
Commun. math. Phys. 30, 261-286 (1973)
© by Springer-Verlag 1973

Elastic Perturbation Theory in General Relativity
and

a Variation Principle for a Rotating Solid Star
Brandon Carter

Institute of Astronomy, and Department of Applied Mathematics and Theoretical Physics,
Cambridge, England

Received July 1 in revised form December 20, 1972

Abstract. Perturbation analysis is applied to the theory of a General Relativistic
perfectly elastic medium as developed by Carter and Quintana (1972). Formulae are
derived for the Eulerian variations of the principal fields (density, pressure tensor, etc.)
on which the description of such a medium is based, where the perturbations are induced
both by infinitesimal displacements of the medium and by infinitesimal variations of the
metric tensor. These formulae will be essential for problems such as the study of torsional
vibration modes in a neutron star.

As examples of their application, the variation formulae are used in the derivation
firstly of a simple (dynamic) action principle for a perfectly elastic medium (this principle
being a generalisation of the one given by Taub (1954) for a perfect fluid) and secondly
in the derivation of a rather more sophisticated mass variation principle for a stationary
rotating solid star (this principle being a generalisation of the one given by Hartle and Sharp
(1967) for a perfect fluid star).

1. Introduction

In the general theory of perfectly elastic solids (as compared with the
special subcase of a perfectly elastic fluid) the linearised theory of small
deformations plays a disproportionately important role, since in most
solid materials the behaviour will be on the point of ceasing to be perfectly
elastic (due to fracture or hysteresis effects) when the deformations are
sufficiently large for deviations from linearity to be important.

The primary purpose of the present article is to show how to calculate
the linearised perturbations in the fundamental tensor fields used to
describe a perfectly elastic medium in the General Relativistic theory
recently developed by Carter and Quintana (1972) [1]. In Newtonian
elasticity theory it is usual to consider all elastic perturbations as being
due to displacements with respect to the (flat) background space. In
general relativity theory it is necessary also to take into account the
effect of geometric changes due to absolute variations of the space-time
metric tensor. Indeed in a fully covariant theory it is possible in principle
to consider all variations as being due to changes in the geometry of
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space-time, since continuous displacements can always be transformed
away by co-ordinate transformations. However it is not always convenient
to make such transformations since in particular applications there will
often be reasons (due to the presence of symmetries for example) for
preferring to use some special reference system which is not transported
with the displacements of the medium. Therefore in the following
discussion we shall consider deformations due both to space-time
metric variations and to relative displacements.

It is to be remarked that it was due essentially to its inability to deal
with absolute strain variations (as is done here) as compared with time-
rates of strain variations that the earlier approach to General Relativistic
elasticity theory of Bennoun (1965) was not fully successful.

In Section 2 of this paper we shall consider the general properties
of perturbations in an elastic medium. This will enable us to give a list
of Eulerian variation formulae for the principal fields, on which the
description of such a medium is based, and in particular for the energy
momentum tensor, in Section 3. Such formulae will be essential in the
treatment of problems such as those arising in the theory of vibrations
in the crust of a neutron star, where effects both of rigidity and of General
Relativistic deviations from Newtonian gravitational theory are im-
portant simultaneously.

As a simple example of the we shall apply the perturbation for-
mulae to stationary variations of a rotating star. After a preparatory
discussion of integral variations in Section 4, we shall go on to apply the
formulae of Section 3 in the derivation of two variational principles which
are stated in Section 5. The first of these is a straightforward generalisation
of the simple action principle given originally by Taub (1954) [3] for a
perfect fluid. The second is a generalisation of the mass variation principle
for a stationary axisymmetric solid star which was given originally for a
rigidly rotating perfect fluid by Hartle and Sharp [4] (1967). (An alter-
native generalisation of the Hartle-Sharp principle has been made by
Bardeen (1970) [5] to cover the case of a differential rotation which
can occur in a perfect fluid, although not of course in a solid.) The proof
of this variation principle is given in Sections 6 and 7. As in the variation
principles of Hartle and Sharp and Bardeen, it turns out to be necessary
to invoke the causality requirement that the speed of sound in the solid
(cf. Carter, 1972) [6] should not be greater than the speed of light.

In the variational principles given by Taub and by Hartle and Sharp
it was necessary to impose the condition of baryon conservation explicitly.
The variational principles which will be given here are formally simpler
in that baryon conservation is not even mentioned, since it holds auto-
matically in the more elaborate formalism which is necessary to describe
a solid as compared with a fluid. Indeed for a solid star there is no
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straightforward way to discuss the variation of baryon number even if
one wished to do so. For rigidly rotating perfect fluid stars with a well
defined (single parameter) equation of state the equilibrium states
corresponding to a given angular momentum form a family which
depends only on one parameter which may be taken to be total baryon
number. However when the material of the star is solid there will be an
infinitely richer range of possibilities characterized by differing surface
topographies and internal stress structures. Whereas in the case of the
fluid star it makes sense to ask how the total mass-energy and other
quantities vary when the total baryon number is altered, on the other
hand such a question can have no well defined answer in so far as a
solid star is concerned since the outcome would depend, for example
on whether the additional baryons were attached in the form of a moun-
tain at the north or south pole or in the form of an equatorial ridge.

What one can ask however, is how the equilibrium mass-energy etc.
of a star with a given solid structure (and by implication a given baryon
number) will vary when the angular momentum J is changed. For the
mass-energy M itself, the variation principle which will be given here
leads rigorously to the simple general formula dM = ΩdJ where Ω
is the angular velocity, a result which would have been expected from
general physical considerations, by the arguments given by Zeldovich
and Thorne (cf. the discussion given by Hartle (1970) [7]; see also
Zeldovich and Novikov (1971) [8]). This is discussed in the final section.

The notation and terminology used here will be exactly in accordance
with those of Carter and Quintana (1972) [1]. The sign conventions in the
definition of the Ricci tensor etc. are those of Landau and Lifshitz
(1962) [9]. Units are such that the speed of light c and Newtons constant
G are equal to unity.

2. Basic Principles and Lagrangian Variations

We shall start by recapitulating the fundamental principles on which
the elasticity theory of Carter and Quintana (1972) [1] is based. We
consider a 4-dimensional space-time manifold Jί, with a pseudo-
Riemannian metric tensor gab, and with a projection operator @>: Jί-+3£
of Jί onto a 3-dimensional manifold 3C whose points represent idealised
particles of the medium. The inverse image 0>~γ{X)dJί of a point
X G SC is interpreted as the world-line of the particle represented by X.
We denote the tangent vector field of the world lines by ua the magnitude
of this vector being fixed by the normalisation condition

uaua=-l. (2.1)
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The projection SP determines a canonical one-one mapping 0>~1 between
the set of material tensors (i.e. tensors in SC) at any point x e f and the
corresponding set of orthogonal space-time tensors (i.e. tensors in Jί all
of whose contractions with ua vanish) at any point xs8P~ι(X). This
mapping enables us to define various orthogonal tensor fields on Jί
(notably the density scalar ρ, the pressure tensor pab, and the elasticity
tensor Eabcd) as functions of state (or more precisely of the strain-state)
in the sense that their images in 3C under 0> are well defined functions
of the image in $£ under 2P of the projection tensor

(which of course is automatically orthogonal).
We wish here to consider the (linearised) variations of such functions

of state due to the effect both of displacements of the world lines in Jί
due to position-coordinate displacements of the form xa -> xa + A xa and
of alterations gah->gah + δgah of the metric tensor at fixed points in Jl.
Any such variation can be considered from two points of view: we can
either consider the Lagrangian variation (i.e. the variation of the field
in terms of a co-ordinate system which is itself dragged along by the
displacement Axa) and which we shall denote by the symbol A, or we
can consider the Eulerian variation (i.e. the variation of the field at a
fixed point in Jί) which we shall denote by δ. For any field quantity
whatsoever the difference between these two kinds of variation is (by
definition) the Lie derivative of the field with respect to the displacement,
i.e. we have

Δ-δ = & (2.3)

where ££ is the operation of Lie differentiation with respect to the vector

ξa defined by

Δ x a = ξa. (2.4)

In particular, if we denote the variation of gab at a fixed point in Ji by

δθat = Kt (2-5)

then using the standard formula

f 0 β 6 = 2 £,„;„) (2.6)

we obtain the Lagrangian variation of gab in the form

Δgab = hab + 2ξia;b). (2.7)
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The partial derivative d(Ta

b[[\)/dycd of an orthogonal tensor function
of strain Ta

b in Jί is itself an orthogonal tensor function of strain in Jί
whose strict definition is given in terms of tensors on SC by

\ dγcd

and hence the (Eulerian) variation in 3C of the projection of any orthogonal
tensor function of strain is given by

±\ (2.9)

The Lagrangian Variation

In calculating the variation in Jί of the image under 0>~ί of a material
tensor in 3C whose variation is known it is necessary to exercise some care,
since the mapping &~ι itself varies not only due to the displacement
directly (an effect which must be taken into account in the analogous
Newtonian theory) but also due to the fact (which has no Newtonian
analogue) that in so far as general tensors are concerned the mapping Θ>~ι

is affected by the change in the metric. However in the special case of
covariant tensors, it can be seen that the orthogonality condition and
the projection mapping are defined independently of the metric tensor,
and hence for such a tensor the simple relation

ab a b . ) (110)

will hold. In particular we shall have

(2.11)

and hence by substituting in (2.9) and taking the inverse image under &
we obtain, for the Lagrangian variation of a covariant orthogonal
tensor function of strain, the simple relation

^-Δycd. (2.12)

In order to obtain a convenient formula for the Lagrangian variation
of a general orthogonal tensor, we proceed as follows. Using the identity

4^-=y (/τί ) (2 i3)
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we obtain

HTab.
d7ef

..)

B.

d
δyef

Carter:

W:::)
(2.14)

ϋγef

 /b a •••

where the summation includes one term for each of the contravariant
indices of Ta

b . Using the identity

Δgbc=-gbegcfΔgef (2.15)

we obtain

= gbc...Δ{Tac..)-ΣgbeT/y;Δgef

 ( 2 ' 1 6 )

where again the summation includes one term for each of the contra-
variant indices. Now from the definition of the projection tensor we have

Δyef — Δgef-\-ueΔuj JrUfAue (2.17)

and hence, using the orthogonality property of the partial derivative
tensor in (2.12), and substituting into (2.16) we obtain

-EgbeT/:^Agef. (2.18)

Finally, substituting from (2.14) and again making use of the orthogonality
property of the partial derivative function, we obtain the desired formula
for the Lagrangian variation of a general orthogonal tensor function of
strain in the form

(2.19)

where again the summation includes one term for each of the contra-
variant indices of Tb . We note that independently of the value of the
partial derivative function, the Lagrangian variation has the ortho-
gonality properties

;) = 0, (2.20)

ubΔ{Ta

b;y)=-ueT/;;\Δgef. (2.21)

Using the formula (2.13) we obtain as a trivial example of the applica-
tion of (2.19) the expression

Δyab = yc

ay
d

bΛgcd. (2.22)
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Similarly, using

we obtain

dyfib

2ucu{ayb)d)Agcd.

(2.23)

(2.24)

Alternatively, this last expression could have been obtained directly
from the definition of γab, using the formula

Δua = \uaucud Δgcd (2.25)

[obtained from the normalization condition (2.1), using the fact that the
Lagrangian variation does not change the direction of ua~] together
with (2.15).

3. Eulerian Variation Formulae

Once the Lagrangian variation formula has been derived we can
obtain the corresponding Eulerian (fixed point) variation immediately
by application of (2.3). Thus using (2.1) in conjunction with (2.19) we
obtain the general formula for the Eulerian variation of a general
orthogonal tensor function of strain Tb\\\ due to an Eulerian change
δgab = hab of the metric and a displacement Axa = ξa of the flow lines
in the form

u°ΣubT/;;)(hhef

-fW:::]
(3.1)

where the summation includes one term for each contravariant index
of Tb'''. The corresponding orthogonality conditions can be expressed
by

ua δ(Tb ) = (Ta

b ) [ξ, u]a (3.2)
and

u δ ( T b " ) = ( T f " ) ( [ £ , u] —ueh f) (3.3)

where we have used the notation

(3.4)

for the commutator of ua and ξa.
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The formulae corresponding to (2.22), (2.24) and (2.25) are

δ7ab = yc

ay
db Kά - 2u{ayb)c[£, u]c, (3.5)

δyab = (-yacydb + 2ucu{ayh)d) hcd - 2u{ayh)c[ξ, u]c, (3.6)

δua = iuaubuchbc-fclξ,ύ]c. (3.7)

We remark that the general equation of motion of an orthogonal
space-time tensor function of strain given by Carter and Quintana (1972)
can be expressed in the form

By comparing this with the right hand side of the variation formula
(3.1), it may be checked that for a variation with hab = 0 and ξa = σua

(for some scalar function σ), i.e. for a variation due purely to a displacement
along the world lines, the Eulerian variation of an orthogonal space time
tensor function of strain must be zero, as could have been seen directly
from first principles.

We shall conclude this section by giving examples of the application
of the preceding formulae to the Eulerian variations of some of the most
important tensor fields in general relativistic elasticity theory.

The partial derivatives of the baryon number density n, the mass
density ρ, the pressure tensor pα b, the Lagrangian strain tensor eab and
the constant volume shear tensor sab with respect to ycd, are given
(cf. Carter and Quintana, 1972) [1] by

— — = -±nf\ (3.9)

P,n

(3.10)

dpab

-J—= -±(Eabcd + pabycd), (3.11)

ds h
ab _ i (v(c vd) _nfΊ _ i τ \ vcd\ ίrt 1 1Λ

dycd
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respectively. Hence by application of (3.1) we obtain for the corresponding
Eulerian variations, the formulae

δn= -ϊnfdha-(nξ%-nucudξCid, (3.14)

δρ= -l(f* + ρfi)hcd-(ρξ%-Tcdξc;d, (3.15)

δpab = ( 2 p « W - \ pabfd - \ Eabcd) (hcd + 2ξ(c.J
( 3 1 )

«J b] , (3.17)
ζ

δsab = J {fall - (i ηβb ~ \ ^f) (K, + 2ξ[c;d))
(i.lo)

s

where
Tab = ρuaub + pab (3.19)

is the energy momentum tensor.
It is not possible to give the full variation of the elasticity tensor Eabcd

without going to third order in the partial derivatives of the energy
density. However it may sometimes occur that the orthogonality property
of the variation of the elasticity tensor is useful even in problems where
only first and second derivatives are involved. From (3.3) we see that
this orthogonality property can be expressed in the form

ud δEabcd = EabcHlξ, ύ]f - ue hef). (3.20)

In many practical applications the variation of the energy momentum
tensor Tab itself will be of primary importance. Since the energy
momentum tensor is not orthogonal its variation cannot be calculated
directly from (3.1). However it can easily be obtained by using (3.15)
and (3.16) in conjunction with (3.7). Thus we find

(3.21)

In particular, for the study of perturbations of Einstein's equations, this
last formula will be used in conjunction with the corresponding standard
Eulerian variation formula

δRab = hia

c

]b)]C-Hhc

c.,a.,b + hab.^) (3.22)
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for the Ricci tensor. In the applications which follow it will only be
necessary to consider the variation of the Ricci scalar which may be
obtained from the full Ricci tensor variation (3.22) by contraction in the
form

δR=-2hc

[c;b\b-Rcbhcb. (3.23)

We shall also have occasion to use the formula

c (3-24)

for the Eulerian variation of the volume density factor ]/ — g where g is the
determinant of the covariant metric tensor gab.

4. Lagrangian and Eulerian Variations of Integrals

In the following sections we shall consider variational integrals of
two forms, namely action integrals of the form

S=$Ldτ (4.1)
τ

taken over a volume τ where L is a scalar Lagrangian function and dτ
is the metric 4-volume measure, and flux integrals of the form

/ = \F*dΣa (4.2)
Σ

taken over a hypersurface Σ, where Fa is a flux vector and dΣa = na dΣ
where dΣ is the metric 3-volume measure on Σ and na is a unit normal
to Σ. We shall have frequent occasion to use Green's theorem and Stokes
theorem in the forms

$Va.adτ = §VddΣa (4.3)
τ dτ

for any vector Fα, where dτ is the 3-surface bounding τ, and

iF°b

;bdΣa= §FabdSab (4.4)
Σ dΣ

for any antisymmetric tensor Fab, with dSab = n(1\an
{2)

b]dS where dS
is the metric 2-surface measure on the boundary of Σ and where n{ί)

a

and n{2\ are unit vectors orthogonal to dΣ and to each other.
Since the metric 4-volume element can be expressed by

(4.5)

in terms of the co-ordinate 4-volume element d ( 4 )x where g is the
determinant of the metric tensor, we can write the comoving and fixed
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point variations of the scalar action in the form

(4.6)

(4.7)

Hence by (2.3)

(4.8)
τ ς v ~y

Using the standard formulae

(4.9)

we obtain
ΔS-δS=^(Lξ%dτ (4.11)

and hence, using the Green's theorem (2.3),

ΔS-δS= § LξadΣa. (4.12)
δτ

Thus we see that it is unnecessary to make any distinction between the
Lagrangian and Eulerian variations of a scalar action integral S, provided
either the action L or the displacement ξ vanishes on the boundary of the
volume τ in which variations take place.

For a flux integral of the form / the distinction between Lagrangian
and Eulerian variations must be taken more seriously even when Fa

or ξa vanish on the boundary of Σ. Let us introduce a co-ordinate system
of the form t, x1, x2, x3 in such a way that Σ is determined by the condition
t = 0 and let d{3)x denote the coordinate volume element on Σ. Then we
can express the metric element dΣa on Σ in the form

(4.13)

Thus we can write

, ΛT.
(4.14)

dΣ" (4.15)
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from which we obtain

γ=Q\-^2~. (4.16)

Using the standard formula,

^tFa~] = 2F[a.bξ
b] (4.17)

together with (4.10) we can re-write this as

ΔI-δI= ${(2F[aξb\b + ξaFb

;b}dΣa. (4.18)

Hence, using Stokes theorem (4.4), we obtain

ΔI-δI= $Fb

;bξ
adΣa + 2§FaξbdSab. (4.19)

Σ dΣ

Thus the Lagrangian and Eulerian variations of / will be equivalent,
subject to the condition that ξa or Fa vanishes on the boundary of Σ,
only when the divergence of Fa is zero, i.e., when

F β . β = 0. (4.20)

This is, of course, the same condition that is necessary and sufficient for;
the unvaried action integral / to be independent of the choice of Σ.

The application which follows will be entirely based on the considera-
tion of Eulerian variations. As far as the action principle described at the
beginning of the next section is concerned one could just as well use
Lagrangian variations, but for the variation principle the logical distinc-
tion is significant. It will be shown that the vanishing of the Eulerian
variation of the mass integral defined in Section 5 is both necessary and
sufficient for the appropriate field equations to hold. As is usually the
case in such variation principles, the relevant flux vectors are chosen
so that when these field equations hold (but not in general otherwise)
they satisfy divergence conditions of the form (4.20) so that the integrals
will be independent of Σ. This implies that the vanishing of the Lagrangian
variation is also necessary for the field equations to hold, but it does not
imply that it is sufficient.

5. Statement of the Variation Principle

Before describing the mass variation principle for a stationary star,
which will be the main topic of this section, we shall first present a
simpler general purpose action variation principle which is a straight-
forward generalisation of the variation principal for a perfect fluid given
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by Taub (1954) [3] (a somewhat different version was given by Taub
(1969) [10]). We consider an action integral of the form

this integral being formally identical to that of Taub (1954) [3], the only
difference being that here the density ρ is to be regarded as a general
function of strain whereas in Taub's case it was regarded as a function of
baryon number density only. Using (4.7) and the Greens theorem (4.3),
together with the explicit variational expressions (3.15), (3.23), (3.24)
we find that the Eulerian variation of this integral can be expressed in
the form

δS = lίπ I{RCb ~ * R gCb ~ 8π Tb} Kb dT

+ $Tcb

ibξcdτ (5.2)

From this equation we can immediately deduce the following action
principle: if the Einstein equations

Rab-^Rgab = 8πTah (5.3)

and hence also the conservation equations

Tcb

;b = 0 (5.4)

are satisfied, then it follows that for any displacement ξa and metric
perturbation hab which vanish on the boundary, dτ, the consequent Eulerian
variation δS (and hence also, by the results of the previous section, the
Lagrangian variation AS) will be zero; conversely if δS (or equivalently
AS) vanishes for any displacement ξa which is zero on dτ then the con-
servation Eq. (5.4) must be satisfied, and if δS (or equivalently AS) also
vanishes for any metric perturbation hab which vanishes on dτ then the
Einstein Eqs. (5.3) must be satisfied.

The main purpose of this section is to describe a related but more
sophisticated variation principle (whose proof will take up the two
subsequent sections) which is a generalisation of the one given by Hartle
and Sharp (1957) [4]. This principle applies in the special case, to which
we shall henceforth restrict our attention, of a spacetime which is station-
ary, axisymmetric, topologically Euclidean, and assymptotically flat,
in the sense of Papapetrou (1949) [11]. We shall denote the Killing vector
generator of the stationary action by /cfl, this vector being specified
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uniquely by the normalisation condition that kaka-+l in the assymptotic
limit at spacial infinity. We shall denote the Killing vector generator
of the axίsymmetric action by mα, this vector, whose trajectories are
circles, being uniquely specified by the normalisation condition
§dφ = 2π where φ is any scalar defined (modulo 2π) by φam

a=\,
and where the integral is taken around any one of the circular trajectories.
By their definition as Killing vectors, ka and nf satisfy

Moreover there is no loss of generality (cf. Carter, 1970) [12] in supposing
that they satisfy the commutation conditions

[fc, m]α = 0 (5.6)

(using the bracket notation defined by (3.4)). We suppose that the system
consists of an isolated star with assymptotically defined (Lenz-Thirring)
mass M^ and angular momentum J^. The Papapetrou assymptotic
flatness conditions consist of the requirement that in a standard
assymptotically Cartesian co-ordinate system, x°, x1, x2, x3 with ka = δa

Q

the metric tensor components gab should be well behaved functions of
1/r, where

r2 = <5l7xV, (5.7)

such that

(5.8)

and where the indices i, j run from 1 to 3 it is evident that in terms of
the same co-ordinate system, the metric perturbation hab must satisfy

(5.9,

The definitions of the assymptotic mass and angular momentum may
be cast into co-ordinate independent form as integrals over a space-like
2-sρhere S surrounding the star in the limit as S goes to an assymptotically
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large distance. Thus it follows directly from the assymptotic boundary
conditions that we shall have

4 π M 0 0 = -^t§ka >bdSab, (5.10)
s

%πJ<o=<et$nί> 'bdSah. (5.11)

For future reference, we note that in consequent of the boundary con-
ditions satisfied by hab we shall also have the co-ordinate independent
identity

2πδMω = &t§ kahc

[c;b] dSab. (5.12)

Taking advantage of the Killing antisymmetry conditions (5.5) we
can use the Stokes theorem (4.4) to cast the definitions (5.10), (5.11) into
the alternative forms

Mϋ 0= -^\V'\hdΣa (5.13)

ί^".,bdΣa (5.14)ί

which were first given by Komar (1959) [13] where Σ is any well behaved
space-like hypersurface extending to infinity. Using the identitites

\ b ~ R b k \ (5.15)

(which follow from the Killing Eqs. (5.5)) together with the integral
identity

$ Σ a = 0 (5.16)

which follows from the fact that the flux Rπf is invariant under the
axisymmetry action and from the fact that the integral curves of nf are
circles, which must therefore cross Σ an equal number of times in the
positive and negative senses) we can at once deduce that when the Ein-
stein field Eqs. (5.3) are satisfied (but not in general otherwise) we shall
have

M^ = M, (5.17)

J^=J (5.18)
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where the variatίonal mass M and the variational angular momentum J
are defined by

M = \\τa

bk
b + ~^(Rka -2ka'bAdΣay (5.19)

Σ

J = -\T\mbdΣa. (5.20)
y

These expressions for the variational mass and angular momentum
are the obvious generalisations of the corresponding expressions given
by Hartle and Sharp (1967) [4] and Bardeen (1970) [5] in the perfect
fluid case. The expression (5.19) for M differs at first sight from the form
given by these authors in that they used a term of the form kaWb.b in
place of the Komar term — l/8π ka;b.b. In fact however this difference is
illusory since both terms are functions of the metric and its derivatives
only, chosen to give the same contribution \ M^ when integrated over Σ.
The vector Wa can be specially contrived so that the terms containing
second derivatives of the metric tensor cancel out of the integrand, but
unfortunately it cannot conveniently be given an explicit co-ordinate
independent definition. For the purposes of the present discussion the
more straightforwardly defined (but ultimately equivalent) Komar-type
term is perfectly adequate.

From this point onwards we shall suppose that the flow is non-
convective, in the sense that

u[akbmc] = 0 (5.21)

which means that there exist scalar functions U, Ω defined within the
star such that

ua = U{ka + Ωma) (5.22)

where Ω is the angular velocity. We shall also suppose that the flow is
rigid in the sense that Ω is constant throughout the star, i.e.

β β = 0. (5.23)

(The significance of these assumptions will be discussed in the final
section.)

We are now in a position to state the following mass variation
principle: the Einstein equations (5.3) [and hence also the conservation
equations (5.4)7 will be satisfied in a stationary axisymmetric assymp-
totically flat system subject to (5.22) and (5.23) if and only if the Eulerian
variation of M (as defined by 5.19) is zero for any displacement ξa and any
metric perturbation hab which preserve the group invariance under the
action of ka and ma, as well as the assymptotic flatness conditions and the
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conditions (5.22) and (5.23), subject to the restriction that the Eulerian
variation of J [as defined by (5.20)7 should be zero.

We shall conclude this section by specifying explicit restrictions which
it will be convenient to impose on hab and ξa during the following proof,
which will be sufficient to ensure that the group invariance under ka and
ma is preserved. As far as the metric gab is concerned, it is clearly both
necessary and sufficient that

] = O, (5.24)

% ] = 0 . (5.25)

To preserve the group invariance of a Lagrangian variation of an
orthogonal tensor function of strain it is clear from (2.7) and (2.19) that
it is sufficient to have

] = O, (5.26)

] = 0 (5.27)

also. In fact this is also sufficient for the Eulerian variation to preserve
the symmetry as can be seen from the following considerations. By (3.1)
the Eulerian variation will preserve the stationary axisymmetry group
if and only if in addition to (5.24) and (5.25), the Lie derivative with
respect to ξa of the function of strain under consideration is itself in-
variant under the actions generated by ka and nf. Now using the standard
operator commutator identity

^^ = ̂ ^+ se (5.28)
k ξ ξ k [k,ξ]

(see e.g. Yano (1955) [14]) and noting that the first operator on the right
hand side gives zero when acting on the (unperturbed) functions of
strain under consideration (in consequence of the original symmetry
generated by ka) we see that the Lie derivatives with respect to ξa of
general orthogonal functions of strain will be invariant under the action
generated by ka provided [/c, ζ\a is itself a killing vector, i.e. provided

lξΊ = cιlk
a + c12m

a (5.29)
k

where cli and c 1 2 are scalar constants. Similarly we require

%lξal = c21k
a + c22m

a (5.30)

where c21 and c22 are two more scalar constants. However since ξ{a;b) is
itself the Lie derivative with respect to ξa of the (unperturbed) metric
tensor it is clear (by the same argument) that the conditions (5.26) and
(5.27) are completely equivalent to (5.29) and (5.30).
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The restriction that the variation of angular momentum be zero can
be expressed in terms of a Lagrange multiplier, A say. In what follows we
shall show rigourously that the condition that

δ(M-ΛJ) = 0 (5.31)

for all metric variations preserving the asymptotic flatness conditions
and satisfying (5.24) and (5.25) and for all displacements satisfying (5.26)
and (5.27) [or equivalently (5.29) and (5.30)] is necessary and sufficient to
ensure that the field Eqs. (5.3) must hold.

6. The Variation of Angular Velocity

The conditions (5.24)-(5.27) on the variations were required simply
in order to ensure that the variations preserve the stationary-axi-
symmetry conditions. However they also automatically preserve both the
no-convection condition (5.22) and the rigididity condition (5.23),
although the angular momentum Ω itself can have a constant variation
δΩ. In so far as a variation due to a metric change hab without displacement
is concerned, this is obvious, and in this case Ω itself is invariant, i.e. δΩ
is zero. In order to see the effect of a displacement ξa we use the fact that
the general solution of Eqs. (5.29) and (5.30) can be expressed in the
form ξa = ηa + ocnf + βka where ηa satisfies

[ M ] β = 0, (6.1)

lm,ηγ = 0 (6.2)

and where α and β are scalars whose Lie derivatives with respect to nf
and ka are scalar constants and where moreover (in order that the solution
be globally well defined) the constant values of the Lie derivatives with
respect to nf must actually be zero since the trajectories of nf are circles.
We have remarked in Section 3 that a displacement parallel to the flow
vector ua gives zero Eulerian displacement for orthogonal tensor func-
tions of strain (and also, a fortiori, for the metric gab and the flow ua

itself) so that it is therefore possible to arrange without effective loss of
generality (by the addition of such a displacement) that β is zero. Hence
the solution to the Eqs. (5.29), (5.30) can be taken to have the simple
form

ξa = ηa + ocma (6.3)

where

fla] = c12 (6.4)

JS?[α]=O (6.5)
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(the constants c l l 5 c 2 1 , c22 being all zero). Since these conditions are
unaltered if α is changed by the addition of a scalar whose Lie derivative
with respect to ka is zero, we can choose ηa so as to arrange without loss
of generality that α is zero on Σ. Now it is clear that the displacement ηa

leaves the value of Ω unchanged, since by (6.1), (6.2), and (5.23) it commutes
with the flow vector if i.e.

[ιj,u]β = O. (6.6)

Therefore the only possible source of a variation in Ω is the displacement
ocma and it can easily be checked that a displacement of this form will
indeed produce a variation δΩ which will be given by

δΩ = aak
a. (6.7)

On comparison with (5.4) we see that in the present case this variation
must be constant, i.e. we have

δΩ = c12 (6.8)

which confirms that a displacement ξa satisfying (5.26) and (5.27) will
preserve the rigidity condition (5.23).

[If we wished to derive a Bardeen-type variational principle for a star
with differential rotation, it would be necessary to consider displacements
of the form (6.3) subject to (6.4) are (6.5) but with non-constant δΩ. This
would violate Eqs. (5.26) and hence would not preserve the stationarity
condition for general functions of strain. However it is compatible with
stationarity in the special case of a perfect fluid for which ρ and pab are
ίsotropic functions of baryon number density only.]

In the remainder of this section we shall consider the effect on the
variational integral M — ΛJ of a pure angular velocity changing dis-
placement of the form

ξa = (xma (6.9)

(i.e. we shall temporarily take ηa and hab to be zero) where a is defined
in terms of the (constant) variation δΩ by the Eqs. (6.5) and (6.7) and by
the condition that it vanish on the hypersurface Σ over which the integrals
are to be taken, i.e.

α(Σ) = 0. (6.10)

Now since ma is a Killing vector, (6.9) implies

and since the Lie derivative of the energy momentum tensor Tab with
respect to πf is zero we shall also have

b] = -2Tciamb)ac. (6.12)
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Therefore using Eq. (3.21) we find that the Eulerian variation in Tab

due to the displacement (6.9) is given by

δ Tab = { - \ ρuaubucud + 2Tc{aub)ud - \ Tcduaub

-±Tabfd-±Eabcd}2a{cmd) (6.13)

+ 2 T c ( α m b ) α c .

Now since we are keeping hab zero for the time being, (so that raising and
lowering of tensor suffices commutes with Eulerian variation) the
corresponding variation in M — ΛJ will be given simply by

δ{M - ΛJ) = + f (kb + Λmb) δ(Tab) dΣa. (6.14)
Σ

Now in consequence of (6.10) we can replace dΣa by σaadΣ where dΣ is
the scalar metric measure in Σ and σ is a positive scalar (whose explicit
value is given by σ2 = — α>αα;fl). Hence using (5.23) we can recast (6.14)
in the form

δ{M-ΛJ)= \{U-1ua + (Λ-Ω)ma}acδ(Tac)σdΣ. (6.15)
Σ

Now, on substituting from (6.13) we obtain

α c δTac = {ubud{ρfc + pac) - Λabcd} α bα dmc (6.16)

where y4
αfccd is the relativistic Hadarmard elasticity tensor, which was

introduced by Carter (1972) [6] in a discussion of sound wave propaga-
tion, and which is defined by

Using the orthogonality properties of the various functions of strain
involved we immediately deduce that

occδ{Tac)uc = O. (6.18)

This is a valuable result which will be useful in more general contexts:
in effect we have shown that the variation of angular velocity gives no
contribution to the flux of ucδTac across Σ. In consequence (6.15)
reduces to

δ{M-ΛJ)= \{Ω-Λ)acδ{Tac)maσdΣ. (6.19)
Σ

By expressing α c in the form

(6.20)



General Relativistic Elasticity 281

where vc satisfies the orthonormality conditions

vcu
c = 0 (6.21)

v c v c = l (6.22)

and where the scalars λ and K must be such that

λ2 > κ2 (6.23)

since Σ is spacelike, we obtain

ma = {λ2(ρyac + pac)-κ2Aabcdvbvd}mcma. (6.24)

Now it was shown by Carter (1972) [6] that the squared speeds v2 of
sound propagation in a direction vα orthogonal to the flow ua are the
eigenvalues of the eigenvector equation

{v2{Qfc + pae)-Aabcdvbvd}ιb = 0 (6.25)

where the eigenvectors ιb are the possible directions of polarization.
Since local causality requires that the eigenvalues v2 be not greater than
unity, it follows that {v2(ρyac + pac) — Aabcdvhvd} mamc must be strictly
positive for any spacelike vector ma whenever v2 is greater than unity.
Thus by (6.23) and (6.24) local causality also implies

(x>cδ{Tac)ma>0 (6.26)

everywhere.
Hence, by (6.19), we arrive at the important conclusion that the

variation in M — A3 induced by the variation δΩ in the angular velocity
due to the displacement (6.9) can be zero only if

Ω = Λ. (6.27)

This result could have been expected from general thermodynamic con-
siderations since the angular velocity and angular momentum are
dynamically conjugate. However the author would be interested to
know of a general physical reason why it should apparently be necessary
(as it was also in the more specialised derivation given by Hartle and
Sharp for a perfect fluid) to invoke causality in order to establish it
rigorously.

7. The Angular Velocity Conserving Variation

In this section we consider the variations in the integral M — A3 due
to a metric variation hab satisfying (5.24) and (5.25) and a displacement ξa

of the form

ξa = ηa (7.1)
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where rf satisfies (6.1) and (6.2). As has already been remarked variations
of this form will leave the angular velocity Ω invariant. We shall suppose
that the variations take place with respect to an unperturbed flow which
has been restricted to satisfy the necessary condition Ω = Λ. Thus in
consequence of (7.1) the perturbed flow will continue to satisfy this
condition, and hence the variational integral will reduce to the form

M-ΛJ=-\ L{ka + Ωma) - -±- (Rka - 2fcβϊ*:b)l dΣa (7.2)

both before and after variation, so that as far as the present section is
concerned we can treat this expression as a definition of the variational
integral. We can use the identity

$ρrnadΣa = 0 (7.3)

(which holds for the same reason as (5.16)) to replace (7.2) by the even
simpler expression

{ ( ^ ) L ) (7.4)

This form being closely analogous to the Taub-type action integral
given by Eq. (5.1).

Now by substituting the expressions (3.23) and (3.24) from section 3
into the general formula (4.15) we obtain

δ ί Rka dΣa = - J (Rbc - \ Rgbc) hbck
a dΣa

-2\h™ VdΣ ( 7 ' 5 )

Σ

Since in the present case we are requiring that hab satisfy (5.24) we also
have the identity

V c ; V β = -{kahc

[b^-kbhc^
c]};b (7.6)

so that Stokes Theorem (4.4) can be applied in conjunction with (5.11) to
give

(7.7)
Σ

Also it follows directly from (5.12) that

δ \ka'h.hdΣa=-AπbM^. (7.8)

y

Thus we obtain the important identity

δ \(Rka-2k"-'b.JdΣa= - \{Rhc- {Rgbc)hbck
adΣa. (7.9)

Σ Σ
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Substituting the expressions (3.15), (3.24) from Section 3 into the general
expression (4.15), we obtain

dΣa = - J ( | Tbhcb - rb

;bηc)k" dΣa

}k°dΣ

Now since the Lie derivatives with respect to k" of pch, ρ, ycb and ηc are all
zero, we have the identity

ηc};bk" = 2{(p^ + ρflb)ξck*};b (7.11)

and hence Stokes Theorem (4.4) gives

ί {(Pcb + βfb)ηc};bk
a dΣa = Sζt § (pcb + Qfb)ηck° dSab

Σ S \ ' •* L)

= 0
since the star is bounded.

Thus we finally obtain

δ(M -ΛJ)= - —*-- f (Rbc -\Rgbc-%πTbc)hbck" dΣa
1 6 π Σ (7.13)

f ψcb n ha ΛY

Σ

Since Rbc, gh\ Tbc satisfy the same restrictions of invariance under Lie
transport by the fields ka and nf as have been imposed on ηc and hbc

it follows that the condition that δ(M — AJ) be zero for a general dis-
placement ηa subject to (6.1) and (6.2) is sufficient, as well as obviously
being necessary for the conservation Eqs. (5.4) to hold, and similarly
the condition that δ(M — AJ) be zero for a general metric variation
satisfying the assymptotic flatness conditions and subject to (5.24) and
(5.25) is sufficient as well as necessary for the full Einstein field Eqs. (5.3)
to hold.

This completes our demonstration of the variation principle as it is
stated at the end of Section 5.

8. Discussion

The conclusion of the preceeding sections may be summed up
briefly as follows: if all possible metric variations hab subject to (5.24)
and (5.25), and satisfying the assymptotic flatness conditions as well as
all possible displacement fields ξa subject to (5.26) and (5.27) are taken
into account then we have

\ ^ Ω (8.1)
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and conversely

(The last conclusion, expressed in terms of the Lagrangian variation,
follows from the fact that when the Einstein field equations are satisfied
the integrands in M and J automatically satisfy divergence conditions of
the form (4.20) so that Eulerian and Lagrangian variations coincide.)
It is to be remarked that in this mass variation principle (unlike the action
principle described at the beginning of Section 5) it is essential to take
displacements (not merely metric perturbations) into account in order to
introduce the variation of angular velocity on which (8.1) depends.

It is intuitively evident (although the author does not have a rigorous
proof) that the assumption (5.1) that there is no convection does not
involve any loss of generality so long as one is considering a simply
connected star (or a simply connected part of a star such as a neutron
star crust) which is strictly solid in the sense of having non zero rigidity.
(In a multiply connected body e.g. an annulus, it is possible to conceive
of convective motions consistent with stationary axisymmetry even in a
solid.) This contrasts with the situation in the discussion of the perfect
fluid case by Bardeen (1972) [5], where the assumption of purely circular
motion clearly does imply a significant loss of generality. The further
restriction to the case of rigid flow, which was made in the earlier discus-
sion of the perfect fluid case by Hartle and Sharp (1967) [4], also involves
no loss of generality in the case of simply connected medium which is
strictly solid.

Under the perfect fluid conditions which apply in the variational
principles of Hartle and Sharp (1967) [4] and Bardeen (1970) [5], the
assumption of the circular flow condition (5.21) automatically implies
that the space-time must be invariant under a discrete isometry mapping
which simultaneously inverts the direction of the stationary and axi-
symmetry killing vector fields. This follows from a generalisation (Kundt
and Trumper, 1966) [15], Carter (1969) [16] of the theorem of Papa-
petrou (1966) [17] which applied originally only to the pure vacuum
exterior of the star. However although Papapetrou's theorem can also
be generalised to the case when an electromagnetic field is present
(Carter, 1969) [16] it certainly cannot be extended to apply to a solid,
not even a perfect solid in the sense defined by Carter and Quintana
(1972) [1]. One might of course impose the existence of the simultaneous
time and rotation angle inversion isometry as a simplifying assumption
in a study of stationary axisymmetric solid bodies, but it is to be em-
phasized that none of the results of the present work depend on such a
condition.
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An additional discrete symmetry condition which can be expected
to hold automatically (although the author does not know of a rigorous
proof) in a stationary axisymmetric star composed of a non-convective
perfect fluid, provided it satisfies the same one-parameter equation of
state throughout, but which need not hold more generally, is invariance
under reflection in an equatorial hypersurface. Such a condition has not
been assumed here, and therefore the variation principle which has just
been derived applies not only to cigar shaped and doughnut shaped stars,
but also, for example, to pear shaped stars.

We conclude by pointing out (as has previously been remarked by
Hartle (1970) in a discussion of the special case of a rigidly rotating
perfect fluid star) that the conclusion of (8.2) applies, in particular, for
variations through neighbouring equilibrium states. It therefore follows
rigour ously that if a perfectly elastic star undergoes (adiabatic) variations
through a one-parameter family of stationary axisymmetric equilibrium
states, characterised by varying angular velocity, then the differential
relation

will be satisfied. [This result could have been predicted by the heuristic
physical argument of Thorne and Zeldovίch (see Hartle (1970), Zeldovich
and Novikov (1971)) which can be applied to any material body which
undergoes thermodynamically reversible variations between stationary
axisymmetric equilibrium states.]

For many purposes it will be useful to expand the mass which must
clearly be an even function of £2, as a power series in the form

0 0 (2n) 1
M= Σ -v^TEnΩ2" (8.4)

where n runs over integer values, and where the coefficients En are
constants. This leads, by (8.3), to the expression

J - L n -)

in terms of the same coefficients En. The zeroth coefficient EOi is the
energy of the star in the zero angular velocity state. The first coefficient Eγ

is the moment of inertia in the zero angular velocity state. The higher
coefficients E2 , E3 etc. characterise the way in which the star undergoes
elastic deformations under the influence of centrifugal force as the
angular velocity is increased.
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