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Abstract. Infinite systems of particles in v-dimensions are considered. The pair inter-
action is assumed to be C2, finite range and superstable. The existence of a time evolution
which satisfies the infinite equations of motion in a set of full equilibrium measure is proved.
This measure is proved to be invariant; so a dynamical system is obtained.

1. Introduction

The first step in the construction of rigorous statistical dynamics
is to prove an existence theorem for the time evolution itself. Let
X = {(g;), (p;)} be the phase space of the system of particles. The formal
infinite equations of motion read as

.. 0

i= _—¢ i —4qil) 1.13.
mq j§¢ i 34, (lg: —ql) (1.1a)
:0)=q;, mq;(0)=p;. (1.1b)

The problem is to find a function x(f):IR— X such that when inserted
into Eq.(1.1) both sides of the equation make sense and are equal.
To obtain dynamics significant in statistical mechanics we need that
the allowed set of initial conditions £ C X be of full equilibrium measure.

This problem has been solved by Lanford [1] and [2] for one dimen-
sional particles interacting pairwise via a C? finite range potential. By a
different approach Sinai [ 3], has obtained similar results for singular in-
teractions. He considers one-dimensional hard-cores interacting via a
finite range pair potential possibly diverging at the hard core length.
He proved that in a set of full measure the particles fall into finite clusters
and that for a finite time the clusters do not interact with each other.
A similar technique has been used in the v-dimensional case for small
enough densities. In general in more dimensions the cluster structure
cannot exist for all values of temperature and chemical potentials. For
the one dimensional case the extension to long range interactions has
been obtained in [5].
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In this paper we solve the problem for v-dimensional systems.
The pair interaction is assumed to be C?, finite range and superstable.
It is proved the existence of a time evolution which satisfies the infinite
equations of motion in a set of full equilibrium measure. This measure
is proved to be invariant, so a dynamical system is obtained.

We sketch the proof!. We construct S(t) for |fj <t as the limit
(coordinate by coordinate) of the partial flows S*(¢). S*(¢) is the time
evolution in which the particles outside the sphere X (2% 0), with center
in the origin and radius 2* are frozen, those inside move interacting
pairwise and in the field of the external ones with elastic collisions on the
boundary of the sphere. An estimate on the possible displacements
of the particles under the partial flows is obtained (Theorem 2.1). Then
by use of an iterative procedure applied to the integral equations of
motion it can be shown that the sequence $*(t)x is Cauchy (in «)-
coordinate by coordinate, (Theorem 2.2). Then it is possible to show that
the limit

S(t) x = lim §%(z) x

satisfies the equations of motion.

In Section 2 we give notations and definitions used throughout the
paper and then we state the results. In Section 3 we give the proofs.

2. Definition and Results

We first give some notations and definitions.
D 2.1. Phase Space. Let

X={x=@pli=(..,q,...),q;€R", such that for every bounded
ACIRY, Card(§n )< +o0; p: GCR' >R} .

In X we shall identify points which differ only for permutations. Then ¥
becomes the physical phase space of an infinite system of particles moving
in R"; for every x € X, 4§ denotes the spatial configuration and p(q) the
momentum of the particle g € §. For every Lebesgue measurable bounded
ACIRY we define analogously the finite phase space X(4). We denote
by Q the set of spatial configurations associated to X.

The natural topology on X is the local topology defined by the
following requirement. The net x,— x iff for every open bounded set
A CIRY such that §n 04 =@ we have

G,n4—-§nA4  point by point in R"
Palguna—Bljna  pointwise.

D 2. 2. Interactions. Let @ :IR* — R such that
(i) ®is C%
(i) &(x)=0for x=r,.

1 An outline of these results has been given in [6].
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(i) @ is superstable, that is & =@’ + @” with @’ stable and " a
non-negative continuous function such that ¢”(0)> 0, Ref. [7, &].
For x € X(4) we define

U(x)=p/2 ; D(g—q), (2.1a)
T(x)=p2m)~* Z [p(g)1?, (2.1b)

and for z=(d,p),§'n 4 =0
U(x|2)=ﬂ{U(X)+\ Y ¢(Iq—q’l)}- (2.2)

qeq
q'eq’
D 2.3. Equilibrium Measure. We define the equilibrium measure v
on X by the following conditions:
(i) let = be the natural mapping of X onto @, then the image of v
induced by = on Q, v, is tempered (Ref. [7], Eq. (5.12); Ref. [9]).
(i) for fixed § the conditional distribution of the momenta p(q),
q €4, is the direct product of Gaussian distribution with mean 0 and
dispersion B(2m)~ L.
As a consequence let e L*(X, v) then for every 4(CIR) bounded and
Lebesgue measurable
v(f)=Fdv(x) f(x)= j[ dv(z) x,(fm dxexp[—U(x|z)] f(xvz) (2.3)
where

dx=1+ i d(q), d(p), (n))”" @npm)~"" exp{—T((p),) + Bun} .

1n

D 2.4. Equations of Motion. For x =(g, p) the equations of motion
are formally written as

j*ii 04;
4:0)=¢q; mq;,(0)=p;, (2.4b)

where (q,), (p;) are respectively the set § labelled in some way and p; = p(q;).
D 25. Topologies on X. We first denote the spheres in IR as

.. 0
mq; = — Z *é‘q‘ ¢(Iqi__qj’)’ (24a)

Z(rd)={xeR’||x—d|<r;deR’r>0}, (2.52)
2(r,00=2(r). (2.5b)

Given a labelled configuration (g;, p;) and r > 0 we define a seminorm on
the labelled configurations y = (g, p}) as

Iyl, = sup gl VIpil
Z(r,0)

gi€g4xnzlr,

aVb=max(a,b) abelR.

(2.6)
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The family of seminorms |- |, , for re R™ define the product topology
on the labelled configurations of X relatively to x.
Let X C X be the set such that there exist K, and K, e R defined as
follows:
@) Ipl=K,log(lglVe)=K,log.lqi.
(b) VdeR',LeR" such that log,|d|<L then Card(xnZX(L,d))
<K,L.
On X we define a norm as
[Ix|| = sup {inf(K|Condition (a) holds); inf(K,|Condition (b) holds)} .
(2.8)

D 26. Partial Flows, By S*(t) we denote the flow under which the
particles outside X(2% 0) are frozen. Those inside move pairwise inter-
acting in the field of the external ones with elastic collisions on the

boundaries.
In the following theorem we shall state the initial conditions for

which dynamics will be proven to exist.
Theorem 2.1. Let X(c) be
X()={xeX|Vt>0Ta(x, 1) :a=a(x,7)sup sup |S*(t) p(q)| < co.
)

It (geZ(29)ng

Then for every c>0v (£@)]=1.

Note that a stronger result than Theorem 2.1 can be obtained, in
which the momenta do not grow faster than c(«)!/* for some c. However
for the sake of brevity we shall use the above formulation.

We are now able to introduce the set of initial conditions % as

=) X©.

c>0

In fact by Theorem 2.1 ¥ has full equilibrium measure and we can con-
struct the global flow S(¢) as limit on X of the partial ones, as will be
shown in the next theorem.

Theorem 2.2. For every x € ¥ the following holds
Jgn; S*)x=S(t) x (29

both in the local (D 2.1) and in the product (D 2.5) topologies of %. For
every T the limit is uniform in |t| <t and ||S(t) x| is bounded for |t| <.

The following theorem shows that the evolution S(t) x satisfies the
equations of motion and that the equilibrium measure is S(¢)-invariant.

Theorem 2.3. For every x e X.

(1) S(t) x satisfies Eq. (2.4) for t e R. _

(i1) S(t) x is the only solution of Eq.(2.4) in X.
(i) S():X—>X and S(—1) S(t)=1 for every teR.
(iv) (X, S(t),v) is a dynamical system.
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3. Proofs

In the sequel we shall frequently use the following theorem due to
Ruelle [7].

Theorem 3.1. Let v be a measure on Q that is tempered and satisfies the
equilibrium Eq. D. (2.3) (ii), then

(i) v is regular, [10].

(ii) Let v be the measure on Q defined in D.(2.3)(i). Then for every
Lebesgue measurable set A CIR” with diamA=L,>1 let

P(m, ) =v"[{Ge Q|Card(§nA)Zm}]
then there exist y >0, 8 < oo such that
P(m, A)=exp {—ym?/L}+ dm} .
Proof of Theorem 2.1. The proof will be obtained in the following steps.
(a) v[M] =1 where
M= {x eX(Ja(x):azax) sup [pg)< ca}.

{gednZ(2*)

(b) v(N)=1 where N= [ ] N(s)

s20
N(s)={xeX|deZ leZ",1=log,|d],Card(gnZ(l,d) < s])}.
(c) For every teR* and ¢ >0, v[X(r)] = 1 where
X(1)= {x eX|Jalx, 1) =ax, 1) 'sup sup [S*(®) p(g) < coc}.
t )

|StgegnX(2*
Conditions (a) and (b) together imply that v(¥)= 1. Since
X=%n { N x(n)}

n=1

by Condition (c) we complete the proof. Therefore we only have to
prove (a), (b), and (c).
(a) The proof is completely analogous to the one of Ref. [3] and here
we only sketch it. Let
M,={xe X|3 q;€ 2(2°): |p(g))| > ca} .

By use of the equilibrium equations we have

Qzav

MIS [ 06 T [ da, [ e, e im R )
-exp{—U((@)x|2) — T((p),) + Bun} + P(2*", 2(2%))

where
0>8"2/y. (3.1)

By use of Theorem 3.1 we have

v(M,) < 02" exp(—c*o? f2m)™ ") + g,
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where _
ga=0exp{—02""(y027" +9)} (3.2
and therefore the Condition (a) is proved.
(b) We estimate v[ N°(s)] by use of Theorem 3.1. We have
VINGDIS Y, Y exp{—ys*I?/2l) + 85"} == 0.

deZv I2logs |d|

(c) By (a) it is sufficient to show that X, v(R,) <o where
R,={xe¥|3g,e Z(2%) and 1, 1| S 7, 1570 pla] > coc._sup_|pla,) < ca.
q;€X(2%)

We choose ¢ according to Eq. (3.1) and we write

'yiad

VR)Sg,+ [ dv@ Y [ d@, [ dp), ()™ Q2rp~tm)~™"
529 R=1EQOR R (3.3)

-exp{—=U((@)ul2) = T((p)s) + Bun}

where g, is defined in Eq. (3.2).

We shall now estimate Eq.(3.3). We fix n in the sum of Eq.(3.3).
Let ., be the corresponding phase space. .#, is a Riemannian manifold
with boundary in the usual metric ds®>=X"_,(dp?+dq?). In .4, we
consider the open submanifolds of codimension 1

£ 2 = (@ PP = teasi=1, .. mis=1,...,v}

where pj is the s-coordinate of the vector p; e R”. Proceeding as in Ref. [4],
we generalize the Lemma of p. 492 of Ref. [3] where the one-parametric
group T, must be read as S*(t). Here we only give the main steps. We obtain

2%Y v n
VR)Eg,+2 [ dv() Y Y Y [ d@,dp),(n) " Qnp~tm)~m?
Ze(2x) n=1 s=1i=1UM,
~exp{—= U@yl 2] = T((p),) + Bnu} X U S*(t) 4
ltlse
(3.4)
Sg.+4t [ dv@) Y nv [ d@,d(p) (n)~ Rupim) 2
Sc(2%) n=1 4}
-exp{—=U[(@)|z] = T((p)) + Bun} - v((@),)
where .
ok ={ T dp,fart ..ap
=2 (3.5)

(@)=

jF1 04,
Inserting Eq. (3.5) into Eq. (3.4) we have
V(R) S g, +exp(—c?a?) tv(2nf ™ m)™ 112 027 [ dv(x) F,(x) (3.6)

£

D(lq, — ‘Zjl)

where
F(x)= sup 9/dq, Y. P(lq0—4j).

{90€2(2%)n§) q;€4
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We introduce the following partition of the space I'(s), s e R”
IFs)={xeR|(s,— 12 ro<x,<(sp+1/2)rg; k=1, ...,v}.

s, and x, are the coordinates of s and k respectively.
Let %, CZ"® be the minimum set for which

U T(s)DZ(2*+ro)

seSH

where r, was defined in D. (2.2) (ii).
There exists a < co such that

Card(¥%,)=a2*" VaeZ*.

We have
F(x)<F ) Card(xnI(s)
Se%h
where s
Fme e 20

Then using Theorem 3.1 we have

Jdv(x) F,(x)< Y F [dv(x)Card(xnI(s))

SeSH

<FCard % Y mexp[ —ym2(r,|/v) ™"+ om] .

Inserting this estimate into Eq. (3.6) the thesis is proved. [

Proof of Theorem2.2. We first show that the limit (2.9) exists in
the product topology. We consider |t] <1 and x€X. Then for every
R, >0 we shall prove that

S sup [15%(0) x — §*1(1) x|, <0 37)

a=2 ltI£1

where ||-|[g, means ||z, . and was defined in D (2.5). Equation (3.7)
proves that S*(¢) x is a Cauchy sequence in the product topology.
Let us write the integral equations for

Sty x=x+C*() )= (&), n(1).

t
{*(t)= [ dt A7[{*(x)] + elastic collision on the boundary of X(2*) where
0

0
A10)= (4, By g Wlack E-a,= &) e 2
j*i 04;

A} () =0 a:¢2(2%)

so that {%(¢) =0 for |t] < 1 whenever g; ¢ Z(2%).
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For g;€ Z(R,) and for o = a(x; 1) sufficiently large so that Eq.(3.10)
below holds

G0 — & (O = 1850 — &0V ) — )
< of dt, (e — 1~ )l V()

where

0
h(t,)= ,;fEI.—
{¢(|‘1i + &) — q;— if(tl)l) —&(q;+ &) - q;— ?'l(tl)l)} .
We easily have

h(t,) < F'Card G;2|¢*(t,) — 7 1 (ty) g, (3.8)
where

Gi:{jeZ”qi_'_éi_qj_éjlérO for |€i|§ca;|€j|§ca}a (3.9a)
2

, d
F =r£1§(>)< Ez—di(x) , (3.9b)
2ca+ Ry+rog<ca+Ry=R;. (3.9¢)

Equation (3.8) was obtained by the same estimate on the momenta
given in Theorem 2.1 and in the hypothesis that

2*"1>R, +cu. (3.10)
For ¢ =1 we have
Card G; = |x|2ca+rp) = x| (ca)” . (3.11)
Therefore using Egs. (3.8) and (3.11) we obtain
sup [C5(6) = &5 (o)l
4.€L(Ro)

=00 = "1 (O)lg, S 2F () gdtl 18%(2) = &7ty g, -

We define n(«) as
n(x) = Integer part of

4]

2‘1—1 _RO

’

> { (3.12)

and we iterate n(«) times the above procedure to obtain
I8 @®) = 1O g,
t tn(a)—1

é (2F/)n(a)(c/a)vn(a) ( dtl e f dtn(a) ”Ca(tn(a)) - Ca— 1(tn(az))“R,.(a)
0 0

SQRFYOCa)™ @ aln(e)!]™ . (3.13)

Equation (3.7) is then verified by the estimate (3.13). Therefore we have
proved that uniformly in [¢| < 1

lim (5()=(()< o0 VieZ.
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We shall now prove that the solution x + {(¢) is bounded in the norm
of Eq. (2.8) The essential point is that there exists m € Z so that for every
R, = 2% the following holds

sup 1070~ P Ollg, St BZyZmo. (3.14)

This because by Eqgs. (3.13) and (3.12)
100 = PO r, < Y. RFYO('o)™ @ (c'a)(n(o) ) ™! = 1
mag
for m sufficiently large and every o, €eZ™". By Eq. (3.14) we have that

I1C2() gy S 1 4 cmog < 2ema (3.15a)

and therefore
(Ol = 2cmary. (3.15b)

By use of Eq. (3.15b) and by proceeding as in the proof of Lemma 3.2 of
Ref. [1] we obtain that |x+ {(¢)|| is bounded for [t] < 1.
To complete the proof of Theorem 2.2 we prove that

lim () +x = () +x

in the local topology of X. That is, for every R, >0
Tim (3 + E(O)NE(Ro) = (4 + EO) N Z(Ro) (3.16)

and the same for the momenta. This is ensured by the convergence of
{*(t) in the product topology and by the estimate (3.15).
Define a(R,) as

a(Ry)=inf{BeZ* 2P —2cmB= Ry} < + 0.

Then for o> a(R,) the particles of x + {*(t) and x+ {(t) which are in
2 (R,) are those initially inside X(2*®R9), therefore Eq. (3.16) is implied by
Tim 250 = {0 laa =0 O

Proof of Theorem 2.3. (i) We have by Theorem 2.2 that

mi(t) = lim ni(e) = fdf Z, P(lg; + £i(0) — g;— (D))

JjFi

=lim—‘f'dr v —a——<15(|ql+~f"‘(r) 4;— &)
0

a7 gjeX(2%(RY) q

t

=—[dt ) hm~a—<1>(|ql+c“(r) 4;— &)

0 geX(2uRy) 7%

fdf Yi— a (g, + &) — q;— (D))

jFi
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where
w=inf{feZ"|qeZ(2")}; R;=2%

(3.47)
a(R)=inf{BeZ" |2 —4cmB>rq+R;}.

Further

£) = lim &(0) = lim | de(p,+ (@) = [ de(ps +1,(2).
o—> 00 a’_’wO 0

(ii) The unicity theorem reads as follows. Let x(f): (— 7, 7)— X which
is a bounded [in the norm of Eq. (2.8)] solution of the equation of mo-
tion (2.4). Let x(t) = x(0)+ {'(¢) then unicity means that

{0 =L = lim ().
We first note that there exists 1 < oo such that

GO < Aoy, (3.18a)
L0 = Ay, (3.18b)

where «; was defined in Eq. (3.17). The proof of Eq. (3.18a) follows from
the assumed boundedness of [|x(t)|. Since it is analogous to the one of
Lemma 3.2 of Ref. [1] we shall omit it. We proceed now in a way comple-
tely similar to the one of Theorem 2.2. We consider ||{(t) —{'(¢)l|g, and
we iterate n-times the procedure of Eq. (3.13). Therefore the particles
we consider will be in the sphere X(R,) where

R,=Ry+n(ro+24a,)
o, =inf{B€Z"|n < Integer part of {2/ — Ro)(ro +228)" '}}.
Therefore as in Eq. (3.13)
60 = GO = QF) (o) ()™ (3.19)

with vanishes as n diverges.

(i1i) It follows directly from (i).

(iv) Tt is sufficient to show that for every v-measurable set E C ¥ and
every fixed ¢, also S(—¢t)E is v-measurable and that v(S(—t)E)=v(E_).

This amounts to say that for every ¢ > 0 there exist v-measurable sets 4,
and F, such that

with

A, DS(—t)EDF, v(4,—F)<e. (3.20)
To prove Eq. (3.20) we use the regularity of the measure v [see Theorem
3.1 (1)] to find an open set A, and a closed set F, so that

A, DEDF, v(A,—F)<ce. (3.21)
We then have

A¥ =lim inf $*(— 1) {A4,n X} > S(— 1) {4,nX} D S(—)E (3.22a)
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because of Eq. (2.9) read in the local topology D. (21) and because A,
is open. By complementarity in X from Eq. (3.22a) we obtain

F* =lim sup $*(— t) {F,n X} C S(— t) {F,n X} CS(— 1)E. (3.22b)

By Liouville theorem in X[2(2%)] and the equilibrium equations
W(F)=v[S(—{F,nE}] v(4)=v[S"(—){4,nE}] (3.23)

since v(¥)=1. By a classical theorem in measure theory, [10] II1.4.8,
and by Eq. (3.23)

v(A¥) < lim inf v[$*(— 1) {4,nX}]=v(4,), (3.24a)

V(F*) = lim sup v[$*(— ) {F,nX}] = v(F,). (3.24b)

Finally Eqgs. (3.21)—(3.23), and (3.24) together imply Eq. (3.20) with

A*=A,and F*=F, O
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