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Positive Linear Maps on Operator Algebras
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Abstract. Given a family of completely positive maps, indexed by a group,
from a C*-algebra into itself, we are concerned with its dilation to a group
of *-automorphisms on a larger algebra. A Schwarz-type inequality for
n-positive *-linear mappings from an involutive algebra into the bounded
linear operators on a hilbert space is obtained. Strongly continuous one-
parameter semigroups and groups on C*-algebras, which have certain
positivity properties, are studied.

1. Introduction

Given a family of completely positive maps, indexed by a group G, from a C*-
algebra into itself, we are concerned with its dilation to a group of *-automor-
phisms on a larger algebra. Theorem 1 is an operator algebra analogue of B.Sz.-
Nagy’s hilbert space [12], and E.Stroescu’s Banach space [11] dilations. This
generalises to an arbitrary group some of the work of E.B. Davies [4] within the
theory of quantum stochastic processes, and that of G.Lindblad [9] for quantum
dynamical semigroups (both working in the Schroedinger picture).

We obtain a Schwarz-type inequality for certain n-positive mappings on
involutive algebras. This produces some results for strongly continuous one-
parameter semigroups and groups on C*-algebras, which have various positivity
preserving properties, e.g. 2-positivity, complete positivity. This extends the work
of G.Lindblad [9] on the infinitesimal generators of norm continuous semigroups
of completely positive maps. The general problem of characterising the
infinitesimal generators of strongly continuous semigroups of completely positive
maps is very difficult. As in the hilbert space situation, we expect that progress
will be made in the other direction in obtaining techniques for constructing
generators using more and more complicated unbounded dissipative and
hamiltonian terms.

We remark that the physical significance of completely positive maps as
operations on quantum systems has been observed in [8, 9].
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2. Dilations of Completely Positive Maps on Operator Algebras

If 4 is a *-algebra, and B is a C*-algebra, let w be a linear map from A4 into B.
Then if ne N, we say w is n-positive if for all {x;;i=1,2,...,n} in 4,

[w(xkaj)] é 0 in Bn >

where B, denotes the C*-algebra of all n x n matrices over B. w is said to be com-
pletely positive (CP) if w is n-positive for all ne IN. Suppose 4 is a Banach *-algebra
with approximate identity, and B= B(s), all the bounded linear operators on a
Hilbert space . Then it is known [3,6,10] that a bounded linear map
w: A—-B(#) is completely positive if and only if there exists another Hilbert
space R, a bounded linear map V from 4 into R, and a*-representation © of A
on R such that

wx)=V*n(x)V VxeAd,

in which case, (%, v) is said to be minimal [3] if [n(4) V' ]=R. A minimal pair
for w is uniquely determined up to unitary equivalence, and written (m,,, V,,).

The following theorem can be regarded as the C*-algebra analogue of
E.Stroescu’s Banach space dilations [11, Th.1]. For technical reasons, we will
omit from our treatment continuity considerations when G is a topological
group.

Theorem 1. Let A be a C*-algebra with identity and G a group. For each g in G,
w, is a CP map of A into itself such that w,1=1 and w,=1. Then there exists a
C*-algebra B containing A, and a homomorphism @ from G into the *-automorphism
of B, and a normal conditional expectation N from B onto A satisfying :

i) N(@,a)=wya) VgeG, acA.

ii) B is the C*-algebra generated by {®,a: geG, ac A}.

iii) The identity of A is also an identity for B.

Proof. Take A to be faithfully represented as a concrete C*-algebra on a
Hilbert space #. For each g in G, let 7, V,, R, denote the Stinespring representa-
tion =, , etc. Then R, =, V; =1, n1_1 and ¥V, is an isometry for all g in G.
Define R = (—B R,, and B,=B(R) for all g in G, and put Bo= (P B,. For each g

geG
in G, we w111 deﬁne a unitary operator U, on R.

Put U, =1, and for ge G, g*1,

éh h:*::[ag
define (U,),=1V,&+(1-VV}E,  h=g
AT h=1.

Then U,=U, ', geG.
For geG, define @7 : By—B,, by

(B N =U,Up? f1,Un, Uy ' for  feBy, heG.
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Then @° is a homomorphism from G into the *-automorphisms of B,. We can
embed A4 as a C*-subalgebra of B, as follows: Define i: A— B, by

(ia),= P na)=mn(a) say, acA, heG.

geG

The identity of A4 is then the identity of B,. Now define N°: B,—B(#) by N° f =
W* f, W, where W is the isometry from J# into R defined by

0 h#*l
& h=1.

Then it can be checked that N 0clig(ia)=wg(a) VYgeG, acA.
We now indicate how to prove that if g,€G, a;e4, i=1,2,...,n, then

N°®Y (a,)... @0 (a)eA .
In order to do this, we first show by induction on n, that if e # is kept fixed
U, na)U, U, ma,,).. U,U,nla,)U, W&=n;

(VVé)hzz{

gn-1
where for each h in G, #} is a finite sum of terms each of the form

T(x)Vy¢  x,yeA.

p
ie. m= Z (X)) Viyid
i=1
where (p, Xy, ..., Xp, V15...,¥,) depend on n, h and are independent of {e . It
follows that

N°®? (a,)... 0 (a)E=n} .

But by the above induction, ] =x¢ where xe 4.
Hence

N°® (a,)...®) (ay)eA .

Let B be the C*-algebra generated by {®)(a): ge G, ac A}. Then & leaves B
invariant and if ®,=®?|;, g—>®, is a homomorphism from G into the *-auto-
morphisms of B. Let N=N°;. Then N is a projection of norm one of B onto 4,
hence a conditional expectation. The remainder of the proof is clear.

Note that we can easily modify the proof of the above theorem to obtain
similar results for W*-algebras and X*-algebras with families of W* and X*
continuous CP maps respectively.

We can obtain a number of corollaries from Theorem 1. The first of which
corresponds to Nagy’s theorem [12] for unitary dilations of contraction semi-
groups on a Hilbert space, and E.Stroescu’s Banach space analogue [11, Corol-
lary 17.

Corollary 1. Let {w,:teR*} be a family of CP maps from a C*-algebra A with
identity into itself, such that wy=1 and w,1 =1,t=0. Then there exists a C*-algebra
B containing A, a one parameter group of *-automorphisms ®, of B, and a normal
conditional expectation N of B onto A satisfying :
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i) No(a)=w(a) YVaeA, teR.
i) B is the C*-algebra generated by {®(a):tcIR, ac A}.
iii) The identity of A is also an identity for B.

The Hilbert space and Banach space analogues of the following can be seen
in [12] and [11] respectively.

Corollary 2. Let w be a CP map from a C*-algebra A with identity into itself
satisfying wl=1. Then there exists a C*-algebra B containing A, a normal con-
ditional expectation N from B onto A, and a *-automorphism @ of B onto A satisfying

i) No"(a)=w'"l(a) YaeA, neZ.

ii) B is the C*-algebra generated by {®"(a): ac A, neZ}.

iii) The identity of A is also an identity for B.

The next corollary corresponds to Ando’s result for unitary dilations of a

pair of commuting contractions on a Hilbert space [1]. As in the Banach space
case, [11], we can take a finite number of not necessarily commuting operators.

Corollary 3. Let wy, ..., w, be a finite system of (not necessarily commuting) CP
maps of a C*-algebra A with identity into itself satisfying wl=1 for i=1, ...,p.
Then there exists a C*-algebra B containing A, a normal conditional expectation N
of Bonto A, a finite system of commuting *-automorphisms @, ..., @, of B satisfying

i) N@o.. od(a)=wilo.. owltel(a) for all a in A ny, ..., n, in Z.

i) B is the C*-algebra generated by

{Po...oP(a). acA, ny,..,n,el}.
iil) The identity of A is also an identity for B.

Again there are W* and X*-analogues of Corollaries 1--3.

3. Some Schwarz Type Inequalities for n-Positive Linear Mappings on *-Algebras

Suppose # is a Hilbert space and CéB(%)*. Then for all y in B(#), ¢>0,
y*(C+¢)~! ye B(#) and increases monotonically as ¢|0. Hence

stlim y*(C+¢) ™'y

exists if y*(C;i—s)‘ 1y is bounded above for all ¢>0. We write this limit as y*C “ly
[7]. If V is a vector subspace of B(#) and y*C~ 'y exists for all y in V, then
st }iom y*(C+¢)” !x exists for all x, y in ¥, and we write this as y*C ™ *x.

The following theorem is already known in the following special cases. Suppose
A is a C*-algebra, and w: A—B(s¢) is linear. Then

a) If wis CP, w(x*x)=w(x*»)w(y*y)~ *w(y*x) Vx, yed [7].

b) If A4 has an identity and w is 2-positive with w(1)w(x)=w(x) Vxe 4, then

wx*x)Zwx*)w(x) VYxeAd [2].

Theorem 2. Let A be a *-algebra, # a Hilbert space and w: A—B(H#) an n-
positive *linear map, where n=2. Then if y, x,€A, i=1,2,...,n—1, we have

[wx¥x )] = [weFy)wiy*y) " wy*x)] in B(A#),— .
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In particular

Wy Dw(xx )] 2 [wlxF y) w(y*x )] .
Proof. Put xo=y. Then if &,, &,, ..., &, _ e,

Y wxFx))E;, £> 20 since w is n-positive ;
i,j=0

ie.
n—1 n—1
Z <W(x?<xj) éja &+ ;1 w(xFy)Eos &

iL,j=1 i

n-1
+ 2 Fxi) & Cop + Wr*y)Cos E0p 20.

i=1

n—1
We now fix &,....,¢_, and put &o=—[w(y*y)+e]™ ' > w(y*x)¢&. Then
=

13

n—1 n—1
~~Z—:1 w(xFx;)E;, €i>—2<z CxlxFy) Dw(y*y)+€] ™ w(y*x ) &5, €
n—1

+ .21 Wi y) Dw(y*y)+e] ™ w(y*y) [w(y*y) +e]  w(y*x )€, £ =0

But  2[w(y*y)+e]™ " —[w(y*y) +e] 2 w(y*y)=[w(y*y) +e] ™ +e[w(y*y)+e] "2

Hence
n—1

Z <W(x§kxj)§ja )

ij=1

S Cwlety) (Dw(* ) 6]~ el 9) +e1 7wt ) €5

i,j=1

5wl y) I )] AR €

ij=1

1\

v

The remainder of the proofis clear, and is omitted.

Corollary 4. 4 is a Banach *-algebra with approximate identity and w : A— B(¥)
is an n-positive bounded linear map. Then for all x,€ 4, i=1,2,...,n—1

Iwll DwGefx )] 2 [wxF) wix )] -

Remark 1. We note that Theorem 2 and Corollary 4 can be used to characterise
complete positivity.

Corollary. If A is a *-algebra, # a Hilbert space, and w: A—B(¥) is a *-linear
map. Then w is completely positive iff for all n=1,

v.xi €A, i=1,..,n that [wxFx)]1Z[wFy)wy*y) ™ wy*x)].

Corollary. If A is a Banach *-algebra with approximate identity, # a Hilbert
space and w: A— B(#) a bounded linear map. Then w is completely positive iff for
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alln=1, x;€A;,i=1,2,...,n that

wll Dw(ef x 1= [w(x)* wix )] -

Remark 2. 1t follows from Corollary 4 that if A, B are C*-algebras and w: A—B
is an invertible linear map such that w and w™' are 2-positive, with |w]|=1=
[w='], then w is a *-isomorphism. We will show in the next section that it is
possible to have a C*-algebra A with identity, and w: A—A an invertible linear
map such that w is completely positive, but w™! is not 2-positive.

4. Strongly Continuous Semigroups and Groups of Positive Maps on C*-Algebras

Let A be a C*-algebra with identity and 0 a completely positive linear map of A
into itself. Following Lindblad [9], we define

Ly(x)=0(x)—%{0(1),x} xeA.

Then {e'*: >0} is a norm continuous one-parameter semigroup of completely
positive maps on A, which preserve the identity, [9].
From the identity

Lo(x*x) = Lo(x*) - x — x* - Lo(x) = [mg(x) Vg — Vox]* [mg(x) Vo — Vox], xeA
we deduce:

Proposition 1. The following conditions are equivalent :
1) Ly is a derivation.

ii) L,=0.

iii) 8(x)=0(1)x, Vxe A (and 6(1) lies in the centre of A).

iv) mo(x) Vo= Vyx, Vxe A.

We now introduce a hamiltonian term. Let {e': >0} be a strongly continuous
one-parameter semigroup of *-homomorphisms of A. Then using the Lie-Trotter
formula as in [5] and [9], we see that {exp#(0+ L) : t =0} is a strongly continuous
one-parameter semigroup of identity preserving completely positive maps on 4.
Proposition 1 yields the following:

Theorem 3. Define L= L,+ 0. Then the following conditions are equivalent :
i) exptL is a group of *-automorphisms.

i) exptL is a group of CP maps.

iil) exptL is a group of 2-positive maps.

iv) L=4.

v) 0(x)=0(1)x, VxeA.

vi) my(x) Vy=Vx, Vxe A.

Now let 5 be a Hilbert space, and consider A=B(#). Suppose VeB(X),
V¢Cl1. Define 0(x)=V*xV xeA. It is then seen that exptL, is never 2-positive
if t<0, but is always CP if t=0. ‘

It is also possible to have a group of CP maps on a C*-algebra, which is not
a group of *-automorphisms. Let 4 be a C*-algebra, and K a non zero self adjoint
element of A. Then o/(x)=eXxeX" for teR, defines a norm continuous one-
parameter group of completely positive maps, but «, is a *-automorphism iff
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t=0. We shall see in Theorem 4 that this is essentially how all norm continuous
one parameter groups of CP maps (and indeed 2-positive maps) on C*-algebras
arise. For this we need the following lemma, which generalises a part of [9, Cor. 2].

Lemma 1. Let A be a C*-algebra with identity and exptL, t=0, a strongly
continuous one-parameter semigroup of 2-positive maps on A, such that D(L) is a
subalgebra of A, and 1€ D(L). Then for all x in D(L):

L(x*x)+x*L(1)x — x* L(x)— L(x*)x = 0.
Proof. This follows from Theorem 2 if we first suitably group the terms in

eL(x*x)— x*x

T S e e 1)) e - xx)

take a Taylor expansion e(1)=1+ L(1)t+ o(t), and then let t, ¢|0 with &/t—O0.

Theorem 4. Let A be a C*-algebra with identity, and {exptL:tcIR} a strongly
continuous one parameter group of 2-positive maps on A such that D(L) is a sub-
algebra of A, and 1€ D(L). Then if we define

D(6)=D(L), and d6x=Lx—%{x, (1)}, xeD(d),

0 is a *-derivation, and exptL is a group of CP maps on A.
Moreover, the following conditions are equivalent:
1) L is a *-derivation.
ii) L(1)=0.
iii) e is a group of *-automorphisms.
iv) ef'1=1 VteR.
v) leH1||=1 VieR.

We also have the following partial converse to Lemma 1.

Theorem 5. Let A be a C*-algebra, and e™* a strongly continuous one parameter
semigroup of positive maps on A such that

i) D(L) is a subalgebra of A.

i) L(x*x)—x* L(x)— L(x*)x =0 VxeD(L).
Then e™(x*x) = eX(x*)e(x) Vxe A, t=0, and hence e is a contraction semigroup.

Proof. Let feD(L) and define x(t)=e™ f* f —el f*el' f, t>0.
Then x is continuously differentiable and for =0

X)) = LeM f* f —(Le f*)eH f —eH f*(Leb f).

Moreover if he D(L), then s—eX*~9}) is continuously differentiable in 0<s<t
and

9 et M= =),
0s
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Hence

x(t)— e x(0)

to
={ % e~ M x(o)do
0
t t d
=— [ """ Lx(o)do + | "~ "t — x(0)do
o o do

— j‘ e(t—a)L[L(eLof*eLaf)_(LeLaf*)eLcrf _eLaf*(LeLaf)] dO’ .
0

But by hypothesis, L(e? f*e™’ f)= L(e™* f*)e? f + e f*(Le™ f) for all fe D(L),
6=0. Moreover "~ is positive in 0<¢ <t. Hence x(t)= e x(0)=0, Vt=0. By
density of D(L) in A we deduce:

el(x*x)= el x*el'x, Vxe A, t=0.
Remark. The proof of Theorem5 can be adapted to prove the following:

Proposition. Let L be the infinitesimal generator of a strongly continuous one-
parameter semigroup on a Banach algebra. Then L is a derivation if and only if
e is a semigroup of homomorphisms.
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Note Added in Proof. A Schwarz-type inequality for 2-positive maps has also been proved by
M. D. Choi, and appears in Illinois J. Math. 18, 565—574 (1974)





