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Global Properties of Radial Wave Functions
in Schwarzschild’s Space-Time

I. The Regular Singular Points

S. Persides
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Abstract. The radial factor R(x, x,) of a scalar field in Schwarzschild’s space-
time satisfies a second order ordinary differential equation with two regular
singular points at x=0 and x=x, and one irregular singular point at x=co.
The analytical properties of four solutions #,, %Z,, %5, and %, (defined by
their power series expansions about x=0 and x=x,) with respect to x, are
studied. An analytical continuation is given for each solution outside its circle
of convergence. Relations to the flat-space solutions are established. Finally
the coefficients relating linearly any three of these solutions are determined
and studied as functions of the parameter x;.

1. Introduction

Physical phenomena around black holes are being studied recently with increasing
interest and success. The most rigorous of these studies refer to weak fields imposed
on a known curved background, usually the Schwarzschild or Kerr space-time.
The pattern followed in solving such problems is familiar. A numerical or approxi-
mate study [1-3] indicates the answers and then analytical methods are used to
establish rigorously the results. Combinations of numerical and analytical
methods [4-9] have been used in cases where some of the answers can be
established rigorously and some cannot.

The obstacles preventing a rigorous analytical treatment of perturbation
phenomena in curved space-times are related directly to the procedure followed
in such studies. Since after linearization the essence of the problem is contained
in a second order linear partial differential equation [10—12], we have to separate
the partial differential equation into ordinary differential equations using the
method of separation of variables and then try to solve the ordinary differential
equations. The separation in Schwarzschild’s space-time is simple in all cases of
scalar, electromagnetic and gravitational radiation. In Kerr’s space-time Carter
[13, 147 and Teukolsky [15, 16] have succeeded in separating the original partial
differential equation into ordinary differential equations with independent
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variables the angles 6 and ¢ and the radial coordinate r, the time ¢t having been
taken out through a Fourier transformation. Thus further studies [17-19] have
been made possible, but a major obstacle prevents a completely analytical treat-
ment of wave fields around black holes. In both Schwarzschild’s and Kerr’s
space-times the (ordinary) radial differential equation cannot be solved. This
difficulty has been encountered repeatedly in many works [20-23] and has forced
the use of numerical techniques [9, 1] or an effective potential [24,4, 5,2, 6, 7].

For the time-independent scalar, electromagnetic or gravitational per-
turbations the radial equation has three regular singular points [25-29] and it
can be easily reduced to the hypergeometric differential equation with well known
solutions. For time-dependent perturbations in both Schwarzschild’s and Kerr’s
space-times the radial equation has two regular singular points and one irregular
singular point [21, 23]. Its solutions are very little known and we need to study
them further. We want to know how they behave as functions of the independent
variable r and other parameters, how they are connected to the solutions of the
corresponding case in flat space and how their behavior at a certain point relates
to the behavior at another point. The discovery and proof of such properties is
expected to be much more difficult and complicated than for the Bessel functions
which represent the special case in flat space-time.

Previous works [20, 21, 23] have shed some light on the nature of the radial
wave functions, but all have run into difficulties which sooner or later make
proofs based on numerical calculations necessary. In this paper we focus our
attention on the radial equation obtained after separating the scalar wave equation
in Schwarzschild’s space-time. Our objective is to establish through analytical
methods certain properties of the radial wave functions. More specifically we are
interested in the answers to the following three questions which are raised in the
studies of physical phenomena around black holes:

(a) How can a radial function (a solution of the radial equation) defined by a
power series expansion about a regular singular point be continued outside its
circle of convergence?

(b) How are the solutions of the radial equation related to the spherical
Bessel functions? _

(c) Any three radial functions satisfy a linear equation with coefficients depend-
ing on the Schwarzschild radius r, [see (18) below].Can we find explicit expressions
of these coefficients?

In Section 2 we present the flat-space case in a way which will be useful for
reference later in the paper and we formulate the problem for the curved-space
case. In Section 3 we examine the solutions as defined by power series about the
regular singularity at x=0 and in Section 4 about x=x,. In both cases analytical
continuations of the solutions are given outside their circle of convergence. In
Section 5 we determine the radial function that reduces to n,(x). In Section 6 we
calculate the coefficients K;;(x,) (which relate linearly any three radial functions)
as functions of x,. Some closing remarks are presented in Section 7. Theorems and
properties needed in intermediate steps but not related directly to the radial
functions are presented independently in the appendices.

The point x=oc0 is an irregular singular point of the radial equation and the
method to be followed is somewhat different. For this reason we will present the
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corresponding results for the solutions defined by their asymptotic expansions
about x =00 in a subsequent paper.

In the presentation of properties, theorems and other results we have given
emphasis on the method followed and the final result while minimizing the
intermediate and some times long calculations. Although the notation is explained
where it is used for the first time in the paper we assume in general the following:
The statement f(y)=o[g(y)] as y—y, means that lim[ f(y)/g(y)]=0 as y—y,.
All quantities with negative subscripts, i.e. a_, f_, ¢_, are identically zero by
definition. In all sums the index takes all the integer values from 0 to oo, unless
it is noted specifically otherwise. P, and Q, are the Legendre functions of the first
and second kind with argument 1—2y. The asterisk on a quantity means that
wherever the imaginary unit i appears in S, it has been replaced by —i in S*.
Thus if i.e. S=1+iz (z complex in general), then S*=1—iz.

2. Formulation of the Problem

2.1 The Flat-Space Case

In flat space-time the development in time of a scalar or electromagnetic field is
determined by the wave equation

O¥Y=¢"%,,,=0, 1)

where g"* is the contravariant form of the metric tensor. If we consider a separable
solution of (1)

¥ =R(r)Y(0, p)e ™", @
then the radial factor R(r) satisfies the equation [30]

x?d*R/dx* 4 2xdR/dx + x> — I+ 1)]R=0, (3)
where x=kr with k=w/c (c is the velocity of light). If we set

R(x)=e™F(x) @)
then F(x) satisfies the equation

x2d*F jdx* + (2ix* + 2x)dF Jdx + [2ix — [(I+1)]F =0. %)

The differential equations (3) and (5) have one regular singular point at x=0 and
one irregular singular point at x=o00. A pair of linearly independent solutions,
the spherical Bessel functions, can be written in a form appropriate for this
paper as

J) =X (= 1)2(+n)!/n!2l+2n+1))xH+ 2"
=e™ > (—iy2" "I +n)!/n'2l+2n+ 1) )x' " (6)
for |x| < + o0 and

ny(x) = e zl: (=) 2Q1=n)1 2 "l —n))x" 1L )
n=0
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for 0<|x|< + 0. Although x=oc0 is an irregular singular point, we can express

the solutions about x=co in a closed form as
1

hO(x) = hy(x)=ji(x)+in(x)=e™ Y (@111 +n)! 2" —n))x " ®)
and "
hi?(x)= hi(x) , ©)

where the asterisk denotes the expression obtained from (8) after replacement of i
by —i. The functions h{*)(x) and h{?)(x) are the spherical Hankel functions and their
expansions (8) and (9) converge obviously for all x+0 including the point x = co.
The functions j,(x) and h(x) are called interior and exterior solutions respectively,
since they satisfy the appropriate boundary conditions [30] at x=0 and x= co.
They will be related to the solutions of the radial equation in Schwarzschild’s
space-time.
2.2 The Curved-Space Case
In Schwarzschild’s space-time the metric tensor

gup=diag[(1—r/r)c?, —(1—ry/r)~ 1, —r?, —r?sin? 9] (10)

introduces a parameter r;=2GMc~?, the Schwarzschild radius. The radial factor
R of a scalar field y satisfying (2) obeys the differential equation

x(x — x,)2d*R/dx* +(x — x)(2x — x)dR/dx +[x* —I(I+ 1)(x —x)]R=0,  (11)
where x = kr and x,= kr,. Generalizing transformation (4) to (4 is independent of x)

R=Aexp[ix+ix;In(x—x)]-F (12)
we obtain for F the differential equation [21]

x(x — xg)d?*F Jdx* + (2ix? 4 2x — x)dF /dx + [2ix — [(I+1)]F=0. (13)

Obviously (3) and (5) are special cases of (11) and (13) for x,=0.
If we change the independent variable to y=x/x,, (11) and (13) become

yy—1)2d*R/dy* +(y— )2y — 1)dR/dy+[y*x? —1(I+ 1)(y — 1)]R=0 (14)
and
Wy —V)d*F/dy* +(2ix,y* + 2y — 1)dF /dy + [ 2ix,y — [(I+1)]F =0. (15)

Thus a radial function R can be considered and discussed as a solution R = R(x, x,)
of (11) or as a solution R=R[y, x,] of (14). We will call such a procedure an
R-description of the radial function. Alternatively a radial function can be con-
sidered and discussed through (12) with F = F(x, x,) a solution of (13) or F=F[y, x,]
a solution of (15). We will call such a procedure an F-description of the radial
function. As we will see later for some radial functions both descriptions are
simple, while for others one is complicated. We also have an F-description if i in
the exponent of (12) is replaced by —i.

The point x=0 is a regular singular point of (11). Consequently we can find
two solutions £, and %, as power series of x converging up to the next singular
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point. Similarly we can find two other solutions %5 and %, as power series of
x—x, converging around the other regular singular point x=x, of (11). Finally
we can find two more solutions #5 and % as asymptotic expansions around the
irregular singular point x=o00. Each %, (i=1, 2, 3,4, 5, 6) depends on x and x, or
on y and x,. We express this fact by writting

R =Ri(x, x) =R, [y, x,] . (16)

It W[%;, %,] is the Wronskian of any two solutions of (11), it can be easily shown
that

W R, R1=RAR ;/dx — R AR, /dx = K ;;/x(x — X,) (17
and

KR+ KR+ Ku2,;=0, (18)

where K;;=K,;(x,) depend on x, but not on x.

We are ready now to formulate in a precise form the questions to be answered
in this paper as follows:

(a) What can be said about £, as a function of (the complex in general) x,?

(b) Can we give an analytic continuation of %, outside the circle of convergence
of the defining series?

(c) To which solution of the flat-space case each #; reduces when x, (or ry)
goes to zero?

(d) Can we give an explicit expression for K;;(x,)?

(¢) What can be said about the limits lim K;; when x, (or r,) goes to zero?

The answers for indices i and j equal to 1, 2, 3,4 will be given in the following
sections. The answers for indices 5 and 6 will be given in another paper, since a
slightly different procedure has to be followed.

In the following sections we will use a theorem which can be obtained easily
from well known theorems [31] on the behavior of solutions of a differential
equation with respect to a parameter. We state the theorem without proof in a
form appropriate for our case.

Theorem. Let the differential equation
d*R/dz* + p(z, s)dR/dz + ¢(z, s)R=0 (19)

have isolated singularities at z, (v=1,2, ..., N) and coefficients p(z,s) and ¢(z,s)
analytic in z for every z+z, and linear in s. Let D, be a finite (z=co¢ D,) region
of the complex z-plane such that z,¢ D, and let also D, be a finite (s= oo ¢ D,) region
of the complex s-plane. If for a solution R(z,s) of (19) the quantities R(z,, s) and
[dR(z, 5)/dz], -, are analytic functions of s on D for a fixed zoeD,, then R(z, s) is
an analytic function of s on D, for every ze D,.

The usefulness of the above theorem is due to the fact that if we divide (14)
and (15) by y(y —1)* and y(y — 1) the resulting equations have coefficients p and ¢
analytic in y (except at the points y=0, y=1 and y=o0) and linear in xZ and x;
respectively. Thus they satisfy the conditions of the theorem.



170 S. Persides

3. The Solution about x=0
3.1 The R-Description

The radial function £, is defined [21] as that solution of (11) which for |x|<|x,| is
given by the absolutely convergent power series

Ry =Ry(x, x)=) a,x" (20)

with ap =1 and

n2x2d,+ [+ 1)—(n—1)2n— 1)]x,d, - + [(n— Dn—2)— I+ 1)]d},—r+d,_s=0.
(21)

Note that in evaluating the successive a,’s we divide at each step by x2. Also note
that when x,—0, the circle of convergence of the series (20) vanishes. Thus £, as
given by (20) cannot be studied as a function of x, near x,=0.

If we set y=x/x, in (20) and (21) we obtain for |y| <1

R =R [y, x 1=} )" (22)

with oy, =1, o, =a;,x§ and

2o+ [+ 1)— (n—1)2n—1)1og, -y + [(n—1)(n—2)~ I+ 1)]or, - + x{0f, - =0.
(23)

Note now that the coefficient of o, in (23) is n> and that the circle of convergence
has radius 1. We can prove that %,[y, x,] is an entire function of x? for every
finite y=1. The proof of this property follows a combined application of the
theorem of Section 2.2 and Theorem Al in Appendix A. Since the series (22)
satisfies the conditions of Theorem Al, it converges uniformly for some y near
y=0. But o, is an entire function of x2. Consequently » «,)" is an entire function

n

of xZ for some y. The same is true for the series ) ne,y". From the theorem of

n
Section 2.2 we conclude that %, [y, x,] is an entire function of x? for every y
different from the singularities of (11). For y =0 the property is obvious.
Since %, [y, x,] is an entire function of x? we can write

Ry, x, 1=, Dy(y)x". (24)

This is an analytic continuation of %, outside the circle of convergence of the
series (20) or (22).

Substituting expression (24) into (14) we find that the sequence &, (y) satisfies
the differential equation (B 1). Moreover, from (22) we have the relations

‘@l[oaxs]zl’ dﬂ1[)’>xs]/dy|y=o=_l(l"‘l)» (25)

which imply that @/(y) satisfies the conditions (B2). Thus the functions @;(y)
have the properties proved in Theorem B1. The expansion (24) can now be written

X1 (%, x )= ), Dp(x/x)-(e/xg) 2R (26)
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and as x,—0 with x = const. we obtain using (B5)
im [x2,(x, x)]=) ¢! 2" 27
xs—0 n

From (B6) or (B12) we find easily that the ratio of two consecutive terms of the
series in (27) equals to the ratio of two consecutive terms of the expansion of j,(x)
in (6). Consequently the quantity ) ¢,x'**" is proportional to j(x) with pro-

portionality factor @y[2'1!/(2]+ 1)!]21‘ With ¢} from (B6) and setting

A=(=2 13 /2n2l+1)! (28)
we have from (27)
lim (AR, )] =) (). 29)

This equation relates the (analytic at x=0) solution £,(x,x,) in the case of
Schwarzschild’s space-time to the solution j(x) in the case of flat space-time.

The radial function %, is defined [21] as that solution of the differential
equation (11) which for 0 <|x| < |x,| is given by the expression

Ry =Ry (%, X)) =R, (x, x) Inx+) bx" (30)
with by =1 and
W2x2b, 4 [+ 1) — (1= D)@n— 1)]xb, 4+ [(1= D)1= 2)— [+ )b, _,+b, .
+2nxta,—(4n—3)xa,_, +(2n—3)a,_,=0. (31)

If we set y=x/x, we obtain

'@25‘%2[)}7 xs]z‘%l[.% xs] ln xs+'%1 [y’ xs] ln}’“"z ﬂ;yn (32)

with =1, B,=b,x" and
W+ [0+ 1) —(n—=1)2n— 1B, -+ [(n— D —2) =+ DIB, + X By-s
+2no, —(4n—3)o;,_  +(2n—3)a,_,=0. (33)
As a consequence of (32) the function

‘%é[y’xs]:'@l[y%xs] ]ny+Zﬂ;zyn (34)

is a linear combination of %,[y, x,] and %,[y, x,]. Hence #5[y, x,] is a solution
of (14).
According to Theorem A2 the series Y. f,)" and Y nf3,y" converge uniformly

n n
for some y. Since f3, are entire functions of xZ, the above series are entire functions
of x2 for some y. Thus from the theorem of Section 2.2 we conclude that 2,[y, x]
is an entire function of x> for every y different from 0,1 and 0.
We can write now

Aoy, x 1= ¥, 0)x". (35)
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Setting this expression into (14) we find that the sequence ¥,(y) satisfies the
differential equations (B1). Moreover, since from (34)

[(#;—Inyl,—o=1, [dR;/dy—1/y+Il+1)Iny],-o=1, (36)

the functions ¥, (y) satisfy also the conditions (B13) and, consequently, they have
the properties proved in Theorem B2. Thus using (B16) we have from (35)

XE (%, Xg) =) W (x/xg)- (x/xg) ~H 2! T2 (37
and
lim, [ (e, x )= Y. (38)

Combining this relation with (32) and (34) we find
lim [4,(x5/In x) Z5(x, x)]=ji(x) . (39)
This equation relates the (nonanalytic at x =0) solution %,(x, x,) to the spherical

Bessel function jj(x).

3.2 The F-Description

Instead of studying R about x=0 we can study F about x=0. If transformation
(12) is taken to be

R (x, xg)=exp(ix + ix; In((x —x)/x.) F1(x, x,) , (40)
then we find that for |x| < |x,]

Fi=F(x, x)=) a,x" 1)
with ag=1 and '

n*xa,+(—n+1)(l+n)a,_, —(n—1)2ia,_,=0. (42)
Setting y=x/x, we obtain

F =, x] =; o,y (43)

with ay=1, a,=a,x} and
n*o,+(—n+1)(+n)a,_; —(n—1)2ix0n,_,=0. (44)

As defined by (43) [y, x,] is a solution of the differential equation (15) and
satisfies the conditions of Theorem Al. Consequently, % [y, x,] is an entire
function of x, for y£1 and y =+ c0.

If we set

Ty, x1=3 @,00)x%, (45)

then the sequence &,(y) satisfies the differential equations (B19). Furthermore,
since from (43)

F0,x]=1, dF [y, x]/dyl,-o=—1(1+1), (40)
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the functions @,(y) satisfy the relations (B20) and, consequently, they have the
properties proved in Theorem B3. From (45) we have

X 1 (6, x) =), D/ (/) 1T xt (47)
and because of (B27)

lim [xZ(x, x)] =) @x' ™" (48)

xs—0 n

We observe now that the ratio (¢,x'*")/(¢,— x'*"~1) is equal to the ratio of two
consecutive terms of e~ ¥j(x) as given by expansion (6). Hence after multiplying
by 211[¢o(21+1)!] 'we find from (48)

lim [AXL, (x, x)] = ¥i(x). (49)
This equation relates the curved-space solution % (x, x,) to the flat-space solution
e~ ¥j(x). If we multiply the quantity inside the brackets by exp(ix +ix, In((x—x,)/x,))
we rediscover (29).

For the nonanalytic at x =0 solution we write

%2()6’ xs)= eXp(ix + ixs ]n((x - xs)/xs))%(x’ xs) (50)
and we find for 0 <|x| <|x,]

T =FH(x, x) = F1(x, x;) Inx+ Y b,x" (51)

with by =1 and
n?xb,+(I—n+D)(+n)b,_, —(n—1)2ib,_, +2nxa,+(1 —2n)a,_, —2ia,_,=0.
(52)
Setting y = x/x, we obtain

T =Py, x1=F [y, x I Inx+F, [y, x ) Iny+3 )" (53)
with f,=1, ,=b,x: and

2, +(—n+10)(I+n)p,_, —m—1)2ix,B,_»+2no,+ (1 —2n)a, _ | — 2ix 0, ,=0.
(54)

Since Z [y, x,] and %, [y, x,] are solutions of (15), we conclude from (53) that the
function

Fiy, x=F [y, x ] Iny+Y By (55)

isa solution of (15). Using Theorem A2 we can prove as for %5y, x,] that %, [y, x]
is an entire function of x for every y different from 0, 1 and oo.
We write now

F3,x1=2 Pa(y)x; (56)

Substituting in (15) we find that the sequence W¥,(y) satisfies the differential
equations (B19). Furthermore, since from (55)

[F—Inyl,—o=1, [dF/dy—1/y+I(+1)Iny],_o=1, (57)
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the functions ¥, (y) satisfy the recurrence relations (B36) and hence. Theorem B4.
From (56) we have

FH(x, Xg)= Z P (e/x)- (x/x) 7! X (58)
and using (B42) we obtain
lim [x(75(x, x)1= w,x'"". (59)
xs—0 n
Finally because of (53) and (55) we find
lim [4,(x;/In x) 75(x, x,)] =~ "ji(x) . (60)

This equation relates the curved-space solution %,(x, x,) to the flat-space solution
e”™j(x). Multiplying the quantity inside the brackets in (60) by
exp (ix +ix, In((x — x,)/x,)) we obtain again relation (39).

A formula which will be needed later is the full expansion of %, obtained by
combining (53), (55), and (56)

Pl xJ=[Y @,0)x " TInx g+ P, (0)x"". (61)

The above expression gives explicitly the behavior of %[y, x,] near x,=0 for
constant y.

To go from the R-description to the F-description the transformation (12) can
be used as it is or with the imaginary unit i replaced by —i. Then i should be
replaced by —i in the relations (13), (15), the formulas of this sections and in
Theorems B3 and B4. The new quantities will be denoted by the old symbols
with an asterisk. Thus ie., instead of (40) and (45) we will have
Ri=exp[—i(x+x,In(x —x)—x,Inx)]F#* and & *—Z d¥(y)xs respectively.

Both cases (with i and —i) are needed for the evaluation of K;; in Section 6. If x
and x, are real, then the addition of an asterisk to a symbol reduces to taking
its complex conjugate.

4. The Solutions about x=x

The radial functions %5 and %, are defined [21] as those solutions of (11) which
for O0<|x—x | <|x, are given by the relations

Ry =R3(x, x)=e M"Y o (x —x,)" (62)

Ry =R (X, X)) = RE(X, X,) (63)
with ¢;=1 and
(n+ 2ixs)1‘1x5c;l +[(n+D(n—1—1)+2x2+2n—1)ix,]c,_,
+3x,6,_,+¢,_3=0. 64

Since %5 and £, are related by (63) we study below only %5. 2, satisfies every
equation obtained for #; if we replace i by —i (see explanation at the end of the
previous section).
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Because of the factor ¢™!"*~*) both #, and #, behave badly near x=x;
and we cannot speak about their values or the values of their derivatives at
x=x,. Thus an R-description would require specification of #; and %, and of
their derivatives at a different point. This procedure introduces difficulties and
complicates the R-description.

In the F-description we remove the factor ¢™*s!">~%s) setting

R3=Rs(x, xg)= X THINETXNZ (v x) (65)
and then we find

Fy=F5(x, x)= c,(x—x,)" (66)
with ¢, =1 and '

n(n+ 2ix)x.c,— [(I+ n)(I— n+ 1)— (2n—1)2ixJc, -+ (n—1)2ic,_,=0. (67)
If we set y=x/x, the expansion (66) becomes

Fy=F5y,x,] =; Paly —1)" (68)
with yo=1, y,=¢,x’ and

n(n+2ixy)y,— [(+n)(—n+1)—2n—1)2ix,]y,_, +(n—1)2ixy,_,=0.  (69)

As defined by (68) #5[y, x,] is an analytic function of x; all over the complex
xgplane except at the points x,=ni/2 (n=1,2, ...) for every finite y=0. The points
x,=nij2 are first order poles of F3[y,x,]. This property is a consequence of

Theorem Al. The coefficients 7, satisfy the recurrence relation (69) which is similar
to (A2) with the quantities

((@+m)(I—n+1)—Qn—1)2ix)/nn+2ix),  —(n—1)2ix /nn+2ix,) (70)

corresponding to g,,(x,). In order that these quantities remain bounded we
consider as D,_(which corresponds to D, of Theorem A1l) a finite region of the
complex x,-plane not containing a neighborhood of the points x, =ni/2(n=1,2,...).
Then according to Theorem Al the series (68) converges uniformly on D, _for
some y near y= 1. Since each term of the series is analytic in x,, the series converges
to an analytic function and because of the theorem of Section 2.2 this analyticity
property holds for any y different from the singularities of (11). For y=1 the
property is obvious. To prove that the point x,=nqi/2 is a first order pole of
F3[y, x,] we repeat the same arguments for the series (ny+2ix,) Y, 7,(y—1)". For

this series we do not exclude a neighborhood of x,=ni/2 from D, _in order to
have the quantities (70) bounded. Thus (ny+ 2ix) %[y, X,] is analytic at x,=ni/2
and, consequently, #;[y, x,] has a first order pole there. Since from (65)

Ry =Ry, x| =0T IO Z [y x ] (71)

we can easily derive properties of #5[y, x| from the properties of %[y, x,]. For
R,4[y, x;] we can make similar statements with the points x,= —ni/2 as poles.
We can set now

Fy, x]=2 X, (). (72)
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This expression converges for every finite y=+0 and |x /<3, because at x,=i/2
the function Z;[y, x,] has the closest to x,=0 pole. We can have an expansion
similar to (72) converging for larger |x,|, if we expand (1 +2ix,)(2 +2ix,) ... (ny+
2ix) F5[y, x,] in powers of x,. Such an expansion will converge for |x | <(n,+ 1)/2.
In any case the expansion (72) or similar expansions give an analytic continuation
of #;[y, x,] outside the circle of convergence |[y—1|<1 of the original expression
(68).

Substituting the series (72) into the differential equation (15) we find that the
sequence X,(y) (n=0, 1, ...) satisfies (B19). From (68) we have

sl xd=1, dFy, x])/dyl,- =((1+1)=2ix)/(1+2ix,). (73)
If we expand the right hand sides of (73) in powers of x, and combine (72) and (73)

we find that the sequence X ,(y) satisfies the conditions (B46) and consequently
has the properties proved in Theorem BS5. Thus we can write (72) as

X T3(%, x)= 3, X (/%) (x/x ) 7t mext (74)
and obtain usingn(B54)

lim [x}Z5(x, x)] =) x.x'"". (75)
Mu)lczi_;;ying by 2’1![)(0(2”14- D77 ! we find using (B56)

lim [(— D A F3(x, x)]=e ™ %jy(x) . (76)

Combining this result with (65) we conclude that
lim [(—1)'ApZ3(x, x)1=ji(x) (77)

This equation and a similar one with £, instead of 25 relate Z5(x, x,) and Z4(x, x,)
to the solution j,(x) of the wave equation in flat space-time.

5. The Radial Function R(x, x,)

Since all %, (i=1, 2, 3, 4) reduce to j,(x) the following question is raised naturally:
Is there any solution of the differential equation (11) that reduces to n,(x)? In this
section we will answer this question in the affirmative and find the radial function
which has this property.

In Sections 3 and 4 we started with a solution %; and we wrote it as a power
series of x, with coefficients depending on y. Then we used the asymptotic proper-
ties of those coefficients to find the flat-space solution j(x) in the limit x,—0.
Here we have to follow the reverse procedure. Let us assume that

'%O(x9 xs) — ei[x +xsIn(x—x5)—x5In xS]ngO(x, xs) (78)
is the solution that reduces to 1,(x) with
Fo=Fo[y, x1= ). U, (n)x;. @)

The sequence U,(y) must have the appropriate asymptotic properties necessary
to find n;(x) in the limit x,—0. This means that (79) written in the form

5 AT (x,x) = X U/ (/) T (30)



Properties of Radial Functions in Schwarzschild’s Space-Time 177

would give

lim [x; "7 Z(x, x )] = Z ux" 't (81)
xs—0
with the right hand side nothing more than a miltiple of e~ ™n,(x) as given by (7).
To find such a sequence of functions U,(y) we use Theorem B6. With U, ()
defined by (B60) and (B61) we have the asymptotic property (d). We can easily
prove from (B67) or (B70) that u,x/u,_, is equal to the ratio of two consecutive
terms in the sum (7). Thus multiplying (81) by —(2)![2"1'u,]~* we find

lim [Bix; '~ 1 Z(x, x)]=e ™" n(x), (82)
where

B,=(—1'D!IQ2I+ 112" 7113 (83)
Finally from (78) and (82) we obtain

lim [Bpx; 1R0(x, x )] =m(x) . (84)

Thus we have established the existence of a radial function %, that reduces to
n,(x) and we have given an expression for %, namely the relations (78) and (79)
with U ,(y) defined by (B60), (B62) and (B61).

To express &, as a linear combination of &, and %, we observe from Theorem
B6 that as y—0 only U, and dU ,/dy diverge while U, and dU,/dy go to constants.
Separating the n=0 term from (79) and using (B18) we find

[Zoly, x+3Inyl, o= —a(D+ ). v.x (85)
n=1

and
[dFo[y: x)/dy+5y 1 =31+ 1) Inyl, o= —3 =311+ 1)+ I+ 1)a(])
=Il(1+1) i (86)
If now we assume that .

Foly, x:1= Ci(x) 71y, X1+ Cax) 7, [y: X,] (87)
we can substitute in (85) and (86) and find using (46) and (57)

Cilxg=3Inx,+3—a()+ Y vx:, (88)
=1

Colx)=—7. (89)

Thus %, has been expressed as a linear combination of &, and %,. Because of
(78) a similar relation holds for %#,. Using (87), (43), and (53) we can obtain an
expansion of %, or Z, in powers of y or x.

6. The Quantities K;(x;)

Any three of the four solutions £#,, #,, %5, and %, of the differential equation
(11) are related by (18) with the indices i and j ranging from 1 to 4. Since K;;= — K ;;
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there are six only K;; related to the regular singular points x=0 and x=x,,
namely K, ,, K3, K14, K,3, K;4, K34. It has been found [21] that

Ki,=—x, and K;,=—2ix2. (90)
To evaluate the remaining four K;; we set y=x/x, in (17) and find that in general
Kij(xs) = xsy(y - 1) {,@l[y, Xs] d'%_][y’ xs]/dy - %j[ys xs]{dg?i[ya xs]/dy} . (91)

For K, ; we observe that the expressions (22) and (23) do not contain anywhere
the imaginary unit i. Thus using (40) we have

R, [y, x]=RE[y, x,]=e O DIZ [y, x ] (92)
with
FEy, x] =Y. DF(y)x! 93)

instead of (45). The use of (92) instead of (40) in the following eliminates the
exponential factor and simplifies the calculations. Substituting expressions (92)
and (65) into (91) we find that

K 5(x)=x ™0 "Dy 1) FFdFs [dy — FodF i [dy + Qixy [y — D FFF) -
(94)
Expression (94) shows that K 5(x,) is analytic in x, for all x, except perhaps at the
points x,=nij2 (n=1, 2, ...), where K3 has at most first order poles, and the branch

cut introduced by the factor e™s'"*s,
For |x,/ <% we obtain from (94) using (72) and (93)

K 3(x)=x,e™ ) e x 95)
where

Expansions of K ; in power series of x, converging for |x| larger than 1/2 can be
obtained using expansions of #; valid for |x>% according to the method of
Section 4.

Although ¥, %, @, and X, depend on y, K,; and «, are independent of .
This is a direct consequence of the Wronskian (17). We can also prove that
dx,/dy=0 by direct differentiation of (96) and use of (B19). Since «, is a constant
it can be evaluated for any y. We choose to evaluate it for y=0 using the order
relations (B24), (B25), (B50), and (B51). Since these relations hold for n>0 we
have to consider separately the m=0 and m=n terms in the sum (96). After some
calculations we find using (B26) and (B52) that for n>0

K= —Ay=2i [o yP(d(yX,, - 1)/dy)dy . ©7)
Explicit evaluation with X, and X, from (B47) and (B48) gives
ko=0, K =i(—1), (98)

Ky =(—1D'[20(]) — (161> + 91> — 191+ 5)/2(2] — 1)L+ 1)(21 + 3)] . 99)
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The evaluation of x, has been made possible after factorial integration of (97) for
n=2 and use of the formulas

[yQudyP)/dy)dy=3y* PO~ %y —3In(y—1), (100)
§5 dy(Pt = D)/y—1)=24()). (101)
The last relation can be derived from definite integrals [34] containing P, and Q,.

It can be shown that for n=2 the explicit calculation of X,(y) from (B49)
requires the calculation of the integral

Pdylny/y—1) (102)
in terms of elementary functions, which is not possible. Thus X,(y) for n=2
cannot be given explicitly as X,(y) and X,(y) by (B47) and (B48). Hence for n>2
K, can be calculated numerically only from (97).

To evaluate K,,(x,) we use £, as given by (40) and £, as given by (63) and
(65). We find

K 4(x9)=KF5(x,) (103)

with K, 5 given by (95) and consequently for |x | <3
Kya(x)=xe xsnxs= D} ekyn, (104)

Since x, is a constant, x¥ is the complex conjugate of x,. K,4(x,) is analytic in x;
Sor all x, except perhaps for x;= —ni/2 (n=1,2,...), where it has first order poles
at the most.

The solution £, as defined by (32), (33), and (34) does not contain the imaginary
unit i, hence

Ry, x 1= A5y, X 1= ATy, x, 1 In x+ A5 [y, x] - (105)
Substituting into (91) we find

K, 5(x) =K 5(x5) In x,+ K5 5(x,) (106)
where

Ky =xy(y = DIA* AR5 /dy — R R5* [dy] . (107)

As given by (106) and (107) K, 5(x,) has a branch cut introduced by In x, and perhaps
Sfirst order poles at x,=nif2 (n=1,2,...). It is analytic in x, in the rest x-plane.
We use now the F-description to calculate K,.;. With

R [y, x ] =e U TROTOLEA Ty, x ] (108)
and Z;[y, x,] given by (65) expression (107) becomes

K y3(xg) = x,e™ 0=~ Vy(y — \)(F*dFs /dy — Fod F5* Jdy + Qix y/(y — ) F5* F3).
(109)

Using (56) and (72) we obtain for |x,| <3
K2’3(xs)=xseixsunxs_ D Z K;X?, (110)

n
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where
= [y— DWrdX, _p/dy— X, . d¥5/dy) + ek 29 Gy B (111)

For n=0 we have directly from (111) using (B37) and (B47)

For n>0 since x| (and K,.;) is independent of y we evaluate the right side of (111)
for y=0. Using the order relations (B39), (B40), (B50), and (B51) we find

Ko =2, — [1—20(D)]4, (113)

with 4, and y, given by (B52) and (B53). For n=1 the explicit evaluation of the
integrals (B52) and (B53) gives

Ky =2i(— D'[1=20(])] . (114)

The calculation of «’ is complicated and will not be given here.
Combining expressions (93), (106), and (110) we obtain for |x | <4

K, 5(x)=x,e>s0nx 1Y (5, In x+ k)X . (115)

Working along the same lines we find

K a(x)=K3(x;) = xge ™ >sUmx 1 57 (36 In x4 1) X (116)
with xf and «*¥ the complex conjugates of k, and x,,. Statements similar to those
made for K, ;(x,) can be made for K, ,(x,).

From the expressions found for K;; (i, j=1, 2, 3,4) we find easily that as x,—0

lim K (x)=0,  lim K,;(x,)/K;4(x)= —lim K, 3(x,)/K 4(x;)=1, (117)

which were expected since all %; reduce to jj(x) as x,—0 and they become linearly
dependent.

7. General Remarks

The main results of this paper can be considered as answers to the three questions
raised in the introduction. The Equations (24), (35), (45), (56), (72), and (79) give
analytic continuations of radial functions outside their original circle of con-
vergence. The relations (29), (39), (49), (60), (76), (77), and (84) relate the radial
functions to the flat-space solutions j,(x) and n,(x). Finally the expressions (90),
(95),(104), (115), and (116) give the coefficients K;;(x,) of a linear relation connecting
any three #;. All these results provide a more rigorous mathematical basis for
studying weak fields in blackhole space-times.

Beyond the above mentioned concrete results the procedure used in this
paper suggests a new approach for studying the radial functions and at the same
time shows that there are certain limits in the analytical study of such functions.
The new approach consists in studying the properties of sequences of functions
satisfying the differential equation (B1) or (B19). Other properties of these sequences
beyond those presented in Appendix B can shed more light in the behavior of
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radial functions. Many relations presented in this paper, i.e. those relating £, to
Ji(x), can be generalized to order relations. On the other hand the proven fact that
members of the sequences @,, ¥,, X,, U, cannot be determined explicitly for
n>1 shows that numerical calculations are a necessity beyond this point. Thus
i.e. K, in (95) has to be found numerically for n> 2.

A more complete description of the radial functions and of their relationships
to the special cases (k=0 or r,=0) will be presented in a subsequent paper where
similar results will be established for radial functions related to the irregular
singular point x = c0.

Appendix

A. Two Theorems on Uniform Convergence

We present here two theorems used repeatedly in this paper to prove the analyticity
of a power series with respect to a parameter which appears in the coefficients of
the series.

Theorem Al. We consider the series

if,,(s)oc" and inf,,(s)oc", (A1)
n=0 n=0

where o is a positive number. The coefficients f,(s) are defined by the recurrence
relations

M

fos)=1,  £,)= Y emfu-m(s) for n>0, M<+oo, (A2)
m=1

with 9,.(s) given functions of s defined on a region D, of the complex s-plane. If

nli{pw Owm(S)=0n,(s) (m=1,2,..., M) (A3)

uniformly on D and the functions g,,/(s), 0,,(S) are bounded on Dy then there exists
a number o, such that for a <oy the series (A1) converge uniformly on D,.

Proof . Since the limits (A3) exist uniformly on D, for every ¢ >0 there is an integer
N (depending on ¢ only) such that n> N implies

() — Om(8) <. (A4)

If A is an upper bound for all g,,(s) (m=1,2, ..., M, se D), then we conclude from
(A4) that

lomm(s)| < A+e. (A5)

Without any restriction we can assume that 4> 1.
By induction we prove easily that for fixed n f,(s) is bounded on D,. Hence
there is a number A such that

[fu(s)l<A forall n<N, seD,. (A6)
We claim now that for n=0, 1, ..., + co we have

£ <AM™A+¢)". (A7)
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For n< N this is obvious from inequality (A6). For n>N we prove the relation
(A7) by induction. In fact if we assume that (A7) is true for fy(s), ..., f,_1(s), then
using (AS) we obtain from (A2)

M M
1)< ( y Ifn_m(s)|> (A+e)< ( AM"‘"’(/1+8)"‘"’) (A+8)<AM"(L+e),
m=1 m=1
(A8)
namely inequality (A7).
If we choose now og =M~ (L +¢)~?, then for a <, the series

Y. AM"(A+¢)"o" and ) nAM"(A+e)'o" (A9)
n=0 n=0

converge. But
|fu(s)o" | < AM"(A+e)ar”, (A10)

hence according to Weierstrass’s test the series (Al) converge uniformly on D, for
oa<0yg.

Theorem A2. We consider the series
Y S and Y. nfy(s)o", (A11)
n=0 n=0

where o is a positive number. The coefficients f,(s) are defined by the recurrence

relations
M’ M
f8)=1,  £i(5)= X Oun(S)f-m&)+ Y Tum(S) fum(s) (A12)
m=1 m=1
with f,(s) satisfying (A2) and ©,,,(S), Tpm(S), Tum(S) given functions of s defined on a
region D of the complex s-plane. If 0,,,(5), 6,.(S) and 1,,,(s) satisfy uniformly on Dy
relations similar to (A3) and the functions 0,,(S), Gum(S)s Tum(S)s Qm(S)s Tm(S)s Tr(S)
are bounded on Dy, then there exist a number o such that for o <oy the series (A1)
converge uniformly on D,.

Proof. As in Theorem Al for every ¢>0 there is an integer N such that for n<N
[0S |ows(S)| and |1,,,(s)| are smaller than A'+¢& and |f,(s)| smaller than A’
[A>1 is an upper bound for ¢,(s), 6,,(5), T,.(s)]. Thus for n< N we have

@< A'M'+ M"Y (X +e) (A13)
and by induction for n>N

M M
lfn’(S)I<( PIRVAEOIESDY Ifn_m(S)I>(l’+8)<A’(M'+M")"(l'+8)"- (A14)

m=1 m=1
Thus A, A" and M’ + M" replace A, A and M in (A10) and the series (A11) converge
uniformly on D, for a<og=(M'+M")" (X +¢&)~ L.
B. The Sequences &, ¥,, ®,, ¥,, X,, U,

The main contributions of this paper concerning questions of analytic continu-
ation, the relation of the radial functions to the Bessel functions and the evaluation
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of K;;(x,) have been made possible through the study of some sequences of func-
tions &, ¥,, @,, ¥,, X, and U,. The most important properties of these functions
are presented here as theorems.

Theorem B1. If &,(y) (n=0,1, ..., + o) is a sequence of functions satisfying the
differential equations

Yy =D @, /dy* + 2y = 1)d®,/dy — 1+ 1), = — (y*/(y— )P, (B1)

and the conditions

Po0)=1, ddo(y)/dyl,—o=—Ul+1), } (B2)
P2,(0=0, d®,(y)/dyl,=o=0 for n>0,
then
@  P()=P(1-2y), (B3)
(b) forn>0
P, =2P, 5 (*/(y—1)Q, P, - 1dy =20, [ (v* [y — 1)) P&, 1dy , (B4)
() fornz0asy—+w
()= " " +o(y' ") (BS)
with
o, =(—D""2D)IRI+ 1)1 +n)/11)n!(214+ 2n+1)! (B6)

Proof. For n=0 (B1) reduces to the Legendre differential equation and its solution
P,(1—2y) satisfies the conditions (B2). For n>0 we can easily verify that &,(y)
as given by (B4) satisfies the differential equation (B1) and the conditions (B2).

To prove properly (c) and some other properties later in the appendix we
need the formulas

P(1-2y)= i (=D)"I+n)(—n)'nH*~! (B7)
n=0
and
Q1=2y)=Y (=D [A+nTP[2n!Q2l+n+1)] 1y (p>1).  (BY)

As y— 4 o0 we obtain
Pi=py'+o('), pi=(=1'@hYay (B9)
Q=qy ™' "oy Y, g=(=1)"T Y221+ 1) (B10)

Thus for n=0 property (c) is true with ¢y =p,. If we assume that it is also true for
Dy, D, ..., D, _ 4, then from (B4) we have as y— + o0

@,(0)=2[py" + 0] 3, [@sp},— 1y~ +0(y>"~ 1) 1dy

=2[qy " oy I B - YT P+ oy T 2 ]dy +o(y' T Y
= —(2nQ2l+2n+ 1)L,y 2+ o(y! T, (B11)
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where y, is an arbitrary number large enough for expansion (B8) to hold (some
intermediate calculations have been ommitted). Thus (B5) is true with

@, = —(2n2l+2n+1)) 1o, _,. (B12)
From this recurrence relation we prove easily the general expression (B6).

Theorem B2. If ¥,(y) (n=0,1,...,00) is a sequence of functions satisfying the
differential equations (B1) and the conditions

[¥y—Inyl,—o=1, [d¥/dy—y '+II+1)Inyl,—o=1, }(313)
¥/(0)=0, d¥,/dy|,-o=0 for n>0,
then
@ Yo =[1-20(D]P,(1-2y)—20,(1-2y) (B14)
with [32]
o(l)= i“lm-l, (B15)

(b) for n>0 ¥, (y) satisfies the same integral recurrence relation (B4) as @/,
(c) forn=z0as y—+ o0

V() =y P+ o(yH 2 (B16)
with
¥Y,=[1-20(D)]e,. (B17)

Proof. We verify easily that ¥y(y) and ¥, (y) satisfy the differential equation (B1).
Using the relation [33]

l
Q(1=2y)=2PIn((y—1)/y)— X m™'Pp_sPi,, (B18)

m=1

we find that ¥y(y) satisfies the conditions (B13). From expression (B4) written for
¥ (y) we verify the conditions (B13) for ¥, (y) with n>0. Finally the order of
¥ (y) and expression (B17) for v, are derived as in the case of @, (y) in Theorem B1.

Theorem B3. If @,(y) (n=0,1, ..., + ) is a sequence of functions satisfying the
differential equation
Wy —1D)d*@,/dy? + 2y —1)dd,/dy — [+ 1)@, = —2iyd(y®, _,)/dy (B19)

and the conditions

Do(0)=1, dPo/dyl,—o=—I1+1), } (B20)

3,(00=0, dd,/dyl,-o=0 for n>0,
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then
(@)  Po(y)=P(1-2y), (B21)
(b)  &,(y)=—ily+In(y—1]P;, (B22)
(¢) forn>0
@,()=4iP, | yQ,(d/dy)y®P, - 1)dy —4iQ, | yP/(d/dy)(yD,-,)dy (B23)
(d) forn>0as y—0
?,()=0y*"+o(y*"" 1 In"y), (B24)
dd,(y)/dy=2ng,y*"~* +o(y*" In"y) (B25)
with
0,=1"(2n)1/2%"(n!)> (B26)
(e) forn=0asy—+ 0
D,(y) =0y " +o(y' "), (B27)
d®,(y)/dy=(+n)@,y'" "~ +o(y'* ") (B28)
with
@, =(— 11D 21+ DI+ n) /I3 !l +n+1)! . (B29)

Proof. Properties (a), (b), and (c) can be proved as in Theorems Bl and B2 by
direct substitution of (B21), (B22), and (B23) into (B19) and (B20). For n=1 we
can derive property (d) from expression (B22). Furthermore, as y—0 we have
from (B7) and (B18)

P,=1+o0(ylny), dP,/dy=o(In y) (B30)
and
Q;=—3Iny—a()+o(yln?y), dQ/dy=—3y '+o(ln’y). (B31)
If we accept property (d) for &, @,, ..., ®,_; we obtain from (23) for n=2
?,(y)=4il1+o0(yIny)] [§ [—(2n—1)27 g, 1y*" *Iny—(2n—1)g,_ ,o()y*"*
+o(y*"In"y)]dy —4i[ — 3 In y—a()) +o(y In> y)]
B [2n—1)g,—y*" " +o(y*" "~ y)1dy
=(@2n—1)(2n%) tig,_1y*" +o(y*"* 1 In"y), (B32)
where some intermediate calcﬁlations have been ommitted. Thus the relation
(B24) has been proved with
0, =(2n—1)(2n*) " tig, ;. (B33)

From this recurrence relation we prove (B26). Working along the same lines we
prove (B25). Note that it is not permissible to derive (B25) from (B24) by dif-
ferentiation.
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Property (e) can be easily verified for @, and &, from expressions (B21) and
(B22). Assuming (e) for @,, @4, ..., P,_; we have from (B23) using (B7), (BS),
(B9) and (B10)

@,(y)=4ilpy' +0(")] [5, [ +1)qip, - 1y" " +o0(y"~1)1dy

—4ilqy ™" oy I 3, [+ m)pg, - 1y T+ o(y* T ]dy +o(y't )

==2i(l+mn 'Q2l+n+1)" o,y "+o('* ", (B34)
namely the relation (B27) with
o= —2i(+mn " *Rl+n+1)"o,_, . (B35)

Working along the same lines we prove (B28) and from the recurrence relation
(B35) we derive the expression (B29) for ¢,.

Theorem B4. If ¥, (y) (n=0,1,..., +00) is a sequence of functions satisfying the
differential equation (B19) and the conditions

[Po—Iny]l,-o=1, [d¥,/dy—y '+I(l+1)In V]=o=1, }(B36)
Y,.(0)=0, d¥,/dyl,-o=0 for n>0,
then
(@  Yo)=[1-20()]P,(1-2y)—20Q,(1-2y), (B37)
(®)  ¥.y)=—ily+In(y—1)]1¥), (B38)

(c) for n>0 ¥ ,(y) satisfies an integral recurrence relation similar to (B23),
(d) for n>0as y—0

?,(y)=0,y*"Iny+1,y>"+o(y>" 1 In"* y), (B39)

d¥,(y)/dy=2nc,y*" ' Iny+(c,+2n7,)y*" *+o(y*"In"*1y) (B40)
with

o, =i"2n) /22" (n1)? (B41)

(€) forn=0as y—+ w0

¥, )= "oy, (B42)

d¥,0)/dy=>1+np,y' """ +o(y' ") (B43)
with

v,=[1-20(])]o,. (B44)

Proof. Properties (a), (b), and (c) can be proved by direct substitution into the
differential equation (B19) and the conditions (B36). For n=1 we derive property
(d) from (B38). For n>1 property (d) can be derived from the integral recurrence
relation satisfied by ¥, [property (c)]. The detailed calculations show that we
have to keep two terms in (B39) (and not one as was the case with @, in Theorem B3).

We find
c,=2n—1)(2n* " tig,_, and 1,= —(n—1(2n* " tic,_, +(2n—1)2n*» " tit,_,
(B45)



Properties of Radial Functions in Schwarzschild’s Space-Time 187

from which we obtain (B41) and a more complicated formula for 7,. Finally we
prove property (e) working along the same lines as for property (¢) in Theorem B3.

Theorem BS. If X,(y) (n=0,1, ..., +00) is a sequence of functions satisfying the
differential equation (B19) and the conditions

Xo(H)=1, dXo/dyl,-,=Ul+1), . } (B46)
X,()=0, dX,/dy,-,=[I+1)+11(=20" for n>0,
then
@  Xo)=(=1'P(1-2y), (B47)
(b)  X,(0)=[1-20(D]i(—1)'P,+2i(—1))Q,—i(— 1)[y+In(y—1)]P,,  (B4Y)
(c) forn>0
X, () =4iP, |1 y0,(d/dy)(yX,-1)dy —4iQ, |1 yP(d/dy)(yX, - ,)dy, (B49)
(d) for n>0as y—0
X, =4, Iny+QCu,+2a()2,)+0(1), (B50)
dX,(y)/dy=4,y~* =11+ 1)A, In y+o(ln y) (B51)
with
= =2i [ yP(d/dy)(yX, - 1)dy, (B52)
o= —2i |5 yQu(d/dy)(yX - 1)dy , (B53)
(e) fornz0asy—+
X, (0)= 1y " oy, (B54)
dX,(y)/dy=(I+n)gy" ™"~ +o(y" ") (B55)
with
1= (=20"CD121+ DI +n)!/(1)n!2l+n+1)!. (B56)

Proof. We prove easily that (B47), (B48), and (B49) satisfy (B19) and that X, and
X, fulfill the conditions (B46). If X,_,(y) satisfies (B46) then as y—1

X, 1y)=0(1) and dX,_,(y)/dy="[lI+1)+1](=2i" ' +o(1). (B57)
Thus (B49) gives as y—1
X,(=4iP, [} [3(—= D' In(y—1)+o(ln(y— D)I[II+ 1)+ 1)(= 20" +o(1)]dy
—4iQ; 5 [(— 1) +o(ILUI+ 1)+ 1)(=2i)"" ! +o(1)]dy

=o(1) (B58)
while a similar calculation gives
X, (y)/dy="[l(1+ 1)+ 1](—2i)"+ o(1) . (B59)

The relations (B58) and (B59) imply the conditions (B46) for X,,.
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Property (d) can be verified for n=1 from (B48) and then proved by induction
from (B49). Property (e) is proved as in Theorems B3 and B4. In the proof the
behavior of P, Q, and their derivatives near y=0, y=1, and y= + o0 is obtained
from (B7), (B8), (B9), (B10), (B18), (B30), and (B31).

Theorem B6. If U,(y) (n=0,1,..., + c0) is a sequence of functions defined by the

relations

Uo(y)=0Q:i(1-2y) (B60)
and for n>0

U,(y)=4iP, [}, yQu(d/dy)(yU, - )dy —4iQ, [§ yPi(d/dy)(yU,- ) dy (B61)

with y,= + oo for n<2l+1 and y,=0 for n>2141, then
(a) the sequence U ,(y) satisfies the differential equation (B19),

(b) U= —ily+Iny—1IQ;, (B62)

(c) forn>0as y—0

U,=v,+0(l), dU,(»)/dy=—Il+1v,+0(1) (B63)
with

— 4 \® <

. { gz [& YQud(yU, - 1)/dy)dy ;Z: Zjﬂ :} (64

(d) forn=0as y—+ o0

U,0)=uy" ™"~ ho(y" 7Y, (B65)

dU,(y)/dy=(n—1—1u,y" "' "2 +o(y"~'"?) (B66)
with

"e {(_(1))1+ HID3(=2i"2l—n)1/2(2) 121+ 1) (1 —n)! J;Z: Zf; ,} (B67)

Proof. We prove easily properties (a) and (b). For 0<n <1 we prove property (d)
by induction. We verify (B65), (B66), and (B67) for n=0 and n=1. Assuming
property (d) for 0,1, ..., n—1 we have from (B61)

U,(y)=4iP, ) [(n_l_l)%”n—lyn_u_z+0(y"_21—2)]dy

—4iQ, [§ [(n—1=Dpyu,_1y"~ " +o(y"~")]dy (B68)
=uy" i o(yr T, (B69)

where
U= —2i(l+1—mn~'2l+1—n)"tu,_,. (B70)

When n=1+1 the first term in the integrals of (B68) vanishes. Thus we obtain
(B67). Furthermore, since the term o(y"~ 2!~ %) in the first integral of (B68) is equal
to const. x y"~2!73, the integral diverges when n>2/+1 and we have to change
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y, from + oo to 0. Property (c) can be proved easily by induction from (B61). It
should be stressed that whenever an integrand becomes infinite at y=1 we obtain
the Cauchy principal value of the integral.
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