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Abstract. A sufficient condition is given in order that a von Neumann algebra
with cyclic vector is quasi-standard. With the help of this result it is proved that
a locally normal state with a cyclic and separating vector in the representation
space gives rise to a quasi-standard von Neumann algebra. Furthermore it is proved
that the representation space determined by a locally normal state in the G.N.S.
construction is separable.

1. Introduction

The results of this work have their origin in two recent papers [4, 9].
In [9] TomiTa proves the highly non-trivial result that a von Neumann
algebra which has a cyclic and separating vector is quasistandard.
In this paper an easy proof of this result will be given for a special case
which is of particular interest for physical applications, where the
von Neumann algebra considered is generated by the representation of
a C*-algebra of quasi-local observables determined by a locally normal
state.

Following [4] we define an algebra 2 of quasi-local observables as
a norm-closed algebra of operators in Fock-space $: to every finite
volume V is assigned the algebra 2/ (V') of all bounded operators operating
in the sub-Fock space H} C Hp, hence A(V) is a norm closed and weakly
closed algebra; then 2 is defined in § 5 as the closure in the norm topology
of the union of the A(V) for all finite V, 2 = UA(V) = Ay, where the

“local’” algebra 2, is defined by 2 = %/J AV).
In [4] the G.N.S. representation determined by a normal state
wy(A) = Tryopd, 4 ¢ A(V)

defined over A(V), with the additional property wy(4*4) = 0 implies
A = 0 for every 4 € A(V) is constructed. Here gy is a density operator
in ) with Trypop = 1 (the index V in Try denotes that the trace is
taken in the Hilbert space $)). One of the results that can be inferred
from that paper is that the von Neumann algebra generated by the
representatives of the elements from A(V) is quasi-standard [5], that
means is the left representation of a certain quasi-unitary algebra
A(V)yCA(V). (For a fuller discussion of quasi-standard von Neumann
13+
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algebras see Section I1.) We want to stress the fact that the normal state
wy over A(V) not only gives rise to a standard von Neumann algebra
[4] but that this algebra is also quasi-standard in a non-trivial sense
since the quasi-unitary algebra 2[(V) is not a Hilbert algebra.

A discussion of quasi-standard von Neumann algebras is given in
Section II together with a sufficient condition (Theorem 1) in order that
a von Neumann algebra be quasi-standard. From Theorem 1 one con-
cludes immediately that the von Neumann algebra in the case of a finite
volume V is quasi-standard. A state over the (C*-algebra of quasi-local
observables will be called locally normal if its restriction to any local
algebra A (V) C A is normal: let @ be a locally normal state over 2 then
there exists a density operator oy on Fock space $H} with Tryop =1
such that

w(4)=TryopAd forall A4 cA(V).

It can be proved [1] (see also [8]) that this condition is equivalent to
the requirement that for every finite volume V there exists in the repre-
sentation space a total particle number operator Ny. It is for this reason
that for applications in statistical mechanics one deals almost exclusively
with locally normal states.

In view of the above mentioned result from [4] it follows that a locally
normal state w over 2, with the additional property that w(4*A4) =0
implies 4 = 0 for all 4 ¢, is the pointwise limit of a sequence of
(normal) states each generating in its representation space a quasi-
standard von Neumann algebra. It is shown in Section IIT that this
quasi-standard structure is conserved in the limit ¥ — co. This con-
stitutes an easy proof of Theorem 2, that the von Neumann algebra
generated by a locally normal state is quasi-standard provided there is
a cyclic and separating vector. As already mentioned above this is
a special case of a result obtained by Towmrra.

In Section IIT we will furthermore show that locally normal states
have the attractive property that their representation space is separable
(Theorem 3). Two lemmas which are needed in the proof of Theorem 2
are given in an appendix.

II. Quasi-Standard von Neumann Algebras

In this section quasi-standard von Neumann algebras will be dis-
cussed and a theorem concerning these algebras will be proved. The
definitions as given in [2] will be used.

We first define a quasi-unitary algebra .o7. This is an algebra over the
complex number field with a scalar product (4, B) for its elements which
makes &7 into a pre-Hilbert space; the completion of this pre-Hilbert
space will be called §). Furthermore there are given an automorphism
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A — A? and an anti-automorphism 4 — A7 such that the following five
conditions are fulfilled :

Al: (4,4% = 0,4 ¢co;

A2: (4,4)= (47,4, 4 € o/,

A3: (AB,C)= (B, A4%0), A4, B,C ¢,

A4: the mapping B— A B is continuous for all 4 ¢ o7;

A5: theset of elements 4 B + (4 B)?, where A, B € .o/ is dense in /.

The left representation 4 — U 4 of 7 into the bounded operators of
9, where U4 is the extension to $ of the mapping B - A B generates
a von Neumann algebra R. We can now give a definition of a quasi-
standard von Neumann algebra: a von Neumann algebra is quasi-
standard if it is (spatially isomorphic to) the left representation of a
certain quasi-unitary algebra. In particular R is quasi-standard.
When the mapping 4 — A% is the identity mapping one speaks of
a Hilbert algebra resp. a standard von Neumann algebra.
N.B. A quasi-unitary algebra need not have an identity. If, however, .«7
has an identity £ then condition A5 may be replaced by:

A5’ The set of elements 4 + 4% is dence in 7.
In that case the vector £ will be a cyclic and separating vector for R.

Theorem 1. Let R be a von Newmann algebra in a Hilbert space
with cyclic vector Q such that

() there exists in 9 an involution J with J Q2 = Q, JRJ = R’;

(ii) there exists in $ a positive self-adjoint operator T with self-adjoint

mwerse T—1 and
TRQ =JIERQ, RCR,

where 1% is defined by IRRQ = R*Q;
(iil) the wunitary operator U, defined by U, = T—217 satisfies

URU;71=R.

Then R is quast-standard.

Proof. To prove Theorem 1 it is sufficient to prove the existence of
a subalgebra RC R which is quasi-unitary and has the property that
R is dense in §. We construct R as follows:

Let @ €9, R € Rand R, = U, RU ! then R, @ is strongly continuous.
If f(z) € & (the class of infinitely differentiable rapidly decreasing func-
tions) then f(z) R, @ is Bochner integrable.

We define the linear operator R (f) by

R)® = [dvf(r) R,D. 2.1)

One proves without difficulty that R (f) € R. Eq. (2.1) defines a tempered
distribution with values in $.

Definition 1. R is the set of all R ¢ R such that R, @ has a Fourier
transform with compact support independent of @.
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It can be shown [10] that this definition is equivalent with

Definition 1. R is the set of all R(f) with R ¢R and f compact
support.

Lemma 1. R is a *-algebra.

Proof. a) Let R ¢ R, then R = R (f) where the Fourier-transform § of f
has compact support. (R(f)* ¥, @) = (W, R(f) @) = [dz f(x) (¥, R, D)
= [dt f(zr) (R¥YV, D)= (R* (f*) ¥, D) for all ¥, D €H. Hence R(f)*
= R*(f*) €.

b) Let the functions f, (r) and f,(7) have Fourier-transforms f, (&) and
f,(g) of compact support and consider R, = R, (f;) Ry (f,). We shall prove
that R, € R.

Ry(fy) = f dt, ff A7y dTy By (11 + 73) Ry (75 + 73) [1(11) f2(T2) [5(73)
= [[dvdzy Ry (1) Ry(15) f (74, T5)

where f(ty, 7,) = [ d7y f,(t; — 73) f2 (T2 — T3) f3(75). One proves easily that
f(7;, 75) = 0 if the support of f,(¢) is completely outside the sum of the
supports of f,(¢) and f,(e). Indeed,

f(er, &) = f1(81) fz(az) f3<81 + &) . (2.2)
This proves that R, ¢ R.

Definition 2. Let R ¢ R, then R = R(f) where f(¢) has compact sup-
port; we define R? — R (f%), where f?(¢) = f(¢) e®

Lemma 2. The mapping R — R® is an automorphism of R and
RO% — R*(-9),

Proof. We must prove first that (R, R,)” = R R$. This can be inferred
from the proof of b) in Lemma 1. Indeed, the change in f(g,, ;) in (2.2)
due to the replacement f; — /¢ and f, - f§ is the same as the change due
to the replacement f, - f§. The proof of the second part is immediate.

Lemma 3'. For R ¢ R we have TRQ = R-20.

Lemma 42, The set of all (R + R=?) Q for R ¢ R is dense in 9.

Definition 3. Ri — R*-? for all R ¢ .

Lemma 5. JRQ = RIQ for all R ¢ R.

Proof. RIQ=TR*Q =JRQ.

Definition 4. We define in R the scalar product (R;, Ry) = (R, 2, R,Q).

Using the Lemmas 1, 2, 3, 4, 5 one proves without difficulty that R
with the automorphism R — R? and anti-automorphism R -> R’ satisfies
all axioms Al to A5 of a quasi-unitary algebra.

Remark. Tomita [9] has shown that the conditions of Theorem 1
are also necessary.

1 For a proof compare Ref. [10], Appendix.
2 For a proof see e.g. [4], Theorem 3A.
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TI1. A Special Case of Tomita’s Result

1. Von Neumann Algebras with Cyclic and Separating Vector

In this subsection some introductory results obtained by Tomrra [9],
which will be needed in the following, are discussed. Consider a von
Neumann algebra R operating in a Hilbert-space $ with cyclic and
separating vector 2 € $. Hence there exists a one-to-one correspondence
RER RO R and S & S0 for SER'. One says that a vector
@ CH has an R-adjointive @R when (@, S0) = (S*2, ®F) for all
SER', and @ € H has an S-adjointive @5 when the relation (@, RQ)
= (R*Q, @5) is fulfilled for all R ¢R. It is easy to see for instance, that
all vectors from RO have an R-adjointive, namely @F = R*Q if @ =
RQ. Now the space H¥C 9 is defined as the set {D €9 : DR exists},
and analogously $5C 9 is the set {D € 9 : 5 exists}. In HE the following
inner product (@, ¥)y and norm ||@| 5 can be introduced:

(D, ¥)p= (D, V) + (PE, DF), (3.1)
[P} = |P[* + [ . (3:2)
It can be shown that H% is a Hilbert-space and that the set {RQ2: R ¢ R}
is dense in HF (in the topology of H¥). The operator I% defined by
IED = QF @ c HE (3.3)
is an involution in $H%. Similar properties hold for $5.

In H® is defined a self-adjoint positive definite bounded operator I’
by its matrixelements

(@, MP)p = (D,¥), D,V cH". (3.4)
Since | 2¥ |, = |¥| the mapping P € HE — [2¥ can be extended to

an isometric mapping ["/2 of § onto HE: ["/2H = HE. This isometry
maps the involution @ — IE@ in HE onto an involution J' in &, where

JO=T2IE2P, Dy . (3.5)
1t follows that J' has the properties
JR=0, JI[J=1-1. (3.6)
The operator 7" defined by
(I?=r-11-1) (3.7)

is a positive definite invertible operator in & with domain $% and range
9% and which maps $H% isometrically onto $5. From (3.6) and (3.7) one
derives without difficulty the equation

T =J1Ik, (3.8)
Egs. (3.3) and (3.8) imply that the involution J' maps HF onto $H5:
J'HR = H5 | (3.9)
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2. Representations Induced by Normal States

In this subsection we shall discuss in some detail the G.N.S. represen-
tation of a normal state over the set of all bounded operators 2 in a
Hilbert space £

w(A)=Trpd, Ac¥, (3.10)

where p has the additional property that o=! is a positive self-adjoint
operator. We define the unitary operator U, by the equation

U,=p%". (3.11)
The mapping
A->A4,=U, AU, AcA, (3.12)

is an inner automorphism of 2, since 2 consists of all bounded operators
on . With respect to this automorphism the state w satisfies the same
analyticity condition and boundary condition as the equilibrium states
discussed by Haac, HucExHOLTZ and WinNINk [4]. We conclude there-
fore that the representation determined by the state w has the same
structure as that discussed in [4]. In particular

a) In the representation space &, whose vectors »x are the Hilbert-
Schmidt operators on §, exist two cyclic representations 4 €2 — R(4)
and 4 — S(A), respectively defined by

R(A)x = Ax, S(A)x=uxd*, (3.13)

and with cyclic vector x, = p!/2

These two sets of operators are von Neumann algebras® R (2f) resp.
S (1) with the property R () = S(A)’". Since x, is cyclic for S(A) this
implies that »x, is separating for R (2l).

b) There exists in & a conjugation J with the properties

JR(A)J = S(4), Jug—=1,. (3.14)

¢) In R exists a positive, self-adjoint and invertible operator 7' which
satisfies
TR(A)xy= S(A*)xg=JIER(A) %, . (3.15)

The automorphism 4 — 4,, A4 €2, is implemented by the operator U,
which is of the form
0, = R(U)S(U,), (3.16)
and
U, = T-2iv, (3.17)

From Theorem 1 one immediately concludes that the von Neumann
algebra R () is quasi-standard.

3 See [3] p. 57, Prop. 1.
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It can be shown? that the domain of 7' coincides with the set HE,
introduced in Section III.1. Consequently from (3.15) follows

JT O =IRD, forall D cHE. (3.18)

As remarked above we have a cyclic and separating vector x, and can
therefore apply the results of Section ITI.1, in particular

JTD=I8D, forall @ cHi. (3.19)
Combining (3.18) and (3.19) it follows that
JT=JT". (3.20)

Since the product of two conjugations in a Hilbert-space is a unitary
mapping one can write J' = J U where U is a unitary operator. Hence
from (3.20) it follows that

T=UT",
and because the polar decomposition is unique we have U = 1 and
T=1T, J=J. (3.21)

3. Statement and Proof of the Main Theorem
Before stating our main result we prove two lemmas that are needed.
The first is a sharper form of a result of TomITa already mentioned above.
Lemma 6. Let again Uz = %/J A(V) then there exists a sequence
R, € R(Uy) such that
R, Q2 — D|p—~0 for -

for any given vector @ € HE.

Proof. Since the weak closure of R(2;) is equal to R = R(A)"', it is
known that the set of hermitian elements from R (2l;) is strongly dense
in the set of hermitian elements from R. Hence for a given R ¢ R there

exists a sequence 4, €2, such that R(4,) > R and R(A,)* > R*.
Therefore |R(4,) 2 — RQ|z— 0 for n — co. Because the set {RQ} is
dense in HF as mentioned already in Section III.1 the lemma follows.

Lemma 7. There exists a countable open covering of R* by volumes V,
such that

Ap=UAW,), A=UAV,).

Proof. Recall that 2z was defined as the union over all finite V C R3
of the algebras A (V) (see introduction). Now take the V,, for instance as
open spheres with the origin as centre and radius » = 1, 2, . . . Using the
fact that V. C V' implies A(V)CA(V’) the lemma is easily established.

We now state and prove our main theorem which is a special case of
TomiTa’s general result by restricting ourselves to the G.N.S. represen-

¢ Compare also [10], Lemma 1, p. 31.
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tation determined by a locally normal state w (see Section I). Denoting
by R the von Neumann algebra generated by the representatives of the
elements of 21 we have

Theorem 2. When w is a locally normal state over 21 and Q is a cyclic
and separating vector for R, then R is quasi-standard.

The proof will be divided in several lemmas.

From the definition of locally normal states it follows that for every
finite volume V there exists a positive self-adjoint trace-class operator
oy with the property w(A4) = Trypop A for 4 €A(V).

Lemma 8. w(4*4) = 0 implies A = 0 for all 4 € AUy,

Proof. Suppose there is an A4 4 0 € A(V) such that w(A4* 4) = 0.
The set of all elements of (V) with that property forms a closed two-
sided ideal of A(V). Since A(V) = B(H}) this ideal is either the set of
compact operators or (V) itself. Due to the continuity of the normal
state w (4) over A(V) we conclude that w (A) = 0 for all 4 € A (V). Since
A(V) contains the unity, this would imply that w vanishes identically
which gives a contradiction.

Lemma 9. oy has a self-adjoint unbounded inverse.

Proof. Since A(V) consists of all bounded operators in Hf we may
take in w(A4*A4) the projection Py onto any vector ¥ ¢ H%. Then
o (Py) = Tryop Py = (¥, oy W) &= 0. This implies that o3! exists and is
a positive s. a. operator.

Lemma 10. Let the operator UY, © real, be defined by UY = o3%%. Then
UY is a unitary operator from A (V) which is weakly continuous in t and
hence strongly continuous in T.

Proof. This follows without difficulty from the spectral decomposi-
tion of gy.

Corollary. The mapping A — AY, A ¢ A(V) where AY is defined by
AY = UY AUY 1 4s an inner automorphism of A(V).

Let us now consider the (1.N.S. representation determined by the
state w. This defines up to unitary equivalence a Hilbert space 9, a cyclic
(and separating in our case) vector 2 and a representation A €A — R(A4)
into the bounded operators of . Define the Hilbert subspace 9 as
the norm closure of the set of vectors {R(4) 2: 4 ¢A(V)}. If Qy is the
projection onto Hy then [Qy, R(4)] = 0 for all A € A(V), hence we may
define the operators Ry (A4) as the restriction of R(4) to &, for all
A €A(V).

Then the mapping 4 ¢ A(V)— Ry(A) into the bounded operators
of 9y is (up to unitary equivalence) the G.N.S. representation of (V)
determined by the restriction wy of w to A(V), with cyclic vector Q.
The relation wy(4) = (2, Ry (4) 2) is also trivially satisfied.

We now have in $y the structure as discussed in Sections III.1 and
II1.2. That means in $y exists a conjugation Jy,

Jy=TFWRIE Y2 with Jyp Ry(4)Jy = Sp(d), A€A),
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a unitary operator UY = 7';2i* which implements the automorphism

A~ 47 07 Ry(A) 071 = Ry (A7),
where
T3 = Iyl (1 — Ty .

The operator [’} originally defined on $Z can in many ways be
extended to an operator on H% (we repeate that the connection between
HT and 9 as discussed in Section ITI.1 is exactly the same as the con-
nection between HE and ©p for every finite V). For the extension
Iy of 'y to H we choose:

Py® =Ly ®if @ cHF, and Iy ® = @ it D ¢ HBL, where HEL is the
orthogonal complement of $H& with respect to H% on which I is defined
(note that 9H¥ is a closed subspace of HE with respect to the topology
deduced from the norm | |z). From this definition it follows that

(@, ['P)p — (D, V) = (D, f';?’)R if @,¥cHE Then one can write
f’V M_PVfPV + 1 — Py, where Py is the projection onto $H¥ defined in

9B [y is a positive definite self-adjoint operator and one has the
following

Lemma 11. f%lf 5 P12 on HE, that means with respect to the strong
operator topology deduced from the norm | | g.

Proof. From the Lemmas 6 and 7 it follows that there exists a
sequence of volumes V, with V,CV,, if » <m such that the set of
vectors {@: @ € U Hf } is dense in H¥ with respect to the norm | ||
Let now @ ¢ %J 9%, that means there exists an integer n, such that
D cH% ,» hence @ ¢ 9% for all n = n,y, thus Py @ = @ for all n = n,.
We therefore have that the uniformly bounded sequence {Py } con-
verges strongly to 1 on a dense set in 7, hence Py, 5 1in HB5.

For @ Eﬁf){?no one has fy -~ D& = (Py, ~ 1) if n=n, and
therefore |(Iy, — 1) @[3 = (I'®. (1 — Py) ['D)y 0 for n — co. Again
because the set {@ : D¢ LnJ 9% Lisdensein HRit follows that | ([, — NPz

- 0 for all ¥ € HE, thus f_{Vﬂ ~> ["on HE and Lemma A of the appendix
now gives f%,’ff 2> M2 on 9T, which proves the lemma.

From the above proof we know I > Ion 9T, a fact that also may
be written in the form s — lim FV,, = I" on . For later use we now
proof.

Lemma 12. Iy, = I" on $F implies I'y, — I" on 9.

Proof. This is an immediate consequence of the fact that the topology

defined by the scalar product (¥, @)y is stronger than that defined by
the scalar product (¥, ®@).

3 See e.g. [6], Lemma 3.5, p. 151.
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The conjugation Jy, defined on £y, can be extended (not uniquely)
to a conjugation f’" defined on 9. J;, we define as follows: :77"¢ =Jy, @
it @ €9y, ; choosing a basis {@,},.; of Hi (the orthogonal complement
of $ with respect to §) we set J; @, = @, for all (€I and J—Vndi
=Y 0@, it ® =) C®, (here C, is the complex conjugate of C).

Lemma 13. J_V; s Jin 9.
Proof. Let W ¢ U 9% where HE is considered as a subspace of £
n n n n
thus ¥ € 9¥, for some integer 7, and therefore ¥ € 9% for n = n,. For

n = n, we now have
(O Ty ) = (W, Ty ) = (P, IR IR, TY2 ) = (P, Dyl 1%, D2 9)
= (P, PR IR W) = (P, T2 IR Y2 )
= (PY2 W IRV W) = (PY2 W, IR Y2 W)
where we have used T'?’f Sy 1;;/3, which is correct if one defines
FEO—2o, 0 col and TMPEO—0 it GcHht.
Now using Lemma 11 it follows that for #n — oo
(L2, IRDY2 W), > (D2, TRV, — (W, =12 IR [z )
= (¥, [RIE2Y) = (W, J'Y).

Since the set {¥: ¥ ¢ ‘;J HE }is dense in HE with respect to the topology

defined by the norm | | this set is also dense in HE, now considered
as a subspace of §), with respect to the less fine topology defined by | |.
And since HE is dense in  with respect to the norm | | one concludes
that the set {¥: ¥ ¢ LnJ 9% } considered as a subspace of § is dense in

9. We conclude that J—Vn “> J'. Since both J_%n =1 and J'?2 =1 this
implies that J_V,, =

We define the operators S(4) on § for A ¢ A by S(4)=J'R(4) J'.
Then one has the following

Lemma 14. S(A) €N’ for all 4 €.

Proof. Take first A €%z, and D, ¥ ¢ LnJ 9y, then there exists an
index n, such that A €¢A(V,,)and @, ¥ ¢ 9y, Forn > ng we then know
from the beginning of this section Jy Ry (4)Jy, = Sy, (4) and
Sy, (4), Ry (B)] = 0 for all B €A(V,).

Let now @, ¥ ¢ $ then there exists according to Lemma 7 an index
ny and vectors @, , ¥, ¢ 9y, such that [@, — O| <¢, [¥,, - V| <e.
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Hence for n = n,

(@, [Jy,R(A4) Jy,, R(B)]¥)|
= (@~ @), [Ty, R(4) Ty, R(B)] W)
+ (P, [Ty, R(A) Ty, R(B)] (¥ = ¥,)|
+ (Do, v, By, (4) Ty, Ry, (B)]¥,,,)]

= 2e|A[ | Bl [¥] + 2e 4] [ B] (¢ + [|2]),

since the last term on the right hand side is equal to zero because of the
first part of the proof. Therefore we have for n —

(@,(Jy,R(A) Ty, R(B)]¥)—0 forall ®,¥c$ and 4,BcUy,.

Hence [J'R(A)J’, R(B)] = 0 for all A, B ¢ 2.

We conclude that S(4) = J'R(A4) J' ¢ R for all 4 € 2, and thus, by
continuity for all 4 € 2.

In order to proof that J'RJ" = R’ let & = J'RJ'. Then one has to
proof the following

Lemma 15. & = R'.

Proof. From Eq. (3.9) we know J'HF = 5.

Since R 2 is dense in HE with respect to the topology generated by
|1z JR L = &2 is dense in HS with respect to the topology generated
by | |s- That means if R’ € R, there exists a sequence S, € & such that
|R'Q — 8,2|s— 0 for n— oo, hence |[R'Q2 — 8,02 - 0 and

|R™*2 — 8SkQ)|—-0.
Let 8§’ € &', then for arbitrary R, R, € R one has
(R, R'S'R, Q) = (R'* Q, Rf S'R,(2) = lim (SF 2, R¥ 'R, Q)

n—> o0

— lim (2, R¥ 8'R,S8,0Q) = (2, R* S'R,R' Q)

n—> 00
— (B, Q,S'R'R,Q),

that means [R’, S'] = 0, and hence R’'C &. On the other hand, from
Lemma 14, & C R’ and thus & = R'.

Lemma 16. U7 > U,

Proof. We already know 72 = ['(1 — Iy tand T3% = I'y(1 — I'y)L.
Then it follows that U, = (7")-%¢" = ["it(1 — [)=i* and UV = Ty2i*
= I'{¥ (1 — I'y)~i7, v real.

From the analysis given in the beginning of this section it follows that
the domain of I-1/2 is ¥ and the domain of (1 — I')~1/2 is $S. Analo-
gously the domain of 712 is $} and that of (1 — I, )-/2 is H7 .

As already pointed out the set {@: ® ¢ U H% } is dense in 9. Fur-

thermore |1y, | = 1,1 — I'y,| = 1foralln,and |[I'] = 1, |1 - I'| = 1.
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Together with Lemma 12 this means that the conditions of Lemma B
in the appendix are fulfilled so that I @V’n—s‘ ITand (1 — Pyn)”i+ (1= I,
Hence$ 752 5 (1")-2i7 for all real 7.

From Lemma 16 now easily follows Ry, (47») 0. RA) U1 = R(A),
for 4 €2y since Ry, (4" can bewrittenas Ry, (4= UVQy R(A) U1,
where @y, is the projection onto $p,. Thus E(A4), € R. Let now R R,
then there exists a sequence R(4,,), 4,, € Az, which tends strongly to R
and therefore U, R (4,,) U;! - U,R U1 =R, Hence R, ¢ R for all 7;
this proves

Lemma 17. U, R U7 =R, and U, R U711 =R

With the proof of the Lemmas 15 and 17 we have shown that
all conditions of Theorem 1 are satisfied, and Theorem 2 has been
demonstrated.

4. Separability of 9

Lemma 18. Let wy be a state over A(V) such that

wV(A):TrVQVA » A4 EQ{(V),

where gy s a trace class operator in H} with Tryop = 1. Let Hy be the
Hilbert space determined (wp to equivalence) by wy in the G.N.S. construc-
tion. Then y is separable.

Proof?. As shown in Section II1.2 ) is isometric with the Hilbert
space Ry consisting of all Hilbert-Schmidt operators on $Hi. It is well-
known that the Hilbert-Schmidt operators with a metric defined by the
norm |||x||| = }/Trx*x are a seperable set provided §} is separable.

Theorem 3. Let w be a locally normal state defined over . If & is the
representation space determined by w in the G.N.S. construction, then $
ts separable.

Proof. From Lemma 2 it follows that there exists a denumerable set
of Hilbert spaces 9y ,n=1,2,... such that the set of vectors
{(D: D c 9 8Vn} is dense in § (see for the definition of the spaces 9y,
the proof of Theorem 2). According to Lemma 18 each $y is separable
since w is locally normal. Thus a countable set of vectors is dense in 9,
that means ) is separable.

This completes the proof of Theorem 3.

IV. Concluding Remarks

As already mentioned in the introduction a state which is the thermo-
dynamical limit (V — co0) of Gibbs states satisfies the so-called K.M.S.
condition. A question of considerable interest is whether any state

6 See [6], Lemma 3.8, p. 151.
7 A proof of this fact is also given in [7], Corol. 6.4.
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satisfying the K.M.S. condition is the thermodynamical limit of Gibbs
states. To analyse the precise meaning of this question let us recall that
a Gibbs state of a finite volume V, temperature 7' (f = (k7')~') and chem-
ical potential y is determined by a density operator g, = C' e~ FHr =)
where Hy and Ny are the hamiltonian and particle number operator
corresponding to this volume V. We want to stress that Hy is not
uniquely determined, due to boundary effects. We shall say that Hy is
a hamiltonian for the system in volume V if the automorphism
A—AY = etHvt Ao~ iHvE of Q[(V) leads to time-translation in the thermo-
dynamical limit.
It is not a priori clear in which topology this should hold but one
should at least require that
AV > A, (4.1)

in a topology independent of the representation e.g. in the norm topology.
Let us now consider a locally normal state satisfying the K.M.S.
condition. On the basis of our results in Section III we have in the

representation space £):
strong lim R(A}) = R(4,), (4.2)

V—o

which is a direct consequence of Lemma 16. Since condition (4.2) is
clearly weaker than (4.1) we cannot yet conclude that any locally normal
state which satisfies the K.M.S. condition is the limit of Gibbs states.

Appendix

In this appendix two lemmas will be proved which to our knowledge
do not exist in the literature.

Lemma A. Let A and A,,n=1,2,... be self-adjoint operators in
a Hilbert space § such that |A] < 1 and |4, =1 for n=1,2,... Let

furthermore 4, — A, then f(4,) S f(4) for every continuous function f (1)
defined on [—1,1].

Proof. From 4, > 4 follows Ar “> 47 for any integer p ([6], p. 151,
Lemma 3.9). Hence if P(4) is any polynominal in A one has P(4,)
S P(A). From the WETERSTRASS theorem it follows that there exists
a polynomial P(4) on [—1, 1] such that |P (1) — f(A)] <&, A€[—1,1].

1

Using the spectral decomposition 4 = [ Ad E (1) of 4 one gets P(4)—f(4)
-1

= jl(P(l) — f(A)) dE(A), and I(@,(P(A) — f(4)) (D)} < ¢ for arbitrary
1

vector @ €9 such that (@, ®) = 1. Then (@, [(4,) D) — (D, {(4) D)|
= [(@./(4,) D) — (@, P(4,) D) + (D, P(4,) D) — (D, P(4) D)
+ (D, P(4) D) — (D, {(4) D)| < 3¢ for n sufficiently large.
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Hence f(A,n)L f(4). Replacing f by |f|> one analogously finds
f(4,) f(4,) o f(A) f(A), where f is the complex conjugate of f. Then

it easily follows that f(4,,) e f(4).
Lemma B. Let A and A,,n=1,2, ..., be positive self-adjoint opera-
tors in a Hilbert space & such that 4] <1, |4, =1, n=1,2,... and

4, > 4. Let furthermore A=Y and A7, n=1,2,...be self-adjoint (not
necessarily bounded) operators which have a common dense domain D in
9. Then Al,—> Ai, where i |/ — 1.

Proof. Define the function f, (A) on [0, 1] by: f,(4) = Atfore < 1 < 1,

and f, (A) = & for 0 < 1 < &. Then f,(4) is a continuous function defined
1
on [0,1]. If @¢D, (D, 42 D)= [11d(D,E(A) D)= C(4, D) < o,
0

1

where A = [ 2dE(4) is the spectral decomposition of 4 and C'(4, @) is
0

a finite constant dependent on 4 and @.

Hence also fel'1 d(D,E(1) D)< C(4, D), thus fs a(PD, E (1) D)
0 0

< eC(4, D). Now |(D, A* D) — (D, f.(4) D)| = f6|/V — & d(D, E(2) D).
Since there exists a continuous function g(l(l) on [0, 1] such that
|47 — &l <g.(A) and ¢, (1) <2for 0 £ A= ¢, g (A)=0for e = 1< 1,
it follows that [(®, 4! @) — (D, f.(4) D)| = fl ge(A) d(D, E (L) D). Com-
pletely analogously one has ’
(@, 45, 0) ~ (@.1.04) D) = 0.0 (@ B, () ).
Since by Lemma A

1
lim [g,() d(@, B,(3) B) = [ .0 d(@, E() B) < 2¢ C (4, D)
0 0

n—>0

we have from a certain index n
(D, A D) — (D, f.(4,) D) = 26 C(4, D),
(D, AP D) — (D, [.(4A) D)| = 2e C(A, D).
Thus
(D, A7, D) — (D, A' D)| = 4 C(4, D) + (D, f,(4,) D) — (D, f.(4) D)|.
Hence for all @ ¢ D lim (D, A% @) = (D, A D).
Since both A%, nn: oi, 2, ...and A? are unitary this equation is valid

for all @ ¢ 9. Hence A%~ A%, and thus A% —> A% This completes the
proof of Lemma B.
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