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of Lie Algebras and Commutation Relations*
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Abstract. Sufficient conditions on unbounded, symmetric operators 4 and
which imply that

exp(itA)exp(isB)exp(—itA)

satisfies the well known “multiple commutator” formula are derived. Th
formula is then applied to prove new necessary and sufficient conditions for tt
integrability of representations of Lie algebras and canonical commutatic
relations and the commutativity of the spectral projections of two commutin
unbounded, self-adjoint operators. A classic theorem of Nelson’s is obtained ¢
a corollary. Our results are useful in relativistic quantum field theory.

1. Introduction

In this note we discuss sufficient conditions for the multiple commutator formu

. . ;. - .t i
el gisBy—itd _ exp is {B + Z %3— ad"A(B)} 5 (1
n=1 :

to hold. Here A and B are unbounded operators and, formally,
ad A(B)=[4,B] ,
ad"A(B)=[4,ad"" ' A(B)] .

Our results have applications in group theory and quantum field theory.

They are a direct outgrowth of recent work of Driessler and the author [Z
concerning the Haag-Kastler axioms [12] in relativistic quantum field theory and
subsequent alternate proof of the main result of [2] due to Glimm and Jaffe [3

The main result of [ 2, 3], a sufficient condition for the bounded functions of tw
unbounded, symmetric operators A and B to commute, is a special case of tt
results proven in the following sections.

*  Research supported in part by the US National Science Foundation under Grant MPS 75-118t¢
** A Sloan Foundation Fellow
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The basic strategy for a proof of (1.1) is to find a self-adjoint operator N >1 in
terms of which 4, Band i"ad"A(B),n=1,2,..., can be dominated in the sense of the
commutator theorem of [4]; see also [6]. (Different forms of the commutator
theorem may be found in [8].)

2. The Main Results

We start with describing the general set-up and recalling the commutator theorem.
Let s# be a separable Hilbert space, and N a positive, self-adjoint operator on #
satisfying

Nzl. (2.1
We let #, be (the completion of) D(N"?) in the norm
Il =IN"2pl, £n=1,2,3....,

and Z(H,, #,,) the bounded operators from #, to H,,
The domain of an operator C is denoted D(C), and a subspace & C # is called a
core for C if

C=(C'92)" .

Here C! 2 denotes the restriction of C to the subspace Z and ( )~ the closure of ().
We assume that A is a symmetric operator in £(#,, #_,); 1. e., on some form
core for N (= core for N1/2),

+A<K,N, (2.2)

for some finite constant K, (in the quadratic form sense). Then
A=i[N, A] (2.3)

is defined as an element of #(s#,, #_,) in the obvious way; see e.g. [8].

Theorem 0. Let A be as above and assume, in addition, that Ae & (', H_ 1), i.e,ona
form core for N,
+A<K/N. 24

Then A determines a densely defined, symmetric operator — also denoted A —on H#
with

D(N)SD(A), [ Ap| <k, [Nyl, with k <2'2K,, 2.5)
for all we D(N), and
A is essentially self-adjoint on any core for N . (2.6)

Remark. This is the commutator theorem of [4], stated in a form due to [6].
In the applications a slightly different form of the commutator theorem is
sometimes more useful.
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Theorem 0'. Let A be a symmetric operator on S with the properties that
D(A) contains a core 9 for N,
Ayl =k, [Nyll, and
i{(Ny, Ap)—(4p, Ny)} <K, [Ny 2

for all ye P.
Then the conclusions of Theorem 0 remain true.

2.4)

For proofs of Theorems 0 and (', related results and references see [8],
(Theorems X.36, X.36, and X.37).
We now state our main results.

Theorem 1. Let A, A, B, and {C,}}. , be operators in L(H,, #_,) satisfying the
hypotheses of Theorems 0 or 0. Assume that C,=B, and

ani[A’ Cn—l] 4 (27)
in L(H,, H_,) (i.e., weakly on D(N)x D(N)), for all n=1,...,M. Then

itA jisB ,—itA isB,

e “eve =€ ,
with
M-1 [
Bt:HB+ Z '_'C”
n=1 N

tar -

t 1
+fdt, ... | dtMei‘MACMe‘"MA} ) D(N)}
0 [

. (2.8)
Theorem 1. Let A, A, Band {C,}, be as in the hypotheses of Theorem 1y (for M

=0 ), and assume, in addition, that there is some finite constant K, such that, on a
form core for N

+C,<Kin!N }

+C,<K3n!IN,

foralln=1,2,3,....
Then, for |t|j<K; 1!,

2.9)

M l”
s-lim {B+ Y ) C,,} I D(N) exists ,
n=1 .

M- o

has a self-adjoint closure, denoted B,, and

eitAeisBe—izA :eith. (210)
Remarks. 1) One may also denote C, by i"ad"A(B); see (1.1) and (1.2).

2) A generalization of Theorems 1,, and 1, which may be useful in various
applications is presented in an Appendix; see Lemma A.1 and Theorem A.2.

3) Theorem 1, contains as special cases sufficient conditions for the com-
mutativity of the bounded functions of two unbounded, self-adjoint operators
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(equivalent to the ones found in [2]) and for the integrability of the canonical
commutation relations; see Sections 6 and 7. Theorem 1_ is useful for the
integration of equations of motion in the “Heisenberg picture”.

3. Preliminaries: Invariance of Operator Domains

Here we discuss some results concerning the invariance of the domain D(N) of N
under certain unitary groups. They represent a slight elaboration of results of
Glimm and Jaffe [3] and may be of some interest in their own right. See also Lemma
A.l in the Appendix.

We let Q(N)=D(N'/?) denote the quadratic form domain of N.

The main result of this section is

Lemma 2. Let A and A satisfy the hypotheses of Theorem 0 or 0. Then
1) e**Q(N)SQ(N), and, for all weQ(N),

| N2 e p < K N2
2) €"D(N)SD(N), and, for all ywe D(N),
INe* || <M [Nyl ;
3) €"4D(N*)=D(N®), for a=1/2,1.
Remark. 3) is an immediate consequence of 1) and 2).

Proof. We first prove a simpler version of Lemma 2.

Definition. For A =0 we set

RA=(N+2)"", N,=i2RU)NR(), 3.1)
and
4, =22R(2) ARG . (3.2)

©) .
Here A denotes 4 or A.
Using the self-adjointness and strict positivity of N we get

N5<N*, forall a=1, (3.3)
and since A and A satisfy (2.4), for some K (<00

Hicl)l“ SAK, . (3.4)
Application of (2.5) yields

Ived || <at+ek,, for aef0,17. (3.5)

Lemma 2,. Lemma 2 holds with A, replacing A and constants K | and k, independent

of A
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Proof’. Using (3.4) and (3.5) and the power series expansion of e4* (convergent for
all |t} < 00, A< c0) we obtain:

e“*Q(N)=Q(N), e"**D(N)=D(N). (3.6)
For peQ(N), set

F,(t) = (e, Net4ry) . (3.7)
Then

dF,(t)/dt = (e" ¥, A e 4*yp)
S K, (e, Ny y)
=K, F)0),
and we have used (3.2), (2.4), and (3.3). Hence
F(t)S M1, (0)=eX M [N 2p)? (3.8)
which proves Lemma 2,, (1). Next, let e D(N) and set
G,(t)=(Ne'"44, Netryp) (3.9)
Then
dG,(1)/dt =(Ne"=p, A,e"47p) + (A4, 6" p, Ne2y)
S2|Nep| || A, ||
S2|Ne || |AR(A)] | AAR(D)e |
<2k [|AR(D)||? | Ne™p||* <2k, G,(t)
and we have used (3.2), (2.5), and (3.3). Therefore
G, (=G (0)

=2kl | Ny || 2, (3.10)
which proves Lemma 2,, (2). Lemma 2,, (3) is statement (3.6). Hence the proof is
complete.

As a corollary to Lemma 2,, (2) we note that
s-lim e*4% = ¢ft4 | (3.11)

A=

Since {¢"4+:1=0} and "4 are unitary operators, it suffices to prove weak
convergence on a dense set. For ¢ and v in D(N),

(QD, {eitA _ eitA;‘}(p)
1
=i [ds({1—iR(A)}e™ "4, (AN~ 1)AR(A)Ne't =942y
0
1
+ifds({1—AR(D)}e "4 Ap, et~ 94y) . (3.12)
0

Since {1 —AR(4)} tends to O strongly, AN ~! is bounded by (2.5), [AR(A)| <1 and
[ Nei®= 9441 is bounded uniformly in A, the integrands tend to 0, for all s. Since the
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integrands are bounded uniformly in s and 4, the r.h.s. of (3.12) tends to O by the
Lebesgue dominated convergence theorem.

We summarize:

i) For peD(N'?), [ N'2e 4y <MDKl N 2| ;

ii) for peD(N), |[Ne**p| <k ||Ny| , uniformly in 4, and

iii) Equation (3.11).

We now complete the proof of Lemma 2.

Combination of 1)—iii) with the spectral theorem applied to N immediately
gives Lemma 2, 1) and 2). To prove 3), note that by 1) and 2)

e*tAD(N*)CD(N%), for all ||< oo
and «=1/2,1. Thus
D(N%)=¢e"{e” "4 D(N*)}
C ¢ D(N?) (3.13)
hence D(N*) =e"AD(N%), for all [t| <co. Q.E.D.

Remarks. Lemma 2, 2) and the trick of using a differential inequality for G,(¢) are
due to [3]; (we have applied it in a slightly different form, and an extension is
presented in an Appendix: Proof of sufficient conditions for

" D(N*)=D(N%), ae(— o0, ©0)) .

We note that, by Lemma 2, 3) and Theorem 0, (0)

e " D(N) isa core for B (3.14)
if B satisfies the hypotheses of Theorem 0, ().

Lemma 2 may be summarized as follows: {e4} determines unique, exponentially
bounded one parameter groups on the spaces #,, for n=—-2,-1,0,1,2.

4. Proofs of Theorems 1y, and 1

Let 4, B, and {C,} satisfy the hypotheses of Theorem 1,, or 1. By Theorem 0, B is
essentially self-adjoint on D(N). Its closure is also denoted B. Let

B= [ JdE(3)

be the spectral decomposition of B. We set

B,={ AE,(}), with
(4.1)

Et(')=eitAE(')e—itA.

Then we conclude from (3.14) (by the fundamental criterion) that D(N) is a core for
B, i.e., B, is essentially self-adjoint on D(N). By Lemma 2, 2) and (4.1)

B,=¢""Be ", on D(N).



Application of Commutator Theorems 141
Let i and 0 be in D(N). Then, using Lemma 2, 2), the hypotheses on B and C,, see
(2.7), and Theorem 0, (2.5), we obtain
d(p, B,0)/dt =i{(4e” "4y, Be”"10)
—(Be ™y, Ae”40)}
—(p,¢"4C e 0)
and
ld(w, BO)/dt| <k, |l [[Ne™ 0|
<k, ly] N0 .
Thus, for all e D(N),
dB,0/dt=¢"1C e "40 ,

and hence
t
(4,) B,=B0+ j dseiSACIe‘iSAG . 4.2)
0

Since D(N) is a core for B,, we conclude:
. -
B, = HB+ | dse"s“‘Cle“'SA} ID(N)| . 4.3)

0

We now proceed by induction: Assume

n—1 T
4,) B= {B +mzl ;1—!Cm

t th-1
+fdty... | dtnei‘"AC,,e'i’""} fD(N)}
0 0

By hypothesison {C,,}%_, (see Theorems 14,1, ), Theorem 0 and Lemma 2, 2), D(N)
is contained in the domain of

esAC e forall m<oco . (4.4)

As in the proof of (4,) we show that
. . tn .. .
ettnACne—ttnA=Cn+ j‘ dtn+ 1ett,,+ 1ACn+ 1e—n‘n+ 14 ,
0

on D(N); [just replace B by C,, C, by C, ,, t by t, and use (4.4)].

Inserting this equation into (4,) and using again that D(N) is a core for B,, we
immediately obtain (4, ;).

This completes the proof of Theorem 1,;.

The proof of Theorem 1, is now easy:
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Using inequalities (2.9) (see Theorem 1), (2.5) (see Theorem 0) and Lemma 2, 2)
we obtain the estimate

t,

t n—1
[dt,... | di,eAC et
0 0

h-1

It
<2'2Khnl{dt,... | dt,|Ne 40|
0 0

2K, [ty N @5)
for all e D(N).
For |t{| <K; !, the r.h.s. of (4.5) tends to 0, as n— oo, and this gives the first part of
Theorem 1 .
The second part then follows by using once more that D(N) is a core for B,.
In the following sections we indicate some applications and in the Appendix an
extension of Theorems 1, and 1.

5. An Application to Lie Groups

5.1. Integration of Representations of Lie Algebras

Let G be a.simply connected Lie group with Lie algebra ®; let {&,,..., £, } be a basis
for ® and {c;;,} the structure constants. We consider a representation 7 of ® on a
Hilbert space # and define

X;=in(¢), j=1,....n. (5.1)

Furthermore N =1 is some self-adjoint operator on .
The following result gives new sufficient conditions for the integrability of n(®),
different from the classic ones found by Nelson in [7] (and extended e.g., in [10]).

Theorem 3. Assume thatX;and X ; satisfy the hypotheses of Theorem 0 or 0, for all j
=1,...,n, and that there is a core & for N such that

(X, X1 =ik;1 X s (5.2)

weakly on 9 x 9.

Then n(®) is the differential of a continuous unitary representation n' of G on H#
(i.e., the representation w of ® on # can be integrated to a representation n’ of G on
H).

Proof. Let ay,...,q, be arbitrary real numbers. By Theorem 0 (or 0')

D (,-i % J.Xj) 2D(N),

and
n

2, X,

ji=1
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is essentially self-adjoint on D(N), for all j=1,...,n. Using (2.5) for X,, k=1,...,n,
and (5.2) we obtain

[X, X, ]=i i X, weakly on  D(N)x D(N). (5.3)
k=1
By Lemma 2, 3)
exp (it i ocfXj> D(N)=D(N), (5.4
=1

for all [t] < co.

Since ® is the Lie algebra of G, there is some open neighborhood U of 0e ®
which is mapped diffeomorphically onto an open neighborhood W of the identity
e€ G by the exponential mapping. Thus, for ge W, there exists some

&= z ocjg’je uck
j=1
with
g=e°.
We define
TC/(Q) =e—iX ,
where
X= Zlaf.Xj . (5.5)
i=
Suppose now that g,§ and g-§ are in W. We must show that
m'(gg)=n"(g9)7'(g) - (5.6)

Without loss of generality we may assume that, for all te [0, 1], &' and €“j are in W.
Then

n
t ajéj
e’ézef;x o

and
PACIGH

eg=e )
where é,(f) is continuously differentiable in ¢ in some neighborhood of [0, 1], for all
j=1...,n

In order to prove (5.6) we now compare

F(t)=m'(¢“g)yp
with

() (G =e""F(0), (5.8)

where p is an arbitrary vector in D(N).

(5.7)
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From (5.7) and (5.8) we know that
F(t)y=e Y0y,
where

(1)

Y 80X,
j=1
is essentially self-adjoint on D(N). We set
/ S
Y'(t)= Z I &,(tX; .
j=1
Then Y'(¢) is essentially self-adjoint on D(N) and by Theorem O (resp. 0')
1Y (D)ol =ks|Nol ,

uniformly in te[0, 1]; moreover

INe™*Oq|| <k,|No] , (5.9)

uniformly in s€[0,1], t€[0, 1], for all @€ D(N).
From the formula

1 —
eiA_eiB= (l j’ dseisA(A_B)ei(l—s)B)
0

and the above estimates we conclude that e~ "¥® is continuous in ¢ and that F(t) is
differentiable, with the following derivative:
d L . :
L F(t)=—i [ dse™ 510y (t)e i1 =9¥ 0y,
dt )
x . .
= —i [ dse"STOY (1) TOF(p). (5.10)
0

The hypotheses of Theorem 3 permit us to apply the multiple commutator formula
proven in Theorem 1 to compute

Y(s,t)=e” SYOY(1)elsT®
on D(N), and then integrate over s: From Theorem 0 (resp. 0) and (3.14) we know
1

that Y(s, r)and [ dsY(s, t) are essentially self-adjoint on D(N), so that it suffices to
identify 0

1
[ dsY(s,)) D(N) .
0

We now claim that

} dsY(s,t) D(N)=X 1 D(N) . (5.11)
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Using the hypotheses of Theorem 3, Theorem O (resp. 0') and Lemma 2 we easily
derive the required estimates which guarantee that we may apply Theorem 1 . This
theorem then tells us that (5.11) holds if it holds formally, i.e., if

! s ¥ ame (2 d -s ¥ 4,08
§ dse ’=! (Z Zl;og(t)@)e =t =¢
i=1

holds as an equation between two elements of ®. This, however, is obvious.
From (5.10) and (5.11) we conclude that F(t) satisfies

dF(t)/dt = —iXF(r) .

Since F(t)e D(N), forallte [0, 1],and D(N)is a core for X, and since F(0) =7'(§)yp, we
conclude that F(1)=e " F(0)=n'(e5)n'(§)y.
The proof of (5.6) is now complete, because D(N) is dense in 5. Q.E.D.

We note that the idea of using a differential equation and Theorem 1, to prove
F(t)=e "*F(0), for all te[0, 1], avoids the use of the Baker-Hausdorff-Campbell
formula in the proof of (5.6) (see also [7, 10]).

From Theorem 3 we immediately obtain the following classic result of Nelson

71
Corollary 4. If
N'=3YX+1
j=1

is essentially self-adjoint on a dense domain 9 CH then

N=N'12
has the properties of the operator N of Theorem 3, and all the conclusions of Theorem
3 hold.

Remark. Corollary 4 and the results of [ 7] show that the converse of Theorem 3 is
true, too.

5.2. A Trivial Application to the Rotation Group
Here we consider G=SU(2).
Let x denote the vectors in R3, and
0 0 0
%=L2R39 :—._,_—9
(R, p l(éxl 0x,’ 6x3>
with x; the i"™ component of x. Define

3
L=(L,L;,L3)=xAp; (La)= Z Ljaj-
=

J

We set N=1(x?+p?+1).
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Itis a well known exercise to show that the hypotheses of Theorem 3 are fulfilled
for this choice of N and X;=L;, j=1,2,3; e.g.
+(w,(La)yp)=lal || Ix[w| - [Pyl

< -+ 1ol )

=lal(y,Ny),
and
(La)'=0, on (A3, H_,).
Thus

{TD:qeR%)

is a continuous unitary representation of SU(2), by Theorem 3. If we know, a priori,
that (L D is essentially self-adjoint on some domain & we may re-define

N={(LD+1}1Z

and arrive at the same conclusions.

6. Commutativity of Unbounded Operators and an Application
to Relativistic Quantum Field Theory

Theorem 5 [2]. Let A, A, and B satisfy the hypotheses of Theorem 0 (or ('), and
[A, B]=0, weakly on D(N) x D(N). Then all bounded functions of A and B commute.

Proof. An immediate consequence of Theorem 1,.

Remark. 1f there is some domain & dense in # such that
(A>+B)t2

is essentially self-adjoint then the hypotheses of Theorem 5 are true with
N=(A*+B>+ )12 .

[On the other hand: If all bounded functions of 4 and B commute then
9 =D(A*)nD(B?) is obviously dense and (4% +B*+1)! Z is self-adjoint].

Application to Quantum Field Theory [2,3]. Let #, H,{¢o(f):f€%...(RY)} denote
the Hilbert space, the Hamiltonian, the quantum fields, respectively, of a quantum
field theory satisfying all Wightman axioms [11] and, in addition,

To()=IfI(H+1) (6.1)

for some norm |- | continuous on Schwartz space. Then the bounded functions of
{0(f):f € Feas (R} generate a net of local von Neumann algebras satisfying all
Haag-Kastler axioms, [12].

Proof. Set
N=H+1. (6.2)
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If f and g are two test functions with space-like separated support set

A=o¢(f), B=0¢l9). (6.3)

Then A,B, and N satisfy the hypotheses of Theorem 5; see [2]. [This is a
consequence of (6.1) and Wightman’s form oflocality.] For details see [2]. Q.E.D.

Let 2, be the Wightman (polynomial) domain in 5. The remark following
Theorem 5 tells us that if (6.1) is replaced by the condition that (p(f)* + ¢(9)*)! 2y,
be essentially self-adjoint, for all test functions f and g with space-like separated
supports the theory also fulfills all Haag-Kastler axioms.

It is easy to see that with N as in (6.2), A=@(f), f€F,ea(R?, all hypotheses of
Lemmas 2 and A.1 follow from (6.1). These lemmas then tell us that, for pe D(H*),
(e.g., we %y, or =L, the physical vacuum)

e*Vype D(HY) , (6.4)

forall @=1,2,3,....

7. Integration of Canonical Commutation Relations

Let A, H, and {@(f):f € Leai(R*™ 1)}, {n(f):f € Fea(R*™ 1)} be the Hilbert space,
the Hamiltonian, the time 0O-fields and their canonically conjugate momenta, resp.,
of a canonical quantum field theory [1] that satisfies, in addition,

P(NIZf1-N,
with N=H+1,
n(f)=i[N,p(f)], on LA, H_5), (7.1)
n(f)=If12-N
and
o(f) =If15-N s

for some Schwartz space norms |- [, |-|,, and |-|5. Since we are dealing with a
canonical field theory, we must have

Lo(f),nlg)]=i(f.9) , (7.2)
weakly on D(N) x D(N).

Then ¢(f) and n(f) are essentially self-adjoint on D(N), for all f€ %, ., (R*~ '), and
(1) oD@ — oin@) giolN) g =ils0)
(the Weyl relations ; set A=q(f), B=nl(g) and apply Theorem 1,).
2) e"Pnigle P =n(g)—(g, f);
(set A=@(f), B=n(g), apply Lemma 2, 2), and (7.2)). A similar equation holds with

o(f)->n(f), n(g)—@(g).
(3) e VHe* " VI=HTn(f)+5| 113
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on D(N); (set A=q(f), B=H and use Lemma 2, 2), (7.1), and Theorem 0). Hence
tn()SH+LIfIZ on Q(H).

These results are in some sense a converse to the results of Herbst, [5].

They [in particular 1)—3)], are very useful to give an easy proof of the fact that
the P(¢4), quantum field models [9] define canonical quantum field theories, [4],
which requires only information on Euclidean Green’s functions.

Other application of Theorems 0, 0, 1, 1., to canonical commutation relations
(e. g., a simple proof of von Neumann’s uniqueness theorem) can be worked out quite
easily and are therefore not discussed here.

Appendix

In this appendix we generalize Lemma 2 of Section 3 and reformulate Theorems 1,

1. First we prove
. @ (D

Lemma A.1. Suppose A,A,A'=(A)=A,...,A all satisfy the hypotheses of
Theorem 0, (vesp. 0'). Then
eitAD(Nn)=D(Nn) ,
and
IN"e*Ap| <INy
for some finite constant ks, all |t|<oo; (xn=1,2,3,...).

Proof. We may assume n>0. As in Section 2 we first prove a Lemma A.1,, but

A, =*"RAV'AR(A)" . (A1)
Then
AT 42D(N™ S D(N") (A2)

is obviously true, for m=0,1,2,....
Let we D(N"). By (A.2) we may define
Gl(t)z(Nne—itAllp, Nne—itA,lw) .
Then
dG,(t)/dt =i(e™"*p,[A,, N*"]e™ "2y)
=ii§01 (e—izA,lw’ NkAlN2n~k— le—itA,lw)

is easily shown by use of (A.1), (A.2) and the hypotheses of Lemma A.1. Next one
can show that

NkAlNZn—k—lsz+ IAZNZn—k—Z_FiNkA;'NZn—k—Z
=Nk+1AAN2n—k—2+l-Nk+1A;bN2n—k-—3
__Nk/'l"lNZn—k—-3
— ..., on D(N")x D(N" .
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Applying this equation repeatedly, (proceeding e.g., by induction on k and on n),
. (n)
using the hypotheses on 4, 4, ..., 4, Theorem O (resp. 0') and the trivial inequality

IN“p[ < [N'l, for k=I,
we obtain
dG,(t)/dt <2ks||N"e™ |2
=2k;G,(1),
for some finite constant k, independent of i, which after integration yields the

desired Lemma A.1,. From this Lemma A.1 follows by essentially the same
arguments that gave Lemma 2 as a corollary to Lemma 2,. Q.E.D.

Remarks. 1) Careful inspection of the proof of Lemma A.1 shows that the
conclusions of this lemma remain true if we only assume that

|4 ] <y %
Ayl sk; [Ny (A.3)
for some finite constant k, and all pye D(N¥), k=1,2,...,n|.

2) Let ae[—|nl,|n[]; since

N2 < N2 on  D(N'")x D(N)

. (In .
Lemma A.1 holds for all e[ —|n|,|n[] if 4, 4,..., le all satisfy the hypotheses of
(k
Lemma A.1, (resp. A) satisfies (A.3), k=1,...,|n| )
We may now re-formulate Theorems 1,; and 1.

Theorem A.2. Let B and A,/l,...,g), (for some a=1,2,3,...) all satisfy the
hypotheses of Theorem 0.
Let Cy=B, and

C,=i[4,C,_,], weakly on D(N*)xD(N%),
and
ICwl =K5nlIN"pl;  n=1,2,3,....
Then
M-1 m
B,= HB-;— m; -t C,

tMm -

t 1 -
+{dt,..., | dtMe"MACMe_i‘MA} PD(N“)}
0 0

and, for |[t|<K;*,
M tm =
B,= [s-lim {B+ Y — Cm} TD(N"‘)}
M- m=1 m:!
both satisfy

itA ,isB ,—itd

eit4gisB o itd — pisBr
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Proof. By Lemma A.1 D(N*)=e**AD(N%), for all |t| < 00. D(N%)is a core for N, hence
a core for B (by Theorem 0). Thus D(N®) is also a core for B, [defined as in (4.1)].
But on D(N%)

Bt=e—itABe—itA

by Lemma A.1.
Applying now Lemma A.1 and the hypotheses of Theorem A.2 (concerning
{C,}2.,), the proof of Theorem A.2 can be completed as in Section 4.
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Note Added in Proof: Ed Nelson has informed me that he has derived the conclusions of Theorem 5
under the only assumptions that A and B satisfy the hypotheses of Theorem 0, and [ 4, B] =0, weakly
on D(N) x D(N). His proof involves showing that 4 +iB is a normal operator. Subsequently we found a
proof of this result based on a straight forward extension of the methods of this paper. Moreover we
proved Theorem 3 without the extra-hypothesis on X I





