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Abstract. We construct an Euclidean Gauss Markov Vector Field which leads to the Real Proca
Wightman Field describing particles of mass >0 and spin 1, for space-time dimension equal to 4.

I. The Result

We have constructed a vector random field @(f) = {do(f), @1 (), ©2(1), 05()}
on a probability space (2, 4, u) over Z,(R*), the space of real C* functions with
compact support in R? the field being Gaussian, Euclidean and Markov in a

sense defined below. We call the field @(f)={@o(f), @ (/) @,(f) @3(f)}
={—ido(f), ©.(f), ©,(f), @5(f)} a Schwinger field. Then the general covariance

E®,(f) ®.(g) of the Schwinger field are given by

[Tdxdy f(x) g(y) S,(x — ) _ (1.1)

where
Suv(x —-y= VVuv(_i(xo = Vo) (X1 = Y1) (X2 = Y2 (x3— J’3))

is the two point Schwinger function of the quantum theory of a free real vector
Wightman field in 4-dimensional space time of mass m > 0 satisfying the subsidiary
condition §,0,(x)=) -, ,0,(x) and describing particles of mass m and spin 1,
i.e. the Real Proca Wightman Field, W,,(x —y) being the corresponding two
point Wightman function (¥, 6,(x) 6,(y) ¥,) where ¥, is the vacuum of the
Wightman theory and 6,(x), 0,(y) are the corresponding quantum fields. Further,
the expectation value

Ed,.(f) - b (S
= fdx® dx® fi(x V)L S (xS, D, x) (1.2)

x e R4

Sy, (xV..x") being the n-point Schwinger function. We may extend the
field over %,(R*) to an Euclidean Markov field over %(R*), the space of C*
functions with compact support in R*, by linearity. We mention in passing that
the statement £2_, ¢,(9,/)=0 for all fe Z,(R* is not valid. We would like to
mention that L. Gross [1] has also studied an Euclidean Proca Field.
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II. Definitions and the Real Proca Wightman Field

A Gaussian vector random field over Z,(R*%) is a collection of vector-valued
random variables @(f) = {@,(f), @.(f), ©.(f), ®5(f)} on a probability space
(9, #, 1) indexed by functions belonging to %,(R*) such that any finite collection
of the components of the vector random variable(s) form a set of jointly Gaussian
random variables and such that ¢,(f) is linear and such that ¢,(f)—¢,(f)
in measure if f,— f in the usual topology of Z,(R*). We now let .o/ = (a, A) be an
element of the full Euclidean group on R*, A4 being a rotation and a a translation,
then a vector random field over Z,(R*) is said to be Euclidean if

E@u,(f1)---0u(f)
{ Z A;lﬂl unun(pul(fl ;1) (pp;.(f;rd)}
S ()= flA™ (x—a), k=1,

A Gaussian vector random field of mean zero is Euclidean if the general
covariance of any two components of any vector random variable(s) satisfies

where

EQu (1) 0l =E{ T Auli Al 0us(fy0) 00:(f2 0]
Hip2

We now define a Markov random field over Z,(R*). We follow closely Nelson’s
definition for scalar fields. We let U be an open subset of R*, and define a(U)
to be the g-algebra generated by all components of the vector random variables
&(f) with fe Z,(R* and supp f CU. For a closed set V we let a(V)= na(U)
with the intersection taken over all open sets U containing V. Then a vector
random field is called Markov if

Efulo(U')} = E{u|a(0U)}

for all positive random variables u measurable with respect to o(U), where U’
is the complement of U and 6U the boundary of U.

The Real Proca Wightman Field is a free vector Wightman field with the
following two point function:

1
W(x—y)= —(g‘” to7 5;@) Wi(x—y)

where W(x — y) is the two point Wightman function of the Free Scalar Wightman
Field and g** =¢"3,,,9°=1,¢'=¢* =g’ = — 1.

III. The Field and Proof of the Result

The field &(f) which we mentioned in Section I is a Gaussian vector random
field over Z,(R* with mean zero and general covariance given by

1
2 auavg

du
Eg,(f) 9.(0) =< fr

> , #v=0,1,2,3, (3.1)
m L2
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where 4 is the 4-dimensional Laplacian operator and {, );- is the scalar product
in I?(R*). We now proceed to prove the result.

First we note that the vector random field is Euclidean from (3.1) and that
(1.1) is true by direct computation. (1.2) is true using Wick’s Theorem for jointly
Gaussian random variables. We proceed to prove the Markov property of the
field.

In order to do so, we first construct a Hilbert space as follows.

We let F be the set {fy, f1, />, f3} of functions each belonging to Z,(R*). So
FeZ.(R)x Z,(R*)x Z,(R*) x Z,(R*) = 2,,(R*. We introduce an inner product
on%,,(R*),the Fourier Transform space of Z,,(R*), by

~ ~ 3 ~
{F5 G}$2= Z() <fu’ g~u>L2

where the symbol “denotes the Fourier Transform. We also introduce the following
inner product on %,,(R*), analogously,

3
<F7 G>_¥’2 = ZO <f;u gu>L2 .

We next define the following inner product on Z,,(R%):
(F,Gy={F,KG} g
where K is defined by

-~ 3 .
(KG), (p)= Z K,®jp), n=0123
with V=0

0t %pﬂpv
N m
Ku v(P) = P2 Tm?

We let #” denote the pre-Hilbert space Z,,(R* equipped with the scalar
product ¢, ), and we let & be the completion of J#’ with respect to the norm
defined by the scalar product < , >. We now define a map ¢ from # to £(Q, %, p).
For F € Z,,(R*), we define

@(F)=@o(fo) + @1(f) + 02(f2) + @3(f3) .

Let # € A, so that Z is a fundamental sequence {F}, F5, ...}, F;e #". We
define @(Z) to be the fundamental sequence {@(F,), ¢(F,),...} € Z*(Q, %, w).
We have

Eo(7)o(9)=L7,9)

for # and % in #. ¢ is then a Gaussian random process [2] on J if we assume
that 4 is the g-algebra generated by all ¢,(f), f€ Z.(R*,nu=0,1,2,3.
We now introduce the spaces
M={F e :suppZF C U’}
N={F e# . suppF CoU}.
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We let # be an element of 5 with supp # C U. We show that the orthogonal
projection %y, of # onto M is in N. To see this, we let Ge Z,,(U’°), where U'° is
the interior of U’. Then G belongs to M. Hence we have

We also have

|| Mm
P::a
E‘%z
S)

<G, 97M>=jd4

)

— [ d*pG) ——
JEpGor 50

where G(p) and %,,(p) are regarded as column vectors and Q(p) is a real 4 x 4
non-singular matrix whose elements are polynomials in p,p,,u,v=0,1,2,3.
This follows from the crucial fact that the determinant of the matrix whose

pupv

elements are (K(p)),,=0,,+ —5—is C(p? +m?), where C > 0.

Since Ge 2,,(U'"), all components of the column vector (ég)(x) belongs to
%.(U’°). Hence

where Q is a real 4 x4 matrix differential operator whose Fourier Transform
is the multiplicative matrix operator Q(p). We have

(06, Fos> = [ d*p(@C)* (1) Fus(p)
30)

=fd4pé+<p>é<p)Q~#%(p>={G, Frub o

(G, F>=1G, F } 4

Hence we have
<G; fM>5f2 = <G, <0/7>.72 =0

We therefore obtain %, € N.

Hence, following Nelson [3], we have the Markov property of the field @
over Z,(R* defined above, noting that the o-algebra generated by
{o(F), Fe 9,,(A)} is the same as the o-algebra generated by

{¢y(f)7fe ,@,(A), n= 0,1,2, 3} >
for any open set A in R*,
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