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Abstract. We obtain rigorous results about the liquid-vapour phase transition. We
prove that in the Lebowitz-Penrose limit the hypothesis of hard core for the interaction
is not essential to reproduce the Van der Waals-Maxwell theory. It can be replaced by the
superstability.

1. Introduction

Many efforts have been devoted to the deduction of the features of
liquid-vapor phase transition from the fundamental principles of
statistical mechanics. Some authors have treated the problem by intro-
ducing a long range interaction [1—4]. In particular Lebowitz-Penrose
(henceforth referred to as LP) have considered a system of classical
particles interacting pairwise in v dimensions via a potential of the form

v(r,Ύ) = q(r) + γvφ(γr) (1.1)

where r is the vector distance between a pair of particles, and γ is a
positive parameter; q(r) is the "reference potential": it has a hard core
and decreases in an integrable way to infinity; fφ(γr) is the "Kac
potential": y fixes simoultaneously the range and the strength.

LP have studied the thermodynamic functions in the limit y-VO.
Namely they first carried out the thermodynamic limit and then con-
sidered the range of the Kac potential increasing to infinity. The most
interesting Kac potentials from the physical point of view are the non-
repulsive one, i.e. φ ̂ 0; in this case LP have shown that

α(ρ, 0+) - limα(ρ, y) = CE(a°(ρ) + i αρ2) (1.2)
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where ρ is the density, α(ρ, γ) is the free energy density, fl°(ρ, γ) is the free
energy density for the reference system (that is for φ = 0), α = J φ(r)dr:,

Rv

CEf(ρ) means the convex envelope of /(ρ), i.e. the maximal convex
function not greater than /(ρ).

LP have also shown the equivalence of Eq. (1.2) with the Van der
Waals-Maxwell equal area rule [5] applied to

π(ρ) = π0(ρ) + iαρ2 (1.3)

where π0(ρ) is the pressure of the reference system. Eq. (1.3) is analogous
to the Van der Waals equation of state.

On the same problem Gates and Penrose [4] have obtained more
general results; in particular they carried out an extensive discussion of
the properties of the Kac potential necessary to produce the Maxwell
rule.

In all these papers it has been supposed the presence of a hard core
in the reference system. This is needed to exclude a too high local density
and so bound the interaction between different regions of the system.
On the other hand the conjecture has been made that such a restrictive
hypothesis is only technical and unessential to explain the condensa-
tion [2].

In this paper we deduce Eq. (1.2) assuming only the superstability of
the interaction potential1. In fact superstability avoids large fluctuations
of the local density [6]. In this paper we show that it is possible to give
probability estimates of the large densities which are uniform in the
range of the Kac potential, y, and this allows us to achieve the desired
result.

In the spirit of the present work, whose aim is to prove this generaliza-
tion, we confine ourselves to the physical interesting case of non repulsive
Kac potentials.

2. Statements and Results
We consider a system of identical particles interacting pairwise via

a potential vy. We make the following assumptions.
D.I. Two body interaction. Let q :lRv-»lRuoo and φ :1RV->IR~ then

for y e (0, 1] we define
(2.1)

φ(x) is supposed Riemann integrable in the whole space. We put

α = J φ(x) dx .

1 As stressed by Ruelle [6] this is not a real loss of generality with respect to the class
of stable interactions.

2 1R+ [1R~] denotes real non negative [non positive] numbers.



Van der Waals Theory 221

D.2. Potential energy. Let A C 1RV be Lebesgue measurable. For s e Z+,

x , . . . , xs e A we define

-*;)]}, (2.2)
i<J

l/°(x1,...,xβ)= Σ*(*ι-*j) (2-3)
ί<;

D.3. Let 0 < A e R. We define

Γ/(r) = {x6R v:(r i-iμ/^x i<(r i + iμ/ i=l , . . . ,v} 0</eZ + .(2.4)

In the sequel we will use the notations

|x| = max xl x e 1RV

*^v (2.5)
./(α) integer part of α, a E R+ .

DA Lower regularity. Let Q:2£+-»R+, Φ:R+->R+ satisfy

(a) Q and Φ are decreasing and Φ is continuous.
(b) inf q(χ-y}^-Q(\r\\

xeΓι(r)
yeΓι(O)

(b') inf y>[y(x-y)]^-yvΦ[7|r|].
xeΓι(r)
yeΓι(O)

(c) Σvβ(M)<QO

(c') Σ Φ(|r|)<oo.
reZ v

Note that since /^(r) depends on λ the same happens for Q and Φ.

Lemma 2.1. Q and Φ satisfy D.4. Then the following holds

(i) f X Φ(y |r|) = Φy < co /or 7 e (0, 1].
reZv

(ii) sup Φ =Φ< oo.
ye(0,l]

(iii) Define for ye(0, 1] ίfte family of functions {ψy(x)} as follows:
for x e Γy(s) ψy(x) = Φ(y\s\). Then

(2.6)

Further there exists a measurable function ψ(x) such that
J dxιp(x)< oo.

(iv) limΦ γ-/l- v J dxΦ(|x|)ΞΦ 0 .
IR

Proof, (i) Since Φ(|x|) is decreasing, we have

+l)f Σ Φ(|r|)<2 Σ
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(ii) The above inequality proves also statement (ii).

(iii) The continuity of Φ(|x|) proves Eq. (2.6). Then define ιp(x) as
follows for

\x\<lψ(x) = Φ(\0\), for \x\^l ιp(x) = Φ(\x\-l).

Since Φ is decreasing ψ(x) ^ ψy(x) for y e (0, 1] and

Γ [(2ί + 3)v - (21 + l)v] Φ(() < + oo .
1-0

(iv) We obviously have

then applying Lebesgue theorem through statement (iii) the thesis is
completed. Q.E.D.

D.5. Super stability. There exist A°>Φ, £^0 such that, if St is a
finite subset of Έv and

t/^Xi.....^^ Σ [^°B2(A-,r)-Bn(A-,r)], (2.7)
re0t

n(X, r) = Card (X n Γx (r)) . (2.8)

We remark that A° and B depend on the choice of λ.

Note. The condition A° > Φ is too strong for our purposes since we
are not really interested in studying the problem in the whole range
y e (0, 1] for the Kac potential, while Φ defined as a supremum of Φy for
y e (0, 1] will depend on all the values of γ. The condition that really
matters is that A° > Φ0, but from statement (iv), Lemma 2.1, there exists
then 0 < γ0 < 1 such that A° > Φyo. Considering then D.I, . . . , D.5 defined
for ye(0, y0], we are reconducted to the previous case and if we read
φ(y0x) instead of φ(x) we can again consider y e (0, 1].

Lemma 2.2. Let D.I, ...,D.5 hold, then there exists A>0 such that
for 0t a finite subset of Έv and for every X = ( χ l 9 . . . , xm) C (J /\ (r) the
following is true; reΛ

[/(*!,..., xj^ Σ lAn2(X9r)-Bn(X9r)-].
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Proof. We have

l,...,m

U(xl9...,xm)=UQ(xί9...,xJ + γv £ φ[_y(Xί-Xjϊ]
ί<j

^ Σ lA0n2(X,r)-Bn(X,r)-]

The Lemma is then proved with A = A° - Φ > 0. Q.E.D.
We remark that Lemma 2.2 implies "7 uniform" superstability of U.

This follows from the hypothesis D.5, namely that AQ > Φ.
D.6. Weak tempering. There exist k ̂  0, α > v, x0 > 0 so that

D.7. Z(μ,^,y)= Σ ^"Zc(n,^,y), (2.9)
«=-o

...xJ], (2.10)
Π . Λn

Z°(μ,A)= £ eP^ZtfaA), (2.11)
n=-0

l ...xn)], (2.12)

lnZc(n' Λ' y)> a* = ~ lnZ°(M' /l) '
where λeβμ is the activity.

Assuming D.4, D.5 and D.6 the thermodynamic limit exists for
increasing regions in the Fisher sense [7].

P(μ, 7) = lim -L- lnZ(μ, /I, y) , (2.13)

fl(ρ,y)= lim -— ^nZc(7V,Λ7). (2.14)
MHoo pμl

P°, β° are analogously defined for the reference system.
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In the sequel we shall need an estimate on the probability of local high
densities. It is trivial when a hard core is present as in LP. For superstable
potentials this estimate is provided by Ruelle's result [6]. In the following
lemma we extend this result to a Kac potential, proving the uniformity
of the estimate for y e (0, 1].

Lemma 2.3. Let vy satisfy D.I and let there exist λ>Q (see Ό3) such
that D.4 and D.5 hold with the further condition

A°>2Φ0. (2.15)

Then for every regions A and A, bounded and Lebesgue measurable, there
exist η > 0, δ ̂  0, both independent of A and y, such that for every integer
m ̂  0 the probability that more than m — 1 particles be in A is bounded from
above as follows

f (\Ύ (\Ύ Γ (\Ύ f\Ύ p-βV(xl—Xn + p)J cιxί...axn j axn+l ... axn+pe
(ΛnA)n (Λ\Δ)P

<exp[ — ηm2 + δnϊ] .

The proof of this lemma will be given in the Appendix. We only note
here that the interest of the lemma lies in the fact that η, δ do not depend
on y.

We come now to the main point of the paper. For proving Eq. (1.3)
we need an upper and a lower bound on the free energy density. The
first one is provided by the corresponding estimate of LP which is in
fact independent of the presence of hard cores. In the following theorem
we will state an upper bound for the grand canonical pressure which
will be later shown to lead to the required lower bound for the canonical
free energy.

Theorem 1. Let vy satisfy the hypotheses of Lemma 2.3 and let D.6
and D.7 hold; then

lim supP(μ, y) rg max {μρ — a°(ρ) — \ ρ2 α} .
y->0 ρ

Proof. The main idea of the proof is to put a cut-off on the local
density and to evaluate its effect through Lemma 2.3. Then the proof is
analogous to that of the hard core case.

We suppose the region A to be a cube of volume (λnL)v where L, n
are positive odd integers. We consider A divided into Π disjoint cubes
of volume (nλ)v.
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Then the asymptotic LP conditions are here fulfilled when

λ <^ n<ζ — <^ L. This can be reproduced considering in the order the
7 1

limits L-»oo, »oo, n-»oo.

We divide the configuration space into two disjoint regions, one in
which no more than M particles are present in each Γ1 (r), and its com-
plement. Then

Z(μ,ΓLMϊ)= Σ λme'>»"'Z'c(m,ΓLM,β) + Z"
m = 0

where Z'c is the function obtained from Z(μ, ΓLn(0), y) considering only
the configurations in which no more than M particles are in each Γί (r)
and Z" is the contribution of the remaining configurations. From Lem-
ma 2.2 we have

Then Z" ^ [1 - (1 - e^
M2+δ^Ln^ Z(μ, ΓLM y ) . (2.16)

Mnv βμ £ Nt

: Ϋ {eβLVDe m* ̂
" (ΛW-o (2.17)

. κ L-l
I 1= 2

-0 Σ' W(i,j,Ni,Nj)

where Nr is the number of particles contained in Γn(r). ^ means

sum on all the configurations in which no more than M particles are

present in each Γn(r) with |r| ̂  —-—.

For the same configurations D is a lower bound on the reference
interaction of a cell Γn(r) with all the others. From the lower regularity D.4

D=-M2 X Σ β(|s-r|). (2.18)

W(ίJ, Ni9 NJ) is a lower bound on the interaction due to Kac potential
between Nt particles in Γn(i) and NJ in Γn(j).

Σ means sum on all the pairs of i,j with |i|, [;| < — - — .

Following LP and remembering that in our assumptions the Kac
potential is non positive

X' W(i,j, Ni9 NJ) £ - i Σ -̂ - c(γ) (2.19)
(U) i^^i l/π)

16 Commun. math Phys , Vol 29
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where Φ)= Σ inf γ v φ [ y ( x - y j ]
xeΓn(r)

(λn)v. (2.20)

From Eqs. (2.18), (2.19) and (2.20) we have

pλ

D

β(λnL)v

where we have bounded from above the terms in Eq. (2.17) by their
maximum.

First we perform the limit L -»oo and so the third term of the r.h.s.
ofEq. (2.21) vanishes.

Then we perform the limits y->0 and n->oo. It is only the fourth
term in Eq. (2.21) which requires some care. Let us study it. We introduce
the free energy function α°(ρ, Γn) also for values of ρ \Γn\ φΈ+,by the usual
linear interpolation. So that the maximum is not lowered by

max {μQ + $Q2c(γ)-a?(β,ΓJ}. (2.22)
θ 5 Ξ ρ < o o

We now show that there exists ρ0 < oo such that the maximum in Eq. (2.21)
is reached in the interval [0, ρ0] uniformly in y and n satisfying yn^ 1.
In fact given ρ let p the smallest integer greater than ρ(nλ)v.

. I ^...dx^exp ί-β £ \_A°n2(X,r)-Bn(X,r)']
rn(0)

rn(0)

We remember that
c(y)^λvΦyn^λvA° (2.23)

by D.4 and because yn g 1.
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Then in Eq. (2.22) the leading term is — λvA°ρ2 which for ρ->oo is
infinitely negative. This proves the existence of ρ0 independent of 7 and n.

We now prove that c(y) has a limit when y->0, 1 ̂ yn-*Q. The proof
runs analogously to the one of Lemma 2.1 and we only give here an
outline of it.

Let φ(x) be continuous in 2 C1RV so that IRV — ® is of zero Lebesgue
measure. Then

(a) φyn:xεΓyn(τ)-+φyn(x) =ryn.~^*ynw ry.^ , zeΓM

yeΓn(O)(see Lemma 2.1, (iii)).

(b) $dxφyn(x) = Σ (γλnγ

inf φ[y(z-yj]

Rv

inf φ[y(x-y}]
xeΓn(r)

(see D.4).

(c) φyn(x)-*φ(x)

(d) |(pyπ(x)| ^tp(x).

(e) J dx φyn(x) dx-> — J φ(x)dx=— α by Lebesgue theorem.
Rv y —> 0 Rv

We finally note that a°(ρ,Γn) is uniform in ρ when n-*co in the
interval 0 g ρ ̂  ρ0 [7], and so is the term ρ2 c(y) when y ->0. We can then
interchange the maximum with the limits and we have

lim max
y-»0

= max{μρ — τρ 2 α — a°(ρ)} .
Q

Let us now consider the other terms in the r.h.s. of Eq. (2.21). In the
same limit yn^Q we have

lim — = 0 . (2.25)
In fact "~*°° nv

^-^ const ̂ - Σ Σ β(M)

n-l

_ M2 *
~ Mv 2^

The leading term is

so Eq. (2.25) is proved.

16*

n-l
2

Σ
Γ=-0

4- Σ Σ β(M)->o
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Finally we perform the limit M->oo. The first term of the r.h.s. of
Eq. (2.21) vanishes and so Theorem 1 is proved. Q.E.D.

Corollary. Let the hypothesis of Theorem i hold, then

lira infα(ρ, y) ̂  CE{a°(ρ) + \ ρ2α} .

Proof. We shall use the standard formula [8]

α(ρ, y) - max [μρ - P(μ, y)] y e (0, 1] . (2.26)

By Eq. (2.21) for every μ0 elR

α(ρ, y) ̂  max \μρ - max - —— ln(l - e~**
μ^μo ( Q' [ pλ

- ~7j-γ +μρ'+—ρ'2c(γ)-a()c(ρf,Γn)

ί r i J (22Ί]

= TΩΆX<μρ- max - ——-ln(l - e~
ηM2+δM)

where ρ0 > ρ has been introduced in Eq. (2.24).
We now use the following property proven in Ref. [4, I], Lemma 4.

Let 0 rg ρ < ρ0, let g(ρ) be a convex function and let A be greater than the
slope of g(ρ) in 0 ̂  ρ ̂  ρ0 then

max Γμρ - max(μρr - 0(ρ')l - g ( ρ ) .max Γμρ - max(μρr - g(ρ')\ =
μ<A I Q' J

From Eq. (2.27) we then obtain

βλv ' ' (λn)v

Performing the limits y-»0, n-^oo and yπ->0 and then M-»oo we finally
get the thesis. We can interchange the limit y -> 0 with the convex envelope
because of the uniformity of the limit y ->0 in any interval of ρ.

Theorem 2. Let vy satisfy D.I and D.6, let λ>0 exist (seeΌ.3) such
that D.4 and D.5 hold and let A°>2Φ0 then

Proof. The theorem follows from the previous corollary and from
Eq. (2.25) of LP.
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Appendix

We discuss now the proof of Lemma 2.2. It follows strictly the
corresponding one of Ruelle [6] Theorem 0.1. We use in this Appendix
the same notation as in [6] and in particular the quantities 1J9 α, VJ9 P0, \_q\
are defined there.

The main change is in Proposition 2.1, which now reads:

Lemma A.I. Let vy satisfy D.I and let λ>0 (seeΏ.3) exist such that
D.4 and D.5 hold with the further condition A°>2Φ0. If a is sufficiently
small one can choose σ large enough and fix P > P0 so that the following
is true.

Let n(-) be a function from Έv to the integers ^0. Suppose that there
exists q such that q^P and q is the largest integer for which

Then exists ζ<ί so that

- £ [An2(r)-Bn(r)-\+ £ £ {β(|s-r|)
re[q+l] re[q+l] sφ[q+ I] (A lϊ

+ Φy(\s-r\)}&n(r)2 + $n(s)2}^-(l-QA £ n 2 ( r ) .
r e f e + l ]

Proof. We can prove the Lemma for γ < y0 where y0 > 0 is small
enough. In fact for γ > y0 > 0 the hypothesis of Ref. [6] are fulfilled and
the results of Ruelle apply directly.

We choose the constant σ instead of the function ψ(l) of Ref. [6].
Evidently its Ψ(\r\) now is β(r) + Φy(|r|). Lemmas 2.2 and 2.3 of Ref. [6]
hold. Lemma 2.4, which fixes the choice of P, now reads :

Lemma A.2. If P> P0 is sufficiently large and γ0>0 is sufficiently
small, we have for γ e (0, y0]

 ;

(a) Σ [Q(M) + Φ,(|s|)]^»7ιΛ wifλ Φ0/A<ηltq^P. (A.2)

(b) ^(Ψk-Ψk+1)σVq+k+2^η2Aσ with Φ0/A<η2, q^P. (A.3)
k-1

We prove (A.2). The contribution of the reference potential Q to the
r.h.s. of Eq. (A.2) can be made as small as we want by a convenient choice
of P. The contribution of the Kac potential to the l.h.s. can be bounded
by ΦΓ which for small y can be made as near as we want to Φ0. So, given

an ηi > —j- we can choose P1? γί so that Eq. (A.2) holds for V O < y < γί9



230 A. Gerardietα/.:

We prove Eq. (A.3). Again the contribution of the reference potential
can be made as small as we want. For the Kac potential we must divide
the sum in Eq. (A.3) into two parts:

N

Σ {[Φy(W+ι - Zβ + ι + 1)- Φy(/ ί + k + 2 - ϊβ+ι + 1)] Vq+k+2<r]
fc&1 (A.4)

00 V '

+ Σ

Using Lemma 2.3 (c) of Ref. [6] which states

2/g+1 + 3r (A.5)

we have that Eq. (A.4) is

< V
k-1

/iM-t) Σ σ

*-ι (A.6)

1)]

.(2/ ϊ + t + 1-2/4 + 1 + 3)r

We can choose α so small and then N so large that

< 1 + ε ε arbitrary small. (A.7). — T* - τ^ij-
1 - (1 + α) N

Then when γ -> 0 the finite sum

Σ*{WWι-W + 1)-*^
Λ = l

vanishes and in Eq. (A.6)

^

tends to Φ0. Therefore given η2 > ΦQ/A, P2 and y2

 can be found so that
Eq. (A.3) is true for y e (0, y2], P ̂  P2. Then Eqs. (A.2) and (A.3) hold at
the same time for P ̂  max (Pj , P2) and y e (0, y0] where y0 = min (yj , γ2).

Q.E.D.
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We choose α, y0

 so that f°r 7 < 7o the following are true

(i)

(ii) Lemma A.2 holds with η^η2>$o/A.

(iii) ηi,η2,ή
 are such that there exists ζ< 1 so that

(A.8)

Then Lemma A.I is proved by the same technique of Ref. [6], if we
choose

The remaining steps of the proof of Lemma 2.2 are not substantially
different from those of Ref. [6]; we have only to impose the further
condition on σ: _

2(l + 3α)v+1 λv(λeβμ)
σ> - W^) -

where λeβμ is the activity.
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