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Abstract. A class of neutrino-gravitational fields with zero energy-momentum tensor
is defined. These space-times may also be interpreted as describing gravitational waves and
are of Petrov type D or N. A wave-like example of the latter is given.

1. Introduction

A neutrino field in general relativity may be defined by a spinor ξA

which satisfies the generalised neutrino equation

σμAέξA;μ = 0 (1)

and satisfies Einstein's gravitational equations for an energy-momentum
tensor defined by

Eμv=j{σμAb(ξΛξ*;y-ξi>ξA

ίy) + σvAb(ξAξi';μ-ξi'ξA

;μ)}. (2)

(For details of notation see Ref. [1].)
There will, of course, be a class of spinors ξA which satisfy (1) and for

which the energy-momentum tensor defined by (2) will be zero. In some
space-times this may be satisfied by the trivial case of ξA being a constant.
However there exists a class of space-times for which non-trivial solu-
tions of ξA can be found. This class is discussed here. It describes a class
of neutrino fields which have zero energy and momentum and hence
have no effect upon the gravitational field. Space-time metrics of this
class are usually interpreted as gravitational waves. Hence we have
a class of gravitational waves which also satisfy the neutrino-gravita-
tional field equations. I shall show that these fields can only be of
Petrov type D or N.

2. The Field Equations

If ξA is taken as a basis, a second basis spinor χA can be defined such
that
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and a tetrad of null vectors may be defined by

Λ B vXβ

where lμ may be interpreted as the neutrino flux vector. Now using the
method of spin coefficients introduced by Newman and Penrose [2], in
their notation equation (1) can be written as

e = ρ, β = τ (3)

and in Eq. (2), Eμγ = 0 implies the further conditions that

y = γ9 α _ j g _ τ = o, ω = 0, σ = 0, κ = 0 (4)

where I have put ρ = θ + iω. These conditions may be deduced from
a previous paper [3]. It may be seen that lμ defines a twist-free and
shear-free null geodesic congruence.

In order to determine the Riemann tensor for these fields, we may
substitute the conditions (3) and (4) into the Ricci identities given by
Newman and Penrose. These become

DΘ = 3Θ2

2Dτ-δθ =-τθ + 2πθ

Dτ-δθ =-2τθ + πθ+Ψ1

Dγ-AΘ =3ττ + 2πτ + 2πτ-4θy+Ψ2

Dλ-δπ = -Θλ + π2 + τπ

Dμ-δπ = - θμ + ππ - τπ + Ψ2

Dv-Δπ =

Aλ-δv =

δθ = 3θτ-Ψί

2δτ -δτ = 2μθ -μθ + ττ-Ψ2

δλ — δμ =(μ — μ)π + 3τμ — τλ—Ψ3

δv — Δμ =μ2 + λl+ 2γμ — vπ — 4τv

δγ-Aτ = -2τy + 2μτ-θv + 2τλ

δτ =λθ

Aθ-δτ = -θμ-2ττ + 2θγ-Ψ2

2Aτ-δy =2θv-2τλ + 2τy-2τμ-Ψ3
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^ (8τ - π) Ψo

DΨ2-δΨί = 3ΘΨ2-(4τ-2π)Ψί-λΨ0

DΨ3-δΨ2 = 3πΨ2-2λΨ1

DΨ4-δΨ3= -3ΘΨ4 + (4π + 4τ)Ψ3-3λΨ2

AΨ0-δΨί=(4y-μ)Ψ0^6τΨί

AΨ1-δΨ2 = vΨ0+(2y-2μ)Ψί-3τΨ2

AΨ2-δΨ3 = 2vΨί-3μΨ2

Solutions to these equations fall into two distinct cases according as
the coefficient θ is zero or non-zero. Since θ is proportional to the
expansion of the congruence, these cases correspond to non-expanding
and expanding fields respectively.

3. The Expanding Case: 0 φ 0

In this case it is possible to make a null rotation

nμ-+nμ + amμ + amμ + aalμ

and choose a so that τ = 0. The Ricci identities now require that

σ = τ =κ =

with the differential conditions

Dy=-θμ-2θy, δy = O

Dμ = 0, Aμ= -2yμ-μ2, δμ = O

and the components of the Weyl tensor defined by

^0 = ^1 = ^3 = ^4 = 0, Ψ2 = μθ.

Hence it may be seen that these fields are of Petrov type D with propaga-
tion vectors lμ and nμ.
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4. The Non-Expanding Case: 0 = 0

In this case the Ricci identities immediately require that

ρ=σ=τ=κ=0

ε = oc = /?=0, y = y

λ, μ, v, π unrestricted

with the differential conditions

Dy = 0 δy =0

Dλ-δπ =π2 Δλ-δv = ~{μ + μ)λ-2yλ + πv - Ψ4

Dμ — δπ —ππ δλ —δμ =(μ — μ)π

Dv — Aπ = πμ + πλ δv — Δμ = μ2 + λλ + 2yμ — vπ

and the components of the Weyl tensor

^ 0 = ^1 = ^ 2 =

and Ψ4 restricted by

Hence it may be seen that these fields are of Petrov type iV with propaga-
tion vector /μ. The greater ambiguity in this case is explained since we
still have the freedom of making an arbitrary null rotation on the tetrad.

5. Examples

Examples of metrics of this class can readily be obtained from known
neutrino-gravitational fields, simply by putting the neutrino energy-
momentum tensor equal to zero. One such example has already been
given [4] for the case of the expanding field. However in most of these
cases the neutrino spinor loses its wave-like nature. The following
example however retains its wave-like properties.

Consider the metric
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where \ , h 2 , h3 are independent of x°. Following a previous paper [1],

I shall relabel the coordinates

x o = t?, x1 =u, x2=x, x 3 = y.

This metric will admit a neutrino field with zero energy-momentum

tensor if

Kll + h 1,33 - 2 ( f e 2 , 2 1 + / l 3 ,

where (h3 2 — h2 3) is a function of u only and if the neutrino field defined

by

ξA = ΛΓ* e'<»>+im<«> (δA - «5j), J, = 1/2 e2i<"> <5*

satisfies

0 dm

One simple solution of these equations may be taken to be

where a is a constant. Then

ξΛ = K * el(u) eiu(δA -δ2

A), lμ = \/2 e2'^ δ\

where l(u) is an arbitrary function. For the cylindrical region x2 + y2 < a2

this defines neutrino or gravitational radiation in the direction of lμ.

Because of this choice of h3>2 — h23= 2, the wave-like character of ξA is

clearly demonstrated. Thus it may reasonably be interpreted as neutrinos

with zero energy and momentum.
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