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Abstract. We prove the existence of isometric and unitary dilations of a class
of semi-groups of completely positive maps on an algebra of operators on a
Hilbert space. The result has relevance to the problem of embedding an open
quantum mechanical system in a closed one.

§ 1. Introduction

Empirical semi-group laws for the irreversible evolution of the state of a quantum
mechanical system have been remarkably successful in a variety of applications
[1,2,8,14]. This has encouraged some workers to propose axioms for dynamical
semi-groups [ 10, 12, 7]. From the point of view of fundamental theory such semi-
groups are by themselves unsatisfactory: the conventional position is that the
laws of quantum theory prescribe the time-reversible evolution of a closed system,
and irreversible behaviour enters only when the evolution is restricted to an
open sub-system. The time-reversible evolution of a closed system is described
by a strongly-continuous one-parameter group of unitary operators on a Hilbert
space. The question then arises: is a given irreversible dynamical semi-group the
restriction to an open subsystem of a time-reversible evolution of a closed system?
The purpose of this paper is to formulate this question mathematically and to
answer it in the affirmative for a class of dynamical semi-groups which have
interesting applications.

From the mathematical point of view we prove results for semi-groups of
completely positive normal maps of W#*-algebras which are analogues of
Szokefalvi-Nagy’s dilation theorem [17] for semi-groups of contractions on
Hilbert spaces and Stroescu’s dilation theorem [16] for semi-groups of
contractions on Banach spaces. Some results in this direction were obtained by
Davies [5]; his proof was based on his theory [4] of quantum jump processes.
We adopt his construction of a semi-group of isometries but our proof uses only
the perturbation theory of semi-groups on a Banach space.
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§ 2. Dilations of Dynamical Semi-Groups

A dynamical semi-group on a W¥*-algebra M is a semi-group {T,:t=0} of com-
pletely positive normal maps of M into itself such that:

(1) To=iy, (@) T(1)=1 for all t1=0.

A dynamical semi-group is said to be weakly continuous if tgrgl {Tm, @)=

(m, @) for all min M and all ¢ in the pre-dual M, of M; if T, is weakly continuous

then the pre-adjoint semi-group ,T,, defined on M,, is strongly continuous and

hence has a densely-defined generator (Yosida [18], p. 233). (Whenever 4: M —M

is (M, M )-continuous we denote by ,A4:M,—M, its pre-adjoint, defined by

{Am, @) =<{m, ,A@) for all m in M and ¢ in M,.) A dyanmical semi-group T; is

said to be norm-continuous if lirgl |T,—1]=0 in which case T, itself has a
t—=0 4

o(M, M ,)-continuous bounded generator L so that T,=e'". Lindblad [12] has
shown that the generator L of a norm-continuous dynamical semi-group T, on
the algebra %(-¢) of all bounded operators on a separable Hilbert space 4" can
be put in the form

Lim)=i[H, m]+V(m)—3{V(1), m} (2.1)

for all m in #4(¢"). Here H is a bounded self-adjoint operator on ¢ and V : 4(A")—
B(X') is a completely positive normal map so that, by Kraus [11], there exist
bounded operators A4, i=1,2,... on A such that

V(m)= i Vim), V(m)=A¥mA,, (2.2)
i=1

for all m in B(X").

Let # be a Hilbert space and let M be a von Neumann algebra contained
in B(#). Let e: M— M be an embedding of M in M such that e(M) is a W*-algebra
on # (see Sakai [15], 2.7.5), and let N:M—M be a conditional expectation such
that Noe=iy, (i.e. N is a completely positive normal map of M onto M such that
(@) INl=1 (i) N(1)=1, (ii)) N(m(e°N)(m")=N((e>N)m)m')=N(m)N(m') for all
m,m in M). Let {G,:t=0} be a strongly continuous semi-group of isometries
on # such that G;"M_ G, c M for all t=0. Then (G, e, M, N) is said to be an isometric
dilation of the dynamical semi-group (T,, M) if for all 1=0 and all a in M

(e T)Na)= G e(a)G, . (2.3)

Remark. Equation (2.3) cannot hold for G, unitary unless 7, is a homomorphism
of M. Let {U,:telR} be a strongly continuous group of unitary operators on #’
such that U¥MU,C M for all t=0. Then (U,, e, M, N) is said to be a unitary dilation
of the dynamical semigroup (T, M) if

Ty(m)=N(Ue(mU,) 24

for all t=0 and all m in M. Notice that if a dilation exists then so does a minimal
one; in the isometric case take M to be {G*e(M)G,:t=0}" and in the unitary
case take M to be {U¥e(M)U,:t=0}".

First we prove the existence of isometric and unitary dilations of a norm-
continuous dynamical semi-group T, on the algebra %(#") of all bounded operators
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on a separable Hilbert space #". Then we relax somewhat the conditions on both
the semi-group and on the algebra.

Theorem 1. Let A be a separable Hilbert space. Let {T,:t=0} be a norm-continuous
dynamical semi-group on B(A"). Then there exists an isometric dilation (G,, e;, M*,

Ny) of (T, BH)).

Proof. We have seen that the generator L of 7T, has the form (2.1) where V is given
by (2.2). Define Ze %4(4") by

Z=—iH-%V(1), 2.5
so that {B,=¢'?:t=0} is a contraction semi-group on 4" and (S,:t=0}, defined by

S,(m)=B}mB, (2.6)
for all m in #(A"), is a contraction semi-group on #(4") with generator L, given by

Lym)=Z*m+mZ 2.7
for all m in #(A") so that

L=Ly,+V. 2.8)

Hence T, and S, are connected by the perturbation formula (Kato [9], p. 495)
t
T(m)=Sm)+ [ (S, sV e T)m)ds 29)
0

for all m in #(4"). The pre-adjoint semi-groups , 7T, and .S, on the pre-dual of
B(A) (which we identify with the Banach space #(#") of trace-class operators
on A) satisfy

«Ti(0)=Slo)+ (J; (+ 504V o, S, - )le)ds (2.10)

for all ¢ in #(A"). Because of the particular form (2.2) of the perturbation V we
can write the von Neumann series for (2.9) and (2.10) in an unfamiliar but useful
way (cf. Davies [4, 5]).

Let X, be the set of all sequences {(x;, ,)e Nx (0, 00):0<t, <t,...} regarded

as a Borel subset of | ) {H Nx (0, oo)} in an obvious way, let Y, be the Borel
m=0 n=0

subset of X consisting of all sequences of finite length and, for each t>0, let X,

be the Borel subset of X, consisting of all finite sequences {(x,,t,):0<t,<t,...

t,=t}. For each ¢t>0 there is a Borel isomorphism 4,:X,x Y, —Y_ defined by

{(xi> ti)}?= 1 {(yjﬂ Sj)}T= 1 H(Xl, tl): teey (xna tn)a (_Vp Sq +t)> Ty (ym> Sm+t) . (211)
The inverse map is given by
{0 stz 1= Ao s= 1 s si— O¥i=ps1s (2.12)

where p is the unique integer such that s,<t<s,, ;. We denote by X, the subset
consisting of the single sequence z of zero length. We define a measure g, on X,
given by the product measure constructed from counting measure on each
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component IN and Lebesgue measure on each component (0, co0); we assign Dirac
measure to the point ze X,. We define a measure u,, on Y, in an analogous fashion.
For each we X, define (S, V,S)(w) by

(8 VS)W)= 1S, o Vi oS, — 0w Viy oo 5 Vi 008115 (2.13)
where w={(x;,t,):0<t, <...t,<t}, then the Neumann series

t
*Tt(Q) = *Sz(Q)+ .r (*St1 O*V O*St~t1)(g)dt1
0

tt,

+J‘ j.(*StlO*VO*Stz—t,O*VO*Sz—tz(Q)dtldtz
00

+... (2.14)

can be written as

T =T (S, V. Sw)edpw) (2.15)

Xe

and the adjoint series can be written as

T(m)= }{ (S, YV S)W)T*(m)dp(w) - (2.16)

Define the operator G, on L* (Y, ; #") for t=0 by

(Gp)(w)=(BAB)(wowp(w,) , (2.17)
where
(W w)=12; ‘(W) (2.18)

for we Y, and (BAB)w')e #(") is defined by

(BABYw)=B, A, B,,_, A,,... A, B,_,. (2.19)

X'

for any w'={(x;, t,):0<t, <t,... <t,<t}e X,
We prove next that {G,:t=0} is a strongly continuous group of isometries on
L*(Y,,; A"). We have
(G, (G,p)(w) = (BAB)(w: )(G,p) (W)
=(BAB)(wz JBAB)(w,, 7, )p(W,, ,,)
=BAB) Wiz w(W:, 1))
=(Gy,+,)W) (2.20)

where we have used the following immediate consequences of the definitions:

(BAB)(wr, (BAB)(w,, 7,) = (BAB)wi=7) » (2.21)
Wi, = Wity - (2.22)
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We check that G, is an isometry using (2.15) and the observation that the measure
Uy 1s the product of the measures y, and yu,, under the Borel isomorphism 4, of
X, x Y, with Y_:

(G, Gy = | LBAB)(wap(w,), (BAB)wap(w,)) dp,(w)
Yoo

= | | trace([(BAB)(w,)Jw(w,) @ w(w,) [(BAB)(wy)])*

Yoo Xe
Ap(wo)d it oo(w,)
= | trace( }{ (S V  Sw (W) @ p(w))duwo)dp..(w,)

Yo

= | trace(, T,(w(w,) @ p(w))du(w,) (2.23)
Yo
where we have used the positivity of the integrand to interchange the trace and
integration operations.
But T(1)=1 implies trace (, T(0))=trace(g) so

G, Gap)y = Y§ Cpwe), ww)pdp(w) =, y) . (2.24)

Since we have shown that {G,:t=0} is a semi-group of isometries it is enough
to check that it is weakly continuous at the origin on elements of the form f(-)k
where f(-)eL*(Y,) and kex'. This follows using the observation that
X \{z}}=te.

Now take M' to be L™(Y,;%(A")) which is a W*-algebra with pre-dual
ML =L"Y,; #(A) (Sakai [15], 1.22.13); the mapping f®a—f(-)a can be
extended uniquely to a W*-isomorphism of L*(Y_,)® #(#") onto L*(Y; B(AX)).
The predual of L™(Y,)® B(A") is L'(Y,)®,#(A), the projective tensor product,
which we identify with LY(Y_;.#(#")). We make use of the embedding with
ey :B(A)—>M" defined by

e(@)=1®a, (2.25)

where 1 is the constant function in L®(Y_); we use the conditional expectation
N, :M'-%(x") defined by

N, (m)=m(z). (2.26)
We note that
(xe (@)= | pw)du(w),

(+N1)(@)=9.®c¢.

Next we check that G¥M'G,C M' for all t>0. For this we require the explicit
form of the action of G¥ on a vector y; we get this by inspecting {G,p, ¢> for
arbitrary ¢:

G, d)= YI ){ (BAB)Wep(wy), (A (wa), w))du(wi)dptoo(w,)

= | J w(w,), (BAB)(w)T*¢(A(wp, w)du(Wadpto,(w,) .

Yoo X

(2.27)
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Hence GF is given by
(GFd)w)= | [(BAB)W)I*$(A(wW', w)dp,(w'). (2.28)
X,
In what follows we use the notation w' to denote A,(w', w) where w'e X, is a running
variable of integration and remark that w;=w', and w',=w. Now we take a(-)e

L*(Y,; #(A")) and compute G*a(-)G, as an element of B(L* (Y, ; #")) and show
that it lies in L*(Y; B(X)):

(GFaGp)w) = | [(BAB)W)]*(aGap)W)du(w)

X

= [ [BAB)W)T*a(w)BAB)wHy(wi)dp,(w)

Xt

= )3; [(BAB)(W)]*a(W)BAB)W )y (w)du(w)

= ){ (S Vo S)W)T*a(w)dp(w)p(w) . (2.29)
But
(GFaG)w)= | (S, V  S)W)]*alAw', w)du(w') (2.30)

lies in L°(Y,,; #(A")) and so G*M'G,S M*.
Now put a(-)=1(-)®m where me B(A"); we have

(GFey(mG)(w) = 1(W)®( ){ [ V*S)(W')]*dut(W’)) m

=1(w)® Ty(m) (2.31)
by (2.16). Thus we have proved
ei(Tym))=Gie (m)G,. (2.32)

Theorem 2. Let A~ be a separable Hilbert space. Let {T,:t 20} be a norm-continuous
dynamical semi-group on B(A'). Then there exists a unitary dilation (U, e, M, N)
of (T, B(A)).

Proof. Let (G,, ey, M*) be the isometric dilation of (T,, #(#’)) of Theorem 1. Then
by Cooper [3] (see also Masani [137) there exists a Hilbert space 2, an isometric
embedding W:L*(Y,, #)—# and a strongly continuous group {U,:teR} of
unitary operators on # such that for t=>0 we have for all y in L*(Y ;%)

WGyw=UWy. (2.33)
It follows that for t =0 we have

G,=W*Uw, (2.34)
and

Gr=W*U}W. (2.39)

Put M ={U¥ey,(M")U,:t=0}" where e,: M' —%B(#) is defined by
e,(a)=WaW* (2.36)
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and N,:M—2(L*(Y,,; #)) be the conditional expectation given by
Ny(m)=W*mW . (2.37)

Then we have to show that N,(1)=1 and that N,(M)C M'. By (2.34) and (2.35) we
have for t=0 and x in M!

N, (Uke,)(x)U,) = W*U*WxW*U,W

—G¥xG,. (2.38)
which we saw is in M'. For n>1 and 1,20, i=1,2, ..., n, we define a, by
a,=N,(Uf ey(x))U, Ufey(x,)U,, ... Ufey(x,)U,) . (2.39)
We have
a,=Gix,GEG, x,G}G,,...G, _ x,G, . (2.40)

where we have used the observation that for all s, >0
W*U,U¥W = G*G, . (2.41)

(For t>s we have W*U,U*W =G,_ but G,G,_,=G, so that G,_,=G¥G, since
G, is an isometry; an analogous calculation works for s>t) We have to show
that a, lies in M*. In order to be able to use induction we define b, for n=1 by

b,=G¥x,GEG, x,G%G,,...x,G¥ G, (2.42)

th+1

and notice that b,|, ., -o=a,
We have by direct calculation of the kind used in the proof of Theorem 1

(b1¢>)(W)=XI Xf by (W, W w2, Y, (W), (w" (2.43)
where s
by(w', w"; w)=[(BAB)W)T*x, (W[ (BAB)w"]*(BAB)(W'">,). (2.44)

Suppose that for n=1 we have

(BNW= J o § BW W WO D, e, g, (W)

Xy, X,
cdpy, (WD), (2.45)
then
(bus1®W)=§ ... [ bW, o w" W) (x,, GE G, )W)
Xey  Xepas
dp,(W)...dp,, , (WD)
= .f j. En+ I(W,’ W“’ '“aW(n+2);W)qb(wtltztl"'t"+ltntn+2tn+1)
Xy Xy
dp, (W)...dp,, ”(w"“r 2) (2.46)
where

by (W, Wi w)=h (W, WD w)x, (W L)

x [(BABYw™ " ) J*[(BAB)(w"™,,..."+2 )] (2.47)

Tn+1
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But (2.45) holds for n=1 and hence by (2.46) for all n=1; evaluating (b,¢)(w) at
t,+1=0 we have
(@,p)w)y=§ ... § bW, ..o w, zswyp(w'r2, L e (W), dp, (W) .(2.48)

n—1ln
th X‘n

But it follows directly from the definitions that

whe, (2.49)
so that
(@,@)(w) =a,(w)p(w) (2.50)
where
aw={ ... § b, ...w", z;wydy, (W)...du, (W) (2.51)
Xe, X,

which lies in M*, and by continuity we have N(M)SM*. We complete the proof
by putting e=e,0e;, N=N;°N,; then N(1)=1 and

N(Ufe(mU,)=T(m), (2.52)

and it is easily checked that N is a conditional expectation.

Remark. The map t—U¥- U, is weakly continuous. It cannot be norm-continuous
even though t— T, is unless 7, is a homomorphism of M. Indeed, suppose t—T;
is strongly continuous with generator L, suppose t— U} - U, is strongly continuous
with generator 9, and Z=%(6)nM is a core for L (that is, L=(L|,)"); then for
xeP(0)nM we have

L(x)=(N-doe)(x) (2.53)

so that L is a derivation and hence T, is a homomorphism (Evans [6]).

Inspecting the proofs of Theorems 2 and 3 we see that they still work if we
relax somewhat the hypotheses on the continuity of t— T, and on the algebra M.
We have in fact proved the following

Theorem 3. Let T, be a weakly continuous dynamical semi-group on B(A") where A
is a separable Hilbert space. Suppose that

(i) there exists a strongly continuous contraction semi-group B,=e* on A" whose
generator Z is a bounded perturbation of a self-adjoint operator, and a completely
positive normal map V:B(AH)—>B(A') such that

Tm)=S,(m)+ ] (T,_oV =S )(m)ds
0

for all m in B(A"),
(i) V has a decomposition V(m)= § A¥mA.dv(x) where (X,v) is a o-finite
X

measure space and x— A, is weakly measurable.
Then if M is a von Neumann algebra on A" such that A, lies in M for v a.e. x in
X and if BEMB,C M for all t 20 the conclusions of Theorems 1 and 2 hold.

Remark. The unitary dilation theorem for a family of completely positive maps
indexed by the elements of a group which was recently proved by Evans [6] does
not overlap with the above results.
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