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Abstract. A method to solve Ising problems is developed giving all correlation func-
tions. As an example the one-dimensional nearest and next-nearest neighbour models have
been calculated explicitly.

Introduction

One of the basic problems in statistical mechanics is to understand
the phenomenon of a phase transition, i.e. why short range interactions
can act like long range interactions or to put it otherwise: why is the
cluster property destroyed? A quite logical approach to this problem is
to solve models, which exhibit a phase transition. The conventional way
is to calculate the partition function for a finite system, from which all
thermodynamical properties are derived. The phase transition only
occurs after taking the thermodynamic limit, because all thermodynamic
functions are analytic in the temperature for a finite system [1], whereas
the definition of a phase transition is that they should contain singular
points. If one wants a better understanding of the nature of the phase
transition it is necessary to know more about the equilibrium state of
the system (i.e. all correlation functions) than only its thermodynamics.
This knowledge can not be obtained from the partition function.

Up to now there is, except for the free gas, no complete description
of any model in statistical mechanics. In the following we will present
a methodto calculate all equilibrium correlation functions of the simplest
models in statistical mechanics, namely the one-dimensional Ising models
with finite range interactions. The results for the nearest-neighbour and
the next nearest-neighbour model are given. This technique is based on
the topological and algebraic structure of the system. The system is
taken to be infinite right from the beginning and its equilibrium state is
obtained from the K.M.S. boundary condition [2]. We expect this
method to be independent of the dimension of the lattice; it gives a finite
closed set of algebraic equations for all finite-dimensional Ising systems
with finite range interactions with or without magnetic field. For the
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two-dimensional nearest neighbour model, however, the number of
equations is of the order 100.

The reason for discussing the one-dimensional next nearest neigh-
bour model is the fact that its algebraic structure is identical to that of
the two-dimensional nearest neighbour case.

Section I
The Hamiltonian of the n-Dimensional Ising Model Reads

H=— %Zvi,i+ao-?aiz+a_ h Zo.lz . (11)

of are variables assuming the values + 1. The summation indices i and a
run through the whole n-dimensional lattice; 4 denotes the applied
magnetic field. The interaction strength v, ,,, satisfies the following
conditions

1) Ui,i=09
2) Viiva=VYVitas
3) Y vii+a=V <00, Vindependent of i.

Changing to the lattice-gas representation
oi=2G-¢"c) (1.2)
the following equivalent Hamiltonian is obtained
H=2(V+h) Y m=2 viiralilisa—GV+H Y, (1.3)
where n;=c;" c;. The operators ¢; and c; are the well-known paulion
operators satisfying

[ci+7 ci+]+ = [Ci’ Ci]+ :0’ [Ci7 ci+]+ =1 >
L cf]— =[c;, ¢;]- =[c: Cj+]-— =0, i%j.

The internal energy per particle u is given by

u=2(V+h o) =23 v+ .0mn)— G V+h), (1.4)
a

where the thermodynamic limit state w is assumed to be invariant for
space translations. The advantages of the lattice-gas representation over
the original one are

i) all correlation functions are positive,

ii) a time translation is defined, i.e. the K.M.S. boundary condition
can be used [3].
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The time dependent operator ¢;" (¢) is defined as
. . ® (i)
ci+ (t):e”H ci+ e itH _
;.go h!

= exp [it <2V+ 2h—4Y vi,i“n,-“ﬂ o

with [ad H] x=[H, x]_.
Using the K.M.S. boundary condition
w(A(t — i) B)= w(BA(®)

with A=c¢;/ and B=c¢;N, where N=N"* and [N,¢;]=[N,n;,,]=0
for all a +0, it follows that

[ad H]" ¢}
(1.5)

eV g (exp '[— 4B 0 iva n,.+,,] n; N) =o(1-n)N). (1.6)

n
Putting N = [] n, (i, #j) all correlation functions can be obtained.
k=1

These correlation functions are coupled to each other through an infinite
number of Egs. (1.6). The problem consists, as in Green function theory,
of solving this infinite hierarchy.

In Section II this is done for the one-dimensional nearest neighbour
model, while the one-dimensional next nearest neighbour model is
treated in Section IIL

Section I1
The One-dimensional Ising Model with Nearest Neighbour Interaction

' In the case of the one-dimensional Ising model with nearest neighbour
interaction we have burramd(Osr 40, ). @.1)
Eq. (1.6) reads now

e*PEIHM gy(exp [~ 4BJ (41 + 1) ] ;;N)=w((l —n) N). (22)
Defining H = e?’*, X = ¢~ ##J Y = X — 1 and using the identity

e =1+nje"-1),

Eq. (2.2) can be rewritten as

H HY
(7 + 1) w(n;N) + ~ [w(n;—;n;N) + w(n;n; 1 N)]
5 (2.3)

HY
+ Tco(nj_lnjnjHN) =w(N).
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Substitution of N=n;_;n;.; N, N=n;_; N, N=n;,; N', N = N'results
respectively in the following four equations

w(nj_lnj+1N/)=(HX+ 1) w(n]_lnjnj+1N,), (2.43)
o N)=H+1) on;_n;N)+HYwm,_ nn.;N'), (24b)

oW N)=H+1)wmn  N)+ HYwn;_ nn;.N'), (24c)

H HY
w(N')= <~f + 1) w(mN') + Tw(nj_lan/)

(2.44)
HY 2 ,
+ _X*w(njnj.i,lN/)"' X w(nj_l njnj+1N).
Define
oy mn; N o4 N)
. ) wm;_yn;N") w(n;_; N’
Giliy ... i) = 7 , s ,
o(nn;, N) o(n; N')
w(n;N") w(N')
k

with N'= [ n; (i, +) and ¢; as the same vector with N'=1.
1=1

Define next

l»U(ib i ik)=((f)0(2, il’ tee ik), ¢0(i1’ ERE] lk))

rw(l,l)(ila e ) 'P(l,S)(ip s Iy W(z,l)(i1a ces B U’(z,s)(iu e )]
Yyl i) Yaelinmi) Yao)lin.mi) Yaelins- i)
Y3 o i) Yanlinoi) Yazlin o) Yo,k
_W(1,4)(i1a e B IP(1,8)(i1y s ) W(2,4)(i1> A 1P(z,s)(ip Al

[wm_ngnn, N') w(m_nn,N) wm_nyn N) wm_nN')]

wm_ingn, N') wn_,nyN') wn_ynyN") wn_;N')
| w(ngnyny N') w(nyn, N') w(ngn, N') w(n, N')
Lw(ngn, N') w(ny N') w(ngN') o(N') J

k
with N'= [[n;, i,%0,1,2.
=1

and

Y= (¢o 2, 450) .
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As can easily be seen the following properties, which are independent of
N’, now hold:

1) ¢;and ¢;(iy, ..., i) satisfy Egs. (2.4)

2) [wa, s ni) wa,2s i)
el i) a2 k)
Va5 o) Y6 i)
Ly, (i - ik). Y, 6)(i1s o5 1) ]

=¢i(—1,ip, .50 (2.5)

3 [vaslis i) Ya,alins...h)]
lP(2,3)(i1s oo B lP(2,4)(ils A
lP(1,7)(i1a A w(1,8)(i1= s )
LW, i ol W 8)liss s i) ]

=P1(ig, s By) - (2.6)

The Properties 2) and 3) are a consequence of the topology of the lattice.
This topology was not present in ¢; and ¢;(iy, ..., iy).

Because of the spatial invariance of w, i.e.
d)l(il’ ceey ik) = ¢0(i1 - 1, ceey ik— 1) s

Property 3) implies that ¢,(i; — 1, ..., i, — 1) is contained in (i, ..., i)
Consequently (iy, ..., i) is contained in y(3,i;+1,...,5+1) and
(i, +1,..., i+ 1), independent of iy, ..., i, which can be shown sche-
matically in the following way
@i+ 1, .., 0 +1)
w(ila LX) lk)

Define pli;+1,...,0+1)

=y, uP=p3), u’=vy(3,4), u’=y(3,4,5), and so on.
uP =y, uP=p@, uP=y453),
uf =p3), uP=v0,5),
uf=vp, U =p(5),
u =p(3,4),
ud =),
uf) =p(3),
uP=y.
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This results in the following picture uff)—<——<
W i ......
U ——<
)
u@) ——<_
s i ......
U ——<
0 B
U —
p——_
U®) ——<<
u$
Uy ——<<
tp——<_
......

The properties common to all u{’ are

1. Each u” is contained in two others.

2. Egs. (2,4), (2.5) and (2.6) imply that only four of the sixteen com-
ponents of u’ are independent. The independent ones will be taken to
be u(1, 1), u}j)(l 3), u?(2,1) and u{’(2,3) (the notation for the com-
ponents of u{? is identical to that for (i, ..., iy)).

3. The components of all u” should be positive and smaller than one,
because they represent expectation values of positive operators with
norm 1.

Suppose the solution of scheme (2.7) to be u; = vy, us =v,, uP =v,,...
Taking only the above mentioned properties into account and noticing
the equivalence of all “vertices”, other solutions can be constructed with
u; =v,, U; =3, ... and so on. Because of the linearity of the system (2.7)
Z ¢;v;(c; 2 0) is also a solution. This indicates that all solutions for u{”

should belong to a class U of the following type
= {ulu— Z o, ;= 0, u; independent}.

From the above it is obvious that each u; obeys a relation

uM;

(l)u (a](i) >0)
uj (2.8)
Pu; (B20).

s

Il
-
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There are n independent u;'s, i.e. 4n unkowns (Property 2), and 2n?
unknowns of? and B. Eq. (2.8) yields for each j eight equations (in prin-
ciple sixteen, but due to (2.4) and (2.6) these are dependent). Equating
the number of unknowns and the number of equations gives 2n* +4n
= 8n=>n=2. This means that the class U is a two parameter family of
solutions. The elements of this class are described by u(p), with p = (p;,p,)s
where p, and p, denote the parameters. In this notation scheme (2.8) reads

u(p’)
u(p)-<—< Vp, where p’ and p” dependon p. (2.9)

u(p”)

Using twice Eq. (2.6) scheme (2.9) is equivalent to
”(1,1)(1’):“(1,3)(1’/) u(z,l)(P):”u,s)(P")
u(1,2)(l’) =Uq, 3)(P,) “(2,2)(17) = “(2,3)(17”)
U3 (P)=uq,7(P) U@z, 3 (P)=uq,7(/P")
u(1’4)(p) = ”(2,7)(1’/) u(274)(p) = u(2,7)(P") .

In order to rewrite Eqs. (2.10) in terms of the real unknowns u 1,(p),
u1,3)(P), U, 1)(p) and u, 3,(p) Egs. (2.5) and (2.6) have to be used. It

(2.10)

easily follows Ut 1y(P) =t 3 (@), (2.11a)
HX + 1D ug,1(p)=ue,3 (), (2.11b)

Wi, 3(P)=H + Dug 3(p)+HYugy,,)(p), (2.11c¢)

(HX + D ug,5(p)=H+Dug, 5/p)+ HY“(2,1)(P') ’ (2.114d)
”(2,1)(1’):“(1,3)(17")» (2.11¢)

(H+Dug, () + HYuy,1)(p) =up,3(p"), (2.111)

Ue2,3(P) = (H + D, 5)(p") + HYuq 1) (p") (2.11g)

(H +Dug,3(p)+ HYuy 3(p)=H+ Dug 3(p") + HYug 1)(p"). (2.11h)

Define
u'(p)=

“(1,1)(1’) “(2,1)(1’)}
“(1,3)(1’) “(2,3)(1’)

Only the real unknowns appear in u'(p). It follows directly from the

Egs. (2.11) that W) =] HX+De (2.12a)
PI=le, (HX+1)e,) '
o [es (H+1>cs+HYcl}
" 2.12b
u'(p”) [04 (H+1)cy+HYc,) ( :
_ 2.12
u(p) [(H+1)02+HYC1 (H+1)C4+HYCJ’ .

10 Commun math Phys, Vol. 29
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where ¢, ¢,, ¢3 and ¢, are arbitrary. We select as parameter ¢, and c,, i.e.

¢y =c¢1(p1, p2) =a§Vpy + 0¥ p, ,

C2=D1>»

1 2
c3=c3(py, p2)=05"p; +aPp,,
C4=D>2>

where the linearity of the functions ¢; and c; is implied by the form of
the class U. The «f” have to be determined by the requirement that
u'(p), u'(p”) and u/(p) all belong to the same class U, i.e.

Vp', 3p such that u'(p’) =v'(p)
and

Vp", 3p such that u'(p”) =u'(p) .

After some trivial calculations we find

D1 D2
u(p)=| p1_ 32 (2.13)
oy Oy
where
e —H+)+[(H+1)?*+4HY]*
* 2HY ‘

Substitution of (2.13) into scheme (2.9) enables us to express p’ and p”
in terms of p;

pP=Lp, (2.14a)
p'=L,p. (2.14b)
The matrices L, and L, are given by
1 0
L= , 2.15
1= ((HX +1) 0) (2152)
0 1
= . 2.15
La=as (HY H+1> (2.150)

Up till now scheme (2.7) has been solved as far as the common
properties of u{’ are concerned. To determine the state completely the
specific properties of u{’ must be taken into account. Once we know u,
all u? follow from repeated applications of L; and L, to the p of u,.
Denoting u{? by u(p’), the vector u; is obtained by observing that
uP =u,, ie. Ly p; = p;, and u;(2, 8) = 1. One finds

o
pi=0iys ( 11) (2.16)
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where

(H-1) o

Y+ = 2+ (Yai+1)

The correlation functions of u; are given by

w(nj—lnjnj+1nj+2)=a3:yi ) (2.17a)
oMm_ynn)=HX+1aly,, (2.17b)
w(”jnj+1”j+2)=°‘i,"i ) (2.17¢)
omn)=HX+1)ady,, (2.174)
o(n;_1n;4,)=((H + ’X-Y)oly,, (2.17¢)
omn )=y, (2.1719)
wn)=y, . (2.17g)

Both for ferromagnetic (J>0) and antiferromagnetic (J <0Q) inter-
actions o, has to be taken. This is due to the fact that

1. J>0 results in «_>1. This is not allowed because of e.g.
w(n;n; 1) < o).

2. J<Oresultsin o _ < 0. This is not allowed because of the positivity
of the correlation functions.

This concludes the calculation of the correlation functions.

The knowledge of the correlation functions w(n;) and w(n;n;,,)
suffices to determine the thermodynamic properties of the system
(formula (1.4)). After some calculations the usual results are obtained.

The Ground State (f— c0)
(1) J>0; h>0; all correlation functions (2.17) are zero (o, =0,

y+=0).
(2) J>0; h<0; all correlation functions (2.17) are one (x, =1,
ye=1.

(3) J<0; h>0;) w(n)=1%, w(nn;.,) =3, all other correlation func-

4) J<0; h<0;) tions of (2.17) are zero (The state is spatially
invariant!).

Taking h=0 and afterwards f— co yields.

>0, all correlation tunctions have the value 5.
(1) J>0, all correlation functions have the value 4

(2) J <0, w(n) =3, w(n;n;;,)= 3, all other correlation functions of
(2.17) are zero.

10*
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The Cluster Property

The question whether the system clusters or not is answered by

investigating o
im .
}_,oo Upy2

Because the system does not exhibit a phase transition the cluster
property should hold, i.e.
lim Ul =wm)u, . (2.18)

Proof.
lim u%", = lim L, piV = lim I, L, p, .
n—oo n n—oo n— oo 1 1

According to Bellman [4]

lim A=y = %P0
n-w (o5 ¥o)
where yp, and yy, are given by
Lypo =4y,

LTy, =Ay,, where L" is the transposed of L

and A is the maximal eigenvalue of L. In our case A=1;

o , o, HY 1
wo=(1+); wo=(+1 ); x=L1p1=a‘iy+(HX+1)-

Substitution results in

. n o
ILUL}O”LZ+)2 =aiyi ( f) =yspr=0m)u;. Q.E.D.
Section II1

The One-dimensional Ising Model
with Next Nearest Neighbour Interaction

In this case we have

Viyiva=J1(0a1+ 04 1) +J5(052+ 6, —2). (3.1)
Substituting (3.1) into (1.6) yields

e?PEIT2I2EW g (exp [ — 4p(Jinjq +JIini_y +Jani o+ o0 5)1 n;N)
=o((l—n) N) (3.2
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Deﬁning H= ezﬁh; )(1 — e_4ﬂ-/1;
Eq. (3.2) passes into

=e 2 Y =X,—-1; Y,=

X,—1

([ H HY, HY,
cu(N)—(Xlx2 +1)w(n N+ —= X a)( —2niN)+ X, X, w(n;_;n;N)
Y,
X1X2 CO( J+1N) Cl)( j+2N)
HY Y, HY,Y.
+ ‘)?ij(”jﬂ”j—l”jN)*' X11X22 (2115, N)
Y;? HY?
+ X1X22 w(n;—nn;, o N)+ X, X, o(n;—yn;n;yy N)
HY,Y. HY,Y, )
X1;(22 w(n;_yn "1+2N)+Tl— o(n;n; 41 ;4 5, N)
HY?Y HY, Y}
_X“:)Tz'z“w(”j—znj—l”j”HlN)'F X11X22 w(rj_an— ;. 2 N)
HY, Y} HY?Y,
‘—“Xlle o(n;_ 1y, N)+ —Xi*w(" nn; 114, N)
HY?Y?
—Xl—Xz—w(nj 1N h o N).
To generate a scheme analogous to the one previously discussed we take
respectively
N=nj_om_ 1y iy Ny N=mj_om_ymjyN's N=n_,n_yny, ,N';
N=n;_,n10,N'; N=n_injn, ,N; N=n_,n_N’;
N=n;_,n N'; N=n;_,n;,,N'; N=n;_1n;+ 1N
N=n;_ynj;,N'; N=nj,4n;,N'; N=n;_,N';
N=n;_;N'; N=n;,N'; N=n;,,N; N=N',
which results into the following sixteen equations
om0 1 o N)=(HX, Xp + Dom_on-yn i1y NY), (344)
o - np  N)=(HX; +1) o ,n-ynjn ( N') (3.4b)
+HX Y, o(n—yn-ynin 1., NY),
oy ynp , N)=(HX, + 1) o(n;_,n;—ynjn, , N') (340)

+HX, Y, on_,n;_

A
11 n}+1nj+2N))
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o211 1,, N)=(HX, + 1) o(n_ im0, , N)

 (34d)
+HX, Yy onj_on_ninyn, N,
oM 1h; o NY)Y=HX; + 1)o@ mn 10, N) (3.4¢)

+HX, Y, 0(n_on_ymnini o N,

w(nj_znj_lNl) = (H + 1) O)(nj_znj_l anI) -+ HY2 Q)(nj_znj_l njnj+2NI)

(3.41)
+HY; o(n;_yn_mn N)+ HY, Y, oy yn;_ymng n, N,

w(nj_2nj+1Nl)=(H + 1) CO(nj_znjnj+1 N’) +HY2 Q)(nj_znjnj+1 nj+2N,)
(34g)

+HY, om_ n_nin N)+HY, Y, o(n_yn_ymn o qn N,

o(n;-,n;,, N')

HX , HX,Y, ,
=< Xz +1)w(nj_2njnj+2N)+ —TXZ—lw(nj_znjnj+lnj+2N)
1 1
HX,Y, ,
+ —f—lw(nj_zn,._ln,.nmzv) (3.4h)
1
HX, Y? /
+—ng'_lw(nj—an—lnjnj+lnj+2N)a
1

w(nj—lnj+1Nl)

HX Ny HXY '
= ( e L 1) w(nj—ynn N')+ _}l—iw("j—lnj"fﬂnf”N)
2 2
HX. Y, / i
* —);—iw(nj—znj—lnjnj+1N) (3.41)
2
HX, Y} /
+ —Xl—zw("j—znj—lnj"jﬂnj”N)’
2

o 1n, NY=H+ D o nn; , N)+ HY; o i 0y, N '
(3.4))
+HY, o n—ymn , N)+ HY, Y0, g, n N,

o1, N)=(H+ 1) omn n y N)+ HY, o nyngny, N
(3.4k)
+HY, 0 ymnn N+ HY Y, 0 onynn;yn N,
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H Y,
a)(nj_zN/)~— (71‘ + 1) C{)(n zan X12 _annj+2N/)
HY, HY,
+ Xll w(n;_,nn; . N') + X, w(nj_,n_yn;N')
(341
HY,Y . HY,Y,
+ ‘—}11‘—2'@( n;n; 404, N+ ——Xil‘"—w( 115, N)
Y2 HY?Y. ,
+ Xl wmj_,n_ymn N+ Xl’ w(n; - Min i, NY),
1 1
, H HY,
w(nj_lN)=(T2+1)co( 1t N)+——X,—co( nn;,, N’
HY, . HY, ,
+ X21 a)(nj_lnjnj+1N)+ X22 w(nj—an—lan)
34
HY,Y, - HY? (B4m)
+ Tw(n MmN+ X, om;_ ;1N , N')
HY,Y.  HY, Y}
+ _‘_X}_iw(nj—an—-lnjnj+1N)+ ); 2 (nj_on;—ynin; 4N, N,
2 2

- (H HY,
0l ) = (5 +1) 00y N+ 22 0l V)
2

HY, .~ HY ,
+ X21 a)(nj_lnjnj+1N)+ ——)—(—ziw(nj_znjnjHN)
HY,Y, HY? (34n)
X, (g n, n;y, NY)+ _sz—w(nj—2njnj+1nj+2N’)
HY, Y, HY, Y}
+ TZ_(U(”j—z 1 N+ ——— X, =aw(n;- nn; iy N')
H HY,
o, N)= (}T + 1) w(n;n;, N') + Tllw(njnj+1nj+2N’)
HY . HY, ,
+ —X—ll—co(nj_lnjnj+2N)+ e 2 w(n_,nn; , N')
1
34
HY} . HY.Y, (40
+ ‘X1 CO( hy n]+1n]+2N)+ X CO( 21 n]+1n]+2N)
1
HY,Y, . HY?Y, ,
L2 o(n;_n;_ymn; N + —1‘60( i1 N,
X X
1 1
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G H ’ HYZ % HY'I G
wo(N)= (Xle + 1) o(m;N')+ XX, w(mn; ., N')+ K,l—gw(njnjHN)
HY, HY, Y, Y,

+ wm;_n;N')+ wn;_,nN')+ Ny My N
X1X2 (] 1% ) X1X2 (_] 27% ) )(1)(2 w(njnj+1nj+2 )
HYY. , HY? ,

+ ﬁw(nj_lnjnj*_zN)‘i‘ XIXEZ C{)(nj_lnjnj+1N)

HY? HY,Y. ,

+ X1);2 o(n;_yn;n;, , N')+ X11X22 o(m_,nn; N (34p)

HY,Y. , HY?Y, ,

XIIX,ZZ (l)(nj_znj_lan)+ ﬁw(nj_lnjanrlaner)

HY, Y} , HY, Y} ,

~)—(:117(—22—w(nj_2njnj+1nj+2N)+ —XﬁW(nj_znj_lnjnj+2N)

HY?Y, HY2Y? ,

ﬁw(nj_znj_lnjnjﬂjv/)-f- ﬁw(nj_znj_lnjnjﬂnj“N).

o _yn_ g, N o onnjn , NY)

w(n;—yn;_nn;  N') o(nj— ;- 11 N')
on;_yn;_nn;, N') o o110, N')
w(nj—znjnj+1nj+2N/) w(nj-an+1nj+2N/)
o(m;_ynn;,n; , N om_1n; 114, N)
o(n;_,n;_yn;N’) o(m_,n;_; N')
w(n;_ynn; 1 N') (n;—,n;41N')

. . w(n;_,nin; , N) o(n;_n;4,N')

d)j(lla --~9lk)= " "

o(n_ nn; N o(n;_1n; 1 N')
w(n;_ynn;, , N') o(n;_1n;4, N')
o n;, ;N @14 104, N')
w(n;_,n;N') w(n;_,N')
w(nj_lan,) a)(nj—lNl)
o(n;n;, N') o(n; 1 N')
w(nn;, , N') o(n;,N')
| w(n;N') w(N') |

k
with N'= [ n;, (i, +); ¢, is defined as the above mentioned expression
=1

with N'=1.



The Ising Problem
Analogous to the nearest neighbour case we define
P(iy .. i) =(Po(3s 0y ... i), Poliy ... i), §,+0,1,2,3,
where the components of p(i; ... i) are given by

’P(1,n)(i1 i) =03, 0y ... i) (n)
Yy - i) = doliy ... iy) (n)

with n denoting the n™ component of ¢q(..., 1 ... i), €.g.

’l’(1,17)(i1 ) =om_yn_jnn,nyN’).

Again v =(¢o(3), do)-
Consider the following subsets of (i ... i)

[ wa,plis - ) Yoy .. 0y)
Ve, plis - 1) Wiy - B
Y, - i) Wiy - B)
Ya,pr16li ) W16l - )
Y,y . i) N (A A
Vgl - i) N (A A
Ve, pr16)l i) Par1e)lin - i)
oarsy o | Pariel i) W ueie (- B
Xhd oy i) = i ' Lot ’
We,n iy . i) Yol - )
Vit - i) Wity iy - i)
Y, r+16(t B W,or16) o0 B
Ya,qr16)lit ) Yaur16)(i - i)
P,5( - i) Vamy iy - i)
1l’(z,r+16)(i1 o dy) W(z,u+16)(i1 e i)

w(l,s+16)(il A w(l,w+16)(i1 o dy)

Jl)(z,s+16)(i1 cen i) w(Z,w+16)(i1 ik)J

145

(3.5)

Translating properties (2.5) and (2.6) of the nearest neighbour model

we find
X%ié: ; )2)(i1 i) =0(=2,0 .0,

X((ib?ilsl,ils‘ﬂs)(ﬁ ) =iy 0y

(3.62)

(3.6b)
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Again the topology of the lattice is responsible for these properties.
Define

w=1p; u’=p@; u’=y45); u’=y(5:6); andsoon
uP=y;  uP=p6);  uP=v(5,6);
uP=p@);  uP=yp4,6);
u§ =3 U =(6);
uP) =p(4,5);
ug =(5);
uf) =p(4);
u=y.
If we use Eq. (3.6b) then, because of the assumed spatial invariance of

the state w, i.e. ¢,(i; ... i) = Poliy — 1, ..., i — 1), the following scheme
results again.

ugV

Uy 3.7)

g

Repeating the arguments used in the nearest neighbour model we
find that the solution class U is an eight parameter family denoted by
u(p). To solve is therefore

u(p’)
u(p) ~<—< ) (3.7a)
u(p”)

Because of the Eqs. (3.4) and (3.6) not all components of u(p) are
independent. The independent ones are chosen to be

“(i,1)(P) > u(i,z)(P) > “(i,4)(P) 5 U, 5)(P) > ”(i,7)(P) 5

“(i,9)(P)§ u(i,u)(l’); u(i,14)(P) (i=12).
In terms of u; ;(p) Egs. (3.4) read
U, 17y =HX X, + Dug 1y, (3.8a)
Ui 18y=HX; + D ug o)+ HX, Yyuy 4y, (3.8b)
Ui 19y=(HX,+1) ug 3+ HX, Yiug gy, (3.8¢)
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U(i’zo) =(HX2 + 1) u(i’4) + HX2 Yl u(i,l)’ (38d)
U 21y=HX; + Dug sy + HX, Yu; 4, (3.8¢)
Ui 22y=H+Dug 6yt HY uy 39+ HY ug o)+ HY; Yu; 4y, (3.89)
Ui, 23 =H+ VD ug 7+ HY,u; g+ HY u; )+ HY, Yyu; 4, (3.8g)
HX HX,Y, HX,Y,
”(i,24)=( X 2 +1) Ui, 8)t+ X2 ! U, 4yt le : Ui, 3)
! (3.8h)
HX,Y?
+ T”(m),
HX HX,Y. HX,Y.
Ui 25)= (Tzl + 1) Ui 0)+ Xlz : Ui, 5)+ Xl E Ui, 2)
2 (3.8i)
HX,Y?
+ —)(_—u(i,l)a
2
Ui 26)=H+ VD ug 100+ HY uy 5+ HY u 3+ HY, Youg 4y, (3.8))
Ui ony=H+Dug 1+ HY uy sy + HY u4 4+ HY, Yyu ), (3.8k)
(H‘+qu LHY o HY, o HY,
Ui, 28)= |\ i, —V Y, 5 Ui, 3 Y,
(i,28) Xl (i,12) Xl (i,8) )(1 @i,7) X1 (i,6) (381)

HY,Y, HY,Y, HY? HY?Y,
+ X, Ui ayt Tu(i,3)+ —Xl—“(i,z)+ —Xl—u(i,l)a

u(2%=(li_+1>u, LAY o HYL o HY
i, X, (i,13) X, (i,10) X, (i,9) X, (1,6)(3 o)
HY,Y, HY? HY,Y, HY,Y?
+ X, U, sy + —)—(;—u(i,a) X, Ui, 2yt X, Ui 1y
o= (2 1)t A BB B,
i, X2 (i,14) X2 (i,11) )(2 (i,9) X (i,7) (3 8 )
+Hnnu_+Hﬁu' Hnnu.+Hnﬁu 
X2 (i, 5) X2 (i,4) X2 (i,2) X2 @i,1)»
ST S\ P SO L S |
i, X, (i,15) X, (i,11) X, (i,10) X, He®
+ HY? U 5)'*‘—~HY1 Y Ug ayF LY, U; 3+ HY? Y, u(-3'80)
i, )(1 (i,4) )(1 (i, 3) )(v1 (i,1)»
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H HY, HY,
u(i,32)=(7('1X_2+1>u(i,16)+ _3(1_X2—u(i’15)+ X, X, Ui, 14)
+ﬂu~ +ﬂ/2—u‘ +ﬂ§-u- +—I——Il]£2—u~
XX, “9Txx, ¢ oxx, ¢ oxx, “°
+H—YlZu. LAY HNY,  HNY
Xx, *0 xx, Y xx, “7 XX, (l,(§)8p)
Hﬁnu‘+Hnﬁu.+Hﬁﬁu. '
xx, “¥° xx, Y xx, ¢¥
HY?Y, HY? Y2

— Ut U,
)(1 X2 (i,2) Xl X2 (i,1) >

where by u; ; is meant u; ;(p). These relations hold for all pand i=1, 2.
The Egs. (3.6) together with (3.4) yield the remaining ones needed to
express all u;; ;(p) in the real unknowns u, ,,(p) (k=1,2;1=1,2,4,5,7,9,
11, 14).

These equations are

Ua,3=HX; X5+ Dug qy, (39a)
Ua,e)=HX, +Dug 5+ HX, Yug 4y, (3.9b)
U,y =HX + Dug 4+ HX YVruy 4, (3.9¢)
Ui,100=HX; X+ Dug s, (3.94d)
U 1zy=(H~+ D ug )+ HY uy 4+ HY uy )+ HY, Youy q,,  (39¢)
U,13y=HX;+ D uy oy+HX, Yiug s, (3.99)
Ua,is)=HX +Dug 1)+ HX, Youg s), (3.9g)

Ui 16y=H+Dug 14+ HY uy 1+ HY uy )+ HY Yu 5, (39h)
U(2’3)=(HX1+ 1) u(2’1)+HX1 YZ“(I,I)’ (3.91)

Ua,ey=H+Dug y+HY up 1y + HY uy 2+ HY Youg 1y, (3.9))

HX, HX,Y, HX,Y,
Uo,8)= +1 g4+ Uyt Ut,a)
X, X, X, 59%)
HX, Y} '
+ Tz_u“’“ )

Uz, 100=HX;+ Dug 5y + HX Youy sy, (3.91)
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H HY, HY,
Uz,12)= X, +1 ”(2,7)"F—“X2 Ue,at X, U, 2)
HY,Y, HY, HY,Y,
_ —_— —_ 39
+ X, Ui,y + X, Uq,7)+ X, U(1,4y (3.9m)
LHY o HWY
x, ‘o x, oo

Up 13y=H~+ Dug o+ HY up sy + HY uy o)+ HY; You 5, (3.9n)

HX, HX,Y, HX,Y,
Ui2,15)= ‘—Xz +1 U1yt T“(z,s)‘f' Tuu,u)
390
HX, Y2 (350)
+ Tu(l’s)’
H HY, HY,
Ua,16)= 724‘1 Uiz,14)t X, “(2,11)+—X2 U2,90)
HY,Y, HY, HY,Y,
72—““(2,5)"‘ ‘—ﬂuu,m‘i' ——Xz—“u,u) (3.9p)
HY? HY,Y?

+ —Yz—u(lﬁ) + Tu(l’s) .
Using Eq. (3.6b) scheme (3.7a) is equivalent to

U1 (P)=uq,s(/P), U,0)(P) =uz,11)(P),
“(1,2)(1’) = “(2,5)(1") s u(l,lO)(p) =U1,14) ),
U1,3)(P) =t1,0)(P), Ut,11)(P) =ug,27)(P)
“(1,4)(1’) = “(1,21)(1") > ”(1,12)(1’) = “(2,25)(1’/) >
U, 5)(P)=t1,11)(P) U,13)(P) =U2,14/(P)
U1,6)(P)=t,0)(P), U1, 14)(P) = U2, 27 (P,
Uy, 7y(P) =tz 21)(P) U115 (P) =U1,30)(P)
“(1,8)(1’) = “(1,25)(1") > u(1,16)(P) = “(2,30)(}”) 5

Uz, (pP)=uq,s(", Uz,0)(P) =t2,11)(P"),
“(2,2)(1’) = “(2,5)(1’") > “(2,10)(1’) =Uq,14) "),
“(2,3)(1’) = “(1,9)(17”) > u(2,11)(P) = “(1,27)(1’”) >
Uz,4)(P)=u(1,21,(P") > Uz,12)(P) =U2,25)(P")
Uz, 5(p) =t1,11)(P") U2,13)(P) =U(2,14)(P") ,
Uz, 6)(P) =tz,0)(P") Uz, 14)(P) =tz 27 ("),
”(2,7)(1’) =Ui,21) ", “(2,15)(1’) = “(1,30)(1’”) B
“(2,8)(1’) = “(1,25)([’") > “('2,16)(1’) = ”(2,30)(P") .



150 G. Vertogen and A. S. de Vries:

Substituting (3.8) and (3.9) into these equations we obtain them in terms
of the “real” unknowns:

U, 1)(P) =uq,5(P)
“(1,2)(1’) = “(2,5)(1’/) >
(HX, X, + Dug, 1y(p) =u1,0)(P) s
ug,4)(P)=(HX; + Dug 5(p)+ HX; Yuy 1(p),
U, 5(P)=t,11)(P),
(HX, + Dug,5(p) + HX, Yiuy, 1y(p) = Uz, 0)(P) »
u,7(p)=(HX; + Dug 5(p)+ HX; Yug, 1(P),

HX ,
(HX{ + Dugy,4)(p) + HX; Youq,1)(p) 2(—)(—1“ + 1) Ut,0)(P)
2

L HXY, HX,Y, HX,Y?

/ 2 V; V;
T U, s)(P)+ Tz Ua,2(P) + Tzu(l,l)(p )s

u(l,g)(P) =U, 11)(P’) >
(HX; X, + Dug 5)(p) =u1,14(P)
Ui, 1(P)=H + Dug, 11)(p) + HY ug 5)(p) + HY,uy 4)(p)
+HY, Y,uq,1)(P),
(H+ Dug (p)+HY uy 4(p)+HY,uy )(p) +HY, You 1y(p)

HX HX,Y . HX,Y. ,
= 1 + 1 u(z,g)(pl) + St Rt u(2,5)(p ) + -2 u(z,z)(p)
X, X,

X,
HXI YZZ r
+ T “(2,1)(1’ )

(HX, + Dugy,o)(p) + HX; Yy ugy,5)(P) = U2, 14y(P) »

Ui, 10(P)=H + Dug 11)(p) + HY ug 5)(p) + HY,u; 4)(p)
+HY, Y,ug, 1)(p),

H !
(HX; + Dug,11)(p) + HX; Yyugy 5)(p) = (—X + 1) Ut,14)(P)
2

HY, HY, HY _ HYY ,
+ X, U, 11)(P)+ Ui, 0P+ —— X 2 U, 7(p)+ #uu,s)@)
2 2

HY2 ’ HY YZ ’ le 1,22 /
+ Tj“(1,4)(l’)+ ——Xl‘z‘*uu,z)(l’)"' T“(I,l)(l’)’
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(H+ 1)“(1,14)(1’) +HY ug, 11)(1’) +HY, u(1,9)(P) +HY Y, “(1,5)(1’)

H HY. , HY, ,
= (— + 1) “(2,14)(1”) + =z “(2,11)(1’ )+ —i'“(z,9)(P)

X2 X2 X2 (3.10)
HY, , HY Y, , Y22 ,
+ ‘f ue,n(p)+ “’712— Uz, 5(p) + X, Uz, 4(P)
HY,Y  HY,Y? ,
+ Xlz : Uz, 2(p) + —Xlz—zu(z,n(l’)

and U, 1)(P) = u(1,5)(P”) >

Ue2,2)(P) =, 5(P") s
(HX; + Dug,1)(p) + HX Youg, 1)(p) =u1,0)(P") 5
u(2,4)(P) =HX, + 1)“(1,5)(17//) +HX, Y, Uy, 1)(P") >
Uz, 5)(P) =t1,11)(P") 5
(H+1ug 2)(p)+HYug, 1)(p)+HY,uy 5 (p)+HY; You,1)(P) =z, 0(P"),
U, 7(p) = HX; + D, 5 (p") + HX Youz,1)(p") s

HX HX,Y. HX,Y.
(—)'(‘1_ + 1) U, 4)(p) + —i“(z,n(P) + —’1‘_2“(1,4)(P)
2

X X,
HX1Y22 HX ” HX,Y. .
+ _Xz—”u,u(l’)= _Xz_l +1 u(l,e)(P )+ —X—Z—Zu(l,s)(l’ )
HX,Y. , HX,Y? Y
+ L2 U, 2)(p") + #“(1,1)(1’ )>

X, X,

U, o)(p) = u(2,11)(P”) >
HX + Dug, s(p)+ HX; Y,uy 5(p) =41, 14)(P") s
Uz, 11)(P)=H + Dy 11y(p") + H Y ug, 5(p") + HY 41 4y(P")
+HY, Yyuy y(p"),
Y, Y,
X,
HY,Y. HY?
__X_1_2_2 U, 4(p) + TZZ U, 2(P)
HX,Y,
X

HY,

X,

H HY,
(7 + 1) Uz, 7(p)+ ! U, 4)(p) +
2

X, Uz,1 )(P)

Uz, 2)(p) +

HY,
X
HY,Y? HX, )
+ —_X'Z““”u,l)(l’): X—z + 1) Uz, 0)(P") +

HX, Y, . HX,Y?
+ ‘_Xz—u(z,z)(l’ )+T12

+ ”(1,7)(1’) +
U, 5)(P”)

Uz, 1)(P”) >
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(H + Dug,o\p)+HY ug 5(p)+HY,uy 0)(p)
+HY, Y,ug, 5(p)=up,14(P")
Uz, 14)(P) = (H + Dugy 1 1y(p") + H Yy ug 5(p") + H Y,z 4)(P”)
+HY; Yu, 1)(p"),

HX,Y. HX.,Y.
+ 1) Uz, 11)(P)+ #”(2,5)(1’)"‘ T12”(1,11)(P)
2 2

X,

HX, Y} H Y HY. .
2 u(l,S)(p)z (Y + 1) u(1,14)(l’ )+ —X‘g‘u(l,u)(P )
2 2

X5
HY, - HY, . HY,Y,
+ —X U, 0)(P") + Tzu(m)@ )+ —~— X, U1, 5(p")
HY? L~ HY,Y, . HY,Y.
+— X, U, (p") + —7(2—“(1 2"+ —X——“u n(P">
H HY, HY. HY,Y.
(72 + 1)”(2,14)(1’) + "‘Xiu(z,ll)(P) + Tzzu(z,m(l’)'i‘ —)22—2“(2,5)(17)
HY, HY,Y, Y2
+ 72“1‘(1,14)(1’) + Tz“u,u)(P) + X—2“(1,9)(I’)
HY, Y? H HY.
+ 2w (D) = |5 e 1)+ U@ (B11)
X2 X2
HY, , HY, . HYY ,
+ ‘}iu(z,g)(l’ )+ 722‘“(2,7)(1’ )+ );2 2 U, s)(p")
H 1’22 " Yl Y2 % H Yl Y22 ”
+ Tzu(z,‘t)(l’ )+ Tzu(z,z)(P )+ _)‘(2—“(2,1)(1’ )

Because we only want to consider the “real” unknowns we define

Ui, 1)(P) U@, 1)(p)
U,2(P)  U2,2)(P)
U1,a(P)  U2,4)(P)
U, 5(P)  Ua,s(P)
ui,7(P)  U2,7)(P)
U1,0)(P)  Uz,0)(P)
u(l,u)(P) u(2,11)(P)
L1, 14(P) U, 14)(P)

u(p) =
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Eliminating u'(p) from Egs. (3.10) we get

[V e
HX, X+ 1)V (HX+ 1)) +HX, Y, )
c(21) C(Gl)

Cgl) c(71)

YOS XX+ D XD +EG R O
HX, X, + 1) (HX,+ 1O+ HX, ¥,
C&l) 6(81)

|(HX, X, + D HX,+1)cP+HX, Y, V]
where ¢!V (i=1, ..., 8) is still arbitrary. Repeating the procedure for (3.11)
in combination with (3.10) gives

re; Cs .
f(clﬁ c(ll)) 9(059 Cy» c(sl)’ C(ll))
C3 Cq

u'(p") = , (3.13)

fleasc§)  glegs ea e, V)

fless ) gleqs es, e, ef)

Ca Cg

| flcar ) glegs cqy ), V) i
fzy,z)=HX;+ 1)z, + HX Y, 2z,

9(z1,23,23,20)=H+ 1)z, + HY 2, + HY,z3; + HY Y, 2,

where

andc; (i=1,...,8) are arbitrary.
Substituting (3.12) and (3.13) into the right hand side of respectively
(3.10) and (3.11) the following expression for u'(p) emerges:

[ c(sl) C3
n ‘
f(c(sl), 0(11)) flesscy)

oy cﬁtl) Ca
YD e, o) f(encs) G149

C(sl) Cg
gD, ¢, 8, ) gleas €35 ¢2,¢4)

L g(c§”, 57, ¢ c§Y)  gless ¢35 5 ¢5) ]

11 Commun math Phys. Vol. 29
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Choose the following parameters

ESUE VNS WU ¢ § VNN ¢ § VO
Pl—c(a)apz—cﬁt)alh—cg);P4—C§),P5—035P6—04’P7—C7>P8—C8'

Evidently u'(p") spans a bigger class than '(p’); ¥'(p") and v'(p”) should
belong to the same class U. Enclosing «'(p’) in v/(p”), i.e. Vp', 3p” such that
u'(p)=u'(p") we find

Ci(P1:D25P3>Pas P15 P25 D3, PA) =C (D1, D25 P3,00)  (i=1,2,5,6). (3.15)

Eq. (3.15) implies immediately the following form of u'(p).

( D1 Ds
D3 D7

4
1—21 (Ai+A ) Y A

D2 Des
4 8
u(p) = Z (Bi+B.Jpr ) Bip |, (3.16)
=1 =1
D4 Ds

8
(Ci+Cridm _Z G

1 1

8
(Dy+ Dy s 4) Dy Z D;p,

1 =1 .

IIM.p

l

M

Il

L !

where the coefficients A4;, B,, C, and D, (I=1,...,8) still have to be
determined. It is essential to note that we have assumed that the para-
meter dependence of ¢; is linear (Compare the nearest neighbour model).

Contrary to the nearest neighbour case we will not enclose u'(p”) in
u'(p) but substitute form (3.16) of u'(p) into scheme (3.7a), ie. into
Egs. (3.10) and (3.11), which should hold in the following sense

(1) ¥p', 3p such that (3.10) are satisfied,
(2) Vp”, 3p such that (3.11) are satisfied.
This procedure is followed because it shortens the calculations. The

coefficients A4;, B;, C, and D, (I=1, ..., 8) are completely determined by
this process. Afterwards the same relations yield L, and L,, which give p’
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and p” in terms of p by p'= L, p and p”= L, p. The rather lengthy and
tedious calculations result in:

A =A,=A,=A,=A,=Ag=0; A;=B,; Ag=By;
B,=B,=By=B,=Bs=Bs=0;
Ci=C,=C3=C,=C,=C4g=0; Cs=D;; C4=Dg;
Dy=D,=Dy=D,=Ds=Dg=0,
where the coefficients B,, Bg, D; and Dg have to be determined from the

equations
(1) BsD; =HX, Y,
() DgD,=(H+1)D;+HY,B,+HY, Y,,
(3) B;+BgDg=HX, +1,
(4) D,+D3=(H~+1)Dg+HY,Bg+HY,.

The matrices L, and L, are given by

(A 0 0 0
, _|HX X404 0 0 0
"o A 0 ol
LHX, Y, A (HX,+1)A4 0 0]
K 0 A 0 1
L _|HXi Y4 0 (HX,+1)4 0
o 0 0 A ’
| HY,Y,A HY,A HY, A (H+1)A]

where the 2 x 2 matrix A has the form

Dy 1
A=|" D, D,
10

Take an arbitrary u’ with parameterset p from scheme (3.7). Observe that
there exists a sequence p’, p”, p”, ... such that

P/ — L1P; p// — Llp/’ pr// — L1 pu’ etc.

1>
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Looking only at the first two components this is equivalent to

=l (elmale Ge)=aliy) e
2 D2 2 2 2 2

or
e e (o
D2 D2 D> D2 D> D2
ith
wi i 0 {
"D, Dg|”

Because all components of all u{” should be positive A~ ! satisfies the

conditions of the Perron-Frobenius theorem and therefore by Brascamps

P1

lemma [5], (p ) is the eigenvector of A~! belonging to the largest

2
positive eigenvalue. This gives p, = Ap, with 4> =D, + ADs.

Consider again an arbitrary u’ with parameter set p; there exists
always a parameter set p’ such that p’=L,p or

)=o)
1) Pe
Because p, =Ap; it directly follows ps=Aps. In an analogous way

ps=Ap,, ps=Ap;. Combining these results with Eq. (3.17) one finds
immediately

[Py Ds 1

D3 D7

K(A)p: K(4)ps

A A

wip)=|"" Ps (3.18)

K(A)ps K(4)p,

Ap3 Apq

12P1 /12195

L12P3 )“21’7 |

with .

and where 4 satisfies the equation

P (H+1)P—HY, 22— (H+1)HX, Y, —H?X,Y?=0. (3.19)
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Using the same arguments as in the nearest neighbour case it follows that

one must select that root of (3.19) which is bigger than one. This is

always possible. To determine u, it is sufficient to note that u, = u$,

i.e. L, p; = p;. This results in

Py ADy
K(A)p, A*p,
K(4)p, AK(2)p4
Ap; A%py
K*()p,  22K(A)p,
AK(A)py  2py
A*py Apy
[2K()ps 2Py

With the aid of the Egs. (3.8) and (3.9) u, can be calculated. It follows
u(L)=wm_yn_ynonynyns)=py,
u(1,2)=wm_,n_ingn n3)=KA)p,,
u(1,3)=wm_,n_(ngn,n3)=HX X, +1)p,,
u (1, =wm_,non;n,n3)=u,(1,2),
ug(1,5)=w(n_ynonynyny) =Aipy,
u(,0)=wmn_,n_nony)=[(HX, + ) KO+ HX, Y, 1p;,
u;(1, Y =wn_,nonyny)=K*(A) p, ,
u (1,8)=wm_,non,ny)=[(HX; + 1) K(AH)+ HX, Y,1p,,
u (1,9 =wm_ingn ny)=1K()p,,
u (1,10)=wn_;nynyny)=HX, X, + 1)Apy,
u (1, 1) =w(nyn nyny) =A*p, ,
u(1,12)=w(n_,nyns)
=[(H+)K*()+HY, K(A)+HY,K(A)+HY,Y,]p;,
u (1, 13)=wm_neny)=[HX, + 1) KO+ HX, Y, 1Ap,,
uy(1,14) = w(nonyny) = > K(A)p; »
u; (1, 15) = w(nynyns) =u, (1, 14),
u(L,160)=w(ngns) =[(H+DAKA)+HY, A+ HY,K()+HY; Y,]Ap,,
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u (1,17 =wm_,n_ynynyna)=uy(1,3),

u (1, 18)=w(n_,n_;nyny)=uy(1,8),

ug(L,19)=om_ n_nyny)=[(HX, +1)(HX; X, + 1)+ HX, Y 1p; ,

u1(1,20)=w(n_,nynynz)=u,(1,6),

u(1,2)=w(m_ nyn,n3)=uy(1,9),

u(1,22)=wm_n_ny)=H{H+1)HX,+ 1)+ HY,} K1)
+H+D)HX, Y, +HY, HX, X, + 1)+ HY, Y,]p,,

u(1,23)=w(n_,n n3)=u,(1,12),

ui(1,24) = w(n_,nyn3)=u,(1,22),

H HX,Y.
u (1,25 =wm_ nyng)= ( XXl +1)/1K(g)+.Ll
2 2
HX1Y2 HX1Y22
+ X, K(A)+ X, Pi>

uy(1,26) = w(n_ynyny)=uy(1,13),

us(1,27) =w(nynyng) = Apy,
2

u;(1,28) =w(n_,ny) = [(% +2H+ 1) K2(A)
1

2
+2<H2X2—g— +HY, +HY2)K(A)

H2
+ 5 +H?X,X?-2H*X, +2HY, Yz}pl,
1

HX
u1(1,29)=w(n_1n3)=[(H2+HX2+ - +1>/1K(/1)

2

HX, Y.
+(H2X1X2—H2+HX2Y1+ Xl 2)/1

2
HX, Y}
X D1
2

HX,Y,
+(H2Y2+ XI 2)K(/I)+H2Y1Y2+H2X1Y22+
2

HY, 2 HY, Q)
X, X,
HY, HY,Y, HY}? HY,Y,

LK (A yl K()+ —1"2K(4
X, A+ X, +X2 A+ X, (%)
HY,Y?
X, 1

uy(1,30) = w(n ny) = [(% + 1) 22K+

+
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u;(1,31) = w(nyny) = /14171 >

7 a2 Hh
X, X, X, XX,

HYIYZ)AZ_J_(HzYZ HY,

2
XX, Xg)K(”

m033=wm9=K

H?Y,
+ HY,
(&&+ X,

+(H2Y2 H?Y, HY,

+ 1) J2K(2)

HY.
XX, x, oty

) AK(4)

H?Y, HY.Y.
+|H*X, Y, — L +HY, Y 1°2
( 21 X1X2+ 11+ X, A

H?Y, HY? HY,Y
+(2H?*Y, -2 2 2 L2 VKA
( %%, T x, T xx XY

H?*Y}  H*Y,Y, HY,Y?
+ D1

+H*X,Y, Y, + -
22T x, X, X, X,

u, 2, )=wm_,n_;nynyny)=uy(1,5),
u;(2,2)=wmn_,n_;nyny)=u.(1,11),
u(2,3)=w(n_,n_ynony)=uy(1,9),
u1(2,9)=own_nonyny)=u(1,9),
u(2,5)=wm_ nyn ny)=uy(1,11),
u(2,6)=w(n_,n_yng) =u,(1,27),
u (2, N=wn_,nen)=uy(1,14),
u1(2,8)=w(n_,nony) =uy(1,25),
u(2,9)=wn_ nen)=uy(1,27),

u(2,10)=w(n_,nyn,)=u,(1,14),

uy(2, 1) = w(nenyny) =uy(1,27),

u1(2, 12) =w(n_,ne) =uy(1,30),

u(2, 13)=w(n_,ny) =uy(1,31),

u,(2, 14 =w(ngn,) =u,(1, 31),

u (2, 15) = w(nyn,) =uq(1, 30),

uy(2, 16) = w(no) = u4(1,32),

u (2,17 =wm_,n_nyny)=u(1,10),



160 G. Vertogen and A. S. de Vries:

u,(2,18)=wm_,n_yny)=u,(1, 14),
u;2,19=wm_,n_,n,)=u,(1,13),
u (2,200 =w(n_,nyny) =u,(1,13),
u;(2,2)=wm_ny ny) =u.(l, 14),
u;(2,22)=w(n_,n_)=u.(1,31),
uy(2,23) = w(n_,ny) = u,(1,16),
u(2,24)=wmn_,ny)=u,(1,29),
uy(2,25) = w(n_, ny) =uy(1, 30),
u1(2,26)=w(n_,ny)=u,(1, 16),
u(2,27) = w(n ny) =u,(1, 31),
u(2,28)=w(n_,)=u,(1,32),

(2,29 =wm_,)=u,(1,32),
u1(2,30)=w(n;)=u(1,32),
u1(2,31)=w(n,)=u,(1.32),

H 2HY,
w23 =) =1 =+ 1)n1.39+ Fob a3

2HY. HY,
+ 2 u,y(1,30)+ L (Y, +2Y,) u,(1,27)

X1 X, X, X,
HY? 2HY, Y, 2HYEY,
25)+ L2y (1, 14) + T2y (4, 11
+X1X2 uy(1,25) + X, X, uy(1, 14)+ XX uy(1, 11)
2HY, Y2 HY?Y?
SUTL2 (L9 + 2y (1,5
xx, W9+ gt us

The last equation determines p, in terms of 4.
In the absence of a magnetic field, i.e. H = 1, the roots of Eq. (3.19) are
A1, =e P [coshBJ, £ [sinh? BJ; 4+ e~ *F/2]4]
A3.4=e P1[sinh BJ, + [cosh? BJ; — e~ *F72]4] .
These roots have a great resemblance with the roots obtained by the

transfer matrix method (see e.g. [6]). The thermodynamics of the system
can be derived from the internal energy per spin

u= —(Jy+Jy +h)+2QJ, +2J, + h) uy(1,32)— 4J,u,(1, 31)— 4J,u, (1, 30).
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The cluster property assumes here exactly the same form as in the nearest
neighbour case. For h =0 it can easily be checked since w(n)) = 3.

Section IV
Summary and Remarks

The presented method can be summarized as follows: We divide all
correlation functions into groups #{”, such that the internal relations due
to the K.M.S.-condition are the same for each u{”, and in such a way that
they fit into some kind of “infinitely repeating” scheme ((2.7) and (3.7)).
Now we distinguish the properties of u{’ into specific properties and
those common to them all.

For the moment neglecting the specific properties, we observe that
each u’) has the same “pedigree”. As shown in the preceding sections
this implies that all u{? belong to a finite class U, which can be determined
from studying one unit of scheme (2.7) or (3.7). The specific properties
of u; are used to select for each uf? the suitable element from the class U
(by means of the matrices L; and L,).

About the number of parameters needed to describe the class U, or
equivalently the number of independent vectors in that class, it should
be remarked that, in the next-nearest neighbour case, the class U is
essentially a four-parameter family as follows from Eq. (3.18); whereas
equalizing the numbers of equations and unknowns yields an eight-
parameter one. However, as it is impossible to select at the outset the
four correct ones, the last approach is preferable.

Besides the number of parameters in the next-nearest neighbour case,
the roots of Eq. (3.19) need some comment. It is easily seen that, excepting
the case J, >0 h =0, one and only one root of (3.19) exists, which is bigger
than one; a necessary requirement for the solution. In the case J, >0
h =0 there exists a “critical” temperature f,, determined by

e 2bh 4 p=4B2 1
such that we have for
1. B < B. one root bigger than one;
2. f=f, one root equal to one and one root bigger than one;
3. B> f. two unequal roots bigger than one.

Because of the desired continuity of the correlation functions (in
particular of the internal energy) the biggest root must be taken. This
ambiguity in the choice of the roots for > f, strongly suggest that the
method is also applicable to systems which exhibit a phase transition
like the two-dimensional model.
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To conclude this section we will make some remarks about extending
the method to more-dimensional models.

In the case of the one-dimensional models treated here it can be
shown that there exist subsets v, Cu;, v, Cus’), v3Cuf), etc., such that
scheme (2.7) or (3.7) changes into

Uy Uy U3

This simplified scheme is analogous to the procedure of the transfer
matrix method [6], although they differ in the quantities coupled to each
other. These “simplified calculations” are still a lot more complicated
than those performed with the transfer matrix method, but they supply
again the knowledge of all correlation functions, whereas the transfer
matrix method yields the thermodynamical functions only.

It is clear that for more-dimensional models, where the number of
next-nearest neighbours is greater than the number of nearest neighbours
of a point, the simplified version of the method cannot be used. The
method presented in the preceding sections has been constructed to
conquer the very difficulties of the more-dimensional lattice.

In the case of the two-dimensional Ising model with nearest neighbour
interactions (with or without magnetic field) the topology of the lattice
leads to a fanlike scheme analogous to (2.7) or (3.7); the number of
coupled equations turns out to be very large (of the order of hundreds).
The work on finding explicit solutions of these equations is still in
progress.
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