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Abstract. We prove the uniqueness of a solution of the Dobrushin-Lanford-
Ruelle equation for random point processes when the generating function
(interaction potential) has no hard cores, is non-negative and rapidely
decreasing.

Introduction

One of the interesting problems in the theory of random processes (r.p.) and
random fields (r.f) which is inspired by mathematical physics (more precisely,
by the theory of phase transitions in systems with infinitely many degrees of
freedom) is that of their description. The first formulation and motivation of this
problem was given by Dobrushin who considered the problem of finding r.f
with a given system of the conditional probabilities [1-2], proved some sufficient
conditions of the existence and uniqueness of such r.f. [1-6] and gave examples
of non-uniqueness [4].

An independent approach was proposed by Lanford and Ruelle [7-8]. The
Lanford-Ruelle approach is more immediate from the point of view of statistical
mechanics: given a potential describing the “interaction” of single values of r.f,
how many r.f. correspond to it? The uniqueness of the solution of this problem is
associated with the absence of the phase transitions in the infinite system with
this “interaction”.

On the other hand, Dobrushin’s approach was developped in [9—11] where
the problem of describing the system of conditional probabilities was considered.
It turned out that under same general conditions a system of conditional
probabilities admits a so-called Gibbs description in terms of a function (or a
family of functions) interpreted as a “generalized potential” of interaction of single
values of a r.f. We shall call this function the “generating function” (g.f) of the r.f.
The results of [9-11] unite both approaches mentioned above. One of the
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advantages of the Gibbs description is that the g.f. plays the role of an “independent
parameter” indexing the r.p. and r.f.

The one-dimensional case, i.e., the case of r.p., is distinguished from the others:
one expects that under general “natural” conditions on the g.f. there exists the
unique r.p. corresponding to it. This hypothesis is based on statistical-mechanical
arguments: in one-dimensional systems there is no phase transition’. The present
paper contains a uniqueness theorem for a class of random point processes
(r.p.p.)- The r.p.p. are associated in statistical mechanics with the states of one-
dimensional continuous classical systems.

The problem of the uniqueness for r.p.p. was considered in [6, 14, 15]; one
of the main restrictions in [6, 14, 15] was the “hard-core” condition imposed on
the g.f ie, the assumption that the g.f takes the value + co. This assumption
simplifies the structure of the r.p.p. associated with the given g.f and makes
possible the use of compactness arguments. In [15] the condition of hard cores
is dropped in the case when the g.f. has, in a sense, a compact support. Here we
consider the case when the g.f has, in general, no hard cores and no compact
support. The first restriction is replaced by the condition of the non-negativity
of the gf, the second one — by the rapid (super-exponential) decrease of the g.f.
at infinity. We must say that our uniqueness theorem is, apparently, far from
indicating the precise boundary (in terms of the degree of decrease of the g.f)
between the uniqueness and non-uniqueness of the r.p.p. corresponding to a
given g.f However the necessary conditions for the uniqueness probably are
more restrictive in our case than in the case of r.p. with discrete time and a finite
single-value space [4,16] or in the case of the r.p.p. corresponding to the g.f.
with a hard core [6, 14, 15].

Theorems 2 and 3 establish some regularity properties of the r.p.p. correspond-
ing to the given g.f.

1. Random Point Processes and Generating Functions

The general theory of r.p.p. is developped in [17]. For the reader’s convenience
we give here some basic definitions. Let O (resp., O(2)C ) be the collection of all
finite subsets XC R! (resp., xCQ where QCR' is a bounded Borel set (b.B.s.)) with
the point-to-point convergence topology: x,—x iff
a) n(x,)—n(x) where n(y) is the cardinality (number of the points) of je0,
b) max min |x—x'| -0

Denote by i[ (resp., () CA) the Borel g-algebra of subsets of O (resp., O(£2)).
On U (and automatically on (<)) one defines the measure A:

0

1

A=Y 7 mes, {(x4, .. X)eRL|{xy, ..., X, J€ A,
n=0 't

where R% ={(yy,...,y)ER"1y;+y;, 1Si<j=n}, {x;,...,X,} is the unordered set

consisting of the points x,, ..., x,, mes, is the n-dimensional Lebesgue measure.

In general, this assertion is not true, see [12,13]

The empty set @ is finite by definition and its cardinality is 0. In this topology it is an isolated
point. We use the same symbol for indicating the empty set as an element of @ or () and for noting
it in a concrete set-theoretical context

2



Random Point Processes 115

By definition, A(@)=1. Let f:0—R'U{co} be a measurable function, f(#)=0,
denote

h(D= Y /@50,

and
S f@ if x=07+0 and FInj=0,
zCXUY,
h f — znxF ¢, znyF ¢
s(x19) 0, otherwise. x,ye.

Let 2 be the collection of all finite or countable subsets of R' having no limit
points in R!. The elements of 2 are denoted X, Y, etc. 2 is provided with the
weakest topology in which the map

Ty Xe2—Xo=XNnReO(R)

is continuous for any open b.B.s. QCR!; with this topology 2 is a polish space’
[18]. 4 random point process is an arbitrary probability measure on the Borel
g-algebra B of subsets of 2.

Another description of the g-algebra B may be given as follows. Let 7,4 be
the full pre-image in 2 of a set A C 0(£) under the map n,,. The sets n, ' 4, Ae WA(Q),
form a g-algebra of subsets of 2 denoted by B, Clearly, B, CB,, provided

Q,€Q,. The union U B, is denoted B ; it is an algebra of subsets
QCRL,Qis b.B.s.

of 2. B is the smallest g-algebra containing B . It two r.p.p., P, and P,, coincide

on B, then P, =P, on B.

Given a r.p.p. P, denote P? the probability measure on B, induced by P:
P9(A)= P(A), Ae B, Let B, be the smallest g-algebra containing all B, where
Q' CR'\Q* Since 2 is a polish space, for any pair of b.B.s. QCQ'CR! there exists
P9(|B,.), the conditional probability measure on B, under the os-algebra
B, see [19, p. 53, Theorem 3]. We say that a r.p.p. P is regular (from outside,
cf. [4]) if for any b.B.s. QCR!, P-almost everywhere on 2,

lim Var[P%(-|Bg ), P7]1=0,
N—-
where Qy=(—N, N), Var[ P, P§] = sup |P(4)— P$(A)| is the variation distance
AeBg

between measures on By,

Let Xe2, teR'; define T,X={qeR':q—teX}. The maps T,:2—2 form
a one-parameter group of transformations of 2. We say that a r.p.p. P is invariant
if for any A€W and teR', P(T,A)=P(A). The r.p.p. P is invariant if this equality
holds for any teR! and Ae® . Similarly, a function f on O is called invariant if
for any X and teR?, f(TX)=f(X).

We use below the notation X, for XnQ in the case of general (not necessary
bounded) Borel QCR!. For Xxe® and Xe2 denote

E{(%X)= lim exp[— (7] X5,)]

3 The topology induced on @ as the subset of 2 does not coincide with the topology of the point-to-
point convergence

4 Here and below & denotes the complement of @ in R'; the complement of a set 4 in 2is denoted 4
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if this limit exists. Let now QCR! be a b.B.s., Xe2; denote
E(Q Xg)= [ dA@)exp[—h(D]IE(F|Xq),
o(2)

Po(%; X o) =Z(Q, X o) ™ exp [ —h ()] E (x| X ) »
and

Po(4; X q)= §A dAX)pa(X; X o), A€Bg,
if the limits and the integrals under consideration exist. We say that a r.p.p. is a
solution of the DLR equation® with the g.f. f if for any b.B.s.

a) the limit E (x| X,.) exists for almost all (w.r.t. the measure Ax P) pairs
(X, X)e O(Q) x 2,

b) the integral 5(Q, X ) converges for almost all (w.r.t. P) Xe2,

c) for any 4eB,

P(4)= i PAX)Po(A; X g0 .

In what follows we consider the functions f satisfying a number of conditions
inspired by statistical mechanics. The first assumption is:

(I1) fisan invariant function taking finite values for almost all (w.r.t. 1) xe 0.

This expresses the absence of hard cores. The next condition is:

(12) f(x)=0if n(x)=3, xe2.

This corresponds to the case of pair interactions in statistical mechanics.
Conditions (I1) and (I2) mean that f may be identified with a pair (c,, V) where
coe R is a constant, and V:(0, co)— R is a measurable function. More precisely,
fX)=co if n(x)=1, and f(x)=V(x—x') if h(X)=2 and x={x,x'}, x,x’eR'. In
these terms

hi@=con(x)+ Y  V(x—x'|),xe0,

x,x'eX, x¥x’

and
hf(')ay)= _Z V(IZ—ZlI)5f7_)7:f:ﬂ7fmJ7:g
zeX,z'€y
Finally,

(I3) ¥ =0 and there exist d>0 and a non-increasing positive function y(r),
r=d, such that lim y(r) exp(or) =0 for every o>0 and V(1)< y(r), r=d.

Remark. The results formulated below remain valid under some more general
assumptions imposed on hj, see § 2.
Let f satisfy the conditions (I1-13). Then for any X, je® and Xe2

h () 2 con(@), h ()20, EAX) <1 . *)
Denoting

#(A)= | dAR) exp[—con(¥)], ASO, Ae U,
A

5 See Dobrushin [3-6], Lanford and Ruelle [7], Ruelle [8]
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we have the following estimates:

1=exp[— (O] E,(01X 0) ST, X0

S HO(Q))=exp(e® mes,; Q).

Hence, for any b.B.s. QCR! and Xe2, Py(-; X ) defines a probability measure
on B, Let AeB,,. As the function of X, Py(A4; X o) is Bo-measurable. Hence,
if P is an arbitrary solution of the DLR equation with the g.f. f, then Py(-; X o)
coincides, for P-almost all Xe2, with the restriction on B, of the conditional
probability measure P(-|B,.)(X) generated by P.

We conclude this section by a simple lemma whose proof is omitted.
Lemma 1.1. Suppose Q, CR" and Q,CR* are b.B.s., Q,nQ,=0. The map

O(Q,uQ,) x> (XN, XNQR,)e O(Q,) x O(Q,)
is an isomorphism between the measure spaces (0O(Q,0Q,), W(Q,LQ,), 1)
and (0(2y), W(E2,), 2) x (0(R2,), W(E2,), 4).

As the consequence of Lemma 1.1, we obtain that if P is a solution of the
DLR equation with the g.f. f and QCQCR" are b.B.s., then for any AeB,,

P(4)= [ PAX)P3(A; Xa0).

2

where

PYA; Xg)= | dADPHF; Xa0) s

oA

PAT: X =E(Q X5) 7 Eg(%, 2: X5,

and

[x}

of. @ Xp)= [ i) exp[—h (FOPIET0F| Xz

02\ Q)

In other terms, P3(-; X4 coincides, for P-almost all X2, with the restriction
on B, of P(-[Ba)(X).

2. Formulation of Results and Preliminary Estimates
We prove the following theorems.

Theorem 1. Let f obey (11—13). There exists a unique solution of the DLR equation
with the g.f. f.

Theorem 2. The solution of the DLR equation with the g.f. f obeying (I1-13) is a
regular r.p.p.

Theorem 3. The solution P of the DLR equation with the gf f obeying (11-13)
is an invariant r.p.p. The triple (2, P, {T,teR"}) is a generalized B-flow in the
sense of ergodic theory (see [20]).

Remarks.”a) The statements of Theorems 1-3 remain true under more general
conditions. In addition to (I1) it is sufficient to assume that,
(I'1) there exist constants ¢;eR! and ¢, =0 such that

hf(x“)zcm(f), xel,
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and
hf(ﬂf)g —Cy min [n(f)> n()ﬂ],fC(— 0, 0)5 J_]-C [0’ OO) )

(I'2) there exist a constant d>0 and a non-increasing function y:[d, c0)>R"
such that lim y(r) exp(ar)=0 for every «>0, and for any xC(— 0,0), yC[d, o),

h@Ps Y wli—jnE n, j) .
i,jeZy
where n(x, iy=n(xn[i, i+ 1)), a(i, j)=n{Fnlj, j+1)).
If we assume that f(X)=0 when diamx= max |x—x'|>d; (the finite range

x,x'ex

or compact support assumption), then it is possible to prove statements like
Theorems 1-3 for superstable g.f. [8] dropping the condition

h(X19)z — ¢, min[n(x), n()] .

b) Similar results may be obtained for marked r.p.p. and r.p. with the discrete
time with non-compact single-value space. We do not dwell here on this problem.

Before going to the proof of Theorem 1 we formulate a simple lemma playing
an important role in our analysis.

Lemma 2.1. Let y:[d, 00)— R be a function satisfying the conditions (13), d,>0
and d,>0 be fixed numbers. Then one can

1) find two increasing sequences {r,, n=1} and {s,,n=1} of positive integers,
and

i) find a (double-indexed) sequence {m{", j=0,n=1} of positive integers such
that mP <m"<... and,

0

I Y al(d,)<oo where ai(d;)= Y exp(—d,m{” Inm\"),
n=1 =1
II lim a{?(d,)=0 where a?(d,)=[r,(s,+ 1)+ 1] exp(—d,m Inm{),
1L lim af?=0 where ai?=2mg[r,(s,+ ) +11 ¥ (k)

n—ow kzrn
k—rn k—¥n(snt1)
F2mg Y wk) Y omP+ Y wk) Y mm, -
k=rn+1 I=1 kZrn(spt+1) =1
IV lim a{¥(d,) = co where a'(d,)=s, exp(—2d,r,)
n—aoo
=2m Y wk) Y, mP—dy(r,+1).
k=1 1<)k

Proof of Lemma 2.1. 1t suffices to take s,=[a"] where a>1 is large enough and
then to think

r,=[Q2d,+b)""Ins,], my’ =[Ins, ], mP=m\?  +1,j=1.2, ...,

where b>0 is a fixed number, [ ] denotes the integer part.

Now we start with the proof of Theorem 1. In the process of proving we establish
some auxiliary Lemmas used as well in the proof of Theorems 2 and 3. In this
section we state preliminary estimates; the proof will be completed in Section 3.
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Proof of Theorem 1. The existence of a solution of the DLR equation with the
g f. f follows from Theorem 5.5 in [8]°. Hence there is only to prove the uniqueness.
We begin with some auxiliary constructions. We suppose once and for all that
d>0in (I3) is chosen <1, otherwise it would ne necessary to make some obvious

changes in the arguments below. Let m=1, 2, ...; denote
0,={xe0([0,1)):n(X)=m}, 0. ,= ) O, 0_,= ) O,
k>m k=m
and

Q>m=n[5,l1)(9>mangzn[?),ln@gm-
Let P be a solution of the DLR equation with the g.f f. Using (x) we obtain
1
P2, )Su0.,)=Y mexp(—com’)<exp(—d1m Inm),
where d; >0 depends on ¢, but does not depend on m; in what follows we take

it as the argument value for a{" and a{*. The same estimate holds for P(T}.2. ),
k=41, +2,.... If now

ee) 0
— ) —
#= kOO Tkggmw‘ 2= kO1 T-tPmier

then for the complements, 2% and 2", we have the estimates

P(2%), P(2"™)<a(dy).

Let 0<e<1bean arbitrary number. Our aim is to prove that if r.p.p. P and P”
are solutions of the DLR equation with the g.f. f then for any b.B.s. QCR! and
AeB,, |P'(A)— P"(4)|<e. In what follows we think d, is fixed as it is indicated
above and d, =2¢~® and omit these symbols from the notations. We omit also
the index f in h, and h(-|-). Fix sequences {r,}, {s,} and {m§")} satisfying the
relations I-1V of Lemma 2.1. Given 0<e<1, choose n so large that the following
inequalities hold:

a\l, a? < 1/84e, max [ —1, 1 —e 2% < 1 /6¢, e ™" < 1/56¢ . (#%)
Now fix some b.Bs. QCR!. Without loss of generality we suppose that
Q=[u,,a,) where o, <a, are integers. For 4eB, denote
oz —ay—1 ay —ay
A_‘"(Q):(RQA)ﬁ( m Ta;+k(9§m§:‘+)l>m( ﬂ Taz—k(ggmg‘)> .
k=0 k=1
Denote
nl =n1(n) = rn(sn + 1) + 1 5

Q" =Q (m)=[oa;—ny, ), Q" =Q (n)=[0,, 0, +n,), X =2 LQAUAT,
and

a;—1
@(”)(Q_)-——(O(Q_)ﬁ< ﬂ Tkﬁémg‘)) )

k=ay—ny

ax+n;—1
(9(")(9+)=(9(Q+)m< N choémg.)).
k=ay
6 Formally, Theorem 5.5 in [8] is stated for the case of superstable pair potentials [a sufficient
condition for the superstability is: Ve C(0, c0), ¥ =0 and lim V(r)> 0], but the method of the proof

r—0

may be extended to our case without difficulties
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Let
ENQ X g
= [ dy) | dg7) | digh)exp[—hFuy ui)]
2-7(Q) o2 -) om(Q+)
EGuiTuytiXg.)
EQNE Q5 X o)
= [ A7) [ dig)exp[—h(EuiT Ui )EXUTUFT| X g
)

om(Q ) o+
(PH)E; X o) =EQ; X ) ' EGLE Q5 X o)
Denote
(PO)V(A; Xg)= | dAX)pH)(x; X0,
A7)
and
PO(A4)= f PAX)PR)I(A; X ).

To-n-1 2 ATy 4, 20
Lemma 2.2. Let P satisfy the DLR equation with the g.f. f. Then for any AeB,
|P(4)— P{V(A)| < 1/6¢ .

Proof of Lemma 2.2. According to Lemma 2.1, the choice of n and the estimate for
P2,

0< P(4)— I PAX)P(A; X o) <2/84e=1/42¢ .

Tay —ny ~1200Tq, + 0, 20
Analogous arguments show that

IPA; X))~ | dADpe(F; Xoo)l<1/42e

o))

and hence

| PAX)P(A; Xg)— [ dARpG(%; Xodl <1/42e.
AT (D)

Toy —ny ~ 1200 oy 40, 209
Furthermore,
0<1—-E(Q; Xoo) 1ENQ; X o)
=5(Q; Xg) [EQ; Xgo)—EN(Q; Xg)] .
The difference in the square brackets may be expressed as the sum of three integrals

diy) | diiT) j+)d3~(J7+)+ | day~)

oD\ 2+ (@) o@-) 0@ 2-*@) o@ )N om@-)

x [ duy")
oR*)

+ [ ) | A I dAyT) | exp[—h(Fuy~ L")
2- () o) RN O T)

< B(juy~uit X o).
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All of them are estimated similarly and do not exceed, respectively, 2a'l’, a{*) and
al?, times E(Q', X ,..). For instance, the second integral is less then

21— 1
dAy) exp [—h(DIEFIX g )i O 5 pgn)

k=oy—ny O\ [kk+1))
<[(s,+ D, + 1T exp(—dymf Inmf)Z(Q'; X o) 5

we have used here Lemma 1.1 and the estimates (*). Finally, we obtain
0<1—-E(Q; Xpo) BN ; X)) <4/84e=1)21¢,

and hence,
0SEMVQ; X)) 1E(Q; Xgo)—1£1/21e(1—1/21e) 1 < 2/21e.

Now we estimate

‘ | dADPa(E; X — (&) Xg)]

A-(Q)
SEQ;Xgl)” (

[ dAREAR, Qs X o) —EGHE Q' X )]
A”H(Q)
+221e [ dUX)EG)(X, Q' Xm)) .

AT(Q)

The integral under the absolute value sign in the right hand side (RHS) of the
last inequality may be estimated like [E(Q'; Xq)—Z(Q'; Xo)] above and
is less than 2a2E(Q'; X,..). Hence, the RHS of the inequality does not exceed
5/42¢. We obtain that
| PAX) | dAR)PpH(X; Xg)—P(A)|<5/42,

Tozl—nl—l-g(_")ﬂszz +n‘-@(r) A_+(Q)
and on account of preceding bounds, |P(4)— P{1(A4)|<1/6e. Q.E.D.

The next step is to introduce the “cutoff” function f,(X) associated with the
pair (co, V,) where V,(r)=V(r) if 0<r<r, and V,(r)=0 if r=r, Hence,

h@=hD=conD+ Y V(x—x|,5e0,

x,x'eX,
0<|x—x'|<rp

and
hn(f[j)-)=hfn(.f|}7)= _Z _ V(IZ-Z,|)> -)-C-a _}7:*: @9 .;ﬂ_)_)-:-ﬂ
O<z|elezz'5|y<,rn
Denote E (X]X)=E, (x]X),
EQXgd= | diy) | daiT) [ dMFT)exp[—h()]
2-1(Q) o) oM +)

-exp [ = h,(7) —h, (M7~ UFIEG Ui X o),
EGWE Q Xgd)= | dWy) | diT)exp[—h(X)]
)

omQR-) oQ+
cexp[—h,( ) —h )= h G UIIE[F Uit X g,
)T X o) = ERAQ; X g EGHX, 3 X o) -

Denote
(P4 Xgd= | dADPE)P(X; Xg)

AN
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and
PR (4)= | PAX)(PG)P(A; X gre) .

Tay —ny - 1200 T 4+, 2
Lemma 2.3. Let P satisfy the DLR equation with the g.f. f. Then for any AeBy,
[PP(A) — P2(A) < 1/6e.
Proof of Lemma 23. Suppose je2~ *(Q),7 e0™Q7), jte0"™(Q") and
XeT, —,,-129NT,,.,,2%. A direct calculation shows that
1< exp [~ h(y)—=h ()= h )= hGly VI IEG Ui Xge)
- exp[—h(FUy~ U IEFUF T UF | Xge

k—rn
gexp[ m? Y k) +4my Y k) Y, m”
k2rn k>r, =1
+22M@ZWWWWVJ
k>ny
Hence:

| LB Xg) FEUE Q5 X

S ENQ; Xg) ED(X, Q5 X g

(P2 )S(A; X g — (PR)PAA; X go)| <max [ — 1, 1—e™ 247,
and, according to (), |P{Y(A4)— P?Y(A)| < 1/6e. Q.E.D.

<exp(2a®),xe2”*(Q),

3. End of the Proof of Theorem 1
Denote L,=[—r,1,),

@(n)(Ln)=(O(L,,)m( rﬁl T0 <m(“)>

k=—rn

and L% =F*(O"(L,), 4. {,> denotes below the inner product in #2. Let
H X, Y)=exp[—h(x_)—h(x,)=h(T_, X_|9)—h(T, X))

where X_=xn[-r,0), X,=xn[0,r,), X, yeO"(L,). Consider the operator
K, in #? given by

(K J)X)= | di9)A (S DE).

O (Ly)

Using the inequalities () (which hold, of course, for h, as well as for h), it is easy
to check that K, is a Hilbert-Schmidt operator in £2. Since # (X, 7)=0, it
preserves the cone of positive functions in £2.

Denote

H_(x; X0
= [ 4y f dAF")exp [ —h(7) = h(T,, —p, +1X-17)]

Toy —n,0< m§) Toy +n, 10 mi

-exp [ —h(7")— h(Taz+n, X VEAT, g+ 1% — uy|X< 00,01 — nl)

n( ax+n; — IX+Uy |X[az+n1 oo))
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and

HE@ AN Q)= | dA@F)exp[—h(¥_)=h(<,)—h()]

A7)
'exp[__hA7;1—mj:AJ7}fg+’fn'
Clearly, H_ .(-; Xqoo), H(-; A~ *(Q))e Z2.

Lemma 3.1. The following representation holds:
_SKyH(AT(Q) Ho oy (5 X )
CKyH(-5 27 Q) Ho (5 X))

The proof of Lemma 3.1 is immediate and based on the invariance of functions
fand f,,on Lemma 1.1 and the definitions of h, and P?(4; Xy ).

PR(A; Xgo)

Lemma 3.2. The operator K, (resp., the conjugate operator K¥) has a unique
positive eigenvector ®,e £? (resp., ®¥e F2). The corresponding eigenvalue A, is
positive, non-degenerate and the largest one among the eigenvalues of K, (resp.,
K*) in &2

Proof of Lemma 3.2. According to Proposition f’ in [21, p. 274], it is sufficient to
verify that the kernel ¢ ,(X, ) is strictly positive. This follows from the definition
of A" (X, ).

In what follows we assume that the vectors @, and &} are chosen so that
{D,, D¥>=1. Denote

K,=4,'K,,

H_ (%5 Xgd=C(H_(-; Xgd, @0 H_4(x; Xo),
and

A(T; A (Q)=CH(-; A~ H(Q)), §F) ' HF; A~ (Q) if MA™H(Q)>0;
the above formula for PY(4; X,..) may be rewritten in the form

PI(A; X qo)
L+ <RyA( A Q)= @ H (X))
L+ <KyH(- 27 Q) =P, Ho (5 X o))
0 otherwise,

P3(A) AA~H(Q)>0,

where

CH(-;A™1(Q), o3

CH(-;277(Q), o3>

Our aim now is to estimate <I€f,"FI (; A" Q)—D, H_.(-; X)) To simplify

the notations we omit, where it is possible, the symbols A~ *(2) and Q° up to the
end of the section.

Lemma 3.3. Let XeT,, _, —12"NT,,+,2%. Then
H_,(x;X)=< CXPng') Yok Y, mP+2e”r, +1) | BH(X), Xe O"(L,) .

k=21 1<j<k

PA)=
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Proof of Lemma 3.3. According to the definition we have the following estimates

H (X< | diy) | dAy") exp[—h(y')—h(7")]

T<x1~n,@sm(0"’ Tzzz-f-nl——lasm(,;')

SO o) Sexp(2e),
and
H—+(~)€;X)gEn(T—al—n1+1-f—|X(—oo,a;—n1)En(Taz+n1—1>€+IX[a:z+n1,oo))
gexp[—2m(0"’ S owk) Y m§~")].

k=1 1<jsk

Hence,

H_ (% X)®(%) ! <exp

2m@ Y k) Y m§”)+2e‘”°]

k=1 15j<k
(et [ e
O(L,,
Now
(%) EL)dl(y')¢,,(i)= fL dUP)P(N)PEFPFF) PFF)] -
0(Ly, 0(Ly)

The ratio @}(7) ' ®¥*(X) is estimated as follows. Firstly,

B3(7) " DD = (K287 (K 3)()
[ D) | ANDBHDH (G DA .5

_ 0 (Ly) O (L)

[ dia) | diEVDEOA (E DA E,T)

O (Ly) 0 (Ly)

Using (*) we conclude that the denominator is less than

[ dA@D;E) exp[ —h(Ez ) —h(Z )] WO(L,)

O (Ly,)

< [ dADPE) exp[—h(z_)—h(z )] exp(2r,e”*).

O (Ly)
On the other hand the numerator is greater than

| dADPFOA (2 DA (0. %)

0™ (Ly)

= [ AP exp[—hZ_)—hz,)].

O (Ly)
Hence,
D7) DF(X) Zexp(—2e o), K, e OW(L,),
and, since (P, Pf>=1,
PHX) [ dAD)P,F)Zexp(—2e r,), TeO™(L,).

0 (L)

This completes the proof of Lemma 3.3.
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Lemma 3.3 allows us to estimate

KRy H -, H_ (-; X)) (KA - @,), D)

-exp [21113” Yok Y, mP+2e o, + 1)].

kz1 1=2jsk

The main step in the estimation of (KSH—®, H_ .(-; X)) is the following.
Lemma 3.4. For any Ae B, such that (A~ *(2))>0

RS H(-; A~ H(Q)— d,), 5> S2[1—exp(—4de™r,)]"
Proof of Lemma 3.4 (see [15, 22]). Denote

OP(L,) = (Fe O"(L,):(KyH)R)Z ,(9)},
and

O(L,)= (e 0"(L,) (K H)®) S 2,(3)} ;
the both sets depend, of course, on 4™ *(€). Since (RSH—, &F)
=(H,K}*"®*) —1=(H, ) —1=0, we obtain

(RyH=®, >=2 [ dOUK;HND - 2,015

0§ (L)

=2 [ AR} [ @A A LS DK H)G) - D)

0 (L) O(Ly,)

=2 | @) UKy HYG)-2,0)]P50)

(9( ") (Lﬂ)

[ AARBEE A, A F D] PEG)

0™ (Ln)

=2 [ ALKy H) - 2010

O(")(L,,)
-(1— ) dﬂ»(ﬂ¢f(f)[A;1%n(f,y‘)]fpz‘(y')‘l).
O0N(L,)

Now denote

0%, (L)={XeO"(L,):(K& *A)\X) = D)},

O _(L,)={xeO"(L,) (K3 H)X) < ®,%)} .
Then the RHS of the last equality is less or equal than

2 )j DGUE A7) — DM PE)

O (L)

~(1- [ dADOHE[A, A%, f)]@f(f)_l) :
003 (Ly)
There are two possibilities: GeO™(L,) and @eO%(L,). At first suppose that
@e O"™(L,). Then according to the above estimate for @*(7) "1 ®,(x),
[ dRR[A, A (X P]DHF)
00 (An)

ZOHO)[A, A0 ] PEG) = A, exp(—2er,).

According to Lemma 3.2, for any fixed positive F,, F,e %>
lim (K¥F, F,)=4,.

k—
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Since A (X, 7)) Sexp[—h(X_)—h(x,)], we deduce from this that A, < u(0"™(A,)) <
exp(2e”°r,), and hence the RHS of the preceding estimate is greater or equal to
exp(—4e~°r,). Finally, in the case #e0"™(L,) we obtain

(R H—®,), &> <2[1—exp(—4e~r,)]
) g AAGK  H)P) — D7) PEG)
0 (Ln

=[1—exp(—de r)J{|Ky 'H—d,|, D> ;

the last equality holds because (K% 'H -, x> =0.
If 9e OW(L,), we can repeat the arguments replacing everywhere 0%(L,) and
oW, (L) by 0"(L,) and 0" _(L,) and vice versa. We arrive to the same bound.
By repeating this procedure s, times and taking into account that (|H — &,
PS<(H+®,, ®¥> =2, we obtain the statement of Lemma 3.4. Q.E.D.
According to Lemmas 3.3 and 3.4, we obtain the estimate

KR*H(-; A Q)= B Ho (-3 X0
<2 exp[ng” Yowk) Y miP+2e7(r, +1)—s,e 40
Kz 1 1<jsk
With our choice of n (see (*_*)) the following lemma holds:
Lemma 3.5. Let P satisfy the DLR equation with the g.f. f. Then for any AeB,

|P(A)— PO(A)| < 1/6¢ .

Proof of Lemma 3.5. Clearly, it is sufficient to consider the case A(Ag, T)>0. Ac-
cording to preceding estimates,

(P2)D(A; X ) — PRA) < 2/286(1— 1/286) 1 < 1/7¢..

Integrating over T, _, -,29nT,,,, 2% and taking into account that
P(T, - -129N0T,,+, 2%)=1—1/42¢, we obtain the statement of Lemma 3.5.

Now suppose there are two solutions, P and P”, of the DLR equation with
the g.f. f. Then, according to Lemmas 2.2, 2.3 and 3.5, for any 4B,

|P(A)— PR(A) < 1/2¢, |P"(4) — PP(A) <1/2¢,

i.e, |P'(A)— P"(4)| <e. Since ¢ is arbitrary small, P'(4)= P"(4). This completes the
proof of Theorem 1.

We conclude this section by a remark used below. The arguments of Sections
2, 3 may be summarized as

Lemma 3.6. Let P be a solution of the DLR equation with the g.f. f. Given ¢>0
there exists n such that for any Q=1[o,, o,) where o, <o, are integers, any Ae B,
and XeT, _, 29T, ., 2%

az +ny

|P%(A; X o) — P(A)| <.

We emphasize that although all constructions of the two last sections are
given for fixed Q, the choice of n does not depend on it. This fact will be used in
the proof of Theorems 2 and 3.
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4. Conditional DLR Equation

Ergodic properties of the r.p.p. P being the solution of the DLR equation with
the gf f are closely connected with the conditional probability measure
P(-[By,,,)) where the g-algebra By, ,, is the smallest one containing all By,
QC[0, co). A useful construction relevant to P(-|B, ,,) may be given as follows.
Denote

2=2\ O | 3% .

k nzk

In other terms, X e iff for almost all n, X e,@(f); Clearly, 9eB, and P2 \,@)g
inf ) P(29)=0according to Lemma 2.1, i.e., P(2)=1.
k nzk

Let Xe2; we say that a probability measure 2 _, ((-; X) on the g-algebra
B, 0 generated by B, QC(—0,0), is a solution of the conditional DLR
equation with the g.f. f if for any b.B.s. 2C(—c0,0) and 4eB,,

‘@V*OO,O)(A; X):j“@h—oo,O)(dY; X)Po(4; Y(—so,O)\QUX[O, oo))'
)

Theorem 1'. Let f satisfy the conditions (11—13). For any X €9 there exists a
unique solution Z,_ ,, o,(-; X) of the conditional DLR equation with the g.f. f. If P
is the solution of the DLR equation with the same g.f., then

P~ w, 03 X)=P(-|Bo, 0 ) )(X)
for P-almost all X.

Proof of Theorem 1'. We give here a sketch of the proof omitting details which
are analogous to that in the proof of Theorem 1. The existence of a solution for
Xe2 may be proved, as above, by using the methods of [8]. So we prove the
uniqueness. Given Xe g, there exists n,=ny(X) such that Xe 2% for any n=n,.
Given &>0, choose n so large that n=n, and the inequalities (**) hold. Let
Q=[ay,0) where a; <0 is an integer; the notations n, and Q™ used below have
the same sense as in Sections 2, 3. Denote Q] =Q~ uQ=[o; —n,,0) and for
AeB,

—a;—1
A=) ) TaesOemy, |
k=0
Denote
ET;I)(Q;, Y(—oo,al-—nl)UX[O,oo))
= [ dy) | d)exp[=hFUi ETOUT 1Y - w,a - X0, ) s

2% () 0(Q-)
(5 Q-
“‘Q,n(xa Ql s Y(—oo,al—nl)UX[O, oo))

= | ) exp[~hEFONIEFROTY - o0 -np U X0, ) »

0 ~)
~0Q Vy(g-
(PQ;); (xa Y(—oo,otl—m)UX[O,OO))
_ &) -, -150) (& =
-.-;(1 (Ql s Y(—oo,ou—nl)UX{O,oo)) ‘-'(Q,)n(x’ Qr; Y(—oo,ax—nx)UX[o‘w))'

To simplify the notations we omit, where it is possible, the upper and lower
indices Q, Q7,(—c0,0), etc.,, keeping in mind that p¥(x; Y, X) below denotes
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P Y- ay =) X0, ) i=1,2, etc. We first approximate 2(4;X) by
ZIAX)= [ dix) | 2V X)FPE Y, X)),

At (ay) Ta,—nl—lg(—")
Lemma 4.1. Let Z(-; X) be a solution of the conditional DLR equation with the
g.f- f obeying (I1—13). Then for any AeB,
|2(4; X)—PN(4; X)|<1/6¢.

The proof of Lemma 4.1 is analogous to that of Lemma 2.2 and we omit it.
The next approximation is

EDQ7; Y, X)
= [ dip) [ digT)exp[—h()—h(77)—h@7 NEGU Y, X),

2% (a1) oM (")
BN Q11 Y, X)
= _“ d/l(f~) exp['—h()a_—hn(f_)_hn(>€|f_)]En(in}-_|Y;X),

(a(n)(g—)
POE; X, Y)=E2Q; X, V) 'EXX QY. X),
and
PIA; X)= | dix) | 2AY; XPP(E Y, X).

AT (1) Toc,—n,-—l-@(_n)

Lemma 4.2. Let Z(-; X) be a solution of the conditional DLR equation with the
g.f. [ where f satisfies the conditions (11—13). Then for any AeB,

1245 X)— P45 X) < 1/6¢ .

The proof of Lemma 4.2 is analogous to that of Lemma 2.3 and omitted.
Denote L, =[—r,,0) and O"(L, )=(9(Ln)m( hl Tk@émgm);in this section £

k=—rn

denotes the space LXO"(L,), /) and {, ) its inner product. Let
H (%, §)=exp[—h(X)—h,(T_, 59)], %, je O(L, ) ,
consider the operator K, in &2 given by

(K, P(R)= [ 4, (& DFF).

O(Ly)
Introducing the functions
H_(x)= ) diy) ) 2(dY; X)exp [—h(y)
Tot‘—nl 05 mg,") Tc:,—nl *l-@(_n)

- hn(Tal —n;+ 155-].)7)] B
En(Tau —n;+ I)EU_)T’ Y(— 00, &y —n‘))9 .)EG @(n)(Ln_) H
and

HE A (); X)= | diy) exp[—h(G)—hy(T,, -, 519)]

A* (1)
E(T,
we have the following

fUﬂX[O, oo))> 556 0(’1)(14;) s

17 R
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Lemma 4.3.
(K )"H(-5 A" () X), H)
224 x) = B 1 .
WX =K, PG, 27 0. H
The spectral analysis of the operator K, is analogous to that of K,. Finally,
introducing

CH(; A (o), X), @,%)

CH(-; 27 (o), X), @,%)

where @, * is the positive eigenvector of the conjugate operator (K, )*, we obtain
an assertion which is analogous to Lemma 3.5.:

Lemma 4.4. If 2(-; X) satisfies the conditional DLR equation with the g.f. f, then
for any Ae B,

\PINA; X) = PAA) < 1/6e .
Now the proof of the uniqueness of the solution of the conditional DLR equation
is completed as above.

The proof of the equality 2 _, o-; X)=P(:|B, ,,))(X) is based on applica-
tions of Fubini’s theorem and the proved uniqueness of the solution of the (un-

conditional) DLR equation. We omit it from the paper.
We summarize the above considerations as follows.

Lemma 4.5. Let P (resp., Z_ , of - X), Xed) be the solution of the DLR (resp.,
conditional DLR) equation with the g.f. f satisfying the conditions (11-13). Given
£>0, there exists n such that for every Xe2n2™

sup Var[2[Z% om)(-; X), P77~ <,

n'>ny
where P20 55 X) is the restriction of the probability measure P _ 4 o+ ; X)
on'B

Proof of Lemma 4.5. Given ¢>0 choose n such that
a) for every k=1,2, ..., and any Xe2n2%, 2(T_2"; X)<1/3e,
b) for every Q=[oy,0,), any XeT, _, _2”nT,,,, 2% and AeB,,

ax+ny
|P2(A; X ge)— P(A)| < 1/3¢.

2(4)=

[=n", —ny)

The first possibility follows from the definition of 2 _, o)(-; X) and the estimates
(#+), while the second one is the assertion of Lemma 3.6. According to the definition
of 2 _ . o-: X), for every n'>n, and any 4AeB,_, _,, we have
12 (- 0, o)A X) = P(A)|
é j ] )g’(—ooso)(dY; X)IP{:Z:::?,)O)(AQ Y(~oo,—n’—nl)UX[o,oo))_P(A)l
T -n;— 120
+ f _ g(—oo,O)(dY; X)PE:Z’,,:nT,)O)(Aa Y{—oo,——n/-nl)UX[O,oo))
T-w —ny - 1200
+ g( - oo,O)( T— n’ —~n1’§(2))P(A) H
and according to the conditions a), b), the RHS of the inequality is less than e.

Taking the suprema in the left hand side (LHS) of the inequality we arrive to the
assertion of Lemma 4.5. Q.E.D.
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5. Proof of Theorem 2

In this short section we prove the regularity of the r.p.p. P. Clearly we can consider
only the case Q=[—o, o) where 0<a<oo is an integer. It suffices to find a subset
9'c2, 9'eB, such that P(2')=1, and for any Xe 9’

lim Var[P§ (4; X o), P?]1=0.

N—-w
We choose 2'=2\[() | (T_,_p, -1 2"NT,,, 29| (remember: n; =n,(n)=
k nzk
rs,+1)+1). In other terms, X € 2’ iff for almost all n, Xe T_,_ n—12 ”)r\THnIQ@.

As above, it is not hard to see that such 2’ has P- -mesure 1.

We now prove the limit relation above. Given Xe2', there exists no=rnq(X)
such that XeT_,_, ,2"nT,,, 2% for every n=n,. Given ¢>0, choose n so
large that n>=n, and the assertion of Lemma 3.6 holds. Take Nyo=a+n;. Then
for all N=N,

a) XeT_y_,;2"nTy2% because of the monotonicity of m{”, j=1,2..

b) P (4; Xog)= P%.(A; X 5.) where Q=(—a— N+N0,oc+N Ny).

Hence, accordmg to Lemma 3.6,

|PEA(A; X o)~ P(4)| <e.

Taking the supremum of the LHS of the last inequality we obtain the assertion
of Theorem 2.

6. Proof of Theorem 3

The invariance of P follows from Theorem 5.8 of [8] (see the footnote 6,p.119).
For reader’s convenience we give a sketch of a direct proof. By the invariance
of the g.f. f, for any b.B.s. QCQ' CR*!

PR(A; X)=P 3(T.A; T.X) .

Then the assertion of Lemma 3.6 implies that |P(4)— P(T,A4)| <2e. This gives the
invariance of P.

In what follows we use standard notions and notations from ergodic theory
(see, e.g. [20]). The assertion of Theorem 3 means that for every teR', T, is a
generalized B-shift. We prove this for t=1, the general case may be considered
in a similar way, using a slight modification of the construction of sections 2-3.
The key statement in the proof of the B-property of the r.p.p. P is Lemma 4.5.

Let & be the countable partition of 2 whose elements are

= {XE,@ ZXETE[?)}l)COm}, }’I’I=0, 1, e s
Let #; be a decreasing sequence of B, ;-mesurable countable partitions of 2
[eo]
such that n,>¢ and \/11,— B where ;= \/ Ty, [1t is easy to give examples

of such sequences, see, e g, [23].] According to Theorem 2 of [24] it is sufficient
to verify that every #; is weak Bernoulli. Take ¢>0 and choose n so large that

P2 < Z P(T, 2 i ) S Z O i )<y <e, and the assertion of Lemma 4.5
holds. Let n >n; be an 1nteger denote by {Di} (resp., {D}}) the collection of
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clements of \/ Ty, (resp., \/ Tkn,), and by E™ the union of those D; which
k=0

k=—n'
n—1

cither belong to | J T2 g, or have the P-measure 0. By the choice of n,
k=0 +1
P(E™)<e.
Now let D¢ E™. Then
PDN2Y) S Y PDIT 25y )
kzn

<Y PO e ) i Opp) SPD) Y 1(Opg0)

k=n k=n

<P(D))al’ <P(D})e

by Lemma 4.5. This gives the estimate
/ (n)

0<1— P(D:n2%)

P(D})
and hence
P(D;) €
0= - — 1<
= P(D;n2%) 1—¢

Similarly, for any AeB_, _,,p
/ 4 (n)
0< P(AND;) _ P(AnD;n2% )< .
P(D}) P(D;)
and hence,

IPUA/DY) — PUA/DA 2] <o+,
ie.,

Var[PU" 7" /D), P(-[Din 29)] < e+
Here P(A/D)) (resp., P(4/D;n2%)) and PI="~")(./Dj) (resp., PL™"""")./Din
2%Y) denote the conditional probability of 4 under D; (resp., D;n2%) and the

conditional distribution on B,_, _, under Dj (resp., D;n2%) respectively.
Since

Var[P[‘"'-‘"l)(./D;m,@‘i)), P[—n',—n,)]
SPDiN2)~t [ P(dX)Var[2lZ% om(4; X), Pl

Dinam

we obtain, by Lemma 4.5 and the above estimate,

Var [P D)), P ) < ek

Finally, for D¢ E™
> |P(D}/D})— P(D})| <2 Var[P'=">~")(./D}), P'=">~")],
7

and hence, , is weak Bernoulli.
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