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Abstract. It is shown how a renormalized perturbation series can be defined for a
theory with strictly local, non-polynomial, interacting Lagrangian

so as to preserve locality at every order.

1. Introduction

In Ref. [1] an inductive construction of the perturbation series for
polynomial Lagrangians was given. It was shown that, given a Wick
polynomial #(x) in a free field A(x) one can construct (by induction on n)
the chronological products

T(xy, ..., x)=T(L(xy) ... L(x,))

which generate the perturbation series of a theory whose interaction
Lagrangian reduces to #(x) in the first order. In this note we show how
to extend this method to the case when #(x) is no longer a Wick poly-
nomial but an entire function in the free field, denoted
=y 1, A (1)
r=0 re

Such an entire function is still a strictly localized field in the sense of
Jaffe [2] provided the coefficients ¢, do not grow too fast; in fact we shall
restrict ourselves to a special class of theories in which

|t,| < EM"r*" 2
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where 0 < 4 < 3. Under such conditions the two point function

(@ Z(x) 2(0)Q)= [e " o(p)dp
is given by
112

o(p)= Z (P

r=0

where g,(p) is the r-particle phase space and, for r =2, is bounded by

Crp2(r~2) hence iM’rPZ(V—Z)
(7 () R

As a consequence g(p) can be integrated with test functions decreasing
. = 1 I 3
like exp(—A|p|“) where — > 5——,ilc. o< - — 4.
ag 3 — 4 2

Such functions may have Fourier transforms with compact support
only if ¢ >1. Hence the condition A< 1 ensures the strict locality of
Z(x). In the inductive construction of the perturbation series, we wish
to preserve this strict locality, i.e. to satisfy the causal factorization
property of the chronological products. For detailed information
regarding generalized functions, sce [2-6].

, -
<E? exp(M”lp[“’)

2. Induction Hypothesis

Just as in the polynomial case, it is useful to introduce the local fields

y(r) i (\C)é (3)

and to define chronological products for all the #". These will be denoted
T.(X) where X stands for (x,,...,x,)e R*" and r=(r;, ..., r,) is @ multi-
integer. These notations are the same as in Ref. [ 1] and will not be further
explained. In our induction hypothesis we assume that the 7,(X) have
been constructed for all X with |X|<n—1 and satisfy

CAX
(X)= Y 4 4(X) (b!) @)

S

Here the summation runs over all positive multi-integers s=(s;, ..., s,)
(X=1,...,v); :A(X): means :A(x,) ...A(x,)”: and as usual
sl=[](s;!). The t,(X)=(2, T,(X)Q) are translationally invariant

j=1
generalized functions which satisfy

<t IOV By MG I f 1y - )
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Here M|y, and Ey, are constants depending only on [X| and
IS =2 sup (L +[x))" [l =P A~ D" £ (x)]
=N(f;0, A, P). (6)

Here o runs over all multi-indices; The positive constants P, A, ¢ depend
only on | X| (and not on r or o) and

l<o<3—. )

We also make the same assumption for the antichronological products
(see [1]) denoted

The t,(X) are supposed to satlsfy exactly the same inequalities (5), (6) as

the ¢,(X). In the following T.%(X) and t,* (x) stand for T.(X) or T(X) and
for t,(X) or t.(X).

3. Going from n — 1 to » : First Step

Our first step in showing that the inductive construction extends the
property (5) to the case | X|=n is to show that

(Q, T.* (X) T,Y(X)Q) (where |X|+|X'|=n)

satisfies a condition of the type (5). More generally let
X=0x 00X, X =.{..,x,)

withvandx<n—1,r=(0,...,r), s=(sy, ..

(@ T."(X) ,"(X) Q)

., s5,) two multi-indices. Then

_ ¥ (Q T AX) T AXP Q)
N I:ZO uzb ['+0(X) S+b(X)WG.\,,,,,”. (8)
la|=|b|=1

It is easy to see (by “separating the points™ in : A(X)*: and : A(X')":) that
05 (X)) (X)) (Q, AX) T AX): Q) is the sum of [! Terms,

alb!
each of which is of the form
1 1
a! b, l+u(X s+ b(X ]:I Q A(xu(j)) A(xlv(j))Q) . (9)
Here u is a map from (1, ..., [) into (1,...,v) taking exactly a; times the
value j for each j=1,...,v; vis a map from (1,....0)into (1, ..., ») taking

13 Commun math Phys. Vol 27
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b; times the value j for each j=1, ..., %. To study this quantity we use the
variables

¢;=x;—x, (j=1,...,v—1. Conventionally we also introduce ¢, = 0)
di=xi—x, (=1L..,x-1;¢,=0)
n=X,—X,.

If we integrate (9) with a test function f(&, &, n) we obtain
|
WT j‘ trfa(é) tsfb(é/) lp(és é/) dé dé/ > (10)

W(é>é/): jf(é,f’,n)dnexp—z[Pn—i— Z éjpl_,—‘— Z i}plj
j=1 j=1

! !
d4P5<P— Y pj) 11 o(p7 —m®) 0(p%) d* p; . (11)
=1

ji=1
Here
pr,= Y D Di,= Y P

u(m)=j v()=j

and we recall that &, =&, =0. We also denote

P=(Pry>-slr, ) P=(Pyysespy, )

According to the induction hypothesis, there are positive constants
C, P, Q, 0, L, F independent of r, s, a, b, u, v (i.c., depending only on n)
such that the modulus of (10) is bounded by

a'Fb' LS e gjaleral g 4 pyels+o
Y CH L sup (1 [EDF (141292 [~ B~ D2 DL p(E, €] (12)
2 ¢
But
Da’tDé‘,w_ Z ‘,L* _i_/

§
0 2 o \M
where M = || + |u| +2/—1 and

, Y G
B )= [Py D emimnth i

1 1
5(1’— » pj) [T 802 — 1) 02 d* ;.
=1 j=1
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It is straightforward to verify (see e.g. a similar calculation in [1])
that there is a universal constant A such that

Al
BLu(& €l S g (12D,
(The case [ =0 is trivial.) The modulus of (10) is bounded by
(—Z%Drlﬂamslﬂbl [+ al*r el |s 4 p|Is ol
Y CHIF Wl g =l g =o Pl sup (1 4+ [¢)" (1 + |€1)°
Py . ,

d
Jdn PHoe=y)! wl(B—p!

0 2 io \PIHlul+2i-1 )
(13)
We note the following inequalities:
1. if x is a positive real number

e x*<T(x+1)<3x~.

N

2. let oy, ..., oy be integers =0 with |x|= ) o;=w. Then
J=1

! _Ne

~ al

laf=w

so that |
w!

Y 1SN, — <N°;
o!

a
la] =
N
l_[ ajmzj =7 é w’® é No© oo (all o> 0) .
j=1
By using these inequalities it is easy to verify that there are constants
B.,.,L,., C,,, depending on v+ x» but independent of r, s, a, b, u, v, |,
such that

1 ‘
a’—b' <tr+a®t3+b> w>

o BRI B L @1 1y ] 4 DT (5] 1)

= (l,)z a‘b‘ “f”v-*—x
and

[ lvan= 2 sup € DI Eoml (1416, )" 272

7
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As a consequence we have (remembering that there are /! terms such
as (9)

J@Q T (X) THX)Q) f(E.&, ) dE dE' dyl

gF“ f“v-ﬂc i L,\l:—l:( IB/I e —(3—2/l~2z7)llogl‘r‘/1|r[ ‘S|/l[s|
1=0
where F, B,,, and L, ,, are constants independent of r and s (and I).
If 3—2/—20>0, there are constants R and U depending on v + x but
independent of r and s such that

J(@ T (X) (X)) Q) f(&, & n)dEdE dy
S FRIMHSI((| + [sh* D N(f, 0, U, P+ Q +5).

Moreover, by iterating this process we reach the following conclusion:
Let X=x,,...,x, and let I, ..., I, be a partition of X into non empty
subsets such that each of them contains at most n—1 points. Let
r=(ry,...,r, be a multi-integer and r|I,...,r|l, be its restriction to
I, ..., 1, in the obvious sense. There exist constants F,, K,, U, and P,
depending only on 1, and not on r (or v) such that

|j Q, r{Il( )7 |12(12) |1V( )Q) f(&y, o) dEy . dE, |
é Fn Knlrl |r[}'|r| (f G’ ns il) N

(Here &;=x;—x,
Let X=(x,....X,), Y=(xy,...,X,_). According to the procedure
of [1] we define

(14)

D(Y;x,)= Y (=DI[TWU,n), T()] (15)
1y
I+0
Xr
D(Y Zd(Y 75!")" (16)
d(Y;m= Y (=D)'NQ[T, 0, T, (D]Q) (17)
IuJ=Y
InJ=9¢
I+0

with obvious notations. It follows that
([ d,(Y;n) f(&)de| S F, KNP IN(f, 0, U, P,) . (18)
We note that the preceding estimates actually serve to define the
operator-valued distributions of the form

6(x)= ¥ g,x) A0 (19)

P
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where the g¢,(X) are translationally invariant generalized functions
satisfying:
1f9.(X) f(X)dX| < BC"|r*" N(f, 5, A, P)

(where B, C, A, P, 6 may depend on G butnot onr, and 1 <o <3 — /).
(Note that, in particular, we could take all but a finite number of the

g,(X) to be identically 0.) We also denote

TA(X):
G0 = Y g0 A (20)
GO = Y g ) A el
lsl=N S:

Then estimates identical to the preceding show that, if G, H, ..., K are p
objects similar to G
lim  [G™(X)) HM(X,) ... KN(X,)Q

Loeees Np— o

f(Xp, o X)dX, .. dX

p

exists in the sense of the strong topology of the Hilbert space provided
some N(f,a, A, P) is finite. As a consequence the G,(X) define operator
valued generalized functions on a dense domain. On this domain they
can be freely multiplied. The limiting procedure shows that these opera-
tors are generalized functions in the Jaffe class, and that the considerations
of locality, supports etc. usual in the polynomial case also apply to them.

As a consequence by the same arguments as in [1], the support of
D,(Y, n) (hence of d,(Y, n)) is contained in I'* LI~

It ={xy,..x,:x;—x,e V" forall j}=-T"

and the next problem is to split D(Y, n) into two pieces with supports
I'* and I'"", by splitting each d,(Y,n). In so doing we must be able to have
each of the two pieces satisfy an inequality of the type (18). We follow
exactly the same procedure as in the polynomial case (see [1]).

4. Second Step : The Splitting Operation

Let 7 > 0 be an arbitrarily small number. Then there exists a function
III (indeed an infinity of such functions) with the following properties:

1. [I is defined over RN and is ¥* everywhere except at the origin.

2. Ul(&) = 1I(¢) for every & # 0 in IRY and every ¢ > 0.

3. 0111, I takes the value 1 (resp. the value 0) in a neigh-
bourhood of I'*~{0} (resp. in a neighbourhood of I'"~{0}).
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4. There exists a constant C such that for all ¢+0 and all «,
ID*TIL(E)| = CIE| 1 fo o D1,

To construct such a function, one first constructs it on the unit
sphere and then extends it by homogeneity to the whole of RY {0}.

According to (18), d, is a continuous linear functional on the Banach
space of ¥ functions f such that N(f, g, U,, P,) < c0. We plan to show
that, provided 7 has been chosen small enough, there exist new constants
U,, U/, R,, S, such that

(i) if f 1s €* with D* f(0)=0 for all « and N(f,o—1, U,, P,) < o0,
then III f is a ¥~ function such that

Nl f,o, U, P)<R,N(f,o0—1,U/,P).

(i) There exists an operator W on % functions f satisfying
N(f,o0—21,U,, P)< oo such that Wf is again a ¥* function and:

a) NWf,o—1,U/,P)<S,N(f,0—27,U,, P).

b) D*(Wf)(0)=0 for all o (for any f).

c) If D*f(0)=0 for all « then Wf = f.

From this it will follow that:

N(II Wf,o,U,,P)<R,S,N(f,c—21,U,,P)
which will enable us to define the advanced “function” a,(Y; n) by

{a, f)=Ld,,lTWf)
Ka,, IS FE KM IN(f 6 =22, UL P

n> n

with
This will yield a set of t,(X) for |X|=n again satisfying
Kt SIS E, MMM IN(f, 0 =27, U, 41, ). (22)

Proof of (i). We assume that t has been chosen so that
og—1

O<t< . Suppose [ is a ¥ function with D* f(0) =0 for all o and

N(f.oc—1,U/,P)<1, where U’ <1. (Note that —1>7+1>1) We
have:
! _ ORI
D*f(E&)=[di(l—0°~t Y L@ DTf(td).

0 7 /
I/=o

Hence, for |£| <1,

N(L)
D f() S U (| + o)l ~ O+ ol (23)
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For ¢£0

H ‘ 1

IDA(ILLf) (8)] = }Z WL) DILI(E) D" £(2)
o! Iy

2 Sia—pr ¢ @
For |¢| £ 1, by (23), this is smaller than

Claf (e N U a7l

|(1+IHI|

\D7 £

While, for |€] = 1,
(14D DT ) (&)

a'
< Z mcl l(1+t)| |Uu[1 ,||y }(a—t)|1—vy(

T v Ha=y)!
Un|1|_(,,
< CN® o lx|
- (/);otl (|O(i —U))r(laiﬁw)())(a>r— Do Ial
o] C2N)!
< o
= ™

Finally, we see that there is a constant C,, independent of « and U, such
that
sup(1 + [¢))" [D*(IILf) (&)

§ Cl(l Hal)(U;M + 'al—rlad) |a|a|a| .

Hence it is obviously possible to choose U, sufficiently small so that the
series

Y Cy(C U, (U 4 o 1)
converges to a constant R,. This proves (i).

Proof of (ii). To prove (ii) we choose a €~ function w over IRY such
that w(&) =1 if £ <L, w(é)=0if || = 1 and, for all «

Daw(€)<K|al(1+£)|ﬂ| (24)
We define the operator W by

o 15 &
(W) =1~ 2wl &) D0, (25)
Here {¢,} is a decreasing sequence of positive real numbers < 1 satisfying:

g =ck "2 for all integers k>0. (26)
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Here ¢ is a real number >0.

p—v
PUI0=1 Tt () oy PO

H/\II/\
R =

(g

}Dz(l_ gz Flﬁ‘ I:IIKIQ( |(1+ Va=2l N1B— Y||ﬁ_y! 18—l
B

HANIA ~
R ™

7
¥

U;Iﬂl lm(cr—h)lﬂl .

The sum of terms for which || > || is majorized by:

SN {e(IBl = oy 2 DBl g NS 1
B 7Za
[Bl=lx] v=8
o — B — fa) e T2 D= lah U,;“”"“l
U (e = 2912l 20 =20 18]
< K|a' U':|0tl Ial(d— ﬁr)|7|2(g—2t)la‘
i N2m U/mz(o-‘zt)mem
n .
m=0
If U, is small enough, this is bounded by
const U,1# 20~ 20l |y@= 1ol + 1

The sum of terms for which |o| = || is majorized by

Z Z Kw(rZr—1)(Ia|-lﬁ|l'a|(1+3'1|1I|y'~é—lvl
B vEa
HEEREY
2181 pIBI= 191 ]/3]‘”_2’“ HIpl U"'Iﬂlg—lal
< Z K|‘3|N2IB|2IBI|O(|(0— 10 U;lﬂlg—lal )
B
VARSE]]
If U, <1, as we shall suppose, this is bounded by

(QN)-”IaI M(o‘r) o]
|a|%|a\8\al

Hence, for sufficiently small U, the series

> U Mgl M sup (1 1) DXL = W) £(9)

x

is majorized by a finite constant, independent of f. This proves (ii).
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Remark 1. Note that the same splitting operation has been used to
define the a,.(Y; n) for all r. This operation depends on n.

Remark 2. If f is ¥* and verifies: D” f(0)=0 for all «, and
N(f,o—1,U/,P)< o0, the quantity {d, Ul f>=<a, f) does not
depend on any particular choice of 111. Indeed, let I1I" be another auxiliary
function having the properties 1 to 4 required from III. Let {f,} be a
sequence of ¥ functions such that N(f — f,, 0 —1, U,/, P,)—>0 as k— oo,
and that each f, vanishes in a neighbourhood of 0. Then

{d,, M1 f) = lim <d,,, 1 fp = lim {d,, L' fip = {d,, LV f 5.

However, the splitting operation depends on the particular choice of
the operator W, i.e. on the particular choice of the auxiliary function w
and of the sequence ¢,

Remark 3: ambiguity of the definition of the a,; Lorentz invariance.
To simplify further consideration let ¢’ = ¢ — 27 and let ’,. be the class
of generalized functions G such that there exist constants K and V
(depending on G) such that, for all f,

KG, fO)I=KN(f.d . V.P).
Let C be a generalized function in the class €. with
KC, fOI=N(f. 0, U, P)

having support in I'* UI'". Suppose there are two pairs of generalized
functions F, *, F,* in the class 4., with

{support F*cre*
Ff—F =C, j=1,.2.

Then F,*—F,*=F,~—F,  is a generalized function in %', with
support at the origin. The Fourier transform of a member G of €', with
support_at the origin is an entire function (over complex momentum

space) G such that
1

lG(p +iq)| < const exp(B|p + iql7)

and conversely (the constants here depend on G). The space %', is
invariant under the real Lorentz group and the subspace of its elements
having support at 0 is also Lorentz invariant. We denote this subspace
by ¢'0..
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Suppose C is invariant under the real Lorentz groupand C=F* — F~
with (support F¥)cI'* and F*e%’,.. Denote, for each generalized
function G, and each Ae L],

{AG, [5=XG. f,p where [,(&)=[(AJ)

(i.e. formally (AG) (&) = G(A™'¢)). Clearly the mapping (A4, G)— AG is a
continuous (and even ¥*) map of L] x %’,. into €', (the latter being
equipped with the topology described previously, i.e. dual of a Fréchet).
Let us denote

E(AN)=AF" —F*=AF —F.
This is an element of ¥'2.. It satisfies

ME(A) = E(MA) — E(M) 27)

for all A and M in L. From this we wish to deduce the existence of an
element E, of 'Y such that*:

E(A)=AE,—E, (28)
Then, denoting G* = F* — E, we would find
C=G"-G~, AG*=G*, (29)

i.e. we would have obtained a Lorentz invariant splitting of C. However,
before doing this we shall require C to possess a property common to all
the d,(Y; n), namely that its Fourier transform should vanish in a real
region containing all Jost points. From this it follows that the Fourier
transforms F* of F* are two branches of the same analytic H(p + iq),
holomorphic in a domain which is invariant under the whole complex
Lorentz group L. (C). Furthermore the Fourier transform E(A) of
E(A) is the restriction to the reals of the function.

E(A,p+iq)=H(A, p+iq)—H(p+iq)

which is entire in p +ig and in A € L (C). It can be shown that, for every
complex A, this entire function of p +iq is still of order ¢'~'. As a con-
sequence, if we come back to £-space, we see that E(A) can be extended
to an entire function of A e L, (T) with values in €’%.. Note also that, if
Ge %2, AG is also in this subspace for every A € L, (C) since, for real A,
AG is the Fourier transform of G(Ap). Complexifying A and p in the
latter expression again yields an entire function of order ¢’ ' which

! The following considerations are adapted from a paper in preparation in collabo-
ration with R. Stora whom we thank for permission to include them here.
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depends holomorphically on A. Hence AG is an entire function of A with
values in 4’%. Let O denote one of the maximal compact subgroups of
L, (C) (for example the subgroup of all complex Lorentz transformations
A such that A,; and 4;, are pure imaginary for j=1,2, 3, all other 4,,
being real) and let d A denote the invariant measure on ¢ normalized so
that [dA=1.

4

Set
Ey=— [EM)dM . (30)

4

Since (27) obviously extends to all A and M in L, (C) by analytic con-
tinuation,

E(A)— AE,+E,
= [[E(A)+ AE(M)— E(M)] dM

= [ [~ E(M)+E(AM)]dM =0.

The last integral vanishes because it is an entire function of A taking the
value 0 when A € O (by invariance of d M). Hence our problem is solved
and, denoting G* = F* — E,, there are constants K and V, depending
only on U, and P, such that

KG*, [YISKN(f, 0, V.P).

This shows that, if the T(X) have been defined in a Lorentz invariant way
for | X| = n—1, they can be defined in a Lorentz invariant way for | X|=n
(while still verifying inequalities of the type (22)).

Conclusion

It has been shown here that a renormalized perturbation series can
be defined for a strictly localizable but non-polynomial Lagrangian. The
requirements of locality and Lorentz invariance are fulfilled. The exist-
ence of an adiabatic limit for Green functions can be proved (for theories
with non-zero masses) in the same way as in the polynomial case [1].
However, our treatment is preliminary since it does not touch on the
question of minimality studied in Ref. [6]. Moreover the existence of
a strong adiabatic limit remains to be proved.
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