)

k
= Z WHk(gzam,gpfp-wafj,m,fk)-
j=1

J
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Taking the limit we obtain

Woalg ™ N)=(P(), (), (1)
Vil $of il o)
where

g (g X 1= g0y 1))
because

[®..af®..f; L5 af when f,®..@f 5>,
where

a;=P(x?,....,x},0%,...,05) .

Hence

(#( %, a0)#00) = (viar v ( 3 af)) )

Let Q,, R, be polynomial operators in x%, 0; Since

0, YRYM)CHRY), R LS R*CF(R*),

hence
Wies ((z a,.ng)+,ka)= ((Q,g)* 3 Ref). o)
(v (}:1 aiQ,g), 'P(ka)) ~(v@a.v (f a,.ka)) . ®)

Now we use the spectral condition.
From A3'ac, #,(f) is a boundary value of a function #,(zy,...,z,) defined
and analytic in the domain {(z,,...,2,); Im(z;,, —z)e V™, i=1,...,n—1} ie,

W ()= Bm [, (x, +idyyse.e, X, +iAp) [ (X, x,)d4x, ... d*x,
A=0

A>0
Proof. See [15].

In a similar way Y(f) is a boundary value of a vector valued function
Y(zy,..., z,), said “an extension” of ¥(f), defined and analytic in the domain

Z(n):={(z....z,);Imz, eV Im(z; ., —z)eV ", i=1,...,n—1}
ie.,

()= [|I-lim [¥(x, +idy,,.... X, +iAy,)f (X, ..., X,)d4x,...d*x,
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and
W1l Dy @152, 2) =(P(@y,...,0), P(z;, ..., 2,) for
(24552 )€ Z(K), (@q,...,0)EZ() see [16,17].
We may consider the last equality as an analytic continuation of the equality (1).

Similarly, by continuation the equalities (2), (2') we obtain for
(@15ees 0 24,...,2 )€ Z(1) X Z(k)

M~

( a;¥Y(wy,..., wy), ‘I’(zl,...,zk))
i=1

1

k
=<¥’(a)1,...,a)1), Y ajT(zl,...,zk)) ,
ji=1

where @, are defined by the following equality: for each

fge FRY), | f(x)(ag)(x)d*x = [ (@f)(x)g(x)d*x and & =al,~., .
Finally, from (3), (3) we obtain

l ~
(Q, (; Eti‘P(wl,...,a),)>, Rk'I’(Zl,...,Zk))

N A
= (Q,‘I’(a)l,...,co,), R, (; dj) ?’(zl,...,zk)) , “4)

where 0, is defined by the equality: for each f,ge.#(R*),
| 1 x)(Q19) (x5, x)d*X .. .d%x,
= [(Q1 ) (X150, XYG(X 1, x)d XL d ¥,

and substitution x— . Similarly we define R,.
Taking the limit with R, =1(Q,=1) we obtain

I
-

i J

(Q,(. : a> Y(wy,..., o) ?’(h))=<Q,¥’(w1,..., w), 'P( y ajh)) , ()
(Y’(ZI: alf),RkT(zl,...,zk)>
(i
for (wy,...,w)e Z(), (zy,..., z)€ Z(k), he F(R*Y), fe L(R*). Now we define
9,: :Lin{Q,‘P(a)l,...,w,);(wl,...,cu,)e Z(I),Q for [=0,0, is an arbitrary

1), R, (é aj) ‘I’(zl,...,zk)) , (6)

1

. 0 . .
polynomial operator in w, P 1=0,1,..., ¥ is “an extension” of ¥(f)} .

The set 2, is dense in s#. This follows from two facts: (i) 2, is dense in 7, (ii)
every Ye9,, is the limit of the vectors from 2,.
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We have also

2,=Lin{¥(wi,...,w);(®q,...,0)e Z(I), 2 for [=0,¥ is “an extension” of

_ 0
Y(f):=%(Q,f), Q, is an arbitrary polynomial operator in x, e 1=0,1,...}.
Let 2, , be defined by

D,.o:=Lin({P(f);feL(R¥),k=1,2...30D,) .

Of course Z, ;D Y,
We define the operator o/ on &, , by means of the equalities

k

M‘I’(f):=‘l’(z ajf), AQ:=0,

j=1

- - 1
AP (@, 0): =0 Y GP(@y,...,0) .

i=1

We shall show that the definition above is meaningful and that .«7 is symmetrical on
D,
Let £,{e 9, ,. From the definition &, , we have (finite sum)

=Y YN+ Y Q¥0p..0),
[k 01, (w1,..., w)eZ(l),l
(=) P+ D R.¥(zy,....2) »
h,l R (21, z1)eZ (k). k
and

A= ‘I’(Zk:ajf)+ Y Q,i&i‘l’(wl,...,wl),
[k J

O (@1,...,00)eZ(),l  i=1
k

)+~ R, Y a,%(zp...2) .
i=1 Ric, (21, ziyeZ(k),k  j=1

From the equalities (2'), (4—-6) we have

(#8,0)=( 7).

Thus, if { =0 then /¢ =0, because Z, , is dense in #. Hence the definition is correct
and the operator is symmetrical.

In a straightforward manner we conclude also from the definition that
At Dy=A.

This concludes the proof.

Appendix 4

The aim of this Appendix is to exhibit some essential differences between Theorem 3
from Section 1 and Lemma 9.1 from Nelson [6].
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Let T'be a Lie algebra of symmetrical operators defined on a common invariant
dense domain 2 C #.

We say:
(1) A vector Ye 9 is analytic for the whole Lie algebra, if for 0>t <t and some
basis A,,..., 4, of the Lie algebra, the series

Lo X ALY

1Zay,...,ax<n
is absolutely convergent.

(2) A vector Ye2 is analytic for A,,...,4, separately, if it is analytic for every

© k

. . . . . t
element A, in a given basis, a=1,...,n ie., that the series ) EAI‘;IP
k=0 K:

(n finite) are absolutely convergent for 0<t<t@, a=1,...,n.

We have of course 5 <@, .
Let T, (T'?) be a set consisting of analytic vectors for the whole Lie algebra

(for A4,,...,A, separately).
We define inf &) =:t{;, (tfh:= inf t;f’).

YeT) 9 YeT(2)

It can happen that for some T, 1%, =0.

In the proof of Lemma 9.1 Nelson assumes that there exists a dense invariant set
T C 2 such that £}, > 0 (because he exploits in the proof the Campbell-Hausdorff
formula). The criterion given by Theorem 3 is more general. It is sufficient to assume
that there exists a dense (or total) set T C .

The method of the proof of the Theorem 3 is different from that used in the
Lemma 9.1 of Nelson and more general. For details see [8,9].

Appendix 5

Lemma 1. z¢: = ¢%°82, where logl =0, deC is an analytic function of zeC in the
complement in C of the half-line (— o0, 0].

Proof. See [18].

Let o,(w):=1—2aw+a*w? o, aeC* aw:=a,0,—aw, a*:=aa.

Lemma 2. For every fixed ze C* there exist an open set A(z)CC* containing zero and
an open set B(z) containing z such that (c,(w))’, (o(w))* =1 is the analytic function in
(a, w)e A(z) x B(z) C C8.

Proof. o (w) is analytic in C®. Since o,(w)=1 there exists A(z) and B(z) such that
0,(@)eC\(—0,0] for (a,w)e A(z) x B(z). Using Theorem 2 (Appendix 1) and
Lemma 1 we have that (c,(w)), (6,(w))*=1 is analytic in A4(z) x B(z).

Corollary. (0 —aw?)/o (w) is an analytic function with values in C* for we B(z) and
ae A(z).
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Lemma 3. Any group element g of the conformal group has the canonical
decomposition in terms of translations gp, special conformal transformations g,
special Lorentz transformations g, and dilatations g,; g=grg,g 19;-

Proof. See [1].

Thus, if O is some open neighbourhood of the unity in the conformal group, then
there exist an open neighbourhood of the unity in the translation group O, special
conformal group O,, Lorentz group 0,, dilatation group O, such that 0=0;-0,
0,40,

Lemma 4. gz can be considered on the complex (or real) Minkowski space as a local
Lie group of local transformations. In other words, for every ze C* there exists an open
neighbourhood O(z) of the unity, for which gz is defined, analytic in O(z) and
91(922)=(9192)2 i 91,92 919.€0(2).

Proof. Let z be fixed. gz=grg,9,9,z. It is known that for the Weyl group gz is
analytic. Now we take for O(z) such an open set for which O ,(z)0,(z)zC B(z) and
0,(2) C A(z), where O(z)=0 ((2)0(2)0 4(z)0,(z), A(z), B(z) as in Lemma 2. Using
Theorem 2 in Appendix 1 and Corollary we obtain that gz is analytic in O(z). By
straightforward calculation one can check that also g¢,(g9,z)=(g,9,)z if

91,92,919,€0(2).

Remark

From the definition of gz it is clear that it is singular on the Minkowski space. A way
out of this problem is to compactify the usual Minkowski space by adding points at
infinity (see [19-21]).

On this compactified Minkowski space the conformal group can act as a well
defined group of transformations. But in this case only a local causal structure can
be defined [21]. This structure can be lifted to a global causal structure, if one
considers the universal covering space of compactified Minkowski space. On this
space acts the universal covering group of the Minkowskian conformal group
[22,23].

Lemma 5. Let O(z) be as in proof of Lemma 4. Then for fixed z
{ d
oz d:= L'agk (gAgaz)}
is analytic for geO(z).
Proof. This follows immediately from Lemma 2.

Lemma 6. There exists an open neighbourhood O(z,...,z,) of the unity for which
@(g) defined as in Section 3 is analytic in O(zy,...,z,).

Proof. This follows from Theorem 2, and 3 in Appendix 1 for

k
0(z,...,2):= {ge Dl 0(z); (gzl,...,gzk)eZ(k)} .
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