Communications in
Commun. math. Phys. 48, 249—265 (1976) Mathematical
Physics
© by Springer-Verlag 1976

Applications of the Stochastic Ising Model
to the Gibbs States*

Richard A. Holley and Daniel W. Stroock
Department of Mathematics, University of Colorado, Boulder, Colorado, USA

Abstract. The stochastic Ising model is used as a tool to prove theorems
concerning analyticity of the correlation functions and strong cluster proper-
ties of the Gibbs states.

0. Introduction

The stochastic Ising model has been used as a model for the time evolution of the
configuration of spins in the classical Ising model. From a physical point of view
the model has the unfortunate feature that the dynamics do not come from a
Hamiltonian and are not well motivated. Nevertheless it is possible to learn
something about a Gibbs state by studying the semi-group of the stochastic
Ising model which has that Gibbs state as its stationary measure. The results
proved in this paper demonstrate this technique.

Let Z? be the d-dimensional integer lattice and let {J : R a finite subset of Z%}
be a potential which satisfies

(0.1) Jg=Jgs, forall RcZz? and keZ‘
and

02) Y Wgpl<oo.
R>0

Let E={—1, 1}?* be the set of configurations of spins and give E the product
topology. The elements of E are denoted by letters such as # or g, and we denote
the spin at k in the configuration # by #,. Let & be the Borel sets of E and if F ¢ Z*
let BH(A") denote the g-algebra generated by {n,:keF} ({n,: k¢F}). We say a
probability measure u on # is a Gibbs state for the potential {Jz} if a regular
conditional probability distribution of u on %, given 2™ is given by

(0.3) Qk({nk}|ﬁk)=[1+e)<p[z Y Je ] nJH—l.

Rok  jeR
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We are going to study mixing properties of the Gibbs states as well as the
analytic dependence of their correlation functions on the potential. For example
let the potential {J;} be fixed and let u; be a Gibbs state for the potential {Jy}.
Theorem (3.8) implies that if
04) p<m/d ) Vgl

R>0

then y; is unique and for all finite ACZ%, | ]_[ n;du,(n) can be continued ana-
lytically to the region { BeC:|fl<I1 / > R} As to the mixing properties, an

application of Theorem (4.24) shows that if (0.4) holds and the potential has finite
range, then there is an «>0 such that for all finite A,CZ? there is a constant
A(A,) for which

(0.5)  sup (B %) — w(B)| < A(Ag)e ™,

where A,CA and § is the distance from A, to the complement of A. The inequality
(0.5) of course implies that there is an exponential decay of correlations.

Both the analyticity and mixing results are true if (0.4) is replaced by other
conditions [see Theorem (3.10) and (4.24)]. For example, if fe%(E) (the con-
tinuous functions on E) let || f]| be the supremium norm of f. For keZ* and
fe¥(E) let

0.6) Ay f()=f(en)—S(),

where .7 is the configuration obtained from # by reversing the spin at k. If the
potential has finite range and if

07) Y ldweo({-31)1 <1,
k*+0
then not only is the Gibbs state unique, but (0.5) holds.
As we mentioned the tool used to prove these theorems is the stochastic
Ising model, which we now describe. Let 9 = {f e %(F): 4, f =0 for all but finitely
many k}. Let

0.8) cm=20{—m}1",
and let ¥ be the operator on £ given by

09) Zfm= 3 cmAf@).

kez
Under the condition (0.2) alone, it is not known whether . admits a closure which
generates a strongly continuous positive contraction semigroup {7;:t=0} on
%(E). However, if ) |Jgl< /4 or if Z [ 4x00({-}| )|l <oo holds, then not only

R>0
is there one such semi-group, but there is only one (see [5, 6, 3] and Theorems (1, 8)

and (A.2)). Whenever there is exactly one such semi-group {7;:t=0} for a given
choice of potential {Jg}, we call it the stochastic Ising model with potential {Jy}.
For a description of the corresponding Markov process see [3] or [5]. If {T;:t =0}
is the semi-group for the stochastic Ising model with potential {J} and p is a
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Gibbs state with potential {Jg} then u is T;-stationary. That is for all fe%(E)
and all t=0

(0.10) [ T, f(m)du(m) = { f(n)du(n)
(see [4]).

It is easy to understand, in general terms, why the stochastic Ising model is a
powerful tool in the study of the equilibrium state. The point is that it is easier
to see how the semi-group {7;:t>0} depends on the J’s than it is to understand,
directly, the dependence of the Gibbs states on the potential. (This circumstance
is not at all surprising, since the correspondence between {Jz} and {7;:t=0} is
one to one far more often than that between {Jz} and the Gibbs states.) If one
knows, in addition, that {7,:t=0} tends to equilibrium fast enough, then one can
show that the nice dependence of {T;:¢t=0} on {J} is inherited by the equilibrium
state. These are the basic facts of which we are going to take advantage.

In Sections 1 and 2 we prove some general facts about interacting stochastic
processes. In those sections the flip rates, ¢,’s, are not required to have the form
(0.8) for some potential {J}. Section 3 contains the analyticity results and Sec-
tion 4 contains the mixing results. In the latter two sections we always assume that
the ¢,’s are given by (0.8).

1. The Perturbation Technique

In this section we show that the generalized stochastic Ising model [i.e. ¢;’s not
required to satisfy (0.8)] can sometimes be thought of as a perturbation of the
process in which each of the spins flips independently of the others.

The results in this section are a generalization of the results in Sections 6 and 7
of [3], and the reader is referred to [3] for many of the details

If F is a finite subset of Z¢ and || <1 let

T if F=g
XF(”)*{H(a+;1j)/(1+|oc|)‘“ if F+0.

jeF

Here |F| denotes the cardinality of F. Note that for a given «, {y§:F finite} is the
set of eigenfunctions for #*= )" ¢f4,, where cj(n)=1+an,. Let
k

ﬁa={f:f=§F:f(F)x% where ;lf(F>|<oo}.

For feL, we denote | f||,= Y |f(F)|. If v* is the product measure
F

1+a l—a
(11) Vaz H( 2 5{_1)"' 2 6(+1}>

jezd

(v* is the unique stationary distribution for #%), then for fe L, we have

(12) f(F)=1—1lol)" " § (n) fm)dv*(n) .



252 R. A. Holley and D. W. Stroock

Thus each fel, has a unique representation in terms of the yi, and the series
converges uniformly. In fact if fe L, then

3 NSI=0S 1

Now consider flip rates which are of the form

(14 cm=1+an+nY vk G)x&.
G

For feL, and A a complex number not in {—2k:k=1,2, ...} define

=214k
(15) A4,f= ZZZ 2 1k G) z+12F|(F|)

F keZ? HC (F\(k)nG
2u )lHI (1__|a‘)|(F\{k})mG\~IHI

f(F)
1+1of I+lof)  \1+]of

LR\ aG1oH (

where I(-) is the indicator function of F.
(1.6) Lemma. If there is an a=0 such that
Y lyk, G Za(l+af) forall keZ?,

G

then for all complex .+ —2, —4, ... we have

D) 1A fluSal flasup| 2.

nz1
Proof. 4,11,

20K 1) [ 2la) \H' /1 —]|af\E\ENCI=1H]
XYY X kG !/1+2|F||1+|oc|(1+|a|) (1+|oz|)

G F k HC(F\{kh)nH

Summing over H first and using the equality

2o \H! /1 —|arf\IFGI- 1]
HC;G(HWI) (1+Ial> -

and then summing over G and using the hypothesis we obtain

14f l.<a szzwu'ﬂ

from which the result is obvious.
The only difference between the proofs of Lemma (7.1) and Theorem (7.10)
of [3] and the proof of Theorem (1.8) below is contained in the previous lemma.

(1.8) Theorem. Let ¢, be as in (1.4) and suppose that the hypotheses of Lemma (1.6)
hold with a<1. Then there is a unique positive strongly continuous contraction semi-
group {1,:t =0} on €(E) whose generation agrees with ¥ = Z cd, on 9. Moreover

if for fe L, we define I1f by

(19) 1mf=| i (o) f dv*,
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then there is a y>0, depending only on a, and for each feL, a constant D(f),
depending only on a and f, such that for all t =0

(1L10) |Tf—-HfI=D(f)e” ™.

Proof. The proof follows almost verbatum the proofs in Section 6 and 7 of [3].
We indicate here only the necessary changes.

Let #*= Y (1+an,)4,. Then since
k

L ap=—2FlyF,
the resolvent, R%, of #* is given as follows. If f =Y f(F)yteL, and 240, —2,
F
—4, —6, ..., then

1 "~
o4 - F a
Since
k, G)

Ny Z vk, G) xem) i xg(n) = —2 Z yl(—}—l I k) x&(n) XF\(k)(’?)

and
20\l (1 — || \|FrGI=IHT
o= 2 Mrsoun (1 +|oc|) (1 +Iocl) ’

we see that for fel,
(Z—-LIRif=A,] .
The proof now follows exactly along the lines of [3].

(1.11)  Remark. (1.10) implies that the semi-group has a unique stationary meas-
ure, i, and (1.9) implies that for feL,

(1L12) | fdu= jz Ao)' f dv*.

2. The Theorems of Dobrushin and Sullivan

In this section we prove a theorem which is related to a theorem of Dobrushin [1]
and is a particular case of a theorem due to Sullivan [6]. The reason for including
another proof here is that it can be greatly simplified in the case which we are
considering.

Recall that 4, f is given by (0.6). Since the operators 4, are analogous to partial
derivatives with respect to the k™ variable, we will often write f, for 4,f. For
fe¥(E) let

2.1 ifi= ; I fill 00
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Let €Y(E)={f<€%(E):||fll < oo}. It is known (see [3]) that if
22 sup Clel+lledl]=C< o0,

then there is exactly one positive, strongly continuous contraction semigroup
{T,:t=0} on %(E) whose generator agrees with ¥ =) ¢4, on Z. Moreover, if

k
we denote the generator of T, by 2, then the domain of % includes #*(E); and if
feC(E),

2.3) T fl=e“NfI-
(2.4) Theorem (Dobrushin-Sullivan). Let {c,:ke Z*}C C*(E) satisfy (2.2). Let
y=infinf (c(n) +cylen) — sup Y, llc;l -
k g kK j¥k
Set =Y ¢, A, 0on D and let {T;:t 20} be the associated Feller semi-group on €(E).
k
Then
IToll<e "lloll, tz0 and @e%(E).
In particular, if y>0, then there is a unique probability measure u on E such that

ITo— fodu|=Me™"loll, 20

where M = sup | c,]|.
k

Proof. From (4.11) in [3], we know that (2.3) holds. Thus if A> C and /=R, ¢ for
some pe%*(E), then || f]| =[loll /(41— C) and

Af — chf,j=<p :
Thus
Af )=+ ;k e £+ _;k ¢ £+ (e fi) -

Since E is compact and f,(,n7)= — f (%), we can find #*e E such that
Fulr®) = max | £,n).
Note that f, (n*)<0 for all j and

(e [ 01*) = i) £ 1l ™®) + ™) fadn™)
= — [ ) (i ™) +2¢,(n*))
= — (e + el 1 fall -

Hence

ALl = el = (cxm®) + el NIl + 3 lejl 11,1

JjFk
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and so
A=l — il}:lnf (e + e LA

+ 3 T llesul 11,1
=l =yl £l -
Thus if A>max(—y, C), then ||R,¢|| Z |l /(A +7). Using the well-known formula

To= lime™ Y (2’tR;)'¢/n!

A= n=0

one easily gets

IToll e el
Finally, if y>0 and pe%*(E), then
Lo _
ot
and so

i

LT

M| Toll=Me™ o]l -

Hence
[To—Toll=Me *|lpl| for t=s.

The last part of the theorem follows immediately from this.

3. Analyticity of the Correlation Functions

Let U be a connected open set in the complex plane and let {Jx(z): R a finite
subset of Z%} be a collection of analytic functions which satisfy (0.1) and (0.2).
Assume also that there is at least one real ze U and that Jg(z) is real for real ze U.
Then for real zeU there is at least one Gibbs state, p,, corresponding to the
potential {Jx(z)}, and we know that whenever one of the perturbation techniques
of section one can be applied there is exactly one such Gibbs state. The goal of
this section is to obtain conditions under which, for all fe2, | fdu, can be
continued analytically to an open set containing the intersection of U and the
real axis.

(3.1) Lemma. Let U be a connected open subset of C containing at least one real
number. For ke Z* and finite GC Z% let y(-, k, G) be a function on U with the property
that for some a.e(—1,1) and ac[0,1)

(B2) clzm)=1+on+n ; 2z k, G) x&(n)

is non-negative for real ze U and

(3.3) supsup Y |y(z;k G)Za(l+]a).

zeU k G
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If zeU is real let T, be the Feller semi-group determined by ¥® =) ¢\(z, -)4,.
k

By Theorem (1.8) there is, for each real ze U, a unique probability measure, |,
such that

[ T.fdp= | fdu, forall fe@(E).
If in addition to (3.3) we assume that

(34) y(z; k, G)is an analytic function of ze U for all ke Z* and G C Z* and for each k,
Y Iy(z; k, G)| converges uniformly in ze U,
G

then for all fe 9, j fdu, may be continued analytically to U.
Proof. Since 7 cL,, it follows from Theorem (1.8) that if fe 2 and ze U is real then

05 Jfdu={ 3, (45r fav.

where A? is defined by (1.5) using y(z; k, G). But from (3.4) it is easily checked that
the right side of (3.5) is an analytic function of ze U.

(3.6) Theorem. Let U and {Jg(z)} be as in the first paragraph of this section.
Assume that there is an o.e(—1,1) and an ac[0, 1) such that if y(z; k, G) is given by
B7) yz:k G)=(1—u)) 71 | y&(n) [tanh( > Jrn) T n,-)—aJdV“('?),

Rk jeR\{k
then y(z; k, G) satisfies (3.3) and (3.4). Then for all real ze U there is a unique Gibbs

state, u,, with potential {Jg(z)}, and if f€D, | fdu, can be continued analytically
to U.

Proof. For zeU let
ez, 17)=2<1 +exp

2 Z Jr(2) n ’7;’})—1

R3k JjeR

=1+ank+nk[tanh( Y Jr(2) T] ’7,') —a].
Rsk JjeR\{k}

If ze U is real let u, be the stationary measure for the semi-group determined by
Y ¢z, -) 4. Then by Theorem (1.8) and (0.10), p, is the unique Gibbs state for
k

the potential {Jg(2)}. The rest now follows from Lemma (3.1).

(3.8) Theorem. Let U and {J(2)} be as in the first paragraph of this section. Assume
that Y |J(2)| converges uniformly for ze U and that
R30

(3.9) sup Y |Jp(2)l<mn/4.

zeU R30
Then for each real ze U there is a unique Gibbs state, u,, with potential {Jg(z)}
and for each fe 9, | f du, can be continued analytically to U.

Proof. We take =0 in (3.7) and check that there is an ae[0, 1) such that (3.3)
and (3.4) hold. The analyticity of each y(z; k, G) follows from the dominated con-
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vergence theorem since for each#, * Jg(z) [] #;is an analytic function which is

Rsk jeR\{k}
bounded by /4.
The verification of (3.3) and the uniformity statement in (3.4) is deferred to
Theorem (A.2) of the Appendix.

(3.10) Theorem. Let U and {Jg(z)} be given as in the preceding, and assume, in
addition, that

(1) the series
(B.11) Y [Jg() 3R

R30

converges uniformly for ze U,
(i) Jyoy(z)*0 for any ze U and

—Ltn 1——(1—exp(—% y IJR(Z)BIRI))%
R>30
3.12) su IR|>2 <1
( ) ze[rl) |J{0)(Z)l

Then for each real ze U there is a unique Gibbs state u,. Moreover, there is an
open set VCU such that Un{reals}CV and for all fe% the map z— | fdu,,
ze Un{reals}, admits an analytic continuation to V.

The proof of Theorem (3.10) is deferred to Theorem (A.14) in the appendix,
where it is shown that each real z,e U is contained in an open set U, C U on which

(3.3) and (3.4) hold.

4. A Strong Cluster Property

Let {Jg} be a potential such that there is only one Gibbs state, u, corresponding
to {Jz}. Dobrushin has shown (see [2]) that this is equivalent to the condition
that for all fe % and all sequences {A4,} of finite subsets of Z¢ such that 4,C 4,
and | ) 4,=2Z*

(@4.1) lim | E°L f|#%]—E*[f]]=0.

Our goal in this section is to find conditions on the potential {J;} which guarantee
that the convergence in (4.1) is exponentially fast.

The technique is to represent E*[ f |%'7](&) as the expectation of f with respect
to the stationary measure of the semi-group generated by the bounded operator
#¢ given by

42) 2™<f= Y clold,, &) A fn),
kedy,
where o(A4,, £, ) is the element of E given by

me if ke,
O.(Am é’ n)k: {61‘ lf k¢/1
k n:
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If ;%) is the probability measure on {—1, 1} with
@3) @ ({n)=[2(A,, &) ' exp [— Y. Jr[la,.¢ ﬂ)j],

Rrd,*0 JjeR
where Z(A,, ) is the normalizing constant, then for all fe@({—1, 1}
@44) [ fd~=E"Lf15"1(0),
and
45) [L™fmydn)=0.

Since #*¢ is a bounded operator, there is no doubt that it generates a unique
semi-group {T"~¢:t>0} and that

@6) [ f duti= [ T f dyis
for all fe¥(E).

(4.7) Theorem. Suppose o is a positive number with the property that for all A,
EcE,and fe DX N)={feD: A, f =0 for k¢ A}, there is an A(f)< oo, not depending
on A, such that :

@48) T f— [ fdu*<|SA(f)e™™, t=0.

Then {T,:t =0} admits exactly one stationary distribution y and for fe 9 :
49) TS~ fdul=A(f)e™™, ¢20.

Assume in addition that there is an M <oo such that
(410) 4;c,=0 if [j—kl=M,

or equivalently, that

(4.11) Jg=0 if 0eRL[-M,M]*.

Then if ACA and o is the distance between A and the complement of A, one has for
feD(A)and E€E:

@12) |f fdu— [ £ <2A) +IIfll)e e,
where C=max(||cyl, llcolll) and ye(0, 1) solves
(1 +/C)p+Lny+1=0.

Proof. That (4.8) implies (4.9) is an easy consequence of the fact that %% f— T, f as
A,7Z* (see [3] or [5]). To prove the second assertion, note that:

@413) [ fdu— [ fdu™
<I[ fdu—TfWI+IT,f ()~ T2 f o) +ITH f(n)— [ f dp™|
S2A(f)e ™ +|T, f () — T £ ()] .

To bound |T, f () — T f (17)| we observe that

To f ()= T f(-)=0
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and
LSO TS () =L T~ LFTh g
=L~ T ) (L~ LT f.
Thus

Tf— T f= [ TRHL — LT, f ds,

O ey

and

@14) ITfn)—T fn)l<2j Y e 14T fds,

0 ke¢do

where A, = {je Z%= the distance from j to the complement of A is at least M}. We
need the following lemma.

(4.15) Lemma. Assume that (4.10) holds and let fe 2(A) and C be as in (4.12). Set
AN = (ke 7% dist(k, A)S NM}. Then

N J
@19 3 Ianss(e- ¥ S,

k¢AN)

We postpone the proof of the lemma and complete the proof of the theorem.
Let [o/M] be the integral part of o/M and set N=[g/M]—1. Then A,>AM
and the right side of (4.14) is bounded by

@.17) 2¢f ) llAkTsflldS§2Cf<ecs dsll 71

0 k¢AN)

(CS) )

j=0

N+2
UMY

< D pCt
s2e (N+2)‘

Combining (4.13), (4.14), and (4.17) we have

(Ct)[@/M 1+1

@I8) ] fdu— [ £ 44240+ 210N @ rrmp

Setting t=y([¢/M]+1)/C and using the bounds k!>k*e~* and [o/M]+1=¢/M,
we get the desired conclusion.

Proof of Lemma (4.15). Let f be as in the statement of the lemma and note that

(4.19) %Ajﬂf(ﬂ)=$éiﬂ?f(n)+ Zk(Ajck(”l))Aﬂ?f(m),

and

@200 4o f (=41 ().
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The solution of (4.19) with initial data (4.20) is
t

@21) AT f=TA4,f )+ [ T Y (4;c8m) AT f () ds
0 k

Note that if j¢ A we have 4; f =0 and hence

@422) 4TI i Zk,' 4l 14T £ ()l ds .
Thus

@23) Y AT ()
jEA)

; l4;e I AT f ()l ds

JgA™

lIA

Ottt O

24 AT f ()l ds.

k¢A(N - 1)
Since ). ||4,¢, /| < C we have
J
t
Y 4T OI=sC Y 4T Al ds.
JeEAN) 0 jed(N=-1)
The proof is now completed by induction, beginning with (2.3).

(4.24) Theorem. Let {Jp} be a potential satisfying (0.1), (4.11), and one of the
following :

3) T |41 +exp[2 3 Tk )| <1
R>30
b) Z gl <m/4
R>0
c) |J(o)|>—%f%(1—‘1——exp(—% y |JR|3IR|) é).
R>0
IR|22

Then there is exactly one Gibbs state y with potential {Jz}. Moreover, there is a
y>0 such that for each feD there exists a constant A(f)<co with the property
that if fe D(A) then

|E*Lf | BT~ E*Lf1I S A(f)e ™,

where ADA and g is the distance from A to the complement of A

Proof. We need only check the hypotheses of Theorem (4.7). To do this, note that
Theorems (2.4) and (1.8) apply to finite as well as infinite systems, and the con-
clusions of Theorems (2.4) and (1.8) imply the hypotheses of Theorem (4.7). Thus
we need only check the hypotheses of Theorems (2.4) and (1.8). The inequality a) is
easily seen to imply the hypotheses of Theorem (2.4) and Theorems (A.2) and
(A.14) in the appendix show that Theorem (1.8) is applicable under conditions b)
and ¢).

(4.25) Remark. Dobrushin [2] has proved uniqueness of the Gibbs state under
condition a) of Theorem (4.24), but the other conclusion of Theorem (4.24) does
not follow merely from uniqueness of the Gibbs state and finiteness of the range
of the potential. The two dimensional nearest neighbor ferromagnetic potential
at the critical temperature provides a counter-example.
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Appendix

For —1<a<1 let ¥ and f,a be as in section one. For a>1 let
L={felo: LI (Pla= 1S la<0}
z

(A1) Lemma. L, isa Banach algebra for all o> —1.

Proof. That L, is a Banach space is obvious. Thus we need only check that
1£-gl.<1fll.]lgll,. Consider first the case [of<1. Let f,geL,, f= Zf(F)XF

and g= Y §(F)y%. Then
F

f-g9= ; ; FF)3(G)

_ZZ ) f(F)Q(G)XfFAG)UH(z_"‘)'H' (1—'0(])|FF\G| ||

G HCFnG 1+ 1+1of
Therefore
. 2l )IHI (1_|a|)lFmGl |H|
gl < ) 1§(G
I£-0LSTY Y 1PN (g

; F(F)l Z GG =1fllgls-
Now consider o> 1.
f-9= LS (B5(G) fhas

Thus
I1f-gll.= ZZIf(F)I |6(G)| e P46

<ZZ|f(F)! GG = £, lig -

(A.2) Theorem. Under the hypotheses of Theorem (3.8) both (3.3) with a=0 and
(3.4) hold.

Proof. Leta=tansup ) |Jg(z)|. Because of (3.9), a<1.

zeU R30

Now if jw] <7/2 then

(A3) tanh(w)= i22"(22"_1)32,,602"'1/(2;1)!
n=1

and

tan(w)= ) 2*(2*"—1)|B,,|0*" " /2n)!,
n=1
where the B,,’s are the Bernoulli numbers. Thus it follows from Lemma (A.1)
applied to LO, and the bound

<arctan(a),




262 R. A. Holley and D. W. Stroock

that for all zeU
”tanh( > JR(Z)XIOQ\(O))“ =a,
0

R>0

ie. that (3.3) holds. With regards to (3.4), we have already seen in the proof of
Theorem (3.8) that each y(z; k, G) is analytic in ze U. The uniform convergence of
Z [Y(z; k, G)| follows easily from Lemma (A.1) and Equation (A.3), since we are
G

assuming that ) |J(z)| converges uniformly for ze U.
R30

(A4) Lemma. Let |o/<1 and feL, . Then feL, and | f1,=1f11 4214 -
Proof.
1) = ﬂ(oc+17j—cx)= Z ﬂ(oc+;7j)(—a)lFl—|HI

JjeF HCF jeH
= ¥ gL ) (=
HCF

Thus
f= ;f(F>x2= ;HZF SF) (L4 o)V (— o) 1= 1ALy

Both conclusions of the lemma follow now from

IIfIIaé; S 1S (1 + o) 2 o 71~ 121

HCF

= ;|f(F)|(1+2|a|)'”=||fn1+2|a, :
(A.5) Lemma. If h>|v| then

(A6) tanh(v+h)=1+2 Y (—1)ke 2Ko+h,
k=

1

Proof. Since h> |v| the summation on the right side of (A.6) converges. The proof

is accomplished by performing the summation and using the definition of tanh.

(A7) Lemma. If V(n)= ) Jg Xg\{o,(n)eﬁ3 and H>||V|; then there is an
R30

oe(0, 1) such that

(A8) tanh(V(n)+H)=o+ ) y(G)x&n)
G
and
(A9) Z ['))(G)I §2 i e_ZkH(ezk”Vﬂl +20a] 1) .
G k=1

Proof. Since |V()|Z||V];<H, it follows that 1>tanh(V(n)+H)>0 for all #.
Letting v* be as in (1.1) we have

| tanh(V(n)+ H)dv*(n) — o
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is positive for a=0, negative for =1 and continuous as a function of «. Thus
there is an e (0, 1) such that

(A.10) | tanh(V(n)+H)dvi(n)—a=0.
Now using Lemma (A.5) we have

(A11) tanh(V(n)+ H)

=q+ <1—&'+2 Y (—1ke 242 Y (—l)ke'ZkH(e‘z"V""—l)).
k=1 k=1
Lemmas (A.1) and (A.4) imply that

2e—2H ©

(A12) 1—G— g 42 Y (=1) 2 20 _1)e [,
I+e k=1

Also the integral of (A.12) with respect to v* is zero. Hence when (A.12) is expanded
in terms of ¥&’s the constant term is zero. Thus

28_2H ©
(A.13) ”1_0_‘_ 1re 20 +2 z (—1)"6—2“{(8_2”/(‘)—1)
+e k=1

a

2e—2H
C14e2H

Il
)

(_ 1)ke—2kH(e—2kV(-)__ 1)

f.1—5c"

ek

[N

a

=

e—ZkH(eZkHVH;__ 1)

[IA
)

DMs T8

IIA
N

e—ZkH(eZkIIVllx 25 _ 1) )

=
I
-

(A.14) Theorem. Under the assumptions of Theorem (3.10) each real z4eU is
contained in an open set U, CU on which (3.3) and (3.4) hold.

Proof. Fix a real zye U, set H=1J4(z,) and

7= Jr(zo) if |R[Z2
R0 if |Rj=1.

We do the proof under the assumption that H > 0.
One easily checks from (3.12) that
(A15) H> Y |Jg|3RI71
R>0

and thus the hypotheses of Lemma (A.7) are satisfied.
We also have from (3.12) that

2k Y |Jgl 3R

Rs0

(A16) e‘z"H(exp - 1) =b<1.
k=1

Now the continuity of each Jg(z) together with (3.11) implies that
Z [Jr(2)| 3IRI=1 4 |J(0)(Z) - J(O}(Zo)[

Rs0
R[22
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is continuous on U; and thus, from (A.15), we see that there is an open UcCU
containing z, such that
(A.17) L= SuE Z |JR(Z)|3[R|*1+|J(0}(Z)""J(o}(20)|<H .

zeU R30
R[22

Now let

. . (1=b)(1+exp[2(v—H)]?
— . _ |IR|—1
U, = {zeU . Rgo T R(2)— Jp(zo)| 3R "1 < Ser D] }

Again because of the continuity of each Jg(z) and (3.11), U,, is open and clearly
contains z.

We now let o be as in the conclusion of Lemma (A.7) and a= (14 b)/2 and check
that (3.3) and (3.4) hold on U, . Because of (0.1) it suffices to check them for k=0.
Let

Viz,n)= Z Jr(2) 1—[ ny—H.

R>30 JjeR\{0}

Then Cy(z,n)=1+an,+#,(tanh(V(z, n)+ H)—w). But (A.17) implies that for all
zeU,,, H>|V(z,n)|. Therefore by Lemma (A.5), just as in (A.11), we have

(A.18) tanh(V(z,n)+H)—«

2e” M - k,—2kH,
=l—a— 57 +2 ) (—1Fe (exp[ —2kV(z,n)]—1)

I+ " k=1
=tanh(V(zo,n)+ H)—o
+2 i (— 1) e™**(exp[ —2kV(z, )] —exp[ —2kV (zo, n)]) -
k=1

According to Lemma (A.7) the « norm of the first term on the right side of (A.18)
is bounded by

23 M exp[2K| V(zg, Yy 20— 1).
k=1

By using Lemmas (A.1) and (A.4) and the increase of |V(z, -)|, as a function of
y=1, it is easily checked that the « norm of the second term is bounded by

4 i kexp[2k(v—H)] ||[V(z, -)—V (2o, )3 >
k=1

which is less than (1—5)/2 for ze U,,. Applying these two bounds to (A.18) we
obtain

1
(A19) - lfanh(V(z, )+ H)~al,

IIA

1 (1-b
2

1 +2 f e M (exp[2k|V (zo, ')H1+2a]_1))
+ k=1
1

S R

e” ¥ (exp[2k[[V(zo, )1 +2.] = D/(1 +2).

M8

IIA

+2
k

K\) ‘

1
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Since V(z,, -) does not have a constant term when expanded in terms of the
x>, it follows that (exp[2k||V(zo, )1 +2.] —1)/(1 +) is an increasing function
of o. Thus, using (A.16), we may bound the right side of (A.19) by

I-b 2

=5+ ¥ exp[—2kH] (xp[2k| V (2o, )lls]—1)=a,

k=1

proving (3.3). .

To prove (3.4) note that (A.17) implies that for ze U, CU

(A20) H> Y |Jp@)|3®171+|J(2)—H]

R>30
[R|Z2

= Z Jr(2) 1—[ ”Ij—H-
R350 jeR\{0}

The analyticity of y(z, 0, G) follows from (3.11), (3.7), (4.20), and the dominated
convergence theorem. The uniform convergence of )’ |y(z, 0, G)|, ze U, is proved
G

as in Theorem (A.2) using the first equality in (A.18).
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Note Added in Proof. The authors have recently received a preprint of [7] which contains another
proof of Theorem (3.8) together with analogous results for other models.








