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Abstract. We generalize the axiom of locality to the non-localizable case by an axiom
of essential locality which means a natural local continuity property of the field commutator
on the light-cone. For localizable fields essential locality coincides with ordinary locality
while localizable local fields restricted to non-localizable test spaces still remain essentially
local. Essential locality is proved to be sufficient for a derivation of the usual Haag-Ruelle-
Hepp scattering formalism. Functions of the free field are examples of essentially local
fields which may not be localizable.

1. Introduction

The principal aim of the present paper is to give a generalization of the
Haag-Ruelle-Hepp scattering formalism to the non-localizable case,
i.e. to the case of test spaces not containing functions with compact
support.

In the localizable case causality, usually introduced by local com-
mutativity (in short: locality), is well known to be crucial for the deriva-
tion of the asymptotic conditions. Since the standard formulation of
locality [20] does not apply to the non-localizable case, we have to
look for some other suitable additional assumption.

Thus Steinmann demands the existence of generalized retarded
products as defined in [ 18] and imposes certain regularity properties [19].
Steinmann himself quoted this a purely technical assumption which
cannot be given any direct physical interpretation. Moreover, despite
extensive research in this field, there does not exist any rigorous proof
for the general existence of those Green’s functions even in the tempered
case (apart from the unrealistic case of two space-time dimensions [17]).
It should be interesting, however, to investigate the possibilities of
circumventing this difficulty by modification of the defining postulates,
extracted from sharp Green’s functions for localizable fields, which
Steinmann introduced for convenience (compare [18] for this point).

Nevertheless we think it is desirable to work with a more direct
substitute of locality which is applicable to both the localizable and the



122 J. Bimmerstede and W. Liicke

non-localizable case. One possibility has been explored by Taylor [22]
(see also [23]). According to Taylor a field fulfils the condition of
generalised local commutativity if it is a certain limit of local fields. In the
present paper we present a (presumably wider) generalization of locality
which seems to us more closely related to the usual formulation of
micro-causality, at least from a mathematical point of view. This
generalized condition will be called essential locality and will, indeed,
prove sufficient for a derivation of the usual scattering formalism.

In order to avoid purely technical complications we decide to con-
sider only a single scalar hermitian field A(x) and choose the well known
Gelfand spaces S#*+#+ to be allowed test spaces [4]. Generalizations
will be more or less obvious.

Although our main emphasis is on the non-localizable case, we
think the following derivation to be of at least technical interest also
for the localizable case.

2. Locally Continuous Generalized Functions

As already mentioned in the introduction, we are going to deal with
generalized functions on some Gelfand space S#*+# (see [4] or [15] for
the definition and properties of these spaces). Since we are only interested
in the completely symmetric case §,=pf,=---=f,, let us introduce
the notation

Ss(Rn)ESlh,-..,Bn’ ﬂ1=“'=ﬂn=s

for s 2 0. We should like to formulate properties of generalized functions
on S°(R") which, when applied to the localizable case s > 1, characterize
the support of the functional in question. To this end let us introduce two
useful definitions?:

Definition. Let M be a closed subset of R* and S a subset of S*(R").
Then S is called locally bounded on M in S*(R") iff there are positive

! We use standard notation:
n 1/2
||xn=(2(x1)2) =)
J=1
Z" ={o=(al, ..., a": o/ non-negative integer}
n . n
= o5 x'=1] @)
j=1 j=1

o\ o\
@ =\—7 B G ! ceey "
() (8x‘) . (6x") oGt s 1

U,(M)={yeR": |x— || <e for at least one y' € M}.
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constants e and A4 such that for every non-negative integer N

sup sup sup A™ Ty |V [p(y) < oo .
@eS yeUe(M) acZn
Definition. Let M be a closed subset of R” and F a generalized func-
tion on $°(R"). Then, for non-negative s, < s, F is called locally continuous
on M with respect to S*(R") iff sup|F(¢)| is finite for every S C S*°(R")
@eS

that is locally bounded on M in S*°(R").
Thus suitable properties of the type we are looking for are those of
local continuity:

Lemma 1. Let M be a closed subset of R" and let F be a generalized
function on S*(R™). We impose the additional condition s> 1 and therefore
can define T=supp F. Then the following two statements hold:

1. For every non-negative sy =s the restriction of F to S®(R") is
locally continuous on T with respect to S*(R").

2. MD T if F is locally continuous on M with respect to S°(R").

Proof. Since local boundedness on T in S*(R") implies local
boundedness on T in S°(R"), it is sufficient to check the special case s, = s.
Then the first statement is immediately verified by realizing that, due to
strict localizability (s> 1), for arbitrary e, > e¢; >0 there are multipliers
k on S*(R") such that k(y)=1 for ye U, (T) and k(y)=0 for x ¢ U,,(T),
which may be easily constructed by standard techniques (see [3],
Appendix 1, for instance). The second statement follows from the fact
that {ro:re Z,} is locally bounded on M in S*(R") for every ¢ € S*(R")
with supp @ C R"— U,(M), 0 <e suitable; thus F(¢)=0. [J

We need one final result for deriving the cluster property in Section 4:

Lemma 2. Let M be a closed subset of R" and let Fy be a multi-linear
Sunctional on S*(R™) x S*(R™) X --- x S*(R™) which is continuous in each
variable separately and even locally continuous on M with respect to
S*(R") in the first argument. Then there is a generalized function F on
SS(RrHmttmy - coinciding with Fy on SS(R")x --- X S%(R™), which is
locally continuous on M X R™ x --- x R™ with respect to SS(R**m* " *m),
The linear hull of S*(R") X -+ x S*(R™) is dense in S*(R"*™* ™), therefore
F is unique.

Proof. See appendix. [

3. Axioms for Essentially Local Fields

For simplicity we decided to restrict ourselves to one kind of neutral
scalar particle with mass m> 0, described by the hermitian Wightman
field A(x) on S%(R*), s=0.
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This means, the formal integrals
Al@)= [dx A(x) o(x);  ¢eS(RY)

are well defined as (unbounded) operators on a common dense domain D
in a separable Hilbert space 5, and for @, ¥ e D

¢ [ dx{PIAX)| ) 9(x)=(P| A(p)| P>

is a continuous linear functional (generalized function) on S(R*). As
usual, hermiticity of the field A(x) is defined by

A(@)CA(@)* for ¢eS(RY),

where ¢ is the ordinary complex conjugate of ¢. Finally, the following
axioms are postulated *:

1. The metric in S is positive definite.

2. The theory is Poincaré covariant, ie. there is a (strongly) con-
tinuous unitary representation U(, a) of the connected Poincaré group
defined in 4, for which we have

UA,a) A(x) U(A,a) ' =A(Ax+a)

in the usual distribution theoretic notation.

3. There is a vacuum state vector 2 in 5, unique up to a phase
factor, such that PQ=0. Here P is the energy-momentum operator,
defined by

U(1,a)=exp(iPd).

4. A(@)DCD for @ e S°(R*). Therefore, according to Lemma 2, the
expectation values {(@|A(x,)... A(x,)|¥> (P, ¥ € D) and especially the
vacuum expectation values (VEV)

W(xy, ..., x,) =<Q|A(x,) ... A(x,)| Q>

are uniquely defined as generalized functions on S*(R*").

5. The field is essentially local, ie. for @, ¥ eD the generalized
function {(®@|[A(x), A(y)]- | ¥ is locally continuous on> {(x,y)e R®:x
—ye V} with respect to S*(R®).

6. Apart from the eigenvalue 0 corresponding to the vacuum, the
spectrum of P is contained in V7.

By Lemma 1 we see Axiom 5 to be equivalent to Einstein causality
[8] in the localizable case, i.e.

supp{P|[A(x), AW]- |¥) C{(x,y)e R®:x—yeV}

2 We closely follow Ruelle’s formulation [21]. .
3 As usual, we denote by ¥ the closed light-cone and by V7" the set {pe R*: +p°>0,
2 2
przm}.
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for s> 1. On the other hand*, again by Lemma 1, a local field A(x) on
S*(R*) (s> 1) still remains essentially local when restricted to S*°(R%),
so <s. Therefore we feel justified to postulate essential locality as a
substitute for locality, which cannot be formulated any more in the
non-localizable case s < 1. We expect that many results for local fields
can still be proved for essentially local non-localizable fields.

In the present paper we will check the Haag-Ruelle-Hepp theory from
this point of view and therefore need one further assumption concerning
the particle interpretation of the theory. As in [13] we assume the follow-
ing structure of the 2-point function:

o0

<9|A(X)A(Y)IQ>=iA$(X*Y)+ijfldQ(H)A,T(x—y), M>m.  (31)

4. Cluster Property

For essentially local fields, apart from some minor alterations, we
still can use Ruelle’s method [21] to prove the well-known cluster
properties first conjectured by Haag [6]. Here again, we want to keep
things as simple as possible. Therefore we will not prove the cluster
property in its most general form but just prove it in the form which is
sufficient for the derivation of Haag’s asymptotic condition .

First of all we have to exploit essential locality for the truncated
vacuum expectation values (TVEV):

Lemma 3. Let n, n' be positive integers with n' < n. Then the generalized
Sunction (QIA(X,) ... [A(x,), A(X, 1 1)1 ... |QDT is locally continuous on®
(e R*":x,, — X, ., € V} with respect to S5(R*").

Proof. Remember that the TVEV

W (%)= (Q|A(x,) ... Alx,)| 2T,

while recursively defined by

W)=Y ) nﬂBT(le,...,xij),

I1=1 MePi(n) JeM

are explicitely given by the VEV via
EBT()AC)_: Z (_1)1—1(1_1)! z 1_[ QB(xj‘,...,xij).
=1

MePi(n) JeM
4 It should be of some interest to find out the necessary and sufficient conditions for a
field on S°(R*) in case s> 1 to be essentially local when restricted to S*o(R*), where s, < 1.
However, we will not go into this problem, here.
% There do not arise new difficulties in the proof of the general form, but it is only the
notation that is more involved [21].
6 We write £ = (x4, ..., x,) with x, =(x?, x,) = (x°, x!, x2, x}) e R*.
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Here M ={J,,...,J;} € P(n) iff it is a partition of {{,...,n} into !/ (non-
empty) disjoint ordered subsets J, with the ordering in each J = (jy, ..., ji,)
being the natural relative ordering of integers. Now, if in the expression
for W” we take the sum only over such M for which x,, and x,, . ; belong
to different J € M, we obtain a generalized function which is obviously
symmetric in the arguments x,. and x,, ., . This part cannot contribute to

(RIAMx) .. [A(xy), Ay 4 )] - . Al) | DT

Thus, according to Axioms 4 and 5, the statement of Lemma 3 follows

by Lemma 2. [
For the sequel it is convenient to introduce some short-hand notation:
If = is a permutation of (1, ..., n) then we write

QBZ;(*) = mT(xn(l)s [RAE) xn(n)) .
If, moreover, ¢ € S°(R*") and a,, ..., a,€ R we write
85(&0) = f dx SIB5()%) (X —do)

withdx=dx, ... dx,,d4,=((0, a,), ..., (0, a,)). For positiven,n' e Z, (= Z})
with n' <n we denote by §, . the set of all permutations = of (1,...,n)
fulfilling the inequality 7n(r)<n(r) for O<r<r <n' as well as for
n' <r<r <n. Finally, for n€S§, , and e>0 we define
Ki={%eR*": X 4 — Xz € U(V) for
suitable r,reZ, with O<r=n' <v <n}
and
mn,ﬁo = min min n “an(r) - an'(r’)” .

re{l,...,n’} re{n’+1,...,

Now we are prepared for the first basic step in Ruelle’s proof:

Lemma 4. Let N be a non-negative integer and let meS, , and
@ € S*(R*"). Then there is a constant C for which the inequality

My ao|Fe (o) — Fp(do) < C
holds for arbitrary ay, ...,a,€R> with |a,—a, | <(n—1)m, ;.

Proof. Since ne S, ., WT (%) — W (%) can be written as a finite sum
of generalized functions of the form

<Q'A(x7r’(1)) [A(xn'(l))9A(xn’(l+1))]— A(xrr'(n))|Q>T

with suitable le {1,...,n— 1} and suitable permutations 7’ of (1, ..., n)
for which 7'(l) e {n(n’ + 1), ..., n(n)} and #'(I4+ 1) € {n(1), ..., n(n')}. Hence,
by Lemma 3, W7(x) — WI'(%) is locally continuous on K* (for arbitrary
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e>0) with respect to S*(R*"). Therefore, by translation invariance of
the theory, it is sufficient to prove that

{paX)=m s 0(X—ag): ay,...,a,eR3, a; =0}

is locally bounded on K% (e>0) in S*(R*"). This, however is an easy
consequence of the following estimate:
sup %1% lof (%)

Smis, sup [[X+dolN le® ()l
£ +doeKE

Smyz, sup (%] + 0 —1)7my o) @)

n,do
’ X +doeK%

S(1+40— D)V sup ([]+M Y [p¥(3).

In the latter inequality we used that m, , <4(||X[|+¢) if X+ do€ K;. [

Theorem 1 (cluster property). Let N be a non-negative integer and
let ¢ be a test function from S*(R*"). Then there is a constant C such that
the inequality

llao IV 1§45 (@0)l < €

holds for a, =0 and arbitrary a,, ..., a, € R>.

Remark. This theorem shows that . (d,) is a tempered function in
the difference variables a; —a,, ..., a,_, —a,(a, € R®).

Proof. Since for every configuration a,, ..., a, there is a positive
integer n’ <nand a permutation e S, , such that ||, —d, | S(n—1)m, 4,
by Lemma 4 it is quite sufficient to prove, for arbitrary but fixed 7 € S
that

n,n's

My a0 &5 (do)|

is uniformly bounded in a,, ..., a, € R provided [|a,— a, | S (n— 1)m, 4,
holds for r, ' € {1, ..., n}. In order to prove this, let us introduce another
permutation n’ by

(), ...,7'(n)=(n(m +1), ..., n(n), n(1), ..., n(n)).
Then, by Lemma 4,
My 40| 5(do) — T (o)l
is uniformly bounded in a,,...,a,e R® (remember a,=0) for fixed
we S*(R*"), provided [la, — a, | < (n— 1)m, 4.

Therefore, the theorem is proved if we find a test function y e SS(R*")
for which &7 (a,)= &,(a,) and F;'(a,)=0:
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Exactly as for tempered fields (see [12], Chapter III, §§ 3E and 5C)
it can be proved that

— k —
suppﬂBTC{ﬁeR“":pl+~'+p,,=0, Y pevl for k<n},
r=1

where the Fourier transform W7 of MW7 is formally defined by~

WI'(p)=(2n)*" [d% exp (i Y. b x,) W (%)
r=1
Consequently:

supp27 C {i) ER*: Y prne W"}

r=1
suppIBZ. C {f) eR*": nZ Prin € V_L"} .
r=1
Therefore, a suitable choice for y is given by
#0)=h( £ b 200,

where h e Op(R*) is equal to 1 on V™ and vanishes on V7. []

5. Asymptotic Conditions

The derivation of the well-known asymptotic conditions can be
traced back to the methods used for tempered fields [13], by means of
the following

Lemma 5. Let n, #' be positive integers with n’ <n and let S be a finite
subset of S(R"). Then there is a function ge S*(R"™) such that for every
QpEeS

ho() =00t - G0 . ™), xeR"
defines a test function in S (R™).

Proof. Since S0 (R")= 2(R"), the statement is trivial for s=0. Now
suppose s> 0. Then ¢ € S*(R") iff [4]:
1

P(y) exp (+a(1 + ||xi|2)25) e & (R") for suitable a>0.
Since § is finite, ¢ may be chosen once for all ¢ € S. Therefore, with
1
~ n'y — a n’ 25 s pn’
gocts - x )=exp(— S5 T+ 1G5 001%)° )ES (R™),

7 Note the different sign in the exponential as compared to [12].
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we have

R0 = C/EG - ) eSRY for peS. O

Although each of the various steps in the following derivation was
already explicitely carried out in at least one of the Ref. [1, 6, 10, 13 or 21],
we think it worthwhile fitting them all together. We will use the same
notation as in [13], ie. for ¢ € S°(R%):

d(p)=(2m) " [dx p(x)e'**

0, =+ m)!2

2w
Alp; )= [dx A(x) o*(x;1).

0
ox;)=2n)" 312 f dp &(p) (M) PO ©p)t p=ipx
p

We will also refer to the following

Definition. A set {f;}CS (R?) is called essentially non-overlapping if
supp f;nsupp f; has no interior points for j= 1.

As a first step we have to realize some physically plausible properties
of smooth Klein-Gordon wave functions:

Lemma 6. Let fe % (R?). Then there is a constant C such that the
Klein-Gordon wave function

d 7 i 0
fe=em 2 L fpemienem

p

fulfils the inequalities
X2 f(l<C
(A +x°) %2 fdx|f(x) < C

and

for arbitrary x € R*.
Proof. See [1], Lemma 14.1. [

Lemma 7. Let { fl, fZ}CV(R3) be essentially non-overlapping and
let N be a non-negative integer. Then the Klein-Gordon wave functions

fj(x) =(2n)” 3/2 j ;TP f}(p)e‘i(wpxo—px)

p

Sulfil the inequality
It f1(t, x1) fo(t, x,)| < C

for arbitrary te R' and x,, x, € R? with ||x, — x,||* < t|.
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Proof. See [13], Lemma 3. []
By these lemmas, if we define
P'(n)=@ for n odd,
P(m={MeP,,n):k;=2 forall JeM} for n even,
we can derive the following key result:

Theorem 2. Let ¢4, ..., ¢, be test functions from S*(R*). Then there
is a constant C for which the inequality®

(2|11 4*wg0)e)

- Z H <QIA ((pjx’O)A#((pjz’ |Q>\<C

MeP'(n) JeM

sup|zf?
teR!

holds with
{3/2 for n odd

13 for n even.

If, moreover, (;(p)= f () Pp) (=1,....,n) for some weSS(R“) and
fisooos fre P(R?) with at least two of any three f“,fn,fj3 forming an

essentlally non-overlapping set, then there is a sequence of constants

Co, Cy, ... such that even
(2|1 4*@yi0[)
j=1

YT <Q|A*(<p,-1;O)A**«ph;onm’<cN

MeP'(n) JeM

sup |¢[¥
teR!

holds for all Ne Z
Proof. Anyway, by Lemma 5, the »; may be represented in the form

@)= 1) w,(p) With {p,, ... w,} CS'(R*) and {f,,.... /,} C(R®) not
necessarily essentially non-overlapping. Now, by use of the almost

localized fields
Bj(x)=(2n)"*[dx’ A(X)p;(x'—x)
and the smooth positive frequency Klein-Gordon wave functions
- dp 7 —i(wpx%—px
fi(x)=(2n) mfﬁ fip)e px)

. p
we may write

Agpo=i [ dx (B( )

x0=

of; (x) é’B (x)

filx )) on D

8 We write A*(g;; ), meaning either A(e,; t) or A*(¢p;; 1) throughout.
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for j=1, ..., n. Expanding the first term of
W= <Q ﬁ1 A" (o3 t)'Q>
j=
- 2 [1<Q14%(;;0) 4% (0;,; 02>

MeP'(n) JeM

into the corresponding sum of products of TVEV (see proof of Lemma 3),
we therefore see W to be a finite polynomial in “variables” of the form

I(t)= [dx; ...dx, fi(t, x)... fit, ;) Fo (T, X 1), .., (1, X))

where f, € {fr)» fair» 00 [z Oo o} ¥ =1, ..., k, for some permutation
nof {1,...,n} and

k
(pl(xl’ cey xk) = l—[ w:(xr)
r=1

with v, € {y,., ¥, 0oy, 0o Wi} for suitable I'=1'(r).
Products of factors I(t) with at least one k=1 or, alternatively, all
k <3 do not contribute because (3.1) implies
Alp;;) Q=0
Q1A (9;,:8) A™ (0,3 )| Q) =<Q[ A% (9,0 A" (9;,;0)|2) .
If n is even, in each non-vanishing product we even have either a factor

I(¢) with k> 3 or two factors I(t) with k= 3. Consequently, the theorem
is proved if the following statements are verified (k> 1):

(i) sup [¢P“" 22 |I(e) < o0,
teR!
(ii) if k=3 and if at least two of any three fjl, sz, fja form an essen-
tially non-overlapping set, then even
sup [tV I(8)] < o0
teR!

holdsforall Ne Z, .

Let us define
5&00 = (0’ (07 xz), eeey (0, xk)) € R4k .

Then, by translation invariance of the theory and by Theorem {1, we have:

() = fdx1 e dxy | f1( x0) 506 X1+ x5) .. filt, X+ x) ‘E?é/(ioo)l

k
= jd-’ﬁ |f1(5, %) n mix L (& x;)|_fdx2 -~~dxk|3(}z'(fcoo)| .
r=2 x,eR3
Hence statement (i) follows from Lemma 6. On the other hand, (1),
n(2), and 7(3) are pairwise different. If f, ..., f,meet the requirements of
the second part of the theorem, therefore, by Lemma 7 there are
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r, 1 € {1, 2, 3} such that for every N’ € Z there is a constant C for which
the inequality

ItN,fr/(ta xr) fr/’(t’ xr’)' <C

holds for arbitrary t € R* and arbitrary x,, x, € R® with |x, — x,.||* <|t|.
Without loss of generality we may assume r=2,r =3. Moreover, by
Theorem 1 again, for every N’ € Z, there is a constant C' for which the
inequality

ItV Fp (oo < C'

holds for arbitrary te R' and arbitrary x,, ..., x,€ R® with |x, — x;|*
= |t]. Therefore statement (ii) is a consequence of Lemma 6 and the
inequality

OIS max [ Gool [dxy . dxil £ (6, ). /it x0)

..... X
[lx2—x3][22 [¢]
k
+ , max . n |fr’(t,x;)”dxlIff(tsx1)”dx2-"dxklg';'(fcooﬂ~
X250,y xieR r=2

[lx2 = x3[2 <t
This completes the proof of Theorem 2. [
From Theorem 2 we can conclude the following very special form of

Haag’s Strong Asymptotic Condition. Let ¢,,...,¢, be test func-
tions from S*(R*) with supp;C {p € R*: p> < M?}. Then the strong limit

-li * .o
stllq_rlmjljl A*(p;;1) Q

exists in A and represents an asymptotic state corresponding to n particles
with momentum space wave functions f;(p)=@;(w,, p).

Proof. By Theorem 2 we see that
i |

2
. *(p
i j|=|1A (p;;0)Q

H

which is the VEV of an even number of field operators, decreases like
t| =3 for t— + oo. This is because the subtraction of products of 2-point
functions formally required in Theorem 2 is actually redundant, since

d
Alg) Q= A*(p;)2=0
by (3.1). So the strong limit

1 *( o -
R L AT 08
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exists in # and we are left to justify its physical interpretation. Here we
remark that the well-known properties of asymptotic states are fulfilled,
as there are correct transformation under U(A, a) and scalar products
among each other. These properties can be easily established from (3.1)
and inequalities of type

1-1 n'
I:[lA#(qo,-;t)[A#(wz;t),A#(qom;t)]— I1 A#(<pj;t)'£2>

_ <Q Q>

~ <9|[A#(<p,;t),A#(rle;r)]_|Q>)<c

o

-1 n'
1—[1 A%t ] ZA#(%;t)
i

J=IF

which are a direct consequence of Theorem 2 since the required subtrac-
tions cancel each other. For further discussion of the physical interpreta-
tion we refer to Haag’s papers [2,6,7]. [

Denote by 4, (resp. #,,) the closed subspace of # generated by
all out(resp. in)-states obtained from Haag’s strong asymptotic condition.
Moreover, given an arbitrary family {&},.z: of vectors in 5, write for
D, € Aoy (resp. P_ € H,,)

t— — 0

o, = w+;}j£n®¢, (resp. &_=w_-lim 45,)

whenever
LIRS AT SERC NP

holds for all ¥, € 4, (resp. ¥_ € #,,). Using this convention we next
derive the corresponding form of

Haag’s Weak Asymptotic Condition. Let ¢,,...,¢, be test func-
tions from S*(R*). Then

wiliigleljl A*(p;;1) Q

exists and represents an asymptotic state corresponding to n particles with
momentum space wave functions fi(p)=@;(w,, p).

Proof. First of all, by Theorem 2 again, we see

2

11 4*(e;: 0 Q
i=1

to have an upper bound independent of t. By Haag’s strong asymptotic
condition, therefore, if we choose test functions ¢, ..., @, € S(R*) with
supp®; C {pe R*: p> < M?} and §/(w,, p) = (v, p), it is quite sufficient
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to prove the identity
|11 s0)@) = tim (v,
for arbitrary ¥, of the form

¥, = s-lim [T A*@w;0Q
1> iy

lim

t>t o

f o)

with y; € S(R*), supp®;C {pe R*: p*> < M?}. This identity follows from
lim KQ [1 401 A*<<o,-;t)|fz>
t— T 0 = .
- (2|1 w0 TT aojin|)| =0,
r=1
which, in turn, is a consequence of Theorem 2 since the required subtrac-
tions cancel each other by (3.1). [

Just as for tempered fields we still have the following

Lemma 8. Let ¢4, ..., ¢, be test functions from S*(R*). Then there are
C,Ne Z, such that

(e

holds for all ye R".
Proof. Note that

n

[T A% (@29

9>| <+ [z

(2 )

= [ap<Q1Apy)... Ap)12> [T 87 332

.l_[1 A% (@5 1)
i

with
o (p;)e{@(—p; 1), d¥(p; 1)},

2 (e )= - ~ p t+ow H (00— wp
3,(p: =212 ,(p) (T) e,

Since <Q|A(p,)...A(p,)|Q) is a generalized function on S~S(R“"), for
every A > 0 there are integers N, C, such that (see [4])

(o #1002}

<C, max max maxﬁ s\(p/A) D% ]_[ T 1)

peR4n |G|SN4 peZin j=1
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Choosing A big enough, we see the r.h.s. to be bounded by a polynomial
in the |y/| of degree <N, due to the restriction || <N,. O

This Lemma enables us to take over Hepp’s proof for the following
form of the LSZ asymptotic condition [10]:

Theorem 3. Let ¢, ..., ¢, be test functions from S*(R*). Then, if
{P2(0ps P)s-vvs Pul@y, P} C F(RP) is essentially non-overlapping, we have

wo-lim A*(p; 1) we-lim [] A*(@;;1) Q= we-lim [] A*(p;:1) Q.
t— oo t'—->j:ooj=2 t—»iooJ.:l
If, moreover, suppd;C{pe R*:p>*<M?} for j=1,...,n then we may

substitute all the w..-limits by strong limits.

Remark. The physical interpretation of this theorem is obviously
given by Haag’s weak asymptotic condition.

Proof. By Lemma 5 there is a suitable function g e SS(R3) such that
j}(p ®i(w,, p)/g(p) e S (R¥forj=2, ..., n. Let us choose some he Z(R")
with supph C (0, M?), h(m*)=1 and defme

p@E)=4(P) hP*),  Oip)=£(P) D)
for j=2,...,n. Then we have y, ¢;e S*(R*), and {f5, ..., f,} is essentially
non-overlapping. Therefore, by Theorem 2 (second part) we have

d n 2
el *( o
i 1L 40500

for every N € Z, (compare proof of Haag’s strong asymptotic condition).
Furthermore, by Lemma 8, we obtain the following estimate

A*(¢1;t)(f1 A%t - 1 A*«o;;rz)) 9}\

ji=2 j=2

[tV <Cy

- sup< ’A*(¢1,t>(n A*(ghit o—nA*(cp,,rz)) >‘
1#l=1
2 d n
= sup [{ar (¥|aoii0 g 11 4%ei0)|9)
YeD |ty P,
|l'1’!|=1
< fdt ‘A*(fpl,t) H A*(gj; 1) ‘H

’ { (“A((pl,t)A*((pl,t)d, ﬂ A*(p J,I)Q“
| T ax@pne

)1/2
j=2

S CAU+ A+t )"0,
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which, with suitable C, N € Z , is valid for all t, ¢,, ¢, € R' with 0 < ¢, <t,
ort,<t, <0. Since A*(¢,; 1) is closed we see from this estimate that

s-lim ]_[ A*(@}5 1) Q,

Yot iy

if it exists, is in the domain of 4*(¢,; t). Therefore, by Haag’s asymptotic
conditions and since @(w,, p) = @;(w,, p) for j=2, ..., n, we see that

“A (q)l,t)<s -lim ﬁ A*(@): 1) Q— f[ A*((p};t)Q)H
j=2

t—>+ooj=2

A*(¢1;t)(wi;§n£ [T A*(@;t)Q— T A*(@}50) Q)
%j=2 i=2

-0 for t—>+ o0,

L.e. the w,. (resp. strong)-limit of
Az wadim [T A1) €

for t— + oo exists and is equal to the w, (resp. strong)-limit of

n

(p (t) A*((pla t) 1—[ A*((pp )
j=2
for t— + oo, iff the latter exists. By Haag’s weak asymptotic condition the
w -limit of @'(t) exists and, due to (pj(a)p, p)=(w,, p) for j=2,.
is equal to

1 ®ion o
Wi tyrjl;looj-l;ll A ((pp t) Q.
Hence, the first statement of Theorem 3 is proved. The second follows

analogously from the fact that for supp@; C {pe R*: pP<M?*},j=1,...,n,
Haag’s asymptotic conditions imply

s;lirg ()= ts;lilzlo ]:[ A*(p;;1) 2

w, -lim ﬂ A¥(p;; 1) Q= s-lim n A¥ Q. O

t=>+ 00 t—=+t oo j=

6. Conclusions

We introduced the axiom of essential locality as a natural generaliza-
tion of local commutativity. Contrary to the latter, essential locality
— while equivalent to locality in the localizable case — is meaningful also



Scattering Formalism for Non-Localizable Fields 137

for the non-localizable case. Thus, by essential locality, we rigorously
derived the usual Haag-Ruelle-Hepp scattering formalism with all its
different forms of the asymptotic condition in a self-contained way.

We did not derive the LSZ reduction formulae, since we were not
willing to postulate existence of the commonly used Green’s functions.
However, modified® reduction formulae can be derived in the usual
way [10].

There are examples of essentially local non-localizable fields which
are not just restrictions of localizable fields to non-localizable test spaces.
Such examples are provided by functions of the free field*® as treated by
Rieckers [15].

We conclude that the idea of Einstein-causality still has some
applicability to the non-localizable case and ensures a particle inter-
pretation of the theory.

Finally, as a by-product, we have an explicit derivation of asymptotic
conditions for Jaffe fields [11]. For example, we have all the usual
asymptotic conditions for the simple case of asymptotic particles
corresponding to wave functions with compact support in momentum
space. This is because every Jaffe field yields, just by restriction, an essen-
tially local field on S*(R*) and because Z(R")C S'(R").

Appendix: Proof of Lemma 2

We prove Lemma 2 for the special case /=1 only, the full statement
following directly by induction, then!!

Let us first affirm that:

(i) the linear hull S*(R")® S*(R™) of S*(R™ x S*(R™) is dense in
Ss(Rn+n1)

Z(R"*™) is dense in SS(R"’”“) and the topology of Z(R""™) is finer
than the topology induced by SS(R””‘) Therefore, since Z(R")® Z(R™)
is well known to be dense in Z(R"™™), we see SS(R")®SS(R”‘) to be dense
in S%(R"*™). Thus, by Fourier transform, we get (i).

Note that, by this statement, in the localizable case s > 1 any generaliz-
ed function F on S*(R"*™) has its support in M x R if its restriction to
S*(R™) x S*(R™) has so. Therefore, by Lemma 1, it is sufficient to prove

° In the formal definition of the Green’s functions the step function has to be substituted
by some suitable multiplier.

10 The non-obvious proof will be given elsewhere.

11 This is because the dual space of S¥(R") is complete with respect to weak limits
[4,15].
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Lemma 2 for the following two cases:
1. Case: M =R", s arbitrary,
2. Case: M arbitrary, s=<1.

Now, if for 4,e>0 we denote by S;;%(R") the set of all functions
@ € S*(R") fulfilling

lellyy= sup sup A a=s*(1 +lx)Ve® (2l
xeUe(M) ac2} (A1)

<0

for arbitrary Ne Z,, A'> A and choose the topology given by the set
of semi-norms (A.1), we see S3%(R") to be metrizable (since Hausdorff)
in both cases under consideration. On the other hand, since S*#(R"™)
=S%4 1(R™) and hence also S®4(R™) is nuclear [5,p.84], we have
[14,p. 101]:

SR ®, S 4(R™) = iR @S A(R") . (A42)

Recall that the n-tensor product [ 14, p. 97] is the algebraic tensor product
endowed with the finest topology such that the canonical embedding

S3A(R") x S9A(R™) > Sy (R ® .S 4(R"™)

is continuous, thus every continuous functional on S§%(R") x $*4(R™)
has a unique continuous extension to Si%(R")®,.S**(R™) [16, p. 131].
Moreover, since $%4(R™) is a Fréchet space (and remember that S3;%(R")
is metrizable), the functional in question is only required to be separately
continuous in both arguments [16, p. 136]. F, clearly meets the latter
requirement, so, by (A.2), we are left to prove the following statements:

(i) $*4(R")® S**(R™)is dense in S*(R"*™); hence S, (R") ® S**(R™)
is dense in S3yx gm o(R"™™).

(iti) The topology of S§/%(R")®,S*#(R™) is the same as the topology
induced by Sy/x g (R"™).

Although statement (ii) is a generalization of statement (i) it follows
from the same argument (because & C §#). The proof of statement (iii)
is slightly more involved:

Consider the set

U={peSif(R"): llollyns1}.

Since U is closed and absolutely convex, we have U = U°° [16, p. 36].
Here, as usual, by U® and U°® we denote the polar and bipolar of U
respectively. Hence U may also be characterized by

U={pe Sy (R):|F(p) <1 forall FeU°.
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On the other hand, the functional F, ,, defined by

Fou@)= A" a1 + |z 9@ (),
is clearly in U° and we even have
U={peSi(R"):IF, (@) <1 forall yeU(M)aeZ}.
Using some obvious generalization of our notation and defining
W o= (1€ SR @S ARY): F, ,®Fy, ()| £ 6
forall ye U,(M),aeZ%,y, € R", o, € Z"}
we conclude:
Wy ns={xe Si/’[l:ie R")®S*4(R™): [FQF,;(x)| <90

forall Fe U°, F, e UY}. (A.3)
While the definition of the W, y 5(4"> 4,5 >0, N € Z.,) shows that they
form a base of O-neighbourhoods in S3/%(R")® S*4(R™) with respect to
the topology induced by Siyx g, .(R"*™), Eq. (A.3) shows that this also

holds with respect to the topology of the e-tensor product [14, p.97].
This proves statement (iii).
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Note Added in Proof. In a paper we did not know before publication in J. Math. Phys.
15, 824—830 (1974), Constantinescu and Taylor introduced the notion of order of extension
of the commutator bracket outside the light cone. For s <1 this order may be proved to be
= (1 —s)” ! iff the field on S(R*) is essentially local.





